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Abstract 

The  research  reported  in  this  paper  is  con¬ 
cerned  with  aerodynamic  and  aeroelastic  computa¬ 
tions  in  the  transonic  regime.  The  aerodynamic 
computations  were  made  using  small-disturbance, 
unsteady,  transonic  theory  with  viscous  correc¬ 
tions,  New  areas  of  investigation  included  study¬ 
ing  the  effects  of  viscous  corrections  on  the 
aerodynamics  about  wings  and  the  effect  of  includ¬ 
ing  higher  structural  modes  in  addition  to  the 
fundamental  bending  and  torsion  modes  in  transonic 
aeroelastic  analyses.  Two  wings  were  studied,  a 
rectangular  wing,  with  a  NACA  64A010  airfoil  sec¬ 
tion,  and  a  swept  wing,  with  an  MBB-A3  supercriti¬ 
cal  airfoil  section.  Viscous  effects  on  both 
wings  were  analyzed  by  employing  the  viscous- 
wedge  and  lag-entrainment  methods.  Aeroelastic 
analyses  were  performed  and  the  effects  of  includ¬ 
ing  the  first  two  bending  and  torsion  modes  into 
the  analysis  are  shown.  Also  discussed  are  the 
practical  aspects  of  generating  unsteady,  tran¬ 
sonic  aerodynamic  coefficients.  Results  from 
this  work  show  that  the  inclusion  of  viscous 
effects  increases  the  flutter  speed  for  the  two 
wings  studied.  For  the  rectangular  wing,  the  fun¬ 
damental  modes  were  sufficient  to  determine  the 
flutter  speed,  but  the  second  torsion  mode  was 
required  for  an  accurate  aeroelastic  analysis  of 
the  swept  wing.  These  studies  can  aid  aeroelasti- 
cians  in  selecting  viscous  methods  and  also  struc¬ 
tural  modes  to  conduct  aeroelastic  analyses  in 
the  transonic  regime. 


Nomenclature 
b  =  semichord  of  wing 

c  =  full  chord  of  wing 

=  sectional  lift  coefficient  due  to  plunging 
mode 

Co  =  sectional  lift  coefficient  due  to  pitching 
mode 

Cmt-  =  sectional  moment  coefficient  due  to  plung- 
h  ,  , 

ing  mode 

*Graduate  Student.  Member  AIAA. 
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Cm  =  sectional  moment  coefficient  due  to  pitch- 
ing  mode 

d  -  assumed  bending  deflection  function  of  the 
wing 

e.a.  =  position  of  elastic  axis,  measured  in 
semichords,  aft  of  the  midchord 

fj^  =  displacement  due  to  viscous  ramp  slope 

g  =  artificial  damping 

h  =  bending  deflection  of  the  elastic  axis 

I  =  polar  moment  of  inertia  about  the  elastic 

axis  of  the  wing  section 

-  reduced  frequency  based  on  semichord 

k^  =  reduced  frequency  based  on  chord 

=  bending-spring  stiffness 

=  pitch-spring  stiffness 

£  =  semispan  of  the  wing 

m  =  mass  per  unit  length  of  the  wing 

M  =  free-stream  Mach  number 

00 

=  generalized  force  due  to  bending 

=  generalized  force  due  to  pitch 

r  =  radius  of  gyration  about  the  elastic  axis 
of  the  wing  section 

5  =  sectional  moment  about  the  elastic  axis 
a 

U  =  dimensional  flutter  speed 

F 

U*  =  nondimensional  flutter  speed 
r 

X  =  sectional  distance,  measured  in  semichords, 

ct 

from  the  elastic  axis  to  the  mass  center 

a  =  pitch  displacement  of  the  elastic  axis  of 
the  wing  section 

6  =  plunge  displacement  of  the  wing  section,  h/c 

X  =  flutter  eigenvalue 

U  =  wing-section-to-air-mass  density  ratio 


1 


£  =  nondimensional  displacement  of  the  wing  due 

to  bending 

p  =  free-stream  air  density 

(J:  =  disturbance  velocity  potential 

=  pitching  natural  frequency 
fjuj^  =  bending  natural  frequency 

=  reference  frequency 

Introduction 

Extensive  research  in  the  area  of  two- 
dimensional,  unsteady,  transonic  aerodynamics,  as 
well  as  advancements  in  computer  storage  and  effi¬ 
ciency,  have  recently  allowed  the  practical  com¬ 
putation  of  three-dimensional,  unsteady,  transonic 
airloads.  Several  methods  have  been  considered 
for  these  computations.  Traci  et  al.^  developed 
the  codes  TDSTRN  and  TDUTRN  to  compute  steady  and 
unsteady  transonic  airloads,  using  the  harmonic 
method.  Borland  et  al . ^  developed  a  three- 
dimensional,  unsteady,  small-disturbance,  tran¬ 
sonic  code,  XTRAN3S,  which  is  based  on  a  time- 
integration  method.  This  code  is  being  evaluated 
by  several  groups  and  is  used  to  calculate  the 
aerodynamics  in  this  study.  Only  limited  aero- 
elastic  analyses  have  been  made  using  XTRi\N3S. 
Borland  and  Rizzetta^  determined  the  flutter 
speed  versus  Mach  number  for  an  unswept  rectangu¬ 
lar  wing  using  the  time-response  method  contained 
in  XTRAN3S.  Gurusx>7amy  and  Goorjian^  found  the 
transonic  flutter  speed  for  an  unswept  rectangular 
wing,  and  Myers  et  al.^  determined  the  flutter 
speed  for  a  transport  wing.  In  Refs.  4  and  5, 
XTRAN3S  \-7as  used  to  compute  the  airloads  in  a 
three-dimensional,  inviscid  flow  field.  To  date, 
no  three-dimensional  aeroelastic  analyses  have 
been  performed  that  have  included  the  effects  of 
flow  viscosity. 

Viscosity  can  play  an  important  role  in  both 
the  aerodynamic  and  aeroelastic  characteristics  of 
wings,  as  indicated  by  Guruswamy  and  Goorjian^  who 
used  the  two-dimensional  code,  LTRAN2  (viscous),  to 
study  airfoils.  In  transonic  flow,  viscous 
effects  can  alter  the  shock  location  and  strength. 
These  changes  in  the  pressure  distribution  along 
the  chord,  will  also  influence  the  aeroelastic 
characteristics  of  the  wing.  The  XTRAN3S  code 
has  been  upgraded,  to  include  the  effects  of 
flow  viscosity,  by  Rizzetta  and  Borland.^  Two 
models  are  used  to  account  for  the  viscous  effects 
in  XTRAN3S-Ames .  The  viscous  wedge  is  an  empiri¬ 
cal  method  and  the  lag-entrainment  method  is  based 
on  a  set  of  integral  boundary-layer  equations. 
Computing  time  would  increase  considerably  if 
more  exact  equations,  such  as  the  Navier-Stokes 
equations,  were  used  to  calculate  the  three- 
dimensional  viscous  effects.  These  methods  are 
the  same  as  those  first  incorporated  into  LTRAN2 
(viscous).'"  The  same  viscous  equations  used  in 
txTO  dimensions  are  applied  stripx^ise  along  the 
span  to  yield  a  three-dimensional  correction.  In 
this  work,  studies  were  made  to  determine  the 
influence  of  viscous  effects  on  the  aerodynamic 
and  aeroelastic  characteristics  of  wings  in  tran¬ 
sonic  flox^J,  using  both  methods. 


It  is  important  to  study  the  structural  modes 
to  determine  which  are  significant  to  the  aero¬ 
elastic  analysis.  The  deflection  of  an  oscillating 
wing  is  exactly  described  by  a  combination  of  an 
infinite  number  of  structural  modes.  For  practi¬ 
cal  considerations,  only  a  limited  number  of  modes 
can  be  considered.  All  modes  that  contribute  sig¬ 
nificantly  to  the  dynamic  motion  of  the  wing 
should  be  included  in  the  analysis.  The  modal 
participation  not  only  depends  on  the  geometry  and 
physical  properties  of  the  wing,  but  also  on  the 
flight  conditions.  The  contributing  modes  for  a 
wing  operating  in  transonic  flow  can  be  entirely 
different  from  those  for  the  same  wing  in  subsonic 
flox^j.  Flutter  analyses  that  compare  well  with 
experiment  in  subsonic  floxv  can  deviate  substan¬ 
tially  as  the  flow  becomes  transonic.  This  was 
demonstrated  in  Ref.  4,  in  which  a  study  of  a 
rectangular  wing  is  reported.  Only  the  fundamen¬ 
tal  structural  modes  were  considered  and  inviscid 
aerodynamics  were  used.  The  neglect  of  viscosity 
and  higher  structural  modes  may  have  been  the 
cause  of  the  deviation.  In  this  work,  effects 
of  modes  on  flutter  speeds  were  studied  in  the 
transonic  regime. 

To  illustrate  the  effects  of  viscosity  and 
structural  modes  on  flutter  speeds,  txxro  wings 
were  studied.  The  first  was  an  unswept,  rectangu¬ 
lar  wing  with  a  full-span  aspect  ratio  of  4  and 
an  NAGA  64A010  airfoil  section.  This  wing  has 
been  accepted  by  AGARD®  as  a  standard  wing  for 
aerodynamic  and  aeroelastic  research.  Also,  a 
typical  transport  wing  with  a  sx^7eep  angle  of  25®, 
taper  ratio  of  0.4,  and  an  MBB-A3  supercritical 
airfoil  was  studied.  Steady  and  unsteady  aero¬ 
dynamic  results  for  the  rectangular  wing  xxrere 
obtained  at  M  =  0.7,  0.80,  0.85,  and  0.90  for  the 
inviscid  calculations;  at  M  =  0.80,  0.85,  and 
0.90  for  the  viscous-wedge  calculations;  and  at 
M  =  0.80  and  0.85  for  the  lag-entrainment  calcula¬ 
tions.  Studies  x^ere  made  at  M  =  0.85  for  the 
sx^ept  wing.  In  this  analysis,  all  the  aerodynamic 
computations  were  made  using  the  recently  improved 
version  of  the  code  XTRAN3S-Ames . ^  The  version 
of  the  code  has  better  coordinate  transformations 
and  viscous  correction  methods.  A  three- 
dimensional,  assumed  mode  flutter  analysis  was 
used  to  determine  flutter  boundaries.  The  equa¬ 
tions  of  motion  xv^ere  solved  using  the  U-g 
method .  ^ 


Unsteady  Transonic  Aerodynamic  Equations 
of  Motion 

The  inviscid,  three-dimensional,  unsteady, 
transonic,  small-disturbance  potential  equation 
as  described  in  Ref.  7  is 

^  (A4>,  +  =  A  ^ 

xv^here 

(j)  is  the  perturbation  velocity  potential 
function  and 

A  = 

00  Q 
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B  =  2M  k 
00  (2 

E  =  1  - 


F  =  -(1/2) (y  +  1)M^ 
G  =  (1/2) (y  -  3)M^ 
H  =  -(y  -  dm" 


the  lag-entrainment  equations,"  to  perform  viscous 
calculations  downstream  of  the  shock  wave,  includ¬ 
ing  the  downstream  wake.  These  equations  are 
governed  by  three  first-order  ordinary  differen¬ 
tial  equations.^  This  method  assumes  that  vis¬ 
cous  regions  are  small  relative  to  the  wing  or  wake 
thickness.  The  modification  to  the  small- 
disturbance  surface  tangency  condition  for  the 
lag-entrainment  method  is 


For  inviscid  calculations  the  f low-tangency  con¬ 
dition  is 


=  f“  +  k  f:  +  (Fi  +  )■ 

X  c  t  ^xx^ 


=  f  +  k  f^ 

^  Z  X  c  t 


on  z  =  0  for  x^^^  <  x  <  (5) 


where  f  is  the  airfoil  ordinate,  and  k  is  the 

c 

reduced  frequency.  The  jump  across  the  trailing 
edge  vortex  is 


The  downstream  wake  conditions  are  defined  by 
[(j)^]  =  [Fi  +  on  z  =  0  for  x  >  x,^^  (6) 


[(j)^]  =  0  and  [(j)^  +  k(|)^]  =  0  (3) 

The  []  indicate  a  jump  in  the  parameter  across 
the  wake.  These  are  the  boundary  conditions  which 
are  modified  to  include  the  viscous  effects. 
Transformation  equations  to  map  a  swept-tapered 
planform  in  the  physical  domain  into  a  rectangle 
in  the  Cartesian  domain  are  given  in  detail  in 
Ref.  9, 

When  performing  transonic  aerodynamic  cal¬ 
culations,  viscous  effects  often  play  an  impor¬ 
tant  role.  Besides  altering  the  shock  strength 
and  location,  boundary-layer  displacements  cause 
camber  modifications  to  the  airfoil  surface  and 
displacement  and  camber  effects  near  the  wake. 

The  first,  and  simplest,  of  the  two  viscous  tech¬ 
niques  used  in  XTRAN3S  is  the  viscous  wedge 
method.  Previous  studies  have  shown  that  the 
shock-boundary-layer  interaction  can  be  modeled 
by  placing  a  wedge-nosed  ramp  on  the  airfoil  sur¬ 
face  just  downstream  of  the  shock  found  from  the 
inviscid  calculations.  The  viscous  wedge  simu¬ 
lates  the  displacement  effect  of  the  shock¬ 
boundary-sonic  point  by  predetermined  lengths 
called  the  precursor  and  offset.  The  ramp  slope 
and  height  depend  on  the  shock  strength  and  are 
calculated  for  each  time  step.  The  change  in 
the  surface  geometry  is  described  by  the  modified 
small-disturbance  tangency  condition. 


and  Fi  and  F2  are  obtained  by  solving  the  lag- 
entrainment  equations.^  Note  that  this  method 
requires  the  solution  of  three  ordinary  differen¬ 
tial  equations,  thus,  3  times  more  computational 
time  was  used  than  for  the  wedge  correction.  The 
time  step  must  be  sufficiently  small  to  insure 
that  the  method  is  stable,  as  has  been  demonstrated 
in  two  dimensions.^  These  viscous  methods  were 
derived  for  steady-state  computations  and  incor¬ 
porated  into  the  unsteady  equations  of  motion  in  a 
quasi-steady  fashion.  The  viscous  corrections, 

Fi  and  F2,  are  determined  at  time-level  t^  and 
are  applied  at  time  level  t^"^^ . 

To  solve  the  governing  equations  numerically, 
the  flow  field  is  discretized  in  the  computational 
domain  by  using  a  three-dimensional  Cartesian 
grid.^  The  grid  used  for  both  wings  in  this  study 
contained  64  points  in  the  streamwise  direction, 

20  points  in  the  spanwise  direction,  and  40  points 
in  the  vertical  direction.  The  wing  was  discre¬ 
tized  into  39  points  in  the  streamwise  direction 
and  13  points  in  the  spanwise  direction.  The 
displacement  of  each  grid  point  on  the  wing  was 
prescribed  for  each  mode.  The  analysis  was 
uncoupled,  requiring  one  run  of  the  transonic  code 
for  each  mode  of  motion  of  the  wing. 

Aeroelastic  Equations  of  Motion 


+  k  fl  +  f^ 
c  t  Rx 


on  z  =  o"”  for  <  x  <  x^^  (4) 

This  viscous-wedge  method  is  two  dimensional 
and  is  applied  to  the  wing  at  each  spanwise  coor¬ 
dinate.  Details  of  computing  the  ramp  slope  fj^ 
can  be  found  in  Ref.  7.  A  two-dimensional  shock 
profile  was  used  to  determine  the  placement  of  the 
wedge  in  this  study,  as  opposed  to  the  three- 
dimensional  shock  profile  discussed  in  Ref.  7. 

This  change  was  made  to  help  reduce  oscillations 
in  the  pressures  obtained  when  using  the  viscous 
methods . 


In  this  study,  the  aeroelastic  equations  of 
motion  for  a  cantilever  wing  were  formulated  using 
an  assumed  mode  method. The  superposition  of 
the  bending  and  torsion  natural  modes  is  used  to 
describe  the  deflections  shape  of  the  wing  at 
flutter.  It  was  assumed  that  the  amplitude  of 
oscillation  is  small;  this  was  done  so  that  the 
transonic  aerodynamics  from  each  mode  of  motion 
could  be  superposed . ^ ^ 

Let  the  plunging  and  pitching  of  the  wing  at 
spanwise  coordinate  x,  y  and  time  t  be  denoted 
by  h(y,t)  and  a(y,t),  respectively.  A  complete 
set  of  generalized  coordinates  is  required  to 
describe  the  motion  as  follows: 


For  some  calculations,  the  wedge  model  alone 
is  sufficient  for  accurate  determination  of  the 
unsteady  viscous  pressure  distributions.  For 
other  calculations,  however,  a  more  exact  analysis 
is  required  to  model  the  viscous  effects.  To  do 
this,  the  wedge  correction  is  used  along  with  a 
set  of  integral  boundary-layer  equations,  called 


h(y,t)  =  hi(t)di(y)  +  h2(t)d2(y)  +  h3(t)d3(y)  +  ... 

(7a) 

a(y,t)  =  ai(t)6i(y)  +  52(t)02(y)  +  a3(t)e3(y)  +  ... 

(7b) 
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where  dj_(y)  and  6j_(y)  are  the  assumed  bending 
and  torsion  mode  shapes,  respectively,  and  h(t) 
and  a(t)  are  generalized  coordinates  which  repre¬ 
sent  the  contribution  of  each  of  the  assumed  modes. 
For  this  analysis  the  modes  were  only  a  function 
of  span. 

Considering  the  kinetic  energy  and  the 
strain  energy  of  the  wing  through  the  use  of 
Lagrange’s  equations,  the  equations  of  motion  are 


11 

2  Sijhj  +  2 


S„.  .5j  + 


j=i  j=i 

i  =  1,  2,  3,...,  n  (8a) 


‘1  =  E  E 
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j=i  j=l 

i=l,  2,  3,...,m  (8b) 


where  the  generalized  mass  is 


r 


the  generalized  mass  moment  of  inertia  is 


I  (y)0i(y)dy 

0  j 

r  1,  2,  3,«..,  m 


For  the  analyses  in  this  study,  m  =  2  and  n  =  2. 
By  assuming  simple  harmonic  motion  and  nondimen- 
sionalizing,  the  equations  of  motion  are  written 
as  the  following  eigenvalue  problem: 


h . (t)  =  h .  e 

1  lO 


a . (t)  =  a.  e 

1  lO 


Ki"i  - 


•«  1' 


iri(y)9i(y)0i  (y)dy 


.  wb 

•S  = 


and  the  generalized  static  moment  about  the  elas¬ 
tic  axis  is 


1' 


Sa (y)di(y) 0^ (y)dy 


The  m(y),  I^(y),  and  S^tCy)  terms  are  the  sectional 
properties  of  the  wing.  The  generalized  forces 
and  are  functions  of  the  lift  and  moment  of 

the  wing.  The  following  relations  require  that 
the  principle  of  linear  superposition  of  airloads 
is  valid.  This  assumption  allows  the  aerodynamic 
lift  and  moment  to  be  defined  as  (for  first  bend¬ 
ing  and  torsion  modes) 


The  eigenvalue  A  is  defined  as 
A  =  (1  H-  ig)  (tu^b^ /Up)  .  Here  g  is  an  artificial 

structural  damping  coefficient  obtained  by 
replacing  by  ti)^(l  +  ’  replacing  (jo^  by 

^^h(l  +  ^Sh^’  letting  and  g^  be  small  and 

of  the  same  order  so  that  =  g.  The 

mass  matrix  [M]  and  stiffness  matrix  [K]  are 
assembled  from  parameters  that  describe  the  geom¬ 
etry  and  mass  properties  of  the  wing  being  studied. 
The  generalized  mass  properties  are  obtained  by 
multiplying  the  two-dimensional  mass  properties 
for  a  particular  span  station  by  the  displacement 
owing  to  the  chosen  mode  shape  and  integrating  the 
product  across  the  span  as  in  Eqs .  (9).  The 
stiffness  matrix  is  diagonal  because  the  equations 
of  motion  are  formulated  about  the  elastic  axis. 

The  diagonal  terms  consist  of  the  natural  fre¬ 
quency  of  the  corresponding  natural  mode  shape: 


- 

Jj  =  J  (y)9i  (y)dy  (11a) 

r^-  _  /•« 

“  J  =  J  Cn,^®hy>‘^y  Ulb) 

The  generalized  lift  and  moments  follow  from  these 
definitions : 
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The  U-g  method  is  used  to  obtain  the  flutter 
boundaries  from  Eq.  (11). 


Procedure 

The  generation  of  the  aerodynamic  data  is 
performed  separately  from  the  aeroelastic  anal¬ 
ysis.  First,  XTRAN3S  is  used  to  generate  the 
steady  and  unsteady  aerodynamic  data  by  prescrib¬ 
ing  the  wing  motion.  These  data  are  then  input 
into  the  aeroelastic  equations  of  motion  to  solve 
for  the  flutter  speed.  An  alternative  procedure 
would  be  to  solve  both  sets  of  equations  in  a 
coupled  manner.  This  procedure  is  also  possible 
with  XTRAN3S,  and  an  example  calculation  is 
described  in  Ref.  3.  Using  the  former  method, 
the  unsteady  solutions  were  obtained  by  forcing 
the  wing  to  oscillate  sinusoidally  as  the  aerody¬ 
namic  equation  of  motion  was  integrated  in  time. 

To  obtain  a  steady  solution,  the  amplitude  of 
motion  was  set  to  zero.  The  unsteady  viscous 
calculations  were  restarted  from  corresponding 
steady  state  solutions.  For  unsteady  calcula¬ 
tions,  three  cycles  of  motion  were  sufficient 
for  the  transients  to  die  out  and  for  a  periodic 
solution  to  be  obtained.  For  most  inviscid  cal¬ 
culations,  360  time  steps  per  cycle  were  used. 
However,  for  a  Mach  number  of  0.70  and  a  reduced 
frequency  of  0.1,  720  time  steps  per  cycle  were 
required.  Viscous  calculations  Cypically  required 
720  time  steps  per  cycle  for  the  wedge  calcula¬ 
tions  and  2160  time  steps  per  cycle  for  the  lag- 
entrainment  calculations.  Figure  1  shows  the 
unsteady  lift  versus  the  time  step  size  for  the 
second  torsion  mode  at  M  =  0.85  and  using  the 
lag-entrainment  method.  The  magnitude  of  the 
lift  and  phase  is  almost  constant  after  2000  time 
steps  per  cycle.  Unsteady  aerodynamic  coeffi¬ 
cients,  based  on  the  third  cycle,  were  used  to 
compute  flutter  boundaries  for  inviscid  and  vis¬ 
cous  calculations. 

Solutions  obtained  using  the  original  vis¬ 
cous  corrections  incorporated  into  XTRAN3S  con¬ 
tained  high  frequency  oscillations  in  the  unsteady 
airloads.  An  investigation  into  this  problem 
determined  that  the  shock  sweep  angles  computed 
for  the  viscous-wedge^  corrections  did  not  change 
smoothly  across  the  span,  but  instead  jittered  in 
some  span  regions,  as  well  as  with  time  step,  at 
some  span  locations.  Also,  it  was  determined 
that  the  use  of  these  shock  sweep  angles  to  deter¬ 
mine  the  shock  location  was  not  consistent  with 
the  method  of  locating  the  shock  wave  for  use  in 
the  type-dependent  differencing  that  is  employed 
in  the  inviscid  calculations.  To  correct  this 
inconsistency,  the  shock  location  at  each  span 
station  was  determined  by  only  using  flow  field 
values  along  that  span  station.  This  new  method 
of  determining  the  shock  location  was  then  used 
to  place  the  viscous  wedge  on  that  span  section. 
Figure  2  shows  the  unsteady  upper-surface  pres¬ 
sure  across  the  chord  at  the  60%  semispan  station 
for  both  the  original  method  and  the  new  method 
used  in  this  study.  The  four  curves  shown  repre¬ 
sent  the  pressures  for  four  consecutive  time  steps 
in  the  third  cycle  of  motion.  The  large  fluctua¬ 
tions  in  the  pressure  profile  at  the  shock  loca¬ 
tion  are  eliminated  when  the  new  method  is  used. 
Even  with  this  improvement,  however,  high- 
frequency  oscillations  in  the  lift  still  remain 
when  the  viscous  corrections  are  used.  Most  of 


these  oscillations  can  be  eliminated  by  using 
2880  time  steps  per  cycle.  It  is  known  that 
oscillations  are  also  induced  by  the  shock  cross¬ 
ing  a  mesh  point.  The  use  of  a  finer  mesh  and 
other  possible  solutions  are  currently  under 
investigation. 

A  three-dimensional  U-g  type  flutter  analysis 
has  been  employed  to  solve  Eq,  (14)  and  obtain 
the  flutter  boundaries.  A  Rayleigh-Ritz  procedure 
was  used  in  which  a  finite  number  of  bending  and 
torsion  mode  shapes  were  assumed  to  describe  the 
modal  motion  of  the  wing  at  flutter.  For  this 
analysis,  the  first  two  bending  and  first  two  tor¬ 
sion  modes  were  considered.  The  unsteady  aero¬ 
dynamic  forces  generated  by  the  deflection  of  the 
wing  have  to  be  computed  separately  for  each 
structural  mode  of  motion.  Thus,  the  cost  of 
determining  flutter  boundaries  is  a  direct  multi¬ 
ple  of  the  number  of  structural  modes  considered 
in  the  analysis.  Because  of  the  cost  of  computing 
three-dimensional,  unsteady,  transonic  aerodynamic 
coefficients  it  is  not  practical  to  experiment 
with  a  large  number  of  structural  modes  to  deter¬ 
mine  which  ones  will  play  a  significant  role.  The 
geometry  of  the  structure  and  the  boundary  condi¬ 
tions  applicable  to  the  problem  should  be  care¬ 
fully  considered.  Using  only  the  modes  significant 
to  the  problem  will  greatly  reduce  the  cost  and 
time  required  to  obtain  a  solution.  In  this 
study,  the  first  two  bending  and  torsion  modes 
were  chosen  to  describe  the  motion  of  the  low- 
aspect-ratio,  rectangular,  cantilever  wing.  Pre¬ 
vious  studies  have  shown  that  the  fundamental 
modes  are  sufficient  to  determine  the  flutter 
speed  of  a  rectangular  wing  in  subsonic  flow.  For 
comparison,  the  first  two  bending  and  torsion 
modes  were  also  used  for  the  swept  wing.  It  may 
be,  however,  that  even  higher  modes  would  be  sig¬ 
nificant  for  this  wing  owing  to  its  more  complex 
geometry.  The  deflections  caused  by  the  natural 
mode  shapes  of  the  wing  were  calculated  at  39 
streamwise  points,  for  each  of  the  13  span  sta¬ 
tions,  and  input  into  XTRAN3S.  The  code  was  run 
for  three  complete  cycles  of  motion,  and  the 
Fourier  coefficients  from  the  third  cycle  were 
used  to  perform  the  aeroelastic  calculations. 

For  the  rectangular  wing,  unsteady  calculations 
were  made  for  four  modes  at  four  different  Mach 
numbers  and  from  three  to  six  reduced  frequencies 
for  each  Mach  number.  Also  the  inviscid  and  the 
two  viscous  methods  were  considered,  requiring 
168  separate  runs  of  the  transonic  code.  Although 
only  limited  results  were  computed  for  the  swept 
wing,  another  36  runs  of  the  code  were  required. 

The  inviscid  calculations  required  500  sec  of 
computing  time  on  the  Cray  X-MP.  The  wedge  and 
lag-entrainment  methods  required  1100  and 
3300  sec,  respectively.  The  U-g  method  of  deter¬ 
mining  flutter  boundaries  is  a  proven  method 
which  has  been  accurately  used  for  years  for  both 
two-dimensional  and  three-dimensional  aeroelastic 
analyses . 


Results 

Rectangular  Wing  with  NACA  64A010  Airfoil 

One  of  the  two  wings  considered  in  this 
study  was  the  AGARD  rectangular  wing  with  an 
aspect  ratio  of  4  and  a  NACA  64A010  airfoil  cross 
section.  Aerodynamic  and  flutter  results  were 
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computed  for  the  rectangular  wing  at  M  =  0.8  and 
at  zero  angle  of  attack,  which  is  one  of  the  AGARD 
suggested  flow  conditions.®  In  addition,  calcula¬ 
tions  for  the  same  wing  were  made  at  M  =  0.70, 

M  =  0.85,  and  M  =  0.90  to  determine  the  effects 
of  Mach  number  on  three-dimensional  aeroelastic 
calculations.  First,  steady  state  pressure  dis¬ 
tributions  were  obtained  for  the  inviscid,  wedge, 
and  lag-entrainment  methods.  The  steady  wedge 
calculations  were  restarted  from  the  steady  invis¬ 
cid  solution  and  the  steady  lag-entrainment  cal¬ 
culations  were  restarted  from  the  steady  wedge 
solution,  following  the  procedure  given  in  Ref.  7. 
The  steady  flow  became  fully  developed  in 
1000  time  steps.  Figure  3  shows  the  steady  pres¬ 
sure  distribution  for  the  three  methods  at  the 
60%  semispan  station  and  at  three  Mach  numbers. 

The  code  diverged  when  the  lag-entrainment  method 
was  used  at  M  =  0.90,  so  no  results  were  obtained 
for  those  conditions.  The  forward  displacement  of 
the  shock  and  reduction  in  strength  are  charac¬ 
teristic  of  viscous  flow.  These  trends  are  con¬ 
sistent  with  those  shown  in  two  dimensions  for 
the  same  airfoil.  It  can  be  seen  that  the  lag- 
entrainment  method  shows  no  deviation  from  the 
wedge  for  this  particular  wing. 

The  first  and  second  bending  and  first  and 
second  torsion  natural  modes,  shown  in  Fig.  4, 
were  selected  to  accurately  model  the  motion  of 
the  wing  to  obtain  unsteady  aerodynamic  coeffi¬ 
cients.  Calculations  were  made  at  reduced  fre¬ 
quencies,  based  on  full  chord,  from  0.1  to  0.6, 

The  maximum  deflections  were  3.44°  for  the  tor¬ 
sion  modes  and  10%  of  the  chord  for  the  bending 
modes.  The  wing  was  constrained  to  pitch  about 
the  midchord.  Figure  5  shows  the  magnitude  of 
the  unsteady  local  lift  coefficient  and  the  cor¬ 
responding  phase  angle  versus  span  for  the  rec¬ 
tangular  wing  at  three  Mach  numbers.  Results  are 
sho™  for  inviscid  and  for  both  the  wedge  and  lag- 
entrainment  viscous  correction  methods  for  the 
first  torsion  mode  at  a  reduced  frequency  of  0.4. 
As  expected  from  two-dimensional  studies,®  the 
lift  coefficients  obtained  by  the  viscous  methods 
are  lower  than  those  calculated  using  the  inviscid 
method;  however,  the  magnitude  of  the  lift  using 
the  wedge  correction,  shows  little  change  over  the 
inviscid  method.  The  phase  angles  show  a  signi¬ 
ficant  change  for  both  viscous  methods. 

As  mentioned  earlier,  the  flutter  boundaries 
were  determined  using  a  three-dimensional  U-g 
method.  Of  primary  interest  in  this  study  were 
the  aeroelastic  characteristics  of  the  rectangular 
wing  related  to  the  effects  of  the  structural 
modes  and  flox^r  viscosity.  Four  combinations  of 
the  first  two  pure  bending  and  torsion  modes  were 
considered.  First,  only  the  first  bending  and 
first  torsion  modes  xvere  included.  Then  the  sec¬ 
ond  modes  of  each  type  were  added  individually. 
Finally,  all  four  modes,  namely  first  bending, 
second  bending,  first  torsion,  and  second  torsion, 
were  all  included  in  the  solution.  For  the  modal 
analysis,  the  wing  was  configured  so  that  the 
elastic  axis  and  center  of  mass  were  located  at 
45%  and  60%  of  the  chord,  respectively,  aft  of  the 
leading  edge.  All  other  aeroelastic  parameters 
were  set  to  represent  a  typical  wing.  For  the 
rectangular  wing,  the  first  bending  and  torsion 
modes  were  sufficient  to  determine  the  flutter 
speed  (Table  1) ,  The  flutter  frequency  in  all 
cases  is  very  close  to  the  first  bending 


frequency,  which  explains  the  dominance  of  the 
first  bending  mode.  Figure  6  shows  the  deflection 
of  the  wing  at  flutter.  It  closely  resembles  the 
first  bending  mode.  Many  of  the  aeroelastic  param¬ 
eters  were  varied  to  see  if  any  effect  of  the 
higher  modes  could  be  obtained;  little  to  no  effect 
was  seen.  Only  when  very  unrealistic  values  were 
used  was  an  appreciable  effect  of  modes  noticed. 

At  all  Mach  numbers,  the  first  bending  and  torsion 
modes  are  all  that  are  required  for  an  aeroelastic 
analysis  of  a  small  aspect  ratio,  unswept,  rectan¬ 
gular  wing  in  subsonic  or  transonic  flow. 

The  effect  of  flow  viscosity  is  an  important 
factor  to  consider  when  computing  the  flutter 
boundaries  of  a  wing  in  transonic  flow.  Viscosity 
can  have  a  noticeable  effect  on  the  aerodynamic 
forces  acting  on  the  wing  and,  hence,  on  the 
flutter  boundaries.  Previously,  only  inviscid 
calculations  had  been  made  on  wings.  Viscous  cal¬ 
culations  were  made  at  three  Mach  numbers, 

M  =  0.80,  M  =  0.85,  and  M  =  0.90.  For  each  Mach 
number,  aerodynamic  coefficients  were  calculated 
over  a  range  of  reduced  frequencies  from  0.1  to 
0.6  and  for  the  same  four  structural  modes  dis¬ 
cussed  earlier.  The  wedge  and  lag-entrainment 
viscous  methods  were  used.  At  M  =  0.85,  the  flow 
is  transonic  and  the  shock  is  well  defined. 

Figure  7  shows  the  sectional  magnitude  and  cor¬ 
responding  phase  angle  of  the  lift  coefficient 
versus  the  reduced  frequency  for  the  inviscid 
method  and  for  two  viscous  methods.  Sectional 
parameters  are  sho\m  for  span  station  8,  at  the 
60%  semispan  location.  This  figure  shows  that  the 
lift  coefficients  calculated  with  viscous  correc¬ 
tions  included  are  slightly  below  the  inviscid 
calculations.  This  is  the  trend  that  was  antici¬ 
pated  because  it  corresponds  to  trends  shown  for 
two-dimensional  airfoils ,  This  small  reduction  in 
force,  coupled  with  significant  changes  in  the 
phase  angles,  contributes  to  the  higher  flutter 
speeds  shown  for  the  viscous  methods  in  Fig.  8  and 
Table  1.  A  well-defined  transonic  dip  can  be  seen 
in  Fig.  8  with  the  lox'jest  flutter  speed  occurring 
between  M  =  0.85  and  M  =  0.90.  Inclusion  of 
the  viscous  corrections  resulted  in  about  a  10% 
increase  in  flutter  speed.  The  increase  in  flutter 
speed  is  a  direct  result  of  the  viscous  corrections 
causing  a  reduction  in  the  magnitude  of  the  lift 
coefficient.  A  higher  flutter  speed  does  not 
always  follow  from  a  reduction  in  magnitude  of  the 
lift  because  the  change  in  phase  angle  must  also 
be  considered  when  one  is  trying  to  anticipate 
flutter  trends.  The  wedge  correction  required 
little  more  computational  effort  than  the  inviscid 
method,  but  yielded  an  increase  in  flutter  speed, 
as  is  depicted  in  Fig,  8.  The  lag-entrainment 
method  on  the  other  hand,  required  6  to  8  times 
the  computing  time  to  obtain  a  converged,  stabil¬ 
ized  solution.  The  results  obtained  using  the  lag- 
entrainment  method  were  about  the  same  as  the  wedge 
correction  provided.  It  is  noted  that  the  wedge 
calculations  were  performed  at  720  time  steps  per 
cycle,  and  the  lag-entrainment  calculations  were 
performed  at  2160  time  steps  per  cycle.  Both  of 
these  are  substantially  less  than  for  earlier, 
two-dimensional  calculations.  In  Ref.  6, 

Guruswamy  and  Goorjian  required  2160  time  steps 
per  cycle  and  8640  time  steps  per  cycle  for  the 
wedge  and  lag-entrainment  calculations, 
respectively . 

The  rectangular  wing  was  also  used  to  study 
the  effects  of  various  aeroelastic  parameters  on 
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the  aeroelastic  behavior  of  wings  at  M  =  0.85. 

In  ,Fig.  9,  flutter  speed  and  corresponding 
reduced  frequency  are  plotted  versus  wing-air- 
mass-density  ratio  by  using  both  inviscid  and 
viscous  unsteady  coefficients  obtained  for  the 
two  fundamental  modes.  Flutter  speeds  increase 
with  an  increase  in  wing-to-air-mass-density 
ratio.  Flutter  speeds  obtained  by  using  viscous 
coefficients  are  higher  than  those  obtained  using 
inviscid  coefficients.  The  plot  of  flutter  speed 
versus  the  center-of-mass  position  is  shown  in 
Fig.  10.  The  flutter  speed  increases  as  it  moves 
forward.  Also  the  rate  of  increase  gets  larger 
as  the  mass  center  approaches  the  elastic  axis. 

The  flutter  speed  increases ,  approximately 
linearly  with  increasing  frequency  ratio,  as 
shown  in  Fig.  11.  All  trends  are  similar  to 
those  shown  in  Ref.  10  for  the  NACA  64006  and 
the  NACA  64A010  airfoils.  The  viscous  methods  do 
not  change  any  trends  but  merely  increase  the 
flutter  speeds  slightly  from  the  inviscid  calcu¬ 
lations,  for  this  wing. 

Swept  Wing  with  MBB-A3  Airfoil 

This  swept  wing  was  chosen  to  represent  a 
typical  transport  type  wing.  It  has  a  full-span 
aspect  ratio  of  8,  a  taper  ratio  of  0.4,  a 
leading-edge  sweep  angle  of  25 ,  and  an  MBB-A3 
supercritical  airfoil  section.  Because  of  the 
complex  geometry,  the  computing  time  required  per 
case  was  twice  that  required  for  similar  calcula¬ 
tions  on  the  rectangular  wing.  Aerodynamic  and 
flutter  calculations  were  made  inviscidly,  as 
well  as  by  using  the  wedge  and  lag-entrainment 
viscous  corrections  at  a  Mach  number  of  M  =  0.85. 
As  was  done  for  the  rectangular  wing,  steady 
state  data  were  computed,  and  then  the  unsteady 
runs  were  restarted  from  the  corresponding 
steady-state  data  files. 

The  first  bending,  first  torsion,  second 
bending,  and  second  torsion  modes  were  incorpor¬ 
ated  into  the  flutter  analysis  of  the  swept  wing 
(Fig.  12).  Again  the  deflections  of  the  wing 
were  computed  for  each  mode  at  507  wing  locations 
to  describe  the  deflection  shapes  in  the  transonic 
code.  It  can  be  seen  that  the  modes,  despite  the 
sweep  and  taper,  are  very  similar  to  the  corre¬ 
sponding  modes  for  a  cantilever  beam.  To  obtain 
a  converged  inviscid  solution,  720  time  steps  per 
cycle  were  required;  1440  and  2880  time  steps  per 
cycle  were  required  for  the  viscous  wedge  and  lag- 
entrainment  methods,  respectively.  Calculations 
were  made  at  k  =  0,4,  0.5,  0.6,  and  0.7  for  all 
three  methods.  The  steady  pressure  across  the 
chord,  at  the  60%  semispan  location  is  shown  in 
Fig.  13  for  all  three  methods  and  for  both  the 
upper  and  lower  surfaces.  The  viscous  wedge 
shows  a  shock  which  has  moved  forward  of  the 
inviscid  shock  and  is  much  weaker  in  strength. 

The  lag-entrainment  correction  causes  the  shock 
to  move  still  farther  forward.  For  this  wing 
and  airfoil  section,  the  lag-entrainment  method 
does  show  a  significant  change  from  the  viscous 
wedge  method. 

Figure  14  shows  the  magnitude  and  corre¬ 
sponding  phase  angle  of  the  lift  coefficient 
plotted  versus  reduced  frequency.  The  same  trend 
is  shown  here  as  was  shown  for  the  rectangular 
wing.  The  magnitude  of  the  inviscid  lift  is 
greater  than  the  viscous  wedge  lift,  although 


only  slightly,  which  is  even  greater  than  the  lift 
calculated  using  the  viscous  lag-entrainment  method. 

Flutter  calculations  were  performed  on  this 
wing  at  M  =  0.85;  the  results  are  shown  in  Table  2. 
Here  again,  the  primary  modes  dominate  the  flutter 
solution.  For  this  wing,  however,  the  second  tor¬ 
sion  mode  does  cause  a  noticeable  change  in  the 
flutter  speed.  When  the  second  bending  mode,  was 
added  to  the  primary  modes,  only  an  insignificant 
change  in  the  flutter  speed  was  noted,  but  when  the 
second  torsion  mode  was  added  the  flutter  speed 
decreased  by  about  5%.  It  was  expected  that  the 
torsion  modes  would  play  an  important  role  in  this 
analysis  because  of  the  sweep  of  the  wing.  The 
first  two  torsion  modes  can  be  seen  along  with  the 
first  bending  mode  in  Fig,  15. 

A  26%  increase  in  flutter  speed  was  observed 
when  the  viscous-wedge  method  was  used.  On  the 
other  hand ,  when  aerodynamics  that  included  the 
lag-entrainment  method  were  input  into  the  equa¬ 
tions  of  motion,  the  flutter  speed  showed  only  a 
slight  increase  over  that  of  the  inviscid  flutter 
solution.  It  can  be  seen  in  Fig,  14  that  the 
change  in  phase  angle  from  the  inviscid  solution 
is  much  greater  for  the  wedge  calculations  than 
for  the  lag-entrainment  calculations. 


Conclusions 

This  study  was  performed  to  aid  in  the  verifi¬ 
cation  of  the  three-dimensional 3  unsteady,  tran¬ 
sonic,  aerodynamic  computer  code  XTRAN3S-Ames . 
Several  three-dimensional  computations  were  made 
and  trends  were  compared  to  those  previously 
determined  for  two-dimensional  airfoils.  Vis¬ 
cous  calculations  were  made  using  the  viscous- 
wedge  and  lag-entrainment  viscous  correction 
methods.  Flutter  analyses  were  performed  on  two 
wings  and  the  effects  of  viscosity  and  modes  were 
studied.  From  this  work  several  conclusions  may 
be  drawn. 

The  results  discussed  in  this  paper  indicate 
that  two-dimensional  viscous  methods  may  be 
applied  to  three-dimensional  flows  over  wings. 
Studies  on  the  rectangular  wing  showed  about  a 
10%  increase  in  the  flutter  speed  when  the  vis¬ 
cous  effects  were  included  in  the  analysis.  For 
this  wing,  with  a  symmetric  NACA  64A010  airfoil 
section,  the  Greens  lag-entrainment  method  did 
not  show  much  change  over  the  viscous  wedge 
method.  The  analysis  performed  on  the  swept  wing, 
with  an  MBB-A3  airfoil  section,  yielded  about  a 
25%  increase  in  the  flutter  speed  when  the  viscous 
wedge  method  was  used.  The  lag-entrainment  method 
did  not  cause  as  large  of  an  increase  over  the 
flutter  speeds  calculated  using  inviscid  aerody¬ 
namics.  The  current  viscous  methods  tend  to 
induce  oscillations  into  the  solution  that  do  not 
occur  in  inviscid  calculations.  The  implementation 
of  a  two-dimensional  shock  profile,  used  to  place 
the  wedge,  helped  to  reduce  these  oscillations. 
Further  research  is  required  to  improve  the  imple¬ 
mentation  of  the  viscous  correction  methods  into 
XTRAN3S,  as  well  as  other  inviscid  codes.  For  the 
rectangular  wing,  the  lag-entrainment  method 
required  3  times  as  much  computational  time  as  the 
wedge  method,  but  the  two  solutions  deviated  only 
slightly . 
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It  is  important  to  know  which  structural 
modes  play  a  contributing  role  in  a  transonic 
flutter  solution.  Computing  costs  are  directly 
proportional  to  the  number  of  modes  considered. 

For  the  rectangular  wing  with  a  low  aspect  ratio, 
the  primary  modes  proved  sufficient  to  accurately 
determine  the  flutter  speed.  For  swept  tapered 
wings,  higher  bending  modes  may  not  be  as  signifi¬ 
cant  as  higher  torsion  modes.  At  least  the  first 
two  torsion  modes  must  be  considered  when  perform¬ 
ing  an  aeroelastic  analysis  on  a  swept  wing. 
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Table 

1  Flutter 

speeds 

for  various  modal 

combinations:  rectangular 

wing 

M  =  0.70 

M  =  0. 

80 

M 

=  0.85 

M  =  0. 

90 

Modes 

Inviscid 

Inviscid 

Wedge 

Lag 

entrain¬ 

ment 

Inviscid 

Wedge 

Lag 

entrain¬ 

ment 

Inviscid 

Wedge 

First 

bending 

first 

3.2511 

1.8810 

1.9556 

1.990 

1.0503 

1.1542 

1.1283 

1.1934 

1.2956 

torsion 

First  and 
bending 
first 

second 

3.2910 

1.8810 

1.9557 

1.991 

1.0503 

1.1541 

1.1282 

1.1933 

1.2956 

torsion 

First 
bend ing . 
first  and 

second 

3,2524 

1.8816 

1.9561 

1.995 

1.0504 

1.1546 

1.1283 

1.1942 

1.2962 

torsion 

First  and 
bending, 
first  and 

second 

second 

3.2897 

1.8816 

1.9562 

1.995 

1.0506 

1.1549 

1.1285 

1.1941 

1.2964 

torsion 

Table  2  Flutter  speeds  for  various  modal 


combinations 

:  swept 

wing ,  M 

=  0.85 

Modes 

Inviscid 

Wedge 

Lag 

entrain¬ 

ment 

First 

bending , 
first 
torsion 

2.1237 

2.8507 

2.2066 

First  and  second 
bending , 
first 
torsion 

2.1240 

2.8504 

2.2057 

First 

bending , 

first  and  second 
torsion 

2.0666 

2.9511 

2.1856 

First  and  second 
bending , 

first  and  second 
torsion 

2.0670 

2.9502 

2.1850 
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UNSTEADY  LIFT  COEFFICIENT 


Fig,  5  Magnitude  of  unsteady  lift  and  corresponding  Fig.  6  The  shape  of  the  rectangular  wing  at  fl 
phase  angle  versus  span  for  the  inviscid  and  viscous  is  composed  of  the  first  bending  and  torsion  mo 
methods . 
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Fig.  7  Magnitude  of  unsteady  lift  and  correspond¬ 
ing  phase  angle  versus  reduced  frequency  for  the 
inviscid  and  viscous  methods. 


Fig,  8  Effect  of  Mach  number  and  viscosity  on 
flutter  speed. 
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Fig.  9  Effect  of  wing  to  air  mass  density  ratio 
and  viscosity  on  flutter  speed. 
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Abstract 

An  efficient  coordinate  transformation  tech¬ 
nique  is  presented  for  constructing  grids  for 
unsteady,  transonic  aerodynamic  computations  for 
delta-type  wings.  The  original  shearing  transfor¬ 
mation  yielded  computations  that  were  numerically 
unstable  and  this  paper  discusses  the  sources  of 
those  instabilities.  The  new  shearing  transforma¬ 
tion  yields  computations  that  are  stable,  fast, 
and  accurate.  Comparisons  of  those  two  methods 
are  shown  for  the  flow  over  the  F5  wing  that 
demonstrate  the  new  stability.  Also,  comparisons 
are  made  with  experimental  data  that  demonstrate 
the  accuracy  of  the  new  method.  The  computations 
were  made  by  using  a  time-accurate,  finite- 
difference,  alternating-direction- implicit  (ADI) 
algorithm  for  the  transonic  small-disturbance 
potential  equation. 

Introduction 

There  is  a  need  both  by  aerodynamicists  and 
aeroelasticians  for  efficient  computational  methods 
in  the  area  of  three-dimensional  unsteady  transonic 
aerodynamics  for  the  design  of  aircraft  in  the 
transonic  regime.  Such  methods  are  being  developed 
in  the  area  of  computational  fluid  dynamics  (CFD) . ^ 
Methods  based  on  the  small  disturbance  theory  have 
already  led  to  the  development  of  successful  pro¬ 
duction  codes  that  are  in  use  for  aeroelastic 
applications.^’^  Methods  based  on  other  theories, 
such  as  the  full  potential  theory,  are  still  in 
the  early  stages  of  development^  for  three- 
dimensional  calculations.  Among  small  disturbance 
codes,  XTRAN3S^  is  being  actively  used  for  aero¬ 
dynamic  and  aeroelastic  applications.^’^”® 

XTRAN3S  is  a  three-dimensional,  unsteady, 
transonic  small-disturbance  potential  code  based 
on  a  time-accurate,  finite-difference  method  using 
an  alternating-direction  implicit  (ADI)  scheme. 

This  code  can  analyze  general  wing  configurations 
and  has  the  capability  of  conducting  static  and 
dynamic  aeroelastic  computations  by  simultaneously 
integrating  the  aerodynamic  and  structural  equa¬ 
tions  of  motion.  So  far,  XTRAN3S  has  been  success¬ 
fully  applied  to  the  aerodynamic  and  aeroelastic 
analysis  of  wings  with  high-aspect  ratios,  large- 
taper  ratios  and  small  sweep  angles,  e.g.,  rectangu¬ 
lar  or  transport-type  wings. From  these 
studies,  it  has  been  observed®’^  that  XTRAN3S 
requires  from  360  to  1200  time  steps  per  cycle  for 
rectangular  and  transport-type  wings,  respectively, 
to  give  stable,  accurate,  unsteady  results.  With  a 
decrease  in  the  aspect  ratio  and  the  taper  ratio  and 
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increase  in  the  sweep  angle,  the  number  of  time 
steps  required  per  cycle  increases. 

Preliminary  computations  diverged  when  an 
attempt  was  made  to  obtain  steady  results  for  the 
F5  wing®  which  has  an  aspect  ratio  of  2.98,  a  taper 
ratio  of  0.31,  and  a  leading  edge  sweep  of  32°,^*^ 
The  code  was  unstable  at  feasible  time-step  sizes 
such  as  At  =  0,01,  and  it  was  still  unstable  at  a 
very  small  time-step  size  of  At  =  0.001.  At  this 
smaller  time-step  size,  unsteady  computations  (if 
stable)  would  have  required  about  30,000  time  steps 
per  cycle  at  a  reduced  frequency  of  0.2,  These 
facts  have  imposed  severe  limitations  on  the  prac¬ 
tical  applications  of  XTRAN3S.  (Similar  failures 
have  been  reported  by  other  investigators.®) 

The  main  objective  of  this  work  was  to  inves¬ 
tigate  in  detail,  the  sources  of  numerical  insta¬ 
bilities  in  the  procedures  used  in  XTRAN3S,  and  to 
develop  new,  stable  procedures.  From  studies  con¬ 
ducted  on  the  basic  procedures  employed  in  the 
code,  it  was  found  that  the  shearing  coordinate 
transformation  used  in  XTRAN3S  was  a  major  source 
for  instability.  As  a  result,  an  alternate, 
modified-shearing  coordinate  transformation  has 
been  developed.  This  new  transformation  gives 
stable  and  accurate  results  for  cases  that  failed 
with  the  old  transformation  technique.  These 
results  were  obtained  at  a  time-step  size  that  is 
ten  times  larger  than  the  size  at  which  the  old 
method  was  unstable. 

With  the  modified,  shearing  transformation 
procedure,  steady  and  unsteady  computations  were 
made  at  M  =  0 . 80 ,  M  =  0 , 90 ,  and  M  =  0.95,  and  they 
were  compared  with  wind-tunnel  experiments.® 


Sources  of  Instability 

XTRAN3S  uses  a  modified  small-disturbance 
equation^^ 

+  F'i’x  +  +  (’t’y  +  “'t’x't’y^y 

+  (<fiz)z  (1) 

where  a  =  B  =  2M^;  E  =  (1  -  M^) ; 

F  =  -(1/2)  (y  +  1)M^;  G  =  (1/2)  (y  -  3)M^;  and 
H  =  -(y  -  1)M^. 

Equation  (1),  which  is  ideal  for  rectangular 
wings,  can  pose  problems  for  swept  tapered  wings. 
The  dependence  of  the  solution  on  the  wing  leading 
edge  mesh  spacing  poses  a  problem  when  applied  to 
swept  tapered  wings.  Because  of  the  large  number 
of  points  required,  it  is  impractical  to  maintain 
a  sufficiently  fine  mesh  spacing  along  the  leading 
edge  of  a  swept  wing  in  a  Cartesian  coordinate 
system.  An  alternative  approach  was  developed  by 
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Ballhaus  and  Bailey^ ^  who  used  a  shearing  transfor¬ 
mation  to  map  a  trapezoidal  planform  wing  in  the 
physical  plane  into  a  rectangle  in  the  computa¬ 
tional  plane  as  shown  in  Fig.  1,  where 


C(x,y) 


X  -  x^gCy) 

x^E(y)  -  ’ 


n(y)  =  y  ;  ?(z)  =  z 

(2) 


Use  of  this  shearing  transformation  permits  a  more 
efficient  distribution  of  mesh  points.  The  leading 
and  trailing  edges  lie  on  the  coordinate  lines 
^  =  0  and  1,  respectively,  and  each  span  station 
(ti  =  constant)  has  the  same  number  of  chordwise 
mesh  points  on  the  wing  surface.  Thus,  the  compli¬ 
cating  effect  of  geometry  has  been  transferred  from 
the  boundary  conditions  to  the  governing  equation. 
This  shearing  transformation  was  used  in  XTRAN3S 
throughout  the  flow  field. 

The  conventional  shearing  transformation 
Eq.  (2)  is  simple  and  adequate  for  wings  with  high- 
aspect  ratios,  small  sweeps,  and  large  taper 
ratios.^’^”®  However,  for  wings  with  low-aspect 
ratios,  high  sweeps,  and  small  taper  ratios  (such 
as  delta  wings),  use  of  this  shearing  transforma¬ 
tion  produces  unstable  calculations.  Since  the 
transformation  Eq.  (2)  is  only  a  function  of  local 
chord,  computational  flow  regions  obtained  by  its 
use  depend  on  the  planform.  For  delta-type  wings, 
Eq,  (2)  yields  highly  skewed  flow  regions  and  thus 
large  discontinuous  values  for  the  metrics,  ^y, 
near  the  upstream-  and  downstream-flow  boundaries. 
The  metric,  Cyj  appears  as  a  coefficient  of  the 
cross  derivatives  in  the  governing  equation  [as 
seen  later  in  Eq.  (3)]  after  applying  the  transfor¬ 
mation  Eq.  (2)  to  Eq.  (1).  Far  field  grid  bound¬ 
aries  are  not  aligned  to  the  flow  directions.  Also 
in  XTRAN3S,  the  cross  derivatives  have  been  differ¬ 
enced  explicitly.  These  combined  factors  can  make 
flow  computations  unstable  (see  the  F5  wing) . 

Figure  2  shows  the  planform  of  the  F5  wing 
which  has  an  aspect  ratio  of  2.98,  a  taper  ratio  of 
0.31,  and  a  leading  edge  sweep  angle  of  31.92°. 

The  computational  flow  region  that  was  obtained  by 
using  the  shearing  transformation  Eq.  (2)  is  shown 
in  Fig.  3.  From  this  figure,  the  large  skex^rness  of 
the  grid  lines  that  causes  large  gradients  for  the 
metrics  near  the  flow  boundaries,  can  be  observed. 

In  fact,  the  scale  in  Fig.  3  is  stretched  10  to  1 
in  the  y  (or  vertical)  direction.  So  the  actual 
skewness  is  ten  times  worse  than  shown.  Also  the 
kink  (i.e.,  discontinuity)  in  the  upstream  boundary 
grid  line  is  ten  times  worse  than  shown.  Figure  4a 
shows  a  plot  of  the  metric  value,  ^y,  versus  chord 
for  the  root  station  for  this  shearing  transforma¬ 
tion.  Figure  4b  shows  a  corresponding  plot  of  the 
metric  value  versus  span  along  a  grid  line  starting 
at  a  distance  15.6  chords  from  the  leading  edge  of 
the  root  section.  The  downstream  boundary  is 
located  25  chords  downstream  at  the  root  span  sta¬ 
tion.  From  Fig.  4a,  it  is  seen  that  ^y  has  a 
large  value  at  the  downstream  boundary,  and  from 
Fig,  4b,  ^y  also  changes  value  at  the  tip  span 
location  in  a  large  discontinuous  way.  It  is  pre¬ 
cisely  at  that  location  (the  downstream  boundary  at 
the  wing  tip  span  station)  that  numerical  instabili¬ 
ties  originate  when  using  Eq .  (2)  for  calculations 
of  flow  over  the  F5  wing. 

Using  this  grid,  steady,  transonic  flow  compu¬ 
tations  were  unstable  for  a  time-step  size  of 


At  =  0.01  which  is  ten  times  smaller  than  that 
used  for  a  stable  calculation  in  a  case  for  a  rec¬ 
tangular  wing.^  However,  fair  steady-state  results 
were  obtained  for  subcritical  flow  at  M  =  0.8  by 
using  a  small  time  step  of  At  =  0.001  and  running 
the  code  for  2000  time  steps.  For  the  same  time- 
step  size  of  At  =  0,001,  at  M  =  0.9,  where  the 
flow  was  transonic,  the  calculations  diverged. 

For  most  of  the  cases  considered,  the  numerical 
instability  started  at  the  downstream  boundary 
where  the  tip  span  station  occurs.  For  comparison, 
the  conventional  shearing  transformation  Eq .  (2) 
gives  stable  results  for  transport-type  wings  in 
which  cases  there  is  no  kink  in  the  transforma¬ 
tion,  This  leads  to  the  conclusion  that  this  fea¬ 
ture  of  transformation  is  causing  the  numerical 
instability.  As  a  result,  this  work  presents  an 
alternate  transformation  procedure  that  does  not 
have  the  property  of  employing  metrics  that  have 
large  discontinuous  values.  This  new  transforma¬ 
tion  will  yield  stable  calculations. 


Modified  Shearing  Transformation 


The  main  requirement  that  any  transformation 
should  satisfy  for  the  finite-difference  method 
used  in  XTRAN3S  is  that  it  should  map  any  given 
wing  to  a  rectangular  wing  (see  Fig.  1) .  This 
condition  is  satisfied  in  the  modified  shearing 
transformation  by  using  the  same  conventional 
shearing  transformation  given  by  Eq.  (2)  in  the 
region  near  the  wing.  Away  from  the  wing,  a  new 
scheme  is  devised  such  that  the  grid  lines  have 
the  following  characteristics:  1)  far  field 
boundaries  are  independent  of  the  wing  planform 
and  aligned  with  respect  to  the  free-stream  direc¬ 
tion;  2)  smooth  first  and  second  derivatives  occur 
for  values  of  the  metric  quantities,  particularly 
near  boundaries;  and  3)  grid  lines  are  clustered 
near  the  leading  and  trailing  edges. 

A  good  transformation  that  satisfies  all  the 
above  criteria  is  shoxm  in  Figs.  5  and  6.  The 
computational  mesh  in  Fig.  5  is  chosen  to  be  iden¬ 
tical  to  the  physical  grid  at  the  root  of  the  wing 
in  Fig.  6.  It  is  noted  here  that  any  wing  span 
station  can  be  selected  instead  of  the  root  for 
this  matching.  (However,  numerical  experiments 
for  the  F5  wing  indicated  that  the  best  results  can 
be  obtained  by  selecting  the  root  station.)  By 
using  Eq.  (2),  the  physical  grid  on  the  wing  is 
computed.  It  is  assumed  that  the  physical  grid 
boundaries,  far  upstream  and  downstream,  are  per¬ 
pendicular  to  the  root.  Then,  for  any  given  span 
station,  physical  grid  points  between  the  wing 
edges  and  the  upstream  and  downstream  boundaries 
are  distributed  in  such  a  manner  that  they  satisfy 
requirements  (1)  to  (3)  mentioned  previously. 

This  distribution  is  accomplished  by  employing  a 
combination  of  an  exponential  stretching  function 
and  a  coordinate  smoothing  function  at  each  span 
station.  Figure  6  shows  the  physical  grid  obtained 
by  using  the  new  procedure.  The  new  properties  of 
this  grid  can  be  seen  by  comparing  with  Fig.  3. 

After  applying  the  transformation,  Eq .  (1) 
can  be  rewritten  as 
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^  (■  It  ■  ^  i 

+  HCy4>g(5y^^  +  ,f^)j  +  ^  +  ^r^> 

+  +  <i.^)j  +  =  0  (3) 

It  is  noted  here  that  when  the  conventional  trans¬ 
formation  was  used  to  obtain  Eq.  (3),  then  the 
metric  quantities  would  have  been  replaced  by  the 
reciprocal  of  the  local  chord.  Equation  (3)  is 
solved  by  an  ADI  algorithm  in  XTRAN3S.^ 

Metric  quantities  required  in  Eq.  (3)  are 
computed  by  mapping  the  physical  grid  in  Fig.  6  to 
the  computational  grid  in  Fig.  5,  A  plot  of  the 
metric  quantity,  versus  the  chord  for  the  root 
section  and  versus  the  span,  along  a  grid  line 
starting  at  a  distance  15.6  chords  from  the  lead¬ 
ing  edge  of  the  root  section  are  shown  in  Figs.  4a 
and  4b,  respectively.  From  these  two  figures,  the 
small  gradients  of  ^y,  obtained  by  the  modified 
transformation,  can  be  seen  particularly  in 
Fig.  4b  at  the  location  near  the  tip.  It  is  noted 
that  the  modified  transformation  yields  metrics 

that  are  functions  of  both  x  and  y.  There  is 
no  skewness  in  the  grid  at  the  far  field  bound¬ 
aries  and,  hence,  there  is  a  smooth  metric  quan¬ 
tity  for  the  finite  differencing,  particularly  of 
cross  derivatives.  This  improvement  stabilizes 
the  ADI  scheme  for  low  taper  ratio  wings. 

This  new  coordinate  transformation,  along 
with  many  other  improvements,  is  incorporated  in 
a  new  version  of  the  code,  XTRAM3S-Ames , ^ ^ 


Results 

Using  the  new  transformation  technique, 
steady  and  unsteady  aerodynamic  results  are  com¬ 
puted  for  the  F5  wing  at  M  =  0.80,  0.90,  and  0.95 
and  are  compared  with  experimental  measurements^ 
and  with  results  obtained  from  the  conventional 
shearing  transformation. 

Figure  7  shows  the  plots  of  steady  pressure 
results  obtained  for  the  mid-semispan  station  at 
M  =  0.80  from  the  two  transformation  methods  and 
the  experiment.  With  the  conventional  shearing 
transformation,  about  2000  time  steps  of  size 
0.001  were  required  to  obtain  a  fairly  converged 
solution,  whereas,  modified  transformation  required 
only  about  1000  steps  of  size  0.01  to  give  a  con¬ 
verged  solution.  The  latter  solution  compares 
better  with  experiment  than  does  the  former.  This 
illustrates  that  the  modified  shearing  transforma¬ 
tion  can  give  more  accurate  results  in  half  the 
computational  time.  Plots  of  steady  pressure 
distributions  obtained  by  the  modified  transforma¬ 
tion  and  experiment  are  given  for  four  span  stations 
in  Fig.  8.  Comparisons  are  good  at  all  span 
stations. 

Figure  9  shows  plots  of  steady  pressure 
results  obtained  at  M  =  0.9  for  the  mid-semispan 


station  by  the  two  transformation  methods  and 
experiment.  In  spite  of  using  a  time-step  size  of 
0.001,  results  from  the  conventional  shearing 
transformation  eventually  diverged.  Also,  those 
results  were  highly  inaccurate  after  4000  time 
steps  as  illustrated  in  Fig,  9.  The  computations 
diverged  sometime  after  4000  time  steps  and  before 
6000  time  steps.  With  the  modified  shearing 
transformation,  a  converged  solution  was  obtained 
by  using  2000  time  steps  of  size  0.01.  In  Fig.  9, 
it  can  be  seen  that  the  latter  method  compares 
well  with  the  experiment.  Plots  of  steady  pres¬ 
sure  distributions  for  four  span  stations  obtained 
by  the  modified  transformation  and  the  experiment 
are  given  in  Fig.  10.  Comparisons  are  generally 
good  at  all  span  stations. 

Figure  11  shows  the  plots  of  steady  pressure 
distributions  obtained  by  the  modified  transforma¬ 
tion  method  and  the  experiment  at  M  =  0.95.  From 
the  observations  made  at  M  =  0.90,  no  attempt  was 
made  to  make  any  computations  using  the  conven¬ 
tional  shearing  transformation.  In  Fig.  11,  it 
can  be  observed  that  the  shocks  given  by  the  code 
are  stronger  and  shifted  farther  aft  as  compared 
to  those  observed  in  the  experiment.  This  dis¬ 
agreement  could  be  due  to  viscous  effects,  since 
the  calculations  assume  that  the  flow  is  inviscid. 
At  this  Mach  number,  viscous  effects  can  play  an 
important  role  due  to  the  strength  of  the  shock 
wave,  as  shown  in  Fig.  11. 

Figure  12  shows  the  modal  motion  used  in  the 
NLR  experiment.^  The  wing  is  pitching  about  an 
axis  located  at  the  50%  root  chord  and  the  pitch¬ 
ing  axis  is  normal  to  the  wing  root.  Figures  13-15 
show  plots  of  the  real  and  imaginary  values  of  the 
upper  surface  pressures  at  four  span  stations 
obtained  by  the  modified  shearing  transformation 
and  the  NLR  experiments  at  M  =  0.8,  0.9,  and  0.95, 
respectively.  These  results  were  obtained  for  the 
wing  oscillating  at  a  frequency  of  40  cycles  per 
second. 

The  same  modal  motion  used  in  the  NLR  experi¬ 
ment  was  simulated  in  the  code.  Results  from  the 
code  were  obtained  by  forcing  the  wing  to  undergo 
a  sinusoidal  modal  motion  for  three  cycles  with 
1200  time  steps  per  cycle,  during  which  time  the 
transients  disappeared  and  a  periodic  response  was 
obtained.  No  attempt  was  made  to  use  the  conven¬ 
tional  shearing  transformation  because  of  the 
instabilities  encountered  during  the  steady 
calculations . 

As  shown  in  Fig.  13,  at  M  =  0,80,  where  the 
flow  is  subsonic,  both  the  real  and  imaginary 
parts  of  the  unsteady  pressure  compare  well  with 
the  experiment  for  all  span  stations  as  expected. 

At  M  =  0.90,  where  the  flow  is  transonic,  as 
shown  in  Fig.  14,  comparisons  with  the  experiment 
are  good  except  near  the  root  and  the  tip.  Dis¬ 
crepancies  near  the  root  can  be  due  to  the  wall 
effects  which  were  not  accounted  for  in  this  analy¬ 
sis.  A  better  agreement  near  the  tip  might  be 
obtained  through  the  use  of  more  computational 
span  stations  in  that  region.  At  M  =  0.95,  com¬ 
parisons  with  the  experiment  are  not  as  favorable 
as  at  the  lower  Mach  numbers.  As  seen  in  Fig.  15, 
this  disagreement  with  the  NLR  experiment  is 
mainly  in  the  region  of  shock  wave.  The  results 
could  be  improved  if  viscous  corrections  were 
applied  to  the  calculations.  The  code  XTRAN3S-Ames 
is  now  capable  of  making  such  viscous  corrections.^^ 
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Concluding  Remarks 

An  efficient,  modified  shearing  transformation 
method  has  been  developed  for  use  in  the  code 
XTRAN3S-Ames  which  computes  unsteady  transonic 
aerodynamics.  This  new  method  is  particularly 
effective  for  low  aspect  ratio  and  small  taper 
ratio  delta-type  wings.  From  the  computations 
made  on  the  F5  wing  and  subsequent  comparisons 
with  experiment,  it  can  be  concluded  that  the  modi¬ 
fied  transformation  makes  the  finite  difference 
scheme  used  in  XTRAN3S-Ames  accurate,  stable,  and 
fast  for  these  difficult  cases.  Cases  can  now  be 
successfully  analyzed  for  which  the  conventional 
shearing  transformation  had  failed  to  yield 
results.  Computations  made  with  this  new  procedure 
demonstrate  that  the  range  of  the  unsteady  tran¬ 
sonic  code  XTRAN3S-Ames  for  aerodynamic  and  aero- 
elastic  applications  has  been  extended. 
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Abstract 


A  relatively  simple  two  dimensional  subsonic 
unsteady  aerodynamic  theory  has  been  developed  to 
take  into  account  the  effect  of  flow  separation  on 
unsteady  airloads  for  high  incidence  angles  of  thin 
airfoil  sections  approximately.  The  theory  is  an 
extension  of  the  classical  linear  potential  fiow 
theory  for  thin  airfoils  with  proper  boundary  con¬ 
ditions  applied  to  the  flow  separation  region  along 
the  airfoil  surface.  The  mixed  boundary  value 
problem  for  the  lifting  unsteady  aerodynamics  is 
translated  into  two  singular  integral  equatTort' 
that  are  solved  by  using  the  collocation  methoa. 
Very  encouraging  correlation  has  been  obtained 
between  the  calculated  and  experimental  pitch  damp¬ 
ing  values  for  a  thin  airfoil  section  typical  of 
Hamilton  Standard  propeller  blade  at  large  angles 
of  attack. 
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Nonseparated  flow 
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Correction  due  to  flow  separation 

+ 

Upper  blade  surface 
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a 

Pitching  motion 

h 

Plunging  motion 

I.  Introduction 


For  the  major  reason  of  high  fuel  efficiency, 
the  development  of  advanced  propfans  has  been  of 
renewed  interest  to  the  general  aviation  industry^. 
The  propeller  diameter  of  typical  advanced  turbo¬ 
prop  propulsion  systems  is  kept  small  by  the  use  of 
many  blades.  These  propeller  blades  are  ultrathin 
and  highly  swept  in  order  to  maintain  high  effi¬ 
ciency  in  the  tip  region.  As  a  result  of  the  high 
performance  aerodynamic  design,  stall  flutter  prob¬ 
lem  has  been  experienced  in  recent  wind  tunnel 
tests^.  Therefore,  the  avoidance  of  stall  flutter 
of  the  new  generation  propfan  blades  has  become  a 
major  concern  in  blade  structural  design. 
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The  major  deficiency  in  the  current  flutter 
design  system  is  the  lack  of  a  practical  unsteady 
aerodynamic  theory  applicable  to  stalled  compres¬ 
sible  flow  surrounding  ultrathin  blades.  High 
angle  of  attack  aerodynamics  for  stalled  flows 
involving  flow  separation  is  a  classical  research 
subject.  A  concise  discussion  on  the  steady  flow 
separation  characteristics  at  low  speed  and  tran¬ 
sonic  speeds  was  given  by  Smith^.  For  unsteady 
separated  flows,  Ericsson  and  Reding^”  have  devel¬ 
oped  semiempirical  analysis  procedures  for  dynamic 
stall  airloads  based  on  static  airfoil  stall  per¬ 
formance  characteristics.  A  more  exact  treatment 
of  unsteady  separated  flows  by  carefully  modeling 
the  bound  and  free  vortex  sheets  is  due  to  Kandi  1 
and  CO Ileagues ^ ^ . 

In  this  paper,  a  theoretical  unsteady  aero¬ 
dynamic  model  is  described  to  account  for  the 
effect  of  flow  separations  on  stalled  unsteady 
airloads  in  the  subsonic  flow  regime.  The  flow 
model  is  a  modification  of  the  classical  potential 
flow  model  by  specifying  proper  boundary  conditions 
and  certain  solution  behaviors  in  the  flow  separa¬ 
tion  region.  Flow  models  of  similar  type  have  been 
used  in  the  past  by  Woods^^  in  his  study  of  air¬ 
foils  with  spoilers  in  an  incompressible  flow,  Wu^^ 
in  his  wake  and  cavity  flow  theory  development, 
Perumal  and  Sisto^^  in  their  study  of  incompres¬ 
sible  unsteady  flow  with  a  moving  flow  separation 
point,  Dowell^^  in  his  transonic  unsteady  aero¬ 
dynamic  study  for  isolated  airfoils,  and  Chi^^  in 
his  subsonic  stall  flutter  study  of  cascade  blades. 
The  present  work  deals  with  subsonic  flow  about  an 
isolated  airfoil  with  fixed  flow  separation  point. 
The  theory  provides  a  new  derivation  of  the  classi¬ 
cal  lifting  and  nonlifting  kernel  functions  (aero¬ 
dynamic  influence  functions  or  Green's  functions). 
It  utilizes  both  the  classical  lifting  and  nonlift¬ 
ing  kernel  functions  in  the  analysis  of  separated 
flow  lifting  aerodynamics.  Sample  calculation 
results  based  on  the  present  theory  are  compared 
with  other  theories  and,  more  importantly,  with 
aerodynamic  damping  test  data  for  typical  thin  NACA 
airfoils  used  in  propfan  designs. 


In  the  following  discussion,  the  theory  will 
be  presented  first  followed  by  a  discussion  on  the 
correlation  between  the  calculated  force  coeffi¬ 
cients  with  other  theoretical  and  experimental 
data.  Conclusions  will  then  be  drawn  and  recommen¬ 
dations  on  future  work  to  further  advance  the 
stalled  airload  technology  will  be  made. 


Governing  Equations 


The  pe  r  t  ur  bat  aion  velocity  potential  (j)  is 
assumed  to  satisfy  the  convective  wave  equation 


a£  Dt2 


Dt  9t  3x 

The  perturbation  pressure  p  is  related  to  the 
perturbation  velocity  potential  by  the 
Bernoulli's  equation 


Poo  =  undisturbed  upstream  density, 

Uoo  =  undisturbed  upstream  velocity. 

The  coordinate  x  is  chosen  to  be  in  the  free- 
stream  direction,  z  is  perpendicular  to  x,  and  t 
denotes  time.  The  origin  of  the  x,z  coordinate 
system  is  fixed  at  the  leading  edge  of  the  airfoil 
as  shown  in  Fig.  1  and  all  linear  dimensions  are 
scaled  by  the  blade  chord  c. 

SEPARATING  STREAMLINE 


Fig.  1  Airfoil  Coordinates 

For  simple  harmonic  motion,  we  have 


<f)  =  (j) 
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where  6  =  / 1 -M ^  and  M  is  the  upstream  Mach  number. 
For  convenience,  the  subscript  has  been  dropped 

for  all  upstream  flow  quantities. 

Boundary  Conditions 

When  there  is  no  flow  separation,  the  follow¬ 
ing  boundary  conditions  apply: 

1.  On  the  airfoil  surface,  the  flow  tangency 
condition  is  assumed,  i.e., 


where  W  is  the  prescribed  upwash  velocity. 
This  boundary  condition  applies  to  both 
the  upper  and  lower  surfaces  of  the  air¬ 
foil. 


Off  the  airfoil,  the  perturbation  pressure 
and  vertical  velocity  (upwash)  are  contin¬ 
uous  everywhere. 


where  aoo  is  the  undisturbed  upstream  sound  speed 
and 


I.  The  radiat ion/f init eness  condition 
satisfied  at  infinity. 


For  simple  harmonic  motion,  the  blade  displacement 
is  simply 


f  (x,t)  =  f(x)e^^^ 

Since  the  upwash  is  related  to  the  blade  displace¬ 
ment  by 


2  IT 

Applying  Fourier  Transform  to  Eqs.  (3),  (4),  (6), 

one  obtains 


3f  3f 

W  =  —  +  U  — 

3t  3x 

or,  for  simple  harmonic  motion, 
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— ^  cj)  =0 

dz^ 


W  =  (io)  +  U  — )f 
3x 


,2  =  g2  »  m|)2 

u  3^  U  3^  ■ 


The  upwash  W(x)  is  given  for  x£(0,  1)  and  unknown 
otherwise.  For  combined  pitching  and  heaving 
motion  in  nonseparated  (attached)  flow, 


^  =  -  i  .  a) 
PU  U 


W(x)  =  iwh  -  [iw(x-Xp^u)  +  U]^ 


subject  to  the  boundary  conditions, 


=  (iwh  -  ue) 


L  w(  X  ^pQJl  ^  ® 


=  W*  at  z  =  0^ 

z  + 


where  is  the  pitching  axis  location,  h  and  0 
the  heaving  and  pitching  amplitude  respectively. 
Therefore,  the  boundary  condition  is 

4*^  =  W(x)  =  (i^oh  -  U0)  -  iw(x-Xp(^p)9  (6) 

For  attached  flows,  the  boundary  conditions 
described  above  are  adequate.  For  separated  flow, 
we  modify  the  boundary  condition  on  the  airfoil 
surface  (Eq.  (5))  by  assuming  that  the  perturbation 
pressure  p  is  known  in  the  flow  separation  region 
and  defining  the  cavitation  function  T  as 


Poo^  P^. 
P 


(f)*  =  W*  at  z  =  0 


where  W+  and  W_  are  the  Fourier  Transforms  of  the 
upwashs  on  the  upper  and  lower  surfaces  of  the 
airfoil  respectively.  As  shown  in  Reference  17, 
the  transformed  perturbation  pressures  on  the  air¬ 
foil  surfaces  are  as  follows: 


U 


*  Cl) 

P_  fi  +  ^ 


The  same  assumption  was  made  previously  by  Perumal 
and  Sisto^^,  Dowell and  Chi^^  among  others  except 
that  they  assumed  a  zero  cavitation.  The  assump¬ 
tion  of  zero  cavitation  is  reasonable  as  long  as 
I  P+  “  pool  <<  I  P_  ”  Pool-  noted  that  the  up¬ 
wash  is  considered  unknown  on  blade  surfaces 
exposed  to  the  separated  flow.  Also,  it  is  assumed 
that  flow  separation  only  occurs  on  the  suction 
side  of  the  airfoil. 


for  a<aj^  or  a>a2 
for  aj^<a  <  0.2 


i-  S) 


«2.2,1/2_ 


In  summary,  we  will  seek  the  solution  of  Eq. 
(3)  subject  to  the  boundary  conditions,  Eqs.  (6) 
and  (7),  as  well  as  the  condition  of  pressure  and 
velocity  continuity  and  the  radiat ion/f initeness 
condition.  Note  that  Eq.  (6)  applies  to  the  lower 
pressure  surface  (z  =  0”)  and  the  portion  of  the 
upper  suction  surface  (z  =  O’*”)  where  the  mean  flow 
is  attached,  while  the  upwash  is  considered  unknown 
on  the  portion  of  the  surface  where  flow  separation 


Since  we  are  interested  in  pressure  differen- 
ces,  define  Ap  and  p  as  follows: 

.  *  -k  -k 

^P  =  P+  -  P- 


*  1  ,  -k. 

P  =  Y  ^P+  +  P~  ) 

•k  —k 

Similarly,  define  AW  and  W  as 


Solution  Procedures 


k  k 

AW  =  W^ 


*  1  ,  *  k. 

w  =  Y  +  w_  ) 


The  Fourier  Transform  pair  is  defined  as 


Using  Eqs  .  (15)  and  (16)  in  Eq.  (13)  and  (14),  we  (7),  i.e., 
obtain 
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Substitution  of  Eq .  (23)  and  (24)  into  Eq.  (25) 

yields 

2  Aw(C)  ,  /  W(5)  Y 

/  A(x-?)  -  d5+  /  r„(x,5)  -  d5=  -  -  (26) 

U  2  ^  K  u  2 


Now,  from  Eq .  (22 ) , 


1  U 


W  =  W  +  4  Aw 


Hence,  Eq.  (26)  becomes 


A  Fourier  Inversion  of  Eq.  (17)  yields 


/  K(x-0  - o—  d^ 


/  AW(0  T 

/  C(x,^)  -  d^  =  -^(x) - 
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where  the  lifting  kernel  K  is  the  Fourier  inversion 
of  K  .  For  attached  flows,  W  (x)  is  known  in  terms 
of  the  airfoil  vibration  mode  shape  and  Eq.  (21) 
can  be  solved  easily.  The  domain  of  integration  of 
the  integral  in  Eq.  (21)  covers  only  the  airfoil 
surface  because  we  consider  thin  wakes  and  assume 
continuous  pressure  across  the  wake  itself.  For 
separated  flows,  W  (x)  is  unknown  for  separated 
region  on  the  airfoil  (xg  <  x  <  1)  though  pre¬ 
scribed  for  the  rest  of  the  airfoil  (o  <  x  <  Xg). 
Hence,  the  left  hand  side  of  Eq.  (21)  is  partially 
unknown.  Apparently  an  additional  equation  is 
needed  in  order  to  solve  for  the  unknown  upwash 
velocity  in  separated  region  on  the  airfoil.  In 
fact,  if  Aw  is  known  W  can  be  calculated  by 


1  f  w_(0 

i(.x)  =  -  j  I  r^(x,5)  - d? 

0 

C(x,?)  =  A(x-C)  +  I  (x,5) 


Note  that  AW  has  been  set  to  zero  over  the  attached 
flow  portion  of  the  airfoil  (0  <  x  <  Xg)  as 
assumed  earlier.  It  is  seen  from  Eq.  (28)  that  the 
function  5.(x)  is  actually  proportional  to  the  pres¬ 
sure  differential  for  attached  (i.e.  nonseparat ed ) 
flows ,  i.e,. 


1 


W  =  ^  (W.  +  W_)  =  W_  +  ^  Aw 


III.  Formulas 


since  W_  is  known  completely  from  Eq.  (6). 

To  derive  an  integral  equation  for  AW,  we 
formally  invert  Eq,  (21)  to  obtain 


This  section  presents  the  mathematical  expres¬ 
sions  and  formulas  required  for  airload  calcula¬ 
tions.  Only  key  results  are  given  here.  Fore  more 
details,  the  reader  is  referred  to  Reference  17. 
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- -  dC  (23) 

PU^  Q  ^  U 

where  is  the  resolvent  kernel  corresponding  to 
the  lifting  kernel  function  K,  General  procedures 
are  available  to  calculate  for  a  given  K  with 
fairly  general  singular  behavior  . ®  ^  ^ 

A  Fourier  inversion  of  Eq.  (18)  yields 
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where  we  have  used  the  condition  that  the  upwash 
difference  AW  is  zero  both  off  the  airfoil  (x  <  0, 
X  >  1)  and  over  attached  flow  portion  of  the  air¬ 
foil  (0  <  X  <  Xc). 


Kernel  Functions 

The  kernel  functions  K  and  A  need  to  be  calc‘  ■ 
lated  by  Fourier  inversions  of  K''  and  A"  given 
in  Eqs.  (19)  and  (20).  Physically,  K  is  the  upwash 
due  to  an  impulse  pressure  differential;  A  is  the 
perturbation  pressure  due  to  an  impulse  averaged 
upwash.  Usually,  K  is  called  the  lifting  kernel, 
and  A  the  nonlifting  kernel.  Analytical  invasion 
results  are  given  by  the  following  formulas. 

The  lifting  kernel  K(x)  is  simply  the  well 
known  Possion's  kernel  which  contains  a  singular 
part  Kg  and  a  regular  part,  : 


K(x)  =  Kg(x)  +  K^(x) 


In  separated  region  p+  =  -  1/2  pU^y  from  Eq . 
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The  nonlifting  kernel  A(x)  also  contains  a  singular 
part  and  a  regular  part. 
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Inversion  Kernel  r„  (x,0 


If  any  two  basic  solutions  of  Eq.  (21)  are 
known,  the  inversion  kernel  can  be  written  as 


=  2  a„ 
n  n 


(x,C)  =  Pq(1-OPi(x)  - 


3G(x, 


a  -  -2  a„ 
n  n 


Here  a  and  a  are  defined  as  follows: 
n  n 


3G(x,?)  r  , 

—  =  [A|^+2A2(Ox)  JGqj^  (x,  O 

3^ 


r  o  1  ( ^  j  ^  ^ 

+  [Aq+A2^(  ^-x)+A2(  Ox)^]  - 


+  (x)Qj^(  O 

+  [Bq+Bj^(  ^-x)  ]Qj  (x) 


3Ql(^) 


Pj_(x)  =  2 


, -  N-1 

V?  S 
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where  N  is  the  number  of  pressure  modes.  The  con¬ 
stant  coefficients  a  and  a^  are  chosen  so  that 
^  n  n 

Pj^(x)  and  P|(x)  satisfy  the  following  equations  at 
N  collocation  points: 


^0^2  ^ 


302^ 


/  K(x-5)  P^CS)  dC  =  1  Pl(l)  =  0 

0 


Gf^i  (x,  =  2  ^.n 


V?-V^ 


/  K(x-5)  P45)  d5  =  1  P^CO)  =  0 


Finally,  the  eigensolution  Pq^*)  i®  defined 


31 


(x)  -  (x) 

iT(bo~bo) 


Given  ^(x)  from  Eq .  (30),  one  can  solve  Eq .  (34)  by 
the  collocation  method  to  obtain  a^.  Then  Eq.  (33) 
lives  the  desired  Aw(x). 


Lift  and  Moment  Formulas 


/  dx  =  1 

0 

Solution  for  Wake  Upwash  Aw(x) 


The  pressure  differential  solution  of  Eq.  (23) 
can  be  written  as 

Ap(x)  = 


The  wake  upwash  solution  depends  on  the  trail¬ 
ing  edge  upwash  condition  imposed.  Here,  we 
discuss  the  solution  procedures  that  produce  the 
best  correlation  with  test  data.  More  discussion 
on  this  issue  is  given  in  Section  IV.  In  Eq .  (27) 

the  new  kernel  function  C(x,C)  has  a  predominant 
Cauchy  type  of  singularity  at  C  =  x,  and  has  a 
square  root  type  of  singularity  at  ^  =  1  .  To 
render  the  integral  equation  (27)  to  a  purely 
Cauchy  type  integral  equation,  we  write 

7  , -  fAW(5)l  Y 

/  /1-5  C(x,5)  -7=  d5  =  «(x)  -  - 

u/n  2 


Furthermore,  from  Eq.  (30)  i(x)  ~  as  x+O.  To 

V  X 

arrive  at  a  regular  forcing  function,  we  write 

1  ATaJ  r  1  y 

/  [/x(l-5)  C(x,5)  ]  dC  =  /7(i’(x)  -  -)  (31) 

U/PC  2 


Ap^g(x)  =  pressure  differential  as  if  no  flow 
separation  occurs 


-  PU^  /  (x,0  —  (O  dc 

0 

Apcor(x)  =  additional  pressure  differential 
contribution  due  to  flow  separation 
or  flow  separation  correction  pres¬ 
sure 

o  1  AW(?) 

=  puM  ”  (x,?)  —  d? 

2  ^  U 

^s 

Consequently,  the  lift  and  moment  (about  x  =  xq) 
coefficients  are  both  sums  of  a  nonseparated  flow 
part  and  a  separation  correction  part. 


This  purely  Cauchy  type  integral  equation  has  the 
following  solution: 
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Substitution  of  Eq.  (32)  into  the  left-hand  side  of 
Eq.  (31)  gives 
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For  leading-edge  separation  (xg  -0),  we  have  the 
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following  simpler  formulas: 

N  N 


^COR 


XOR 


E  •"  E  -j  "ij 

i=l  j=l 
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^O^Lcor  ^  ^  ^ i 


i=l 
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where  the  beta  function  is  defined  as 

_  r(i)r(j+i/2) 

”  r(i+j+i/2)  " 


The  coefficients  aj's  are  the  coefficients  of 
nonseparated  flow  pressure  expansion 


Ap(x) 


PU 


2 


as  a  solution  of  Eq.  (21).  The  coefficient  a^'s 
are  the  upwash  coefficients  in  Eq.  (33).  The 
coefficients  ej's  and  rj's  are  coefficients  of 
expansions  of  two  elementary  solutions  P|(x)  and 
P2(x)  that  satisfy  the  leading  edge  kutta  condition 
and  the  following  singular  integral  equations. 


1 

/  K(x-C)Pi(UdC  =  1  P^d)  =  0 

0 

1 

/  K(x*“C)p2(x)d^  =  x  ^2^^^  “  ^ 
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square-root  type  wake  upwash  near  the  trailing 
edge,  AW(x)  / 1  -  x .  This  choice  of  constraints 
does  not  yield  good  correlations  between  calculated 
and  experimental  data  on  force  coefficients  but  it 
does  result  in  force  coefficients  close  to  the 
theoretical  results  of  Woods^^  and  Perumal  and 
Sisto^*^.  It  should  be  noted  that  both  Woods  and 
Perumal  and  Sisto  assume  a  zero  unsteady  pressure 
not  only  over  the  airfoil  surface  where  separation 
region  exists  but  also  within  the  wake  region 
extending  to  downstream  infinity.  On  the  other 
hand,  the  separated  flow  theory  presented  in  this 
paper  assumes  a  constant  unsteady  pressure  (chosen 
as  zero  in  all  calculations,  however)  over  the 
airfoil  surface  where  flow  separation  exists  just 
as  Woods and  Perumal  and  Sisto^^  do  but  specifies 
a  pressure  continuity  condition  Ap  =  0  across  the 
wake  boundary  instead. 

Based  on  the  above  discussion  and  the  calcu¬ 
lated  results  to  be  discussed  in  Section  V,  it 
appears  that  the  assumption  of  zero  pressure  in  the 
wake  region  behind  the  trailing  edge  is  not 
physically  justifiable.  The  present  theory 
assuming  a  differentiable  wake  upwash  function  and 
a  pressure  continuity  behind  the  trailing  edge, 
however,  yields  good  correlation  with  test  data  and 
therefore  appears  physically  correct.  The  close¬ 
ness  between  (a)  the  solution  by  assuming  a  zero 
pressure  in  the  wake  region  behind  the  trailing 
edge  and  (b)  the  solution  based  on  present  theory 
assuming  a  square-root  type  wake  upwash  near  the 
trailing  edge  is  simply  fortuitous. 

V.  Results 


The  discussion  of  the  calculated  results  are 
divided  into  two  parts.  In  the  first  part,  compar¬ 
isons  are  made  between  the  results  based  on  the 
present  theory  and  other  theories.  In  the  second 
part,  experimental  data  are  used  to  validate  the 
present  theory. 


IV.  Remarks  on  Wake  Upwash  Solution  AW(x) 

The  wake  upwash  solution  Aw(x)  of  the  singular 
integral  equation,  Eq,  (27),  is  not  unique  unless 
one  specifies  enough  constraints  to  the  behavior  of 
the  upwash  solution  AW(x)  a  priori.  A  physically 
meaningful  way  to  specify  the  constraints  is  to 
compare  experimental  lift  and/or  moment  coeffi¬ 
cients  with  theoretical  prediction  results  assuming 
various  types  of  constraints.  This  strategy  of 
specifying  constraints  was  used  in  Reference  16  in 
studying  stalled  airloads  for  cascade  blades.  The 
same  constraints  on  the  wake  upwash  function  AW(x) 
are  used  in  this  report  for  isolated  airfoils. 
These  constraints  require  that  the  wake  upwash 
AW(x)  vanishes  at  the  airfoil  trailing  edge  and  the 
wake  upwash  function  AW(x)  is  differentiable  at  the 
airfoil  trailing  edge.  See  Eq.  (32)  for  these 
constraints . 

Another  possible  choice  of  constraints  is  to 
still  impose  the  constraint  of  zero  wake  upwash  at 
the  trailing  edge,  AW(1)  =  0,  but  to  assume  a 


1.  Comparison  with  other  theories  -  solution 
based  on  square-root  type  wake  upwash  near  trailing 
edge.  For  a  thin  blade  in  a  zero  Mach  number  flow 
that  separates  at  60  percent  chord  on  the  upper 
surface,  Figs.  2  through  5  show  the  real  and 
imaginary  parts  of  the  calculated  lift  and  moment 
coefficients  for  a  pitching  oscillation  about  the 
leading  edge  in  the  reduced  frequency  range  from  0 
to  1.0.  Also  shown  in  these  figures  are  the 
corresponding  force  coefficients  predicted  by 
attached  flow  flat  plate  theory.  Flow  separation 
is  seen  to  reduce  the  magnitudes  of  the  airloads 
over  the  entire  frequency  range  and  tends  to 
destabilize  the  pitching  motion  as  seen  in  Fig.  5. 
The  predicted  imaginary  parts  of  the  lift  and 
moment  coefficients  agree  well  with  those  of 
Perumal and  Woods This  agreement  however, 
does  not  imply  that  a  physically  meaningful  predic¬ 
tion  has  been  made  as,  was  discussed  in  Section  IV. 
A  successful  prediction  should  be  based  on  good 
correlations  with  test  data  from  carefully  per¬ 
formed  experiments. 
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Fig.  2  Real  Part  of  Lift  Coefficient  Due  to  Pitching 
Motion  About  Leading  Edge 
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Fig.  3  Imaginary  Part  of  Lift  Coefficient  Due  to  Pitching 
Motion  About  Leading  Edge 
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Fig.  4  Real  Part  of  Moment  Coefficient  Due  to  Pitching 
Motion  About  Leading  Edge 


(jjc/U 

Fig.  5  Imaginary  Part  of  Moment  Coefficient  Due  to 
Pitching  Motion  About  Leading  Edge 

2.  Comparison  with  Experimental  Damping  -  Solution 
based  on  differentiable  wake  upwash  at  the  trailing 
edge.  Lemnios^*^  performed  excellent  aeroelastic 
tests  of  NACA  16-series  airfoil  sections  for 
Hamilton  Standard  18A20  propeller  blade  and 
Curt iss-Wr ight  109640  propeller  blade.  The  blade 
sections  are  as  shown  in  Fig.  6.  The  aerodynamic 
damping  (i.e.,  negative  of  the  moment  coefficient 
for  pitching  motion)  data  for  the  thinnest  section 
16  (070)(023)  of  Hamilton  Standard  18A20  propeller 
blade  are  used  to  evaluate  the  present  theory.  In 
Figs.  7  and  8,  the  measured  aerodynamic  dampings 
for  a  small  amplitude  pitching  oscillation  about 
the  midchord  at  various  mean  angle  of  attack  are 
compared  to  the  classical  attached  flow  results  and 
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Fig.  6  Profiles  of  NACA  16  Serles  Airfoils 
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Fig.  7  Torsional  Aerodynamic  Damping  for 
16(070X023)  of  HS  18A20  Propeller 


MEAN  ANGLE  OF  ATTACK  (deg) 

Fig.  8  Torsional  Aerodynamic  Damping  for 
16{070)(023)  of  HS  18A20  Propeller 

the  separated  flow  results  (assuming  leading  edge 
flow  separations)  for  four  sets  of  Mach  number- 
reduced  frequency  combinations. 

The  leading  edge  separation  results  appear  to 
represent  the  asymptotic  damping  at  large  angles  of 
attack  in  all  cases.  The  correlation  between 
theory  and  experiment  here  is  very  encouraging. 
The  test  data  for  intermediate  angles  of  attack  can 
probably  be  correlated  with  the  separated  flow 
unsteady  aerodynamic  theory  by  varying  the  flow 
separations  point  along  the  airfoil  chord.  This 
idea  has  not  been  explored  further  because  of  the 
lack  of  clear  criteria  to  determine  the  flow 
separation  point.  However,  by  comparing  theoreti¬ 
cal  calculations  for  various  flow  separation  points 
with  test  data,  promising  flow  separation  criteria 
probably  can  be  generated  for  flutter  prediction 
purposes . 

To  illustrate  the  force  coefficients  for  a 
given  Mach  number  over  a  wide  frequency  range,  the 
lift  and  moment  coefficients  for  a  midchord  pitch¬ 
ing  airfoil  in  a  subsonic  flow  with  Mach  number  0.8 
are  shown  in  Figs.  9  through  12  for  both  the 
attached  flow  and  the  leading  edge  separated  flow. 
The  pitch  damping  is  seen  to  decrease  as  separation 
is  introduced  in  Fig.  12.  Meanwhile,  a  positive 
imaginary  part  of  the  lift  coefficient  due  to 
pitching  motion  is  predicted  for  separated  flow  as 
shown  in  Fig.  10.  This  implies  that  the  bending 
component  in  a  blade  mode  shape  could  be  driven 
into  instability  by  the  destabilizing  lift  force 
due  to  the  torsional  component  of  the  blade  mode 
shape  if  leading  edge  flow  separation  occurs. 
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Fig.  9  Real  Part  of  Lift  Coefficient  Due  to 
Pitching  Motion  About  Midchord 


Fig.  10  Imaginary  Part  of  Lift  Coefficient  Due  to 
Pitching  Motion  About  Midchord 


VI.  Conclusions  and  Recommendations 

A  relatively  simple  two-dimensional  linear 
unsteady  aerodynamic  theory  has  been  developed  to 
take  into  account  the  effect  of  flow  separation  on 
unsteady  airloads  for  thin  airfoils  oscillating  in 
a  subsonic  airstream  approximately.  The  theory  is 
essentially  a  modification  of  the  classical  poten¬ 
tial  flow  unsteady  aerodynamic  theory.  The  modifi¬ 
cation  involves  the  specification  of  a  constant 
(usually  taken  as  zero)  pressure  in  the  flow 
separation  zone  along  the  blade  surface.  As  a 
result,  the  upwash  velocity  of  the  separating 
streamline  is  solved  as  part  of  the  problem 
solution.  Proper  constraints  on  the  upwash 
velocity  of  the  separating  streamline  are  imposed 
based  on  the  correlation  between  calculated  and 
experimental  aerodynamic  damping  data  for  thin 
airfoil  sections.  Two  different  types  of  upwash 
velocity  constraints  were  studied.  One  type  of 
constraint  requires  a  square-root  type  behavior 
near  the  airfoil  trailing  edge  and  is  shown  to 
resemble  closely  the  earlier  theories  of  Woods, 
Perumal  and  Sisto  which  assume  a  zero  pressure  on 
the  separated  airfoil  surface  as  well  as  the  wake 
region  behind  the  airfoil  trailing  edge.  This  type 
of  constraint  however,  does  not  yield  results  con- 


Fig.  11  Real  Part  of  Moment  Coefficient  Due  to 
Pitching  Motion  About  Midchord 
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Fig.  12  Imaginary  Part  of  Moment  Coefficient  Due  to 
Pitching  Motion  About  Midchord 

sistent  with  available  test  data.  The  other  type 
of  constraint  requires  the  differentiability  of  the 
wake  upwash  velocity  near  the  trailing  edge  and 
yields  theoretically  calculated  torsional  damping 
values  in  good  agreement  with  test  data  of  Lemnios 
for  thin  airfoils  used  in  typical  propeller 
designs . 

The  present  theory  assumes  that  the  flow 
separation  point  is  known  either  from  theory  or 
experiment.  A  separate  theory  to  predict  the  flow 
separation  point  must  be  based  on  viscous  models 
involving  boundary  layer  considerations.  On  the 
other  hand,  experimental  verification  of  flow 
separations  would  involve  flow  visualizations. 
Both  approaches  require  substantial  amounts  of 
effort,  but  the  experimental  approach  appears  most 
direct  in  producing  flow  separation  information  as 
input  to  the  present  unsteady  aerodynamic  theory 
for  separated  flows. 

For  supercritical  flows,  the  existence  of 
shock  waves  is  a  distinct  feature  of  the  flow  field 
and  the  shock  movement  associated  with  blade  motion 
may  be  the  major  contributing  mechanism  to  the 
unsteady  airload.  Furthermore,  for  high  angle-of- 
attack  flows,  the  effects  of  shock  waves  and  flow 
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separations  on  unsteady  airloads  are  likely  to  be 
equally  important.  An  extension  of  the  present 
separated  flow  theory  to  include  shock  waves 
appears  possible  and  potentially  significant  for 
airfoil  flutter  design  applications  to  supercriti¬ 
cal  flight  conditions. 
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Modeling  of  Unsteady  Small  Disturbance  Transonic  Flow 
Using  Parametric  Differentiation, 
Psuedospectral  Analysis  and  Finite-Differencing 

Melvin  Brown* 

Wesley  L.  Harrist 

Massachusetts  Institute  of  Technology 
Cambridge,  Massachusetts  02139 


Abstrac  t 


A  procedure  for  solving  the  nonlinear  unsteady  small  disturbance  transonic  equation  is  formulated. 
This  procedure  is  a  synthesis  of  a  psuedospectral  method,  parametric  differentiation,  and  finite  differ¬ 
encing.  It  is  equally  applicable  to  lifting  and  nonlifting  airfoils.  The  procedure  is  particularly  well 
suited  to  aeroelastic  stability  studies  that  may  require  a  set  of  affine  solutions. 
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Nomenclature 


$  (X,Z,T) 

disturbance  potential 

(P  (X,Z) 

mean  disturbance  potential 

Ip  (X,Z,T) 

unsteady  component  of  potential 

g.  g>  g 

parametric  derivatives  of  potentials 

Cp  (X,Z,T) 

pressure  coefficient 

F  (X) 

1 

thickness  distribution 

F  (X) 

2 

lifting  distribution 

F  (X,T) 

3 

T 

distribution  of  unsteady  disturbance 

thickness  ratio  (normalized  to  chord) 

a 

mean  camber  or  angle  of  incidence 

K 

reduced  frequency  (UQ/Chord) 

6 

amplitude  of  unsteady  motion 

Y 

ratio  of  specific  heats 

M 

frees tream  Mach  number 

U 

freestream  velocity 

(X,Z) 

cartesian  coordinates 

(5,  n) 

stretched  coordinates 

(Xc.Zc) 

collocation  (Chebyshev)  coordinates 

[  ] 

a  discontinuous  change 

Subscripts 

CO 

freestream  value 

S 

shock  value 

te 

trailing  edge 

Le 

Leading  edge 
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1.  Introduction 


Unsteady  Transonics  and  the  Small  Disturbance  Model 


The  small  disturbance  transonic  equation  is  of  significance  to  researchers  concerned  with  the  behav¬ 
ior  of  compressible  fluids  with  embedded  shock  waves  (see  the  review  by  Ballhaus)?  The  unsteady  small 
disturbance  transonic  equation  is  capable  of  modeling  mixed  flows  with  weak  shocks.  The  assumption  of 
small  disturbances  permits  one  to  use  a  linearized  version  of  the  exact  boundary  conditions.  This  model 
is  ideally  suited  to  the  study  of  aerodynamic  phenomena  like  transonic  flutter.  In  order  to  map  stability 
boundaries  one  would  typically  need  a  mean  (or  steady)  solution  about  which  the  effects  of  perturbations 
could  be  computed.  Various  numerical  methods  have  been  used  to  study  this  equation,  for  a  variety  of 
physical  situations . ^ 

Parametric  Differentiation 


The  method  of  parametric  differentiation  (MPD) ,  has  been  shown  to  be  a  very  effective  tool  in  the 
study  of  transonic  phenomena.  ^  ’  5  >  6  been  combined  with  a  number  of  analytical  and  numerical 

techniques.  It  is  also  used  in  fields  as  diverse  as  acoustics  and  nuclear  engineering.  To  use  MPD,  one 
first  nondimens ionalizes  the  governing  equations  and  associated  boundary  conditions.  The  resulting  equa¬ 
tions  are  differentiated  with  respect  to  the  parameter  of  interest.  Some  typical  aerodynamic  parameters 
are  Mach  number,  Reynolds  number,  angle  of  incident  flow,  thickness  ratio,  and  reduced  frequency.  For 
transonic  airfoils  the  lifting  and  nonlifting  MPD  versions  of  the  transonic  small  disturbance  equation  are 
identical.  Hence  the  method  may  be  used  to  study  both  types  of  flow.  In  this  study  we  have  considered 
three  parameters.  They  are  the  airfoil  maximum  thickness  to  chord  ratio  T,  the  incident  mean  flow  angle 
a  and  the  amplitude  of  unsteady  displacements,  6.  Results  have  been  reported  for  MPD  combined  with  a  re¬ 
laxation  procedure,^  with  an  approximate  factorization  procedure  (ADI) ^  and  with  an  extended  integral 
equation  method,^  We  now  seek  to  combine  the  MPD  with  finite  differencing  in  time  and  a  pseudospectral 
spatial  derivative  calculator.  This  represents  a  novel  use  of  mathematical  techniques  to  solve  the  un¬ 
steady  nonlinear  transonic  small  disturbance  equations. 


Spectral  Methods 

The  interest  in  spectral  and  pseudospectral  methods  has  increased  steadily  over  the  past  decade.  This 
is  due  primarily  to  the  invention  of  transform  methods.^ 

The  analysis  of  one  dimensional  model  problems  has  been  very  encouraging.  Spectral  methods  typically 
require  substantially  fewer  gridpoints  to  obtain  the  same  level  of  accuracy  as  a  2nd  or  4th  order  finite 
difference  scheme.  This  means  a  substantial  saving  in  CPU  time  can  be  realized  for  systems  that  require  a 
high  degree  of  spatial  resolution.  The  emphasis  has  now  shifted  to  the  solution  of  multidimensional  prob¬ 
lems  in  complex  geometries  with  nontrivial  boundary  conditions.  For  higher  dimensional  problems  one  has 
the  choice  of  a  full  spectral  decomposition  or  a  mixed  spectral  finite  difference  approach.  The  transonic 
codes  LTRAN2  and  GTRAN2®’^  typically  require  grids  on  the  order  of  100x80.  Our  experiments  with  a  33x33 
Chebyshev  grid  indicate  this  is  sufficient  when  combined  with  proper  coordinate  stretching.  Chebyshev 
polynomials  are  used  in  this  study.  Other  popular  choices  of  basis  functions  are  Fourier  series,  Bessel 
functions  and  sine  series. 


Another  advantage  of  using  a  pseudospectral  method  is  the  possibility  of  employing  only  the  analytic 
boundary  conditions  of  the  original  problem.  Thus  the  problems  associated  with  non-physical  computational 
modes  and  the  formulation  of  additional  computational  boundary  conditions  may  be  avoided. 


Further  details  on  the  theory  and  application  of  spectral  methods  may 


be  found  in““’**  .12,13_ 


2.  Statement  of  the  Problem 


The  Unsteady  Small  Disturbance  Transonic  Equation  and  Boundary  Conditions 


The  unsteady  small  disturbance  transonic  equation  is  stated  below,  Eq.  (1),  a  complete  derivation  may 
be  found  in^^. 


A0+B<l>=C0+$  (1) 

tt  Xt  XX  zz 

A  =  K^M^  (2) 

B  =  2KM^  (3) 

C  =  1  -  M^  -  M^^(Y  +  1)  W 

Equation  (5)  gives  the  position  of  airfoil  surfaces: 

■f  TC  t" 

0  =  Z  -  {±  T  F  (X)  +  a  F  (X)  +  Re  (5e  )}  (5) 

1  2 
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The  associated  boundary  conditions  express  the  requirements  of  zero  pressure  differential  at  the  trailing 
edge  (assumed  to  be  subsonic),  and  along  the  wake,  Eq .  (6).  The  normal  velocity  component  is  required  to 
be  continuous  across  the  wake,  Eq.  (7),  The  fluid  floxi?  is  tangent  to  the  mean  airfoil  position,  Eq.  (8). 


2  [  $  +  ^  ]  =  0 
X  T 


[  $^  ]  =  0 


$■  =  ±  T  F  (X)  +  a  F  (X)  +  Re  [6(F  +  iKF  )e  ] 

z  IX  2X  3X  3 

ETien  shockwaves  are  present,  jump  conditions  at  the  shock  boundary  are  obtained  by  integrating  Eq .  (1) 
across  the  shock  boundary.  All  coordinates  have  been  normalized  to  the  chord  length. 

MPD  Version  of  the  Small  Disturbance  Transonic  Equation  and  Boundary  Conditions 

Let  us  consider  the  dependence  of  on  £  =  {t,  a  or  6}.  The  parametric  rate  of  change  of  $  at  any 
point  in  the  domain  is  g. 

e+Ae 

0  (£+Ae)  =  ^  (e)  +  g(e')d£’ 

The  MPD  version  of  Eqs.  (1),  (6)  to  (8)  are  given  below 

9tt  +  ®  9xA  +  9zz 


2  [  9,  +  g,  ]  =  0 


[  J  =  0 


*  Re  {(F  +  iKF  )e'^  e  =  6 

3X  3  , 

The  reader  should  notice  that  g  is  governed  by  a  linear  equation  with  a  single  variable  coefficient.  The 
reader  should  further  note  that  the  explicit  dependence  of  g  on  the  choice  of  MPD  parameter  enters  only 
x^hen  applying  the  boundary  conditions.  So  that  the  primary  relations  Eq .  (10)  to  Eq.  (12)  are  equally 
applicable  for  £  =  (T,a,6).  The  essence  of  a  procedure  for  solving  Eq.  (10)  to  Eq.  (13)  is  outlined.  A 
predictor-corrector  procedure  is  used  to  advance  g(£,T)  in  time.  A  pseudospec tral  derivative  operator  is 
used  to  evaluate  the  X  and  Z  derivatives.  Once  the  solution  for  g(£)  has  been  integrated  to  a  steady 
state,  the  potential,  $(£)  is  updated  to  <|)(£+A£)  via  predictor-corrector  step  involving  g(£)  and  g(£+A£)  . 

9$ 

It  is  of  particular  significance  that  the  linear  partial  differential  equation  governing  /9£  has 
the  same  variable  coefficient  as  the  nonlinear  equation  governing  It  is  through  this  coefficient  that 

type  dependent  differencing  is  introduced  into  conventional  finite  difference  codes.  Consider  the  Murman- 
Cole  switch.  In  a  SLOR  code  the  term  C$  is  approximated  by  Eq.  (14).  The  pseudospec tral  difference 
operator  would  replace  the  centered  finite  difference  operator, 

(1  -  U.  .)  C.  .  6  (^.  .  +  y  .  C  .  6 

i,j  XX  ^1,3  1-1, J  1-1, J  XX  1-1,3 

(0  C.  .  >  0  .-.c-.. 

.  =  )  i,j 

(  1  c.  .  <  0 

i,j 

5  1  i)  (1^) 

X  ^1,3  ^1+1,3  1-1, j  1+1  j-i 


From  the  equations  in  the  previous  section  we  see  that  several  methods  of  implementation  of  MPD  exist. 

Equation  (10)  could  be  reduced  further  by  decomposing  g  into  g  +  g  such  that  |g|>>|gl  (see  1  ’  ^  ^ 

Equations  (9  -  13)  may  be  cleanly  separated.  The  resulting  equations  are  no  more  complicated  then  Eq. 
(10).  We  have  chosen  to  remain  with  Eq.  (10).  Steady  solutions  are  obtained  by  integrating  to  a  steady 


3 .  Numerical  Implementation 


The  2nd  Order  Predictor-Corrector  for  Advancing  Thickness  Ratio 

The  potential  <I>(£+A£)  is  first  predicted  with  Eq .  (17).  This  is  put  back  into  the  differential  equa¬ 
tion  to  generate  a  g(£+Ae).  $(e+A£)  is  then  corrected  with  Eq.  (18). 

$  (c+Ae)  =$(£)+  Ac  g(e)  (17) 

$  (£+A£)  =  ^>  (e)  +  A£/2  (g(£)  +  g(e+A£))  (18) 

The  Pseudospectral  Derivative  Calculator 

The  equations  below  give  the  essence  of  pseudospectral  derivative  calculator  using  Chebyshev  poly¬ 
nomials  in  a  single  variable.  In  practice,  the  procedure  for  evaluating  functions  and  coefficients 
should  take  into  account  the  size  of  the  expansion.  Generally,  transform  methods  are  recommended  for  very 
large  expansions.  However,  for  expansions  involving  a  small  number  of  terms,  direct  evaluation  and  matrix 
inversions  may  be  advised.  The  derivative  coefficients  may  be  evaluated  by  recursion. ^ ^  Multidimensional 
derivatives  are  computed  in  similar  fashion. 


z  2pA  (t) 
p=k+l 
p+k  -  odd 


The  Coordinate  System 


Before  the  derivative  operator  can  be  applied  the  coordinates  must  be  transformed  to  a  computational 
set.  The  Chebyshev  collocation  coordinates  are  merely  the  zeroes  of  the  N+1  Chebyshev  polynomial  as  de¬ 
fined  below  in  equations  (24)  and  (25) 

X^(j)  =  cos(j7r/N)  ,  j  =  0,1,2,...N  (24) 

Tj^(Xc(j))  =  cos(jk7T/N)  (25) 

We  used  Chebyshev  functions  in  this  study  because  there  is  no  periodic  structure.  Because  Fourier 
functions  are  generally  easier  to  program,  in  addition  to  being  eigenvalues  of  the  operator  d/dX,  they 
are  an  excellent  choic  for  problems  with  some  sort  of  periodicity.  It  is  sometimes  feasible  to  subtract 
the  nonperiodic  components  from  an  equation  and  use  Fourier  functions  for  the  remainder. 

Two  types  of  coordinate  systems  are  being  investigated.  One  of  them  is  the  algebraic  mapping  shown  in 
Eq.  (27-28).  Another  employs  a  nonuniform  coordinate  stretching,  developed  by  L.A.  Carlson,  shoxm  in 
Eq.  (27-31).  The  stretched  system  is  typical  of  the  type  used  in  numerical  transonic  calculations.  All 
derivatives  are  modified  by  the  scale  factors  as  shown  in  Eq.  (32).  The  constants  Ai ,  Aa,  A3,  A4 ,  and 
X4  control  the  stretch  rates  and  position  of  stretching  transition  point. 


X  =  (2X 
c 


(Xmax  +  Xmin) ) / (Xmax 


Z  =  (2Z  -  (Zmax  +  Zmin))/(Zmax  -  Zmin) 
c 

p  =  A  tan(7TZ  /2) 

1  ^ 


X  +  A  tan  (^(C  +  ?  ))  +  A  tan  (|■(5  +  ?  )^)  when  (-1  -?  )<  ?  < 

42^43^4  4  4 


6X  -  A  71^ 


A  TT^  ~  2X 


X  =  C  [(  ^  '*)  +  - ^)C"1  when  -C  <  C  <  5 


X  =  X  +  A  tan  [-^(C  -  ?  )]  +  A  tan  [^(5  -  C)^]C  <C<l  +  5 


d  _  dZc  d 
dZ  “  "dF  dZ 


The  pseudospectral  derivative  operator  is  used  to  evaluate  ) 

dZ  op 
c 

The  2nd  Order  Predictor-Corrector  for  Advancing  Time 


Equation  (33)  is  the  basic  expression  we  manipulate  to  evolve  9(t)  in  time.  This  expression  is  de¬ 
rived  by  expanding  g(t+At)  in  a  Taylor  series.  We  then  use  the  original  differential  equation  to  replace 
all  temporal  derivatives  of  g(t),  with  space  derivatives  of  g.  The  replacement  of  temporal  derivatives  is 
desired  because  it  permits  us  to  take  advantage  of  the  higher  accuracy  of  spectrally  computed  derivatives. 
In  essence  we  are  treating  all  spacial  derivatives  of  a  function  as  known  quantities  (given  the  original 
function).  For  details  see  Gazdag^^>^^. 


gin-H  ^  2g™  -  G™  ^  -  (AT*B/2A)  -  c”  ^)  +  (At^ /A)  Flux(m) 


Flux(m)  =  {(CO  )  G  } 

XX  zz 

The  decomposition  of  Eq.  (33)  into  predictor-corrector  pairs  is  not  unique  (see  Gazdag^^)  . 

The  contribution  of  individual  components  is  modified  to  improve  overall  algorithm  stability.  Some 
possible  modifications  are  shown  in  Eq.  (35)and  Eq .  (36). 


Flux(m)  <  =  (1/2)  {Flux(m)  +  Flux(m  4-1)} 


Flux(m  +  1)  is  computed  from  the  predicted  G(M  +  1). 

There  is  a  severe  time  stepsize  restriction  associated  with  the  Chebyshev  representation.  One  way 
to  circumvent  this  restriction  is  to  use  an  implicit  algorithm.  A  second  method  employs  the  use  of 
bounded  approximations  to  the  terms  (BAt/2A)  and  (At^/A).  These  approximations  reduce  to  the  exact  ex¬ 
pressions  as  At  approaches  zero  (Ref. 17).  Both  procedures  permit  a  choice  of  At  based  on  accuracy.  An 
example  of  a  bounded  approximation  is  given  in  Eq .  (37). 

8  sin(^p^At)-  sin(^p^At) 

pAtA  <  =  . .  A -  pAtA  (37 

P  c.  /  b  2  A  \  P 

6(— p^At) 

Equations  (38)  and  (39)  are  a  predictor-corrector  pair  x^ze  have  investigated. 

'lm+  m  m-1  AtB  m-1  .  At^  m.  .  ^ 

,k  =  ,k  -  ^  ,k  -  ,k  A  +  W  >  ^38 

^m+1  _  ^^m  ^m-1  2A4-B  ^'^m+1  ^m-1  ^  ,  At^^^^  m^ 

-  2Cj,k  -  ''j,k  --A“  -  ^’j,k  >x  +  x  ^ 


A  rigorous  analysis  of  this  system’s  stability  characteristics  is  being  undertaken.  Generally,  modifica¬ 
tions  like  Eq .  (35)  and  (36)  improve  the  results. 
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Results 


In  figure  1  we  give  the  general  features  of  our  algorithm.  Formally  the  procedure  for  mean  lifting 
and  nonlifting  transonic  flows  are  identical.  For  example  were  we  to  examine  the  velocity  field  about  a 
mean  nonlifting  profile,  executing  small  finite  amplitude  harmonic  oscillations  in  pitch  we  would  precede 
as  follows.  First  generate  starting  solutions  $('^3)  and  QCTq)  with  Eq.  (40)  and  (41).  Both  are  valid 
when  |l  -  M**2 I >>  Tq.  Starting  solutions  can  be  similarly  generated  for  a  lifting  flow. 


(1  -  M^)$  +  S  =  0 

XX  zz 


(40) 


$ 


(x,z) 


271 


/  1-M^ 


dfi 

dXj  ln((x-x^)^  +  (l-M^)z^) 

Chord 


(41) 


9  =  iZ-To 


(42) 


Typically,  for  M  =  0.825  we  take  Tq  -  0.005  and  At  -  0.005.  Thickness  Step  sizes  of  1/2%  (0.005)  are 
sufficient  until  the  flow  becomes  supercritical. 


These  4)('tQ)  and  )  are  used  to  predict  (j>(To  +  Ax).  After  which  (j)x  for  the  predicted  potential  is 
computed.  A  program  STRAN7  is  called  to  evolve  g(fo+AT).  When  a  final  gl'to+Ax)  is  obtained  we  use  it  to 
correct  the  original  estimate  of  $(to+At).  This  process  is  repeated  until  the  final  thickness  ratio  is 
achieved,  A  second  MPD  cycle  is  started  for  the  oscillation  amplitude,  using  the  results  of  the  first 
MPD  cycle  as  a  starting  point.  The  majority  of  the  computation  takes  place  in  STRAN7.  A  typical  cycle 
through  STRAN7  may  take  10  minutes  of  CPU  time  on  a  VAXll/780.  No  attempt  has  been  made  to  optimize  the 
code.  It  was  designed  for  flexibility  in  choice  of  filtering  operators,  time  marching  implementation, 
and  MPD  parameter. 


In  figure  2  we  present  data  concerning  the  dependence  of  the  upper  surface  pressure  distribution 
on  T.  In  figure  3  we  present  data  depicting  the  behavior  of  d(t)/dT  for  fixed  T  as  you  move  away  from  the 
airfoil . 

The  algebraic  mappings  of  Eq.  (26-27),  along  with  Eq.  (24)  were  used  to  generate  the  collocation 
grid  from  a  physical  domain  bounded  by  |xp|<2.0  and  |zp|<2.5.  This  domain  is  too  small  to  justify  the 
use  of  asymptotic  boundary  conditions.  We  would  like  to  use  the  more  "standard"  transonic  coordinates 
of  Eq.  (28-31).  Unfortunately,  the  amount  of  stretching  needed  to  make  the  asymptotic  boundary  treatment 
valid  causes  too  great  a  degradation  in  accuracy  of  spectrally  computed  derivatives.  One  alternative 
is  to  patch  several  small  regions  together  and  enforce  some  sort  of  compatibility  restriction  at  artificial 
boundaries  thus  created  .  This  procedure  was  used  by  Gottlieb,  Luztman,  and  Streett  and  gave  good 
results.  Boundary  conditions  that  simulate  the  adsorption  of  outgoing  disturbances  have  proved  very 
useful  for  problems  with  wavelike  behavior  (see  19).  Whitlow  derived  a  set  of  radiation  boundary 
equations  for  the  general  frequency  small  disturbance  equation  that  permits  the  far  boundaries  to  be 
moved  within  10  chords  of  the  airfoil.  We  have  not  yet  found  a  suitable  spectral  discretization  of  the 
radiation  adsorbing  boundary  conditions  suggested  in  referenses  12,  20,  21.  Spectral  methods  are  sensi¬ 
tive  to  proper  boundary  treatment.  Work  on  this  aspect  of  the  numerical  implementation  continues. 


Bounded  time  approximations  were  not  used  in  this  study.  The  incorporation  of  such  approximations 
would  permit  much  larger  steps  to  be  taken.  The  time  stepsize  choosen  was  presumably  small  enough  to 
avoid  stability  problems.  Unfortunately  this  requires  very  many  time  steps.  For  long  time  integration 
an  instability  does  become  apparent  (see  figure  2).  The  numerical  noise  typically  starts  at  domain 
corners  and  propagates  towards  the  enterior  region.  The  periodic  application  of  a  high  frequency  filter 
improves  results  a  great  deal.  The  problem  has  not  yet  been  completely  eliminated.  Some  sort  of  filter¬ 
ing  is  mandatory  for  most  spectral  codes.  The  reader  is  referred  to  the  work  of  Madja,  McDonough  and 
Osher  for  a  detailed  discussion  of  the  need  for  spectral  filtering.  We  expect  it  will  be  solved  by 
extending  the  domain  several  chord  lengths  in  each  direction  and  further  tuning  of  the  boundary  parameters. 


Conclusions 


This  paper  presents  a  novel  formulation  of  the  transonic  problem.  An  approach  we  believe  to  be 
readily  extendable  to  other  nonlinear  systems.  Parametric  differentiation  converts  the  nonlinear  partial 
differential  equation  to  a  linear  partial  differential  equation  with  variable  coefficients.  A  pseudo- 
spectral  derivative  calculator  plus  an  appropriate  filtering  operator  efficiently  provides  accurate 
derivatives.  Work  is  still  needed  in  the  development  of  stable  time  integration  methods.  We  are  also 
working  to  extend  these  methods  to  treat  supercritical  flows. 
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Figure  1.  Flow  chart  for  the  parametric 

Differentiation  and  psuedospec tral 
transonic  solver. 
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Figure  2.  The  streamwise  pressure  coefficient 
just  above  airfoil  for  T=0.01  and 
T=0.015. 


Figure  3.  The  streamwise  variation  in 
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ABSTRACT 

Many  optimum  structural  design  problems 
involve  constraints  which  have  to  be  satisfied  for 
an  entire  range  of  certain  parameters.  For  exam¬ 
ple,  in  a  structure  under  dynamic  loads  the  stress 
constraints  have  to  be  satisfied  over  a  given 
range  of  time.  A  parametric  constraint  may  be 
replaced  by  equivalent  critical  point  constraints  at 
its  local  minima  for  optimization  purposes.  For 
many  real  vehicle  design  applications,  the  evalua¬ 
tion  of  constraints  such  as  stresses  requires  a 
costly  finite  element  analysis,  and  finding  critical 
points  by  calculating  element  stresses  for  many 
time  points  can  be  prohibitively  expensive.  This 
is  particularly  true  for  optimization  applications 
because  many  configurations  of  the  structure  are 
examined . 

The  present  paper  describes  two  techniques 
for  reducing  the  computational  effort  involved  in 
identifying  the  critical  time  points.  The  first 
approach  is  an  adaptive  search  technique,  well 
suited  for  exactly  known  response.  The  second 
technique,  which  is  useful  for  noisy  response,  is 
based  on  approximating  the  stress  response  using 
least  squares  splines.  Additionally,  the  possibil¬ 
ity  of  grouping  several  closely  spaced  local  peaks 
to  identify  a  single  super  peak  from  each  group  is 
investigated.  The  error  incurred  due  to  super 
peak  switching  is  compared  with  the  errors  due  to 
commonly  employed  constraint  approximations. 
Two  example  problems  are  considered  to  demons¬ 
trate  the  computational  efficiencies  of  the  proposed 
techn iques , 

INTRODUCTION 

Many  optimum  structural  design  problems 
involve  constraints  which  have  to  be  satisfied  for 
an  entire  range  of  certain  parameters.  For  exam¬ 
ple,  when  a  structure  is  designed  subject  to 
dynamic  loads,  the  stresses  induced  will  vary  with 
time  and  stress  constraints  have  to  be  satisfied 
over  a  given  range  of  time.  One  method  of  deal¬ 
ing  with  this  type  of  time  varying  constraint  is  to 
replace  it  by  an  integrated  constraint 
(e.g.  refs.  1-6).  The  drawback  to  this  integral 
approach  is  that  it  tends  to  smooth  the  constraint 
and  thereby  delays  warning  of  an  impending 
constraint  violation  over  a  small  time  interval. 

A  second  method  of  handling  a  time  depen¬ 
dent  constraint  is  to  replace  it  by  a  finite  number 
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of  constraints  placed  at  closely  spaced  discrete 
times  assuming  that  serious  constraint  violations  at 
intermediate  time  points  are  unlikely  (e.g., 
ref.  7)  .  This  approach  has  the  disadvantage  of 
increasing  the  number  of  constraints  and  thereby 
the  cost  of  the  constrained  optimization  problem. 
An  attractive  alternative  to  the  above  two 
approaches  is  to  monitor  constraints  only  at  the 
critical  points  (constraint  peaks)  and  to  update 
these  points  as  the  optimization  progresses 
(e.g.  refs.  8-9).  The  efficiency  (compared  to  the 
second  method)  of  the  critical  point  approach  is 
due  to  the  reduced  number  of  constraints  and  the 
minimal  computational  effort  required  for  calculat¬ 
ing  the  derivatives  of  the  critical  point  constraints 
with  respect  to  the  design  variables  during  the 
optimization  process. 

The  accurate  calculation  of  critical  time 
points  without  missing  any  of  them  requires  that 
the  structure  be  analysed  at  closely  spaced  time 
points.  If  the  dependence  of  the  constraint  on 
time  is  simple  enough,  then  the  constraint  evalua¬ 
tion  is  inexpensive.  For  many  engineering  design 
applications,  however,  the  evaluation  of  behavior 
constraints  such  as  stresses  requires  a  costly 
finite  element  analysis,  and  the  calculation  of  ele¬ 
ment  stresses  for  many  time  points  can  be  very 
expensive.  The  cost  is  particularly  important  in 
optimization  applications  because  many  configura¬ 
tions  of  the  structure  are  examined  during  the 
optimization  process.  This  paper  describes  two 
techniques  for  reducing  the  computational  effort 
involved  in  identifying  critical  time  points. 

The  first  approach  is  an  adaptive  search 
technique,  similar  to  a  one  dimensional  optimization 
method.  This  technique  employs  the  magnitude  of 
the  constraint  value  at  a  particular  time  point  to 
determine  the  step  increment  for  the  next  const¬ 
raint  evaluation.  Since  the  constraint  response 
functions  can  be  multimodal,  the  search  is  contin¬ 
ued  throughout  the  given  range  of  time  to  find  all 
the  critical  points  and  corresponding  constraint 
values.  The  precise  location  of  the  critical  time 
point  is  obtained  using  a  quadratic  interpolation 
based  on  three  data  points.  The  second  approach 
is  based  on  the  concept  of  approximating  the  res¬ 
ponse  of  the  structure  using  splines.  Splines 
provide  a  better  smooth  approximation  to  const¬ 
raint  functions  than  any  other  smooth  approximat¬ 
ing  functions.  in  this  study,  least  squares  para¬ 
bolic  splines  which  accommodate  noisy  loading 
histories  are  used. 

For  optimization  purposes  critical  time  points 
are  often  assumed  fixed  and  updated  only  periodi¬ 
cally.  The  drift  in  the  critical  time  points  due  to 
changes  in  design  is  studied.  Additionally,  the 
possibility  of  grouping  several  closely  spaced  local 
peaks  to  identify  a  single  super  peak  from  each 
group  is  described.  Finally,  errors  involved  in 
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monitoring  constraints  at  super  peaks  instead  of 
at  all  local  peaks  are  compared  with  errors  incur¬ 
red  due  to  commonly  employed  constraint 
approximations.  An  analytical  example  and  a 
twenty-five  bar  space  truss  structure  subjected  to 
earthquake  loading  are  considered  for  demonstrat¬ 
ing  the  proposed  techniques. 

CRITICAL  POINT  CONSTRAINT 

Many  structural  optimization  problems  may  be 
posed  as  follows:  Minimize  f(X)  subject  to  the 
constraints  q.(X)  >  0,  i=l,2,...,n  where  X  is 

a  design  vector.  For  many  optimum  structural 
design  problems  constraints  have  to  be  satisfied 
for  an  entire  range  of  certain  parameters.  For 
dynamic  loads,  the  structural  design  problem  is 
characterized  by  constraint  functions  which  must 
be  enforced  for  an  entire  time  interval. 

g.(X,t)  >0  i  =  1,2, ...,n  (l.a) 

^  9 

0  <  t  < 

For  example,  stress  constraints  may  be  written  as 
g.(X,t)  =  1  -  c5.(t)/o^  (1  .b) 

where  o.(t)  is  a  stress  component  and  is 

the  corresponding  allowable  stress. 

One  common  way  of  enforcing  a  time  depen¬ 
dent  constraint  is  to  use  a  set  of  closely  spaced 
time  points  T,  where  j  =  1,2,...,n^,  such  that 

serious  constraint  violations  at  intermediate  time 
points  are  unlikely.  With  this  discrete  time 
approach,  the  constraints  are  replaced  by 

g.j(X)  =  g.(XAj)  >0  i  =  1,2 . n^ 

j  =  h2 . n^  (2) 

In  many  practical  applications,  the  product 
n^n^  is  a  very  large  number  and  carrying  out 

the  design  process  may  become  prohibitively 
expensive.  The  critical  time  point  approach 
(refs.  8-9)  replaces  the  monitoring  of  a  constraint 
at  all  n^  time  points  by  monitoring  it  only  at  its 

most  critical  points.  This  concept  is  explained  by 
Fig.  1  which  shows  schematically  the  variation  of 
a  constraint  function  with  time.  The  times  of  the 
local  minima  of  the  constraint  function  (A,B  and  C 
in  Fig.  1)  are  herein  called  critical  time  points. 
Instead  of  monitoring  the  constraint  function  at  all 
times,  it  is  monitored  only  at  these  times.  How¬ 
ever,  the  critical  time  points  drift  as  the  design 
changes,  and  the  constraint  must  be  periodically 
calculated  at  many  time  points  to  accurately  locate 
the  critical  time  points. 

The  usefulness  of  the  critical  time  points 
concept  derives  from  the  fact  that,  for  portions  of 
the  design  process,  the  drift  of  the  critical  time 
points  may  be  neglected.  For  these  portions  of 
the  design  process,  the  constraint  function  has  to 
be  evaluated  for  only  a  relatively  small  number  of 
time  points. 

To  prove  that  the  drift  in  the  location  of  the 
critical  points  may  be  neglected  to  a  first-order 
approximation,  consider  the  constraint  imposed  at 
a  critical  time  point  t^.  Equation  (1)  for  the 

constraint  gj(X,t)  is  replaced  by 
g^.(X)=  gj(X,t^)  =  min{g.(X,t)}  >  0  (3) 


The  derivative  of  g^j  with  respect  to  a 
design  variable  x^  is 


9g^i(X)  9gi(X,t  )  9g.(X,t  )  9t 

— SlL  =  — L  c  — 1  c  ,  — c 

8x.  9x.  9t  3x. 

J  J  c  J 


For  interior  critical  points  (A  and  B  in 
Fig.  1),  3gj/9t  =  0,  and  for  boundary  critical 

points  (point  C),  =  0  if  9g./at  =  0, 

because  an  infinitesimal  change  in  the  design 
variables  can  not  change  the  slope  agj/st  by  a 

finite  amount  to  shift  the  location  of  the  peak 
away  from  the  boundary.  Therefore, 


3gci(X)  3gi(X.t^) 

9x .  9x. 

J  9 


(5) 


Equation  (5)  shows  that  the  drift  in  the  cri¬ 
tical  time  point  may  be  neglected  to  a  first-order 
approximation.  That  is,  for  a  small  change  in 
design,  the  peak  value  constraint  may  be  evalu¬ 
ated  as  if  t^  is  constant.  In  practice,  critical 

time  points  are  calculated  periodically  and  are  fro¬ 
zen  between  updatings.  However,  the  concept 
remains  useful,  even  if  critical  points  require  fre¬ 
quent  updating,  because  of  the  large  savings  in 
the  derivative  calculation. 

When  the  constraint  function  has  more  than 
one  local  peak  as  in  Fig.  1,  each  critical  point 
must  be  assigned  a  separate  constraint  g^.,  oth¬ 
erwise,  equation  (2)  may  yield  a  discontinuous 
derivative  of  g^.  with  respect  to  design  varia¬ 
bles,  when  the  global  peak  is  switched  from  one 
local  peak  to  another,  even  if  g.  is  a  continu¬ 
ously  differentiable  function. 

EFFICIENT  EVALUATION  OF  CRITICAL  POINT 
CONSTRAINTS 


ADAPTIVE  SEARCH  TECHNIQUE 

The  adaptive  search  technique  has  the  objec¬ 
tive  of  finding  all  the  local  minima  of  the  const¬ 
raint  function. 

We  assume  that  the  parametric  constraint 
function  data  may  be  calculated  only  at  uniformly 
spaced  time  points  with  an  interval  of  a.  We  also 
assume  that  the  derivatives  of  the  constraint 
functions  with  respect  to  the  variable  t  are  not 
available.  The  adaptive  search  method  first 
locates  the  approximate  position  of  a  critical  point 
and  then  employs  quadratic  interpolation  to  refine 
the  approximation. 

The  following  adaptive  search  algorithm  is 
based  on  the  premise  that  only  critical  points 
where  g(t)  is  below  a  cut-off  value  g^  are  of 

interest.  Therefore,  when  g(t)  is  larger  than 
gQ,  then  large  steps  can  be  taken,  while  when 

g(t)  is  below  g^,  then  the  step  size  is  reduced. 

The  minimum  and  maximum  step  sizes  are  assumed 

to  be  given  as  n  .  a  and  n  a,  respec- 
min  max 

tively.  In  the  following  discussion,  t  is  always 
the  latest  position  at  which  g(t)  is  evaluated. 
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step  Start  with  an  initial  time  tp,  compute 
the  constraint  g(tQ). 

a.  If  g(t^)  >  gp,  set  n=n  .  and  proceed 

U  U  mm 

to  step  2. 

b.  If  9(tQ)  <  pQ,  calculate  the  constraint  at 

t  =  tQ+a  ,  and  if  g(t)  >  gCtg)  then  g(tQ)  is 

a  minimum,  otherwise  g(t)  is  calculated  at  every 
data  point  until  g(t)  >  g(t-a).  When  this  hap¬ 
pens,  g(t-2a),  g(t-a)  and  g(t)  are  used  to  iden¬ 
tify  the  position  of  the  minimum  by  using  quad¬ 
ratic  interpolation.  Go  to  step  5. 

Step  2.  Set  t  =  t-^na.  If  t  is  larger  than  t^, 
then  halt.  Otherwise  compute  g(t). 

Step  3.  If  g(t)  >  g^  go  to  step  2  with 

n  =  min(n  +  1,n  ).  Otherwise  go  to  step  4. 

max 

Step  4.  Compute  the  constraint  at  p  points  on 

each  side  of  the  present  time  point  and  from  the 

available  2p  +  l  values  find  the  lowest.  It  can  be 

either  one  of  the  end  points  or  can  be  an  interior 

point.  The  choice  of  the  parameter  p  depends  on 

the  problem  and  on  n  .  The  following 

max 

description  is  given  for  p  equal  to  2. 

(i)  If  the  first  point  is  the  lowest  (i.e.. 

Fig.  2a, b),  continue  the  search  backwards  with  a 
step  size  of  a,  until  the  double  interval  containing 
the  minimum  is  trapped.  Estimate  the  critical 
constraint  value  by  quadratic  interpolation. 

(ii)  If  an  interior  point  is  the  lowest  (i.e.. 
Fig.  2c-e) ,  construct  the  quadratic  interpolant 
by  taking  one  data  value  on  each  side  of  the 
mi  nimum . 

(iii)  If  the  last  point  is  the  lowest  (Fig.  2f), 
compute  g(t)  at  every  data  point  to  the  right 
until  g(t-2a)  >  g(t-a)  and  g(t)  >  g(t-a)  (when 
this  happens,  g  (t-2a) ,  g (t-a)  and  g(t)  are  used 
for  finding  the  precise  minimum  using  quadratic 
interpolation)  or  t  reaches  t^  (g(t)  is  a  mini¬ 
mum)  . 

Step  5.  Set  n  =  n  .  . 

Step  6.  Set  t  =  t'^na.  If  t  is  larger  than  t^, 
then  halt. 

Step  7.  Evaluate  g(t),  if  g(t)  >  gQ  go  to  step 

3.  If  g(t)  >  g(t-na)  (Fig.  2g)  go  to  step  6. 
Otherwise  set  t  =  t-na  and  go  to  step  4(iii). 

In  the  adaptive  search  technique,  a  quadratic 
least  squares  fit  based  on  five  points  is  also 
employed  to  calculate  the  local  minima.  The  least 
squares  fit  is  less  sensitive  to  slight  errors  in  the 
data  than  the  direct  interpolation.  Furthermore, 
an  approximation  based  on  five  points  gives  a 
better  estimation  of  the  peak  values  than  the 
interpolation  based  on  three  points. 

SPLINE  APPROXIMATION 

Interpolation  of  data  by  polynomials  of  high 
degree  is  often  unsatisfactory  because  they  may 
exhibit  wild  oscillations.  An  alternative  which 
provides  a  smoother  approximation  is  splines.  A 
'spline'  is  a  function  consisting  of  polynomial 
pieces  on  subintervals,  joined  together  with  cer¬ 
tain  smoothness  conditions.  Locally  the  spline 


interpolant  is  always  a  low  degree  polynomial  irre¬ 
spective  of  the  number  of  interpolating  points  and 
gives  a  high  quality  approximation.  Using 
splines,  one  has  the  choice  of  either  interpolating 
or  approximating  data.  For  a  smooth  and  pre¬ 
cisely  known  function,  construction  of  an 
interpolant  is  effective  and  cheap,  provided  one 
has  a  reasonable  way  of  choosing  appropriate 
interpolation  points.  On  the  other  hand,  approxi¬ 
mation  is  based  on  the  belief  that  the  given  data 
contain  a  slowly  varying  component,  the  true 
underlying  function,  and  a  comparatively  fast- 
varying  small-amplitude  component,  the  noise  in 
the  data. 

It  is  reasonable  to  approximate  noisy  data 
from  an  approximation  family  with  fewer  degrees 
of  freedom  than  there  are  data  points.  There 
should  be  enough  degrees  of  freedom  to  approxi¬ 
mate  the  underlying  function  well,  but  not  enough 
to  approximate  also  the  high  frequency  noise.  To 
this  end,  splines  are  very  effective  as  an  approx¬ 
imating  family  and  least-squares  approximation  is 
very  suitable  for  the  recovery  of  a  smooth  func¬ 
tion  from  noisy  information. 

In  this  work  least  squares  spline  approxima¬ 
tion  is  used  because  of  its  efficiency  in  repre¬ 
senting  noisy  data.  Splines  of  second  degree  are 
employed  here,  since  the  calculation  of  critical 
constraint  values  from  quadratic  equations  is  sim¬ 
ple.  A  formal  definition  of  spline'  is  given 
below: 

A  knot  sequence  is  a  monoton ically  increasing 
sequence  of  numbers  (e.g.,  0, 1 , 1 ,2,2,3,3,3  .  .  . ) . 
Breakpoints  are  the  distinct  values  (strictly 
increasing,  of  course)  among  the  knots  (e.g., 
0,1, 2, 3...).  Knot  multiplicities  at  the  breakpoints 
translate  into  smoothness  conditions  for  the  spline 
approximation.  The  spline  approximation  used 
here  is  computed  with  the  aid  of  local  basis  spline 

functions  b|^  (the  polynomial  pieces  have 

degree  <  k-1).  For  i  =  1,...,n,  the  ith  B-spline 
(< 

B.  of  order  k  for  the  knot  sequence  t  = 

(t.^ , t2,  .  .  .  ,t^^j^)  is  defined  by  the  recur¬ 
rence  relation  below  (n  is  the  dimension  of  the 
vector  space  generated  by  the  B.  )  . 

The  B-spiines  of  order  1  for  the  knot  sequence  t 
are  defined  by 


B^(t) 


1  if  t.  <  t<t.,- 
1  —  i4-l 

0  otherwise 


(6) 


and  the  higher  order  B-splines  are  defined  recur¬ 
sively  by 


B^(t) 


(t) 


where  i=l , 2 , . . . ,n 


(7) 


Fig.  3  shows  the  three  cubic  B-splines  for  the 
knot  sequence  (1 ,2,3,5, 5, 5, 7)  to  demonstrate  that 
the  B-splines  are  piecewise  polynomials  of  order  4 
with  support  only  over  k  +  1  =  5  knots. 
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Formally  a  spline'  is  defined  as  a  linear  com-  mations  used  in  structural  optimization,  e.g., 
bination  of  B-splines.  By  the  Schoenberg-Whitney  linear  and  reciprocal  approximations.  The  sim- 
Theorem  (ref.  10),  any  piecewise  polynomial  can  plest  form  of  derivative  based  function  approxima- 

be  represented  as  a  linear  combination  of  linear  approximation 

B-splines,  with  an  appropriate  choice  of  order  k  ^  (y  ^ 

and  knot  sequence  t.  Hence  a  spline  can  be  r  ^  -  (y  \  +  y  (  -  (9) 

alternatively  described  as  a  piecewise  polynomial.  ~  ^  ^ 

The  B-spline  basis  B.,  is  numerically  very  sta-  ^ 

ble  and  inexpensive  to  compute.  where  is  initial  design  and  ^  is  the  number 

The  algorithm  used  for  least  squares  spline  .  . 

approximation  is  given  in  Appendix  A  for  the  sake  design  variables. 

of  completeness,  and  further  details  can  be  found  alternate  expression,  called  the  reciprocal 

in  ref.  11.  In  this  study,  the  constraint  function  expansion,  is  a  first  order  Taylor  series  in  the 

is  approximated  as  a  continuous  function  at  the  reciprocals  of  the  design  variables.  The  reclpro- 

breakpoints  but  the  approximation  does  not  have  a  approximation  is  exact  for  stresses  of  a  stati- 

continuous  derivative.  cally  determinate  structure  and  also  more  accurate 

The  effectiveness  of  the  least  squares  splines  than  the  linear  approximation  for  a  statically 

for  noisy  data  is  demonstrated  through  the  follow-  indeterminate  structure  (ref.  12). 
ing  simple  response  function: 

I  X  .  8a(X  ) 

h(t)  -  Sin(t)  Sin(2t)  0.05  Sin  (30t)  (8)  a^(X)  =  a(X^)  +  ^  °  (10) 

0  <  t  <  1=1  11 


In  equation  (8),  the  first  term  represents  a 
slowly  varying  smooth  function  and  the  second 
term  represents  fast  varying  noise.  The  function 
h(t)  is  shown  in  Fig. 4  over  the  given  time  inter¬ 
val.  A  least  squares  spline  approximation  con¬ 
structed  using  50  piecewise  polynomials  is  shown 
in  Fig. 5.  It  is  clear  that  the  least  squares  spline 
approximation  removed  the  fast  varying  noise  and 
gave  a  good  representation  for  the  true  underly¬ 
ing  function. 

The  adaptive  search  technique  described  in 
the  previous  section  is  a  local  approximation 
approach  whereas  splines  provide  a  global  approx¬ 
imation.  Once  the  spline  function  is  constructed, 
using  the  derivative  information  at  the  break¬ 
points,  critical  time  points  can  be  easily  calculated 
in  that  piecewise  polynomial. 

SUPER  PEAK  CONCEPT 

The  critical  point  approach  is  based  on  moni¬ 
toring  the  constraint  only  at  local  minima  or 
peaks.  This  approach  can  be  carried  one  step 
further  by  grouping  several  closely  spaced  local 
peaks  to  identify  the  most  critical  one,  called  her¬ 
ein  a  "  super  peak  The  procedure  for  identif¬ 
ying  super  peaks  starts  by  locating  the  first  peak 
(with  magnitude  exceeding  the  cut-off  value)  at 
time  t^.  The  highest  peak  in  the  time  interval 

(t  ,t  +At  )  is  taken  as  the  first  super 

p  p  p  ^ 

peak.  The  procedure  is  repeated  starting  at 

t  "^At  to  locate  the  second  super  peak. 

P  P 

The  danger  of  monitoring  only  super  peaks 
is  that  as  the  design  is  changed  the  super  peak 
may  switch  from  one  local  peak  to  another.  This 
results  in  a  discontinuous  derivative  of  the  const¬ 
raint  with  respect  to  design  variables,  since  the 
location  of  the  actual  super  peak  is  different  from 
the  location  of  the  constraint  monitored.  The 
switching  phenomenon  can  also  become  a  problem 
when  derivative  based  constraint  approximations 
are  employed.  These  constraint  approximations 
replace  the  full  analysis  during  parts  of  the 
design  process.  Approximations  based  on  the 
super  peak  constraints  could  incur  large  errors 
because  they  do  not  account  for  the  super  peak 
switching.  Therefore  the  error  associated  with 
super  peak  switching  is  compared  here  to  errors 
due  to  other  types  of  response  function  approxi- 


RESULTS  AND  DISCUSSION 

Two  example  problems  were  employed  to 
demonstrate  the  features  of  the  adaptive  search 
and  the  least  squares  spline  approximation  techni¬ 
ques.  The  first  one  was  a  simple  test  problem 
where  the  exact  results  are  known  for  the  peak 
values  and  the  second  one  was  a  twenty-five  bar 
space  truss  structure.  For  the  adaptive  search 
technique,  quadratic  interpolation  based  on  three 
points  and  least  squares  quadratic  fit  based  on 
five  points  were  used.  In  the  least  squares 
spline  approximation,  functions  were  approximated 
by  quadratic  splines  continuous  at  breakpoints, 
but  having  discontinuous  first  derivatives. 

The  accuracy  of  the  calculated  peaks  is  very 
important  for  the  accuracy  of  derivative  calcula¬ 
tion  of  constraints  with  respect  to  design  varia¬ 
bles.  These  constraint  derivatives  play  an  impor¬ 
tant  role  in  gradient  based  optimization  methods. 
In  the  following  description,  error  percentages 
were  calculated  based  on  the  absolute  difference 
in  peak  values  compared  with  the  maximum  ampli¬ 
tude  of  the  response  function.  The  peaks  calcu¬ 
lated  with  the  adaptive  search  technique  were 
allowed  to  have  a  maximum  error  of  1%.  In  the 
case  of  splines,  root  mean  square  (r.m.s)  error 
was  used  for  evaluating  the  quality  of  approxima¬ 
tion.  R.m.s.  error  less  than  the  level  of  noise  in 
the  data  was  considered  as  an  acceptable  approxi¬ 
mation.  Besides  the  r.m.s  error,  the  peaks  were 
allowed  an  additional  1%  error.  The  computational 
efficiency  of  the  various  techniques  is  assessed  by 
comparing  them  to  the  "brute  force"  approach  of 
calculating  the  stresses  at  equi-distanced  points 
and  finding  the  peaks  without  resorting  to 
approximation  or  interpolation. 

The  adaptive  search  technique  assumes  the 
data  is  exact  whereas  the  least  squares  spline 
approximation  assumes  the  data  is  noisy.  For 
demonstration  purposes,  both  problems  were 
solved  first  assuming  that  the  data  is  exact,  and 
then  that  it  is  noisy.  The  errors  associated  with 
the  adaptive  search  and  the  least  squares  spline 
approach  cannot  be  compared  to  each  other 
because  of  the  different  assumptions  on  the  accu¬ 
racy  of  the  data.  One  has  the  option  of  using 
either  the  adaptive  search  technique  or  the 
splines  approximation  depending  on  the  problem. 


ANALYTICAL  EXAMPLE 

The  response  function  considered  is  given  in 
equation  (8).  The  local  peaks  which  were  greater 
(in  absolute  value)  than  0.25  were  considered  as 
critical  times.  The  peaks  obtained  with  a  =  0.0157 
sec  step  size,  combined  with  quadratic  interpola¬ 
tion  were  taken  as  exact  results  for  comparison. 
The  "brute  force"  method  of  finding  peaks 
requires  350  function  evaluations  with  a  step  size 
of  0.0449  sec  for  finding  the  peaks  within  1°o 
accuracy.  40  peaks  were  identified  during  the  5tt 
sec  time.  The  number  350  was  used  for  measur¬ 
ing  the  computational  savings  obtained  by  the 
adaptive  search  and  splines  techniques.  Of  the 
peaks  shown  in  Fig.  4  some  are  obviously  minor 
kinks  and  others  are  below  the  cut-off  value  of 
0.25.  A  local  peak  was  considered  to  be  a  mere 
kink  if  a  local  maximum  is  followed  immediately  by 
a  local  minimum  differing  by  less  than  3b  of  the 
response  function  maximum  value.  The  function 

considered  (Fig.  4)  has  several  small  kinks  and 
out  of  the  40  peaks  about  20  are  considered  to  be 
important  peaks;  these  peaks  are  marked  in 
Fig.  4.  Only  these  important  peaks  were  consid¬ 
ered  in  evaluating  the  adaptive  search  technique. 

First,  the  adaptive  search  technique  with 
quadratic  interpolation  based  on  three  points  was 
employed.  ^nd  were  taken  as  3 

and  8  respectively.  216  function  evaluations  with 
CL  =  0.0449  sec  were  required  to  find  28  peaks 
including  all  the  important  peaks,  which  is  a  38% 
savings  in  the  number  of  function  evaluations. 
The  maximum  error  was  about  0.5%.  Increasing  a 
further  resulted  in  a  decrease  in  the  number  of 
important  peaks  identified,  so  the  results  obtained 
with  a  =  0.0449  sec  are  used  for  comparison  even 
though  the  error  percentages  are  smaller  than  1%. 
Next,  a  quadratic  fit  based  on  five  points  was 
used  for  the  adaptive  search  technique.  228 
function  evaluations  with  a  —  0.0394  sec  were 
required  for  finding  27  peaks  including  all  the 
important  peaks.  A  savings  of  about  35%  was 
realized  in  the  number  of  function  evaluations  and 
the  maximum  error  in  the  peaks  was  about  1%. 
Error  comparisons  for  quadratic  interpolation  and 
quadratic  fit  are  given  in  Table  1. 

Next,  the  least  squares  spline  approximation 
was  employed  using  50  polynomial  pieces  with 
equally  spaced  breakpoints.  The  exact  magnitude 
of  the  peak  values  is  known  for  the  smooth  func¬ 
tion  part  corresponding  to  the  first  term  in  equa¬ 
tion  (8)  and  there  are  exactly  10  peaks.  The 
r.m.s,  error  acceptable  for  the  spline  approxima¬ 
tion  was  5%  (i.e.,  the  noise  in  the  given  data). 

In  order  to  find  10  peaks  within  1%  accuracy  and 
also  to  satisfy  the  r.m.s.  error  restriction,  150 
function  evaluations  were  required  with  a  step 
size  a  of  0.1047  sec.  The  peaks  obtained  using 
spline  approximation  are  compared  with  the  smooth 
function  peak  values  in  Table  2  and  the  differ¬ 
ences  in  the  peaks  are  very  small,  57%  savings 
was  realized  in  the  number  of  function  evaluations 
and  it  is  demonstrated  that  the  spline  approxima¬ 
tion  is  successful  in  removing  noise  from  the  data 
and  giving  a  good  representation  for  the  true 
underlying  slowly  varying  function. 


TWENTY-FIVE  BAR  SPACE  TRUSS 

A  twenty-five  bar  space  truss  structure 
(Fig.  6)  subject  to  an  earthquake  loading  (Fig.  7) 
was  the  next  example.  The  material  properties 
and  cross-sectional  area  of  all  members  are  given 
in  Table  3.  The  structural  analysis  procedure  is 
described  in  Appendix  B  and  the  stress  response 
in  each  element  was  considered  as  a  parametric 
time  dependent  constraint.  The  stress  response 
in  a  typical  element  is  shown  in  Fig.  8  for  a  time 
period  of  10.0  sec.  The  goal  of  the  procedure 
was  to  find  all  stress  peaks  which  were  greater 
(in  absolute  value)  than  900  psi  (corresponding  to 
gQ  in  the  analysis) . 

The  peaks  obtained  using  equi-spaced  data 
points  with  a  =  0.01  sec,  combined  with  quadratic 
interpolation  based  on  three  points,  were  taken  as 
exact  for  comparison  since  reducing  a  further 
changed  peak  values  very  little.  29  local  peaks 
were  identified  in  element  24  (a  typical  element). 
To  achieve  1%  error  using  equi-spaced  time 
points,  the  stresses  have  to  be  evaluated  at  every 
0.0133  sec  for  a  total  of  750  stress  evaluations. 
The  number  750  was  taken  as  the  basis  for  com¬ 
paring  the  computational  savings  obtained  by  the 
adaptive  and  least  squares  spline  techniques, 
since  this  was  the  minimum  number  of  stress  eval¬ 
uations  required  by  the  "brute  force"  method  of 
finding  peaks. 

Adaptive  sea rch  technique 

First  the  adaptive  search  technique  was 

applied  to  identify  the  local  peaks.  n  .  and 

min 

were  taken  as  3  and  5  to  control  minimum 

and  maximum  step  sizes,  respectively.  Peaks 

were  calculated  from  a  quadratic  interpolation 

based  on  three  points.  Twenty  nine  peaks  were 

identified  in  element  24  using  a  step  size  of  0.02 

sec  with  252  stress  evaluations;  a  savings  of 

about  66%  was  realized  in  the  number  of  stress 

evaluations.  The  process  was  repeated  using  the 

same  a,  n  and  n  for  all  elements  to 
min  max 

achieve  more  than  75%  savings  for  the  complete 
twenty-five  bar  truss  structure.  The  peaks 
obtained  using  the  adaptive  search  technique  have 
a  maximum  error  of  about  1%  when  compared  with 
the  results  obtained  using  data  points  every  0.01 
sec  with  quadratic  interpolation  (Table  4), 

Next,  the  3-point  quadratic  interpolation  was 
replaced  by  a  quadratic  least  squares  fit  based  on 
five  data  points.  29  local  peaks  were  identified 
using  a  step  size  of  0.0118  sec,  with  406  stress 
evaluations;  a  savings  of  about  46%  for  element 
24.  For  the  entire  structure  the  corresponding 
saving  was  63%  in  the  number  of  stress  evalua¬ 
tions.  The  results  of  the  5-point  quadratic  fit 
are  compared  with  the  previous  3  point  quadratic 
interpolation  in  Table  4.  The  total  number  of 
stress  evaluations  required  for  the  complete  twen¬ 
ty-five  bar  space  truss  structure  using  the  quad¬ 
ratic  interpolation  and  quadratic  fit  techniques  is 
given  in  Table  5. 
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Least  squares  spline  approximation 

The  use  of  least  squares  splines  is  called  for 
when  the  data  is  assumed  to  be  noisy.  For  the 
purpose  of  demonstration  it  was  assumed  that  the 
noise  amplitude  is  3%  of  the  maximum  stress  ampli¬ 
tude.  The  root  mean  square  (r.m.s.)  error  cal¬ 
culated  based  on  1000  stress  values  was  used  for 
evaluating  the  quality  of  the  approximation. 
Besides  the  r.m.s.  error,  the  peaks  were  allowed 
to  have  1%  additional  error,  and  thus  the  total 
error  allowed  in  the  peaks  was  4%.  Spline  techni¬ 
ques  require  the  selection  of  the  location  of  the 
breakpoints.  For  this  purpose  stresses  were  cal¬ 
culated  at  a  small  number  of  points;  critical 
regions  were  identified  based  on  the  magnitude  of 
stress  values.  About  two  thirds  of  the  break¬ 
points  were  uniformly  spaced  in  critical  regions  to 
achieve  maximum  possible  accuracy  in  peak  stress 
values  and  the  remaining  breakpoints  were  uni¬ 
formly  spaced  in  other  regions. 

The  restrictions  on  r.m.s  errors  and  peak 
errors  were  satisfied  with  400  stress  evaluations 
in  each  element  using  90  piecewise  polynomials. 
The  approximate  stress  in  element  24  obtained 
using  least  squares  parabolic  splines  is  shown  in 
Fig.  9.  29  peaks  were  identified  for  element  24 

with  400  stress  evaluations,  a  saving  of  46%.  The 
stress  peak  values  have  a  maximum  difference  of 
about  4%  from  the  results  obtained  using  1000  data 
points  with  quadratic  interpolation  (Table  6).  A 
savings  of  over  46%  was  realized  in  the  number  of 
stress  evaluations  for  the  complete  structure. 
The  spline  approximation  is  more  expensive  than 
the  adaptive  search  technique,  but  unlike  the 
adaptive  search  technique  it  removes  part  of  the 
noise  in  the  data. 

Super  peaks 


Figs.  11-13.  It  is  seen  from  Figs.  10-13  that  the 
super  peak  approximation  does  not  result  in 
excessive  errors  for  moderate  changes  in  the 
structural  properties,  and  also,  the  errors 
involved  are  comparable  to  errors  due  to  commonly 
used  constraint  approximations. 

CONCLUSIONS 

Two  algorithms  were  developed  for  identify¬ 
ing  critical  times  in  the  transient  response  of 
dynamically  loaded  structure.  One  is  an  adaptive 
search  technique,  where  the  magnitude  of  the 
constraint  at  a  particular  time  point  determines 
the  time  step  for  the  next  constraint  evaluation. 
This  technique  is  well  suited  for  an  exactly  known 
transient  response.  The  least  squares  spline 
approximation  is  suggested  for  a  noisy  response  to 
obtain  the  true  underlying  function.  Two  exam¬ 
ples  were  used  to  show  that  the  adaptive  search 
and  the  least  squares  spline  approximation  techni¬ 
ques  can  be  used  for  efficiently  finding  critical 
times  with  good  accuracy, 

A  concept  of  grouping  peaks  and  analysing 
only  ’’super  peaks"  within  clusters  of  local  peaks 
was  investigated.  It  reduces  the  computational 
effort  involved  in  the  optimization  due  to  the 
reduced  number  of  design  constraints.  The  error 
incurred  due  to  super  peak  switching  was  shown 
to  be  comparable  to  errors  due  to  other  constraint 
approximations  commonly  used  In  optimization. 
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APPENDIX  A 

LEAST-SQUARES  SPLINE  APPROXIMATION 


Super  peaks  were  calculated  by  grouping 
local  peaks  occurring  in  each  interval  of  1.0  sec 
duration.  Same  strategy  was  used  for  the  posi¬ 
tive  and  negative  super  peaks.  10  of  the  29  local 
peaks  were  identified  as  super  peaks  for  element 
24.  The  reliability  of  the  super  peak  concept  was 
studied  by  scaling  all  the  cross-sectional  areas  by 
±40%  about  the  nominal  design,  and  monitoring 
super  peaks  switching  between  local  peaks.  The 
error  associated  with  super  peak  switching  was 
compared  to  errors  due  to  other  types  of  const¬ 
raint  approximations  used  in  structural  optimiza¬ 
tion.  Stress  derivatives  were  computed  using  a 
finite  difference  scheme  for  constructing  const¬ 
raint  approximations  using  equations  (9)  and  (10). 
The  error  comparison  is  shown  in  Figs.  10-13  by 
constructing  approximations  at  four  different 

critical  time  points  for  element  24  for  the  nominal 
design  where  the  areas  of  all  elements  was  2.0 
2 

in  .  The  four  curves  in  Fig.  10  show  the 
stress  value  monitored  at  the  original  super  peak 
(i.e.,  maximum  of  the  stress  in  a  particular  time 
zone),  the  maximum  of  the  actual  super  peak 
value  in  that  particular  time  zone,  and  the  direct 
and  reciprocal  approximations  to  the  original  super 
peak  as  the  design  variables  were  changed. 

Fig.  10  shows  no  switching  of  the  super  peak. 
Super  peak  switching  was  observed  only  for 
design  change  larger  than  ±25%  in  Figs.  11  and 
12.  In  Fig.  13  super  peak  switching  took  place 
even  for  small  design  changes.  The  location  of 
super  peak  switching  is  marked  bv  the  letter  S  in 


Least-squares  approximation  is  a  best 
approximation  with  respect  to  a  norm  which  der¬ 
ives  from  an  inner  product.  Here  discrete  inner 
products  of  the  form 
N 

<  g,h  >  =,  I  g(T.)  h(T.)  w.  (A1) 

1=1  I  J  I 

are  considered,  where  x  =  (  )  is  a 

sequence  of  N  data  points,  g  and  h  are  some 
functions,  and  w  =  (w.^ , .  .  . , W|^)  is  a  sequence 

of  positive  weights.  w  is  used  to  include  trends 
in  the  data  and/or  to  reflect  the  varying  accuracy 
of,  or  confidence  in,  the  given  data.  All  the 
weights  are  taken  as  unity  for  the  example  prob¬ 
lems  . 

Let  S  be  a  finite  dimensional  linear  space  of 
functions.  We  seek  a  best  approximation  from  S 
to  given  function  g  with  respect  to  the  discrete 

* 

2-norm,  i.e.,  we  seek  an  f  ?S  so  that 

II  g-f*  II  =  min  ||  g-f  |l  (A2) 

2  fes  2 

where  ^ /2 

II  g-f  11^  =  ^  S-f> 

* 

The  function  f  is  a  best  approximation  from  S 
to  the  given  function  g  with  respect  to  the  2-norm 

* 

if  and  only  if  the  function  f  is  in  S  and  the 
* 

error  function  g-f  is  orthogonal  to  S,  i.e., 

<  f,g-f*  >  =  0  for  all  f  E  S  (A3) 


For  the  specific  linear  space  ^  t 

splines,  with  knot  sequence  t  = 

B-spline  basis  (where  n  is  the 

dimension  of  S|^  is  well  conditioned  for  mod- 

•k 

erate  k  (the  spline  order).  The  function  f  has 
a  representation  Za.B|  in  terms  of  the  basis 

(B.)?,  where  a.  are  coefficients.  The 
I  1  I 

B-spline  basis  is  easy  to  manipulate  and  inexpen¬ 
sive  to  compute.  Further,  the  coefficient  matrix 
for  the  norma!  equations  obtained  from  the  equa¬ 
tion  (A3) 

!  <  B..B,  >  .  =  <  B.,9  > 

^  ‘  i  =  1,2 . n  (A4) 

has  band  width  less  than  k.  Since  the  matrix 
(  <B.,B.>  )  is  banded,  symmetric,  and  posi¬ 
tive  definite,  equations  (A4)  are  inexpensively 
solved  by  Gaussian  elimination  without  pivoting 
(Cholesky  factorization). 

APPENDIX  B 

STRUCTURAL  ANALYSIS 

The  equation  governing  the  motion  of  a  damped 
linear  system  is 

M  Q(t)  +  C  Q(t)  ^  K  Q(t)  =  F(t)  (Bl) 


U^MU  =  I  (B4) 

T  2 

U  '  KU  = 

2  2 

where  U  is  the  diagonal  matrix  with  w. 

terms  on  the  diagonal. 

The  response  of  the  system  at  any  time  t  can 
be  expressed  as  a  linear  combination  of  the  eigen¬ 
vectors.  The  displacement  vector  is  written  as 

Q(t)  =  U  Ti(t)  (B5) 

where  T^(t)  is  the  generalized  coordinates  vector  of 
size  m  and  U  is  the  matrix  of  eigenvectors. 

Substituting  equation  (B5)  into  equation 

(Bl),  premultiplying  this  result  by  U~^  and 
using  the  orthogonality  conditions  (Eq.  B4),  we 
obtain 

Ti.(t)  2CjWjTi.(t)  +  w^Ti.(t)  N.(t)  (B6) 

i  =  1,2 _ m 

2 

where  C|=(a'"bWj  )/2Wj  is  the  damping  ratio 

in  ith  mode  and  N^  =  uj^F(t). 

Equations  ( B6)  are  second  order  uncoupled 
ordinary  differential  equations  for  T](t)  and  may 
be  solved  by  a  variety  of  solution  procedures. 
The  displacement  vector  Q(t)  is  then  computed  by 
equation  (B5).  In  each  finite  element  stresses  are 
calculated  from  the  nodal  displacements  as 

a(t)  =  S  Q(t) 


where  M,  C  and  K  are  mass,  damping  and  stiff¬ 
ness  matrices  respectively.  Q(t)  is  the  n-dimen- 
sional  displacement  vector  and  F(t)  is  the  associ¬ 
ated  load  vector. 

Equation  (Bl)  represents  a  system  of  n  coupled 
second  order  differential  equations,  where  n  is 
the  number  of  degrees  of  freedom  of  the  struc¬ 
ture.  A  special  case  of  interest  is  that  of  pro¬ 
portional  damping  in  which  damping  matrix  is  a 
linear  combination  of  the  mass  matrix  and  the 
stiffness  matrix,  or 


■  Sgnm 

where  S  is  stress  matrix  and  S  S  U . 

s? 

Stress  calculation  directly  from  generalized 
coordinates  may  be  preferred  because  stress 
values  are  not  required  at  all  time  points  in  alt 
elements  and  also  the  number  fundamental  modes 
considered  to  represent  the  structural  response  is 
usually  a  small  quantity. 


C  =  a  M  b  K 


REFERENCES 


where  a  and  b  are  constant  scalars.  In  this  case, 
the  undamped  vibration  modes  of  the  structure 
uncouples  the  equations  of  motion.  These  vibra¬ 
tion  modes  are  obtained  by  solving  the  eigenvalue 
problem . 

K  u  =  w^M  u  (B3) 

where  w  is  the  natural  frequency  associated  with 
the  mode  u. 

Modal  analysis  techniques  assume  the  res¬ 
ponse  of  n  degrees  of  freedom  system  as  a  linear 
combination  of  m  eigenvectors.  The  number  of 
eigenvectors  (m)  is  much  smaller  than  the  number 
of  degrees  of  freedom,  particularly  for  high  order 
systems,  since  it  is  neither  necessary  nor  feasible 
to  retain  all  the  modal  Information  in  deriving  the 
response.  In  this  case,  the  eigenvalue  problem  is 
not  solved  completely  but  only  partially,  to  obtain 
m  lower  modes  (ref.  13).  The  m  eigenvectors  are 
arranged  as  the  columns  of  the  modal  matrix  U 
which  satisfies  the  orthogonality  conditions 


1.  Thornton  ,W.  A  .  ,  and  Schmit,  L.  A .  ,  Jr . ,  "The 
Structural  Synthesis  of  an  Ablating  Thermostruc- 
tural  Panel,"  NASA  CR-1215,  1968. 

2.  Stroud, W.J.,  Dexter, C.,  and  Stein, M., 
"Automated  Preliminary  Design  of  Simplified  Wing 
Structures  to  Satisfy  Strength  and  Flutter 
Requirements,"  NASA  TN  D-6534,  1971. 

3.  Fox,R.L.,  Optimization  Methods  for  Engi¬ 
neering  Design ,  pp. 150-157,  Addison-Wesley  Pub. 
Co.  ,  Inc.,  1971  . 

4.  Schmit,  L.  A.  ,J  r. ,  and  Farshi,B.,  "Some 
Approximation  Concepts  for  Structural  Synthesis," 
AIAA  Journal,  Vol  12.,  May,  1974,  pp. 692-699. 

5.  Cassis,J.H.,  and  Schmit,  L.  A  .  ,J  r. ,  "On 
Implementation  of  the  Extended  Interior  Penalty 
Function,"  I  ntl .  Jou  rnal  for  Numerical  Methods  m 
Engineering,  Vol. 10,  pp.  3-23,  1976. 


52 


6.  Haug,E.J.,  and  Arora.J.S.,  Applied  Optimal 
Design ,  pp. 330-334,  John  Wiley,  New  York,  1979. 

7.  Adelman ,  H  . M. ,  ’’Preliminary  Design  Proce¬ 
dure  for  Insulated  Structures  Subjected  to  Tran¬ 
sient  Heating,"  NASA  TP-1534,  December,  1979. 

8.  Haftka,R.T.,  "Parametric  Constraints  with 
Application  to  Optimization  for  Flutter  Using  a 
Continuous  Flutter  Constraint,"  Al AA  Journal, 
Vol.13.,  No. 4,  1975,  pp. 471-475. 

9.  Haftka,R.T.,  and  Shore, C.P.,  "Approxima¬ 
tion  Methods  for  Combined  Thermal/Structural 
Design,"  NASA  TP-1428,  June,  1979. 


10.  Schoenberg,  I  .J .  and  Whitney, A.,  "On 
Polya  Frequency  Functions,  111:  The  Positivity  of 
Translation  Determinants  with  Application  to  the 
Interpolation  Problem  by  Spline  Curves,  Trans . 
Amer.  Math .  Soc. ,  1953,  pp. 246-259. 

11.  deBoor,C.,  A  Practical  Guide  to  Splines , 
Springer-Verlag,  1978. 

12.  Noor,A.K.  and  Lowder,H.E.,  "Structural 
Reanalysis  Via  a  Mixed  Method,"  Computers  and 
Structures,  Vol.5,  pp.  9-12,  April  1975. 

13.  Bathe, K.J.,  and  Wilson, E.L.,  Numerical 
Methods  In  Finite  Element  Analysis,  Prentice  Hall 
Inc.,  1976. 


Table  1  Comparison  of  Critical  Constraint  Values  Accuracy 

using  Adaptive  Search  Technique  for  Analytical  Example 


Quadrat ic 


Exact 
a  = 

solution 

0.0157  sec 

Interpolat ion 

Ct=:  0.0449  sec 

Percentage 

difference 

Quadratic  fit 
a  =  0.0394  sec 

Percentage 
d  i  f ference 

Time 
(  sec ) 

h(t) 

T  i  me 
(  sec ) 

h(  t) 

T  ime 
(  sec ) 

h(t) 

0.5060 

0.4363 

0.5127 

0.4400 

0.46* 

0.7049 

0.6769 

0.7150 

0.6738 

0.  38 

0.7317 

0.6787 

0.22 

0.8963 

0.8110* 

0.8980 

0.8110 

0.00 

0.9033 

0.8038 

0.89 

1.0850 

0.7755* 

1.0801 

0.7742 

0.16 

1.0774 

0.7718 

0.46 

2.0566 

-0.7755* 

2.0615 

-0.7742 

0.16 

2.0642 

-0.7718 

0.46 

2.2453 

-0.81 10* 

2.2436 

-0.8110 

0.00 

2.2383 

-0.8038 

0.89 

3.7483 

-0.5641 

- 

- 

3.7685 

-0.5715 

0.91 

3.9426 

-0.7623' 

3.9478 

-0.7612 

0.12 

3.9507 

-0.7589 

0.42 

4. 1326 

-0.8165* 

4.1311 

-0.8163 

0.02 

4.1269 

-0.8085 

0.99* 

5 . 1 055 

0.6886 

5.1166 

0.6863 

0.28 

5.1320 

0.6922 

0.44^ 

5.2922 

0.8165* 

5.2937 

0.8163 

0.02 

5.2978 

0.8085 

0.99* 

5.4822 

0.7623* 

5.4770 

0.7612 

0.14^ 

5.4740 

0.7589 

0.42 

6.7892 

0.4363 

6.7959 

0.4400 

0.46* 

_ 

6.9880 

0.6769 

6.9982 

0.6738 

0.38 

7.0149 

0.6787 

0.22 

7.1794 

0.8110* 

7.1812 

0.8110 

0.00 

7. 1865 

0.8038 

0.89 

7,3682 

0.7755* 

7.3633 

0.7742 

0.16 

7.3606 

0.7718 

0.46 

8.3398 

-0.7755* 

8.3447 

-0.7742 

0.  16 

8.3474 

-0.7718 

0.46 

8.5285 

-0.8110* 

8.5268 

-0.81 10 

0.00 

8.5215 

-0.8038 

0.89 

10.0314 

-0.5641 

- 

-■ 

- 

10.0517 

-0.5715 

0.91 

10.2257 

-0.7623’ 

10.2310 

-0.7612 

0.  14 

10.2339 

-0.7589 

0.42 

10.4157 

-0.8165* 

10.4143 

-0.8162 

0.02 

10.4101 

-0.8085 

0.99* 

11 .3887 

0.6886 

11.3998 

0.6863 

0.28 

11.4152 

0.6922 

0.44 

11.5754 

0.8165* 

11.5768 

0.8163 

0.02 

11.5810 

0.8085 

0.99* 

11.7654 

0.7623* 

1 1.7601 

0.7612 

0.14. 

1 1.7572 

0.7589 

0.42 

13.0723 

0.4363 

13.0791 

0.4400 

0.46* 

- 

13.2712 

0.6769 

13.2814 

0.6738 

0.  38 

13.2981 

0.6787 

0.22 

13.4626 

0.8110* 

13.4644 

0.8110 

0.00 

13.4697 

0.8038 

0.89 

13.6513 

0.7755* 

13.6464 

0.7742 

0.  16 

13.6437 

0.7718 

0.46 

14.6230 

-0.7755* 

14.6279 

-0.7742 

0.16 

14.6306 

-0.7718 

0.46 

14.8117 

-0.8110* 

14.8100 

-0.8110 

0.00 

14.8047 

-0.8038 

0.89 

*Max  i mum  d i f ference 
'Important  peak 
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Table  2  Comparison  of  Critical  Constraint  Values  Accuracy 
using  Least  Squares  Splines  for  Analytical  Example 


Exact  solution 
a  =  0.0157  sec 

Spline  approximation 
a  =  0 . 1047  sec 

Percentage 

difference 

Time 
( sec ) 

h(t) 

Time 
( sec ) 

h(t) 

0.9553 

0.7698 

0.9513 

0.7703 

0.07 

2 . 1863 

-0.7698 

2 . 1903 

-0.7703 

0.07 

4.0963 

-0.7698 

4.0929 

-0.7703 

0.07 

5.3279 

0.7698 

5.3319 

0.7703 

0.07 

7.2385 

0.7698 

7.2345 

0.7703 

0.07 

8.4695 

-0.7698 

8.4734 

-0.7703 

0.07 

10.3801 

-0.7698 

10.3761 

-0.7703 

0.07 

11.6111 

0.7698 

11.6150 

0.7703 

0.07 

13.5217 

0.7698 

13.5177 

0.7703 

0.07 

14.7527 

-0.7698 

14.7566 

-0.7703 

0.07 

Table  3  Twenty- five  Bar  Truss  Information 


Material 
Young's  Modulus 
Material  density 
Cross  sectional  area 


Aluminium 
lO^psi 
0.1  Ib/in^ 
2.0  in^ 


Table  4  Comparison  of  Critical  Times  and  Stresses  Accuracy 
using  Adaptive  Search  Technique  for  Element  24 


Exact  solution 
a=  0.01  sec 

—  Quadratic 

1 nte  rpo 1  a  t i on 
a=  0.02  sec 

Pe  rceritage 
d  i  ffe  rence 

Quad  ra  tic  fit 
a=  0.0118  sec 

Pe  rcentage 
d i ffe  rence 

T  i  me 
(  sec ) 

Stress 
(  ps  i  ) 

T  1  me 
(  sec ) 

St  res s 
(  ps  i  ) 

T  i  me 
(  sec  ) 

St  ress 
(  ps  i  ) 

1  . 3977 

1467.4 

1 . 3993 

1466.5 

0.01 

1 .4000 

1464.2 

0.08 

1 . 7422 

-3001 . 9 

1 . 7421 

-3011 .7 

0.25 

1.7419 

-3007.6 

0.14 

2.0952 

3335.4 

2.0963 

3332.6 

0.07 

2.0965 

3328.9 

0.16 

2.2596 

-3544.0 

2.2603 

-3543.9 

0.00 

2.2606 

-3535.2 

0.22 

2.3943 

3488.3 

2.3945 

3484.6 

0.09 

2.3948 

3482.9 

0.  14 

2.5078 

-4184.6 

2.5080 

-4199.0 

0.36 

2.5088 

-4160.3 

0.61 

2.6214 

1479.2 

2.6210 

1478.2 

0.03 

2.6207 

1458.3 

0.52 

2.7206 

-2984.9 

2.7207 

-2985.0 

0.00 

2.7209 

-2964.4 

0.51 

2.8301 

1970.7 

2.8302 

1963.6 

0.  18 

2.8302 

1941 . 1 

0.74 

2.9390 

-2369.4 

2.9389 

-2369.6 

0.00 

2.9388 

-2359.0 

0.26 

3.0434 

2094.3 

3.0443 

2100.2 

0.15 

3.0452 

2062.5 

0.79 

3. 1507 

-1062.5 

3.1507 

-1062.5 

0.00 

3.1501 

-1047.4 

0.38 

3.2614 

1716.9 

3.2618 

1717.2 

0.01 

3.2620 

1710.5 

’  0.16 

3.4010 

-1552.5 

3.4021 

-1554.9 

0.06 

3.4025 

-1551.2 

0.03 

3.9828 

1956.5 

3.9824 

1953.9 

0.07 

3.9830 

1933.5 

0.58 

4.1069 

-1215.8 

4.1065 

-1209.0 

0.  17 

4. 1065 

-1198.0 

0.45 

4.2374 

2123.7 

4.2383 

2122.6 

0.03 

4.2386 

2118.2 

0.14 

4.5075 

-2064.6 

4.5074 

-2063.5 

0.03 

4.5083 

-2049.2 

0.38 

4.6778 

2256.6 

4.6776 

2257,2 

0.02 

4.6774 

2222.2 

0.86 

4.8620 

2399.4 

4.8623 

2400. 1 

0.02 

4.8623 

2354.9 

1.11 

4.9974 

-3305.8 

4.9968 

-3308.7 

0.07 

4.9965 

-3293.5 

0.31 

5.2221 

-2160.3 

5.2222 

-2160.3 

0.00 

5.2221 

-2142.4 

0.45 

5.6846 

1717.7 

5.6845 

1716.8 

0.02 

5.6845 

1704.3 

0.34 

8.6073 

-1610. 1 

8.6079 

-1615.2 

0.13^ 

8.6086 

-1607. 1 

0.07^ 

8.9687 

1960.2 

8.9679 

1919.1 

1 .03* 

8.9664 

1914.0 

1.15 

9.0958 

-2026.4 

9.0954 

-2027.8 

0.04 

9.0947 

-2004.0 

0.56 

9.2385 

1897.3 

9.2375 

1899.6 

0.06 

9.2367 

1873.3 

0.60 

9.3921 

-1506.8 

9.3921 

-1507-9 

0.03 

9.3918 

-1501.9 

0.  12 

9.5395 

1768.9 

9.5393 

1769.1 

0.01 

9.5391 

1742.3 

0,67 

*Maximum  difference 
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Table  5  Comparison  of  number  of  function 
evaluations  required  for  complete  truss 


Members 

Equi spaced 

stress 

calculation 

Quadratic 

Inter¬ 

polation 

Quadratic 

Fit 

1 

750 

101 

171 

2 

- 

5 

750 

182 

314 

6 

9 

750 

168 

290 

10 

- 

11 

750 

118 

201 

12 

- 

13 

750 

101 

171 

14 

- 

17 

750 

164 

257 

18 

- 

21 

750 

137 

249 

22 

25 

750 

252 

406 

Total  No. 

of  stress  18750  4151  6979 

calculations 


Fig.l;  Typical  variation  of  constraint  with  time 


Table  6  Comparison  of  Critical  Times  and  Stresses  Accuracy 

using  Least  Squares  Spline  Approximation  for  Element  24 


Exact  solution 

Spline  approximation 

ct  =  0.01  sec 

a  =  0.025  sec 

Percentage 

difference 

Time 

Stress 

Time  Stress 

( sec ) 

(psi) 

(sec)  (psi) 

1.3977 

1467.4 

1.4028 

1422.1 

1.12 

1.7422 

-3011.9 

1.7459 

-3027.9 

0.40 

2.0952 

3335.4 

2.0867 

3329.1 

0.16 

2.2596 

-3544.0 

2.2597 

-3502 . 7 

1.04 

2.3943 

3488.3 

2.3978 

3495.9 

0.20 

2.5078 

-4184.6 

2.5003 

-4221.1 

0.92 

2.6214 

1479.2 

2 . 6257 

1509.9 

0.76 

2.7206 

-2984.8 

2 . 7201 

-2900.6 

2 . 12 

2.8301 

1970.7 

2.8400 

2068.9 

2.46 

2.9390 

-2369.4 

2.9376 

-2331.3 

0.95 

3.0434 

2094.3 

3 . 0500 

2096.8 

0.06 

3.1507 

-1062.5 

3 . 1500 

-1020.2 

1.06 

3.2614 

1716.9 

3.2599 

1705.9 

0.28 

3.4010 

-1552.5 

3.4035 

-1579.8 

0.68 

3.9828 

1956.5 

3.9860 

1813.3 

3,58 

4.1069 

-1215.8 

4.1059 

-1190,6 

0.63 

4.2374 

2123.7 

4.2400 

2175.1 

1.29 

4.5075 

-2064.6 

4.5107 

-2019.5 

1.13 

4.6778 

2256.6 

4.6762 

2180.4 

1.91 

4.8620 

2399.4 

4.8620 

2281.2 

2.96 

4.9974 

-3305.8 

4.9962 

-3278.4 

0,68 

5.2221 

-2161.3 

5.2109 

-2270.6 

2.73 

5.6846 

1717.1 

5.6800 

1846.9 

3.25 

8.6073 

-1610.1 

8.6119 

-1629.8 

0.49 

8.9687 

1960.2 

8.9644 

1846.6 

2.84 

9.0958 

-2026.4 

9.1000 

-2109.3 

2.07 

9.2385 

1897.3 

9.2329 

1876.3 

0.53 

9.3921 

-1506.8 

9.3911 

-1505.6 

0,03 

9.5395 

1768.9 

9.5345 

1616.1 

3.82* 

Maximum  difference 
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Stress  (psi)  ^  Stress  (psi) 


H ^  Original  super  peak 
s  Q-Q  Actual  super  peak 
^00  Direct  approximation 
a-a-a  Reciprocal  approximation 


Area  (in  ) 

3-10:  Study  of  super  peak  switching  at  2.3945  sec 
for  element  24  during  design  modification 


Area  (in  ) 

Fig.  11:  Study  of  super  peak  switching  at  2.508  sec 
for  element  24  during  design  modification 


S  Switching 


-f  Original  super  peak 
■0  Actual  super  peak 
Direct  approximation 
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Fig.  12;  Study  of  super  peak  switching  at  4.862  sec 
for  element  24  during  design  modification 
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Fig. 13:  Study  of  super  peak  switching  at  9.096  sec 
for  element  24  during  design  modification 
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Abstract 

The  development  and  application  of  an  iterative 
frequency  domain  solution  technique  for  nonlinear 
dynamic  structural  systems  are  presented.  Numerical 
techniques  such  as  zero  minimization  and  nonlinear 
mode  updating  for  improving  the  scheme's  efficiency 
and  artificial  damping  for  stabilizing  the  solution 
process  are  illustrated  by  a  soil  amplification 
problem.  The  results  indicate  that  the  solution 
scheme  can  accurately  reproduce  the  response,  and  is 
especially  attractive  when  numerical  integration 
considerations  severely  restrict  the  time  step  size 
for  a  time  integration  analysis. 


Nomenclature 

c  -  damping 

C  -  damping  matrix 

^  -  artificial  viscous  damping  matrix 

E  -  secant  Young's  modulus 

sec 

f  -  forcing  function 

f^  -  hysteretic  damping  force 
_F  -  external  force  vector 

-  pseudo-force  vector 

-  off-diagonal  force  vector 

F^^  -  artificial  viscous  damping  force  vector 

H(w)  -  frequency  response  function 

k  -  stiffness 

K  -  stiffness  matrix 

K  *  -  nonlinear  stiffness  matrix 

— n£ 

K  -  secant  stiffness  matrix 

—sec 

m  -  mass 
M  -  mass  matrix 
q  -  displacement  response 
t  -  time 

At  -  time  increment 
T  -  structural  period 

y  -  generalized  displacement  response 
Y  -  generalized  displacement  response  in  the 
frequency  domain 
C  -  damping  ratio 

-  artificial  hysteretic  damping  ratio 

-  artificial  viscous  damping  ratio 

^  -  eigenvector  matrix 

-  linear  eigenvector  matrix 

-  nonlinear  eigenvector  matrix 

0)  -  radian  frequency 

w  -  natural  frequency 

-  damped  natural  frequency 
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Introduction 

Nonlinear  structural  dynamic  problems  are  often 
solved  by  direct  time  integration  techniques  com¬ 
bined  with  equilibrium  iteration  schemes.  This 
approach  has  generated  an  impressive  algorithm  for 
selecting  time  increments,  equilibrium  iterators, 
numerical  integrators,  convergence  criteria,  conver¬ 
gence  accelerators,  and  divergence  detectors,  pro¬ 
viding  solutions  whose  accuracy  is  limited  only  by 
simplifications  in  the  material  modelling,  struc¬ 
tural  discretization,  and  theoretical  basis. 

Some  structural  dynamic  problems,  however, 
require  an  excessively  small  time  increment  con¬ 
strained  by  the  accuracy  of  the  numerical  integra¬ 
tor,  rather  than  the  material  behavior  or  actual 
structural  response.  Other  structural  systems  are 
tremendously  large,  both  in  space  and  time.  As  a 
result,  applications  requiring  extensive  parameter 
studies  to  evaluate  the  effect  of  modelling  uncer¬ 
tainties  usually  resort  to  simplified  solution  tech¬ 
niques  such  as  the  response  spectra  or  equivalent 
static  load  approaches.  Although  these  simplified 
schemes  are  remarkably  efficient,  and  indeed  may 
provide  good  estimates  of  the  structural  behavior, 
their  simplifications  in  the  material  modelling  and 
numerous  assumptions  of  the  actual  behavior  require 
that  detailed  direct  time  integration  analyses  be 
conducted  initially  to  assess  their  level  of 
accuracy . 

Along  the  same  lines,  alternate  solution  schemes 
capable  of  producing  more  accurate  results  with  less 
efficiency  have  also  been  investigated.  Nonlinear 
modal  analysis  techniques  in  the  time  domain  signif¬ 
icantly  reduce  the  number  of  degrees  of  freedom, 
Iterative  frequency  domain  solution  schemes  have 
been  applied  to  the  steady  state  response  of 
offshore  structures . ^ 

A  hybrid  frequency-time  (HFT)  domain  approach  for 
evaluating  the  transient  nonlinear  dynamic  response 
of  structural  systems  is  presented  in  this  paper. 

As  in  the  case  of  the  direct  time  integration  scheme 
the  hybrid  frequency-time  domain  method  produces  an 
accurate  solution  limited  only  by  modelling  consid¬ 
erations.  Nonlinearities  are  evaluated  in  the  time 
domain  and  expressed  as  a  load  vector  on  the  RHS 
(right  hand  side)  of  the  equations  of  motion 
(pseudo-force  formulation).  Combined  with  a  mode 
superposition  procedure  to  reduce  the  system  size, 
the  solution  is  efficiently  extracted  in  the  fre¬ 
quency  domain,  implying  the  use  of  a  theoretically 
exact  numerical  integrator  not  constrained  by  accu¬ 
racy  and  stability  considerations.  Both  kinematic 
and  material  nonlinearities  can  be  considered. 


Frequency  Domain  Solution 

A  solution  scheme  in  the  frequency  domain  applies 
strictly  to  linear  time -invariant  systems  whose 
governing  equation  of  motion  for  an  SDOF  (single 
degree  of  freedom)  system  is  given  by 
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mq(t)  +  cq(t)  +  kq{t) 


f  (t) 


(1  ) 

where  m,  c,  and  k  are  the  mass,  damping,  and  stiff¬ 
ness;  f,  the  forcing  function;  and  q,  the  displace¬ 
ment  response. 

The  solution  to  Eq.  ( 1 )  using  a  frequency  domain 
approach  is  obtained  by  transferring  the  force  his¬ 
tory  to  the  frequency  domain  by  evaluating  its  Four¬ 
ier  transform,  multiplying  by  the  frequency  response 
function  H(aj),  and  then  transferring  the  product 
back  to  the  time  domain  using  an  inverse  Fourier 
transform  to  yield  the  response  history. 

The  frequency  response  function  for  Eq.  (1) 
is  given  by 

H(w)  =  [-u)^m  +  ioJc  +  k]“^  (2) 

and  in  general  for  an  MDOF  system  it  becomes 

HUM)  ^ 

where  M,  and  jC  are  the  mass,  damping,  and  stiff¬ 
ness  matrices. 

Hybrid  Frequency-Time  Domain  Solution  Scheme 

The  hybrid  frequency-time  domain  (HFT)  solution 
scheme  employs  the  unconventional  pseudo-force 
approach  with  the  equation  of  motion  written  as 

••  *  ML 

+  +  =  I  +  £  (4) 

where  M,  C,  and  K  represent  the  linear  mass,  damp¬ 
ing,  and  stiffness  matrices;  the  external  load 
vector;  and  _F^,  the  pseudo -force  vector  contain¬ 
ing  all  nonlinear  terms.  In  conjunction  with  a  mode 
superposition  procedure,  Eq.  (4)  is  rewritten  in 
normal  mode  form  as 

~  ~  -  -  -ML 

My+Cy+Ky=F+F  (5) 

where  the  tilda  ( )  denotes  a  generalized  matrix 
and  ^  is  the  generalized  displacement  response 
vector . 

Assuming  the  eigenproblem  has  been  completed  and 
the  generalized  matrices  in  Eq,  (5)  and  frequency 
response  function  O))  are  available,  the  basic  pro¬ 
cedure  for  conducting  the  HFT  analysis  is  as 
follows : 

1  .  Obtain  the  frequency  domain  representation  of 
the  external  force  history  F{  w)  by  using  the 
FFT  (fast  Fourier  transformT  to  evaluate  the 
discrete  Fourier  transform  of  _F(t). 

2.  Compute  the  frequency  domain  response  _Y((i3)  by 
simply  multiplying  H(w)  and  _F(  03)  , 

3.  Transfer  _y(a))  to  the  time  domain  by  evalua¬ 
ting  its  inverse  Fourier  transform, 

4.  Derive  the  geometric  response  ^(t)  from  the 
generalized  response  y(t).  From  q(t)  deter¬ 
mine  the  stress-strain  behavior  of  each  de¬ 
gree  of  freedom,  and  calculate  the  system 
nonlinearities.  Store  the  nonlinearities  as 
a  force  vector  history  FNL(t),  and  reduce 
^^^(t)  to  its  generalized  form  F^(t), 


5,  Transfer  F^(t)  to  the  frequency  domain 
using  the  FFT, 

~  -NL 

6,  The  forcing  function  is  now  _F(  ^5  +  ^  (  w) , 

Multiply  the  forcing  function  by  o))  to 
obtain  the  updated  frequency  domain  response 
y(m), 

7,  Repeat  steps  3-6  until  a  convergence  cri¬ 
terion  is  satisfied. 


Numerical  Implementation 

The  basic  HFT  solution  scheme’s  conceptual  sim¬ 
plicity  readily  lends  itself  to  a  numerical  imple¬ 
mentation,  No  powerful  numerical  techniques  are 
required.  Actual  applications  to  highly  nonlinear 
systems,  however,  may  produce  stability  problems 
characterized  by  response  histories  whose  amplitudes 
grow  with  successive  iterative  cycles.  Solutions 
that  remain  stable  may  converge  slowly  and  require 
numerous  applications  of  the  FFT,  producing  an  inef¬ 
ficient  solution  process.  Modifications  of  the 
basic  HFT  solution  algorithm  that  efficiently  pro¬ 
duce  a  numerically  accurate  solution  are  presented 
in  this  section.  In  particular,  the  solution  formu¬ 
lation  is  examined  and  the  zero  minimization,  arti¬ 
ficial  damping,  and  nonlinear  mode  updating  concepts 
are  described,  A  more  detailed  presentation  is 
available  in  Ref,  7, 


Solution  Formulation 

Steps  1-7  of  the  solution  process  can  be  ap¬ 
proached  from  two  different  perspectives.  The  first 
approach,  called  the  dual  displacement  formulation, 
evaluates  the  linear  response  during  steps  1  and 
2,  and  obtains  a  correction  response  ^  by  itera¬ 
ting  from  steps  3  to  7.  The  nonlinear  response  ^  is 
then  defined  as 

y  =  Z T  y 2 

The  governing  equation  for  the  first  cycle  is 

£  y  1  z  y  T  ^  ^  5 

and  for  successive  iterative  cycles, 

£  y2  +  £  y2  £  Z2  =  I  (^5 

Since  the  nonlinear  correction  is  evaluated  indepen¬ 
dently  of  the  linear  response,  numerical  round-off 
errors  are  minimized  and,  furthermore,  the  Fourier 
transform  evaluation  of  the  force  history  may 
require  less  points  in  the  frequency  domain  than 
that  for  resulting  in  a  computational  cost 
reduction. 

Although  the  dual  displacement  formulation  pos¬ 
sesses  favorable  computational  accuracy  features, 
the  solution  may  converge  slowly  when  the  nonlinear 
response  differs  significantly  from  the  linear  re¬ 
sponse.  In  addition,  the  response  correction  ^ 
may  never  approach  its  true  value  if  is 
inaccurate . 

Considering  the  drawbacks  of  the  dual  displace¬ 
ment  formulation,  a  total  displacement  formulation 
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was  also  examined.  The  total  displacement  formula¬ 
tion  solves  Eq.  (5)  directly,  using  the  total  force 
history  ^  during  all  iterative  cycles. 

Approximations  in  the  response  during  initial  itera¬ 
tive  cycles  are  corrected  in  successive  iterations. 

A  "better"  initial  guess  of  the  nonlinear  response 
can  be  obtained  by  using  artificial  damping.  Stor¬ 
age  requirements  are  reduced  considerably  since  only 
one  response  quantity  y  is  stored,  rather  than  both 

12* 


should  be  zero  (or  whatever  the  analyst  speci¬ 
fied).  Therefore,  subtract  from  y(t)  the  ana¬ 
lytical  solution  of  the  free  vibration 
response 


y(t) 


5-Cwt 


sin  oo  t  +  y  cos 
D  o 


V) 

(9) 


Zero  Minimization  Technique 


A  frequency  domain  solution  applies  strictly  to 
systems  with  periodic  excitations  and  responses.  In 
transient  response  problems,  where  the  force  history 
and  response  are  aperiodic,  a  numerical  gimmick  must 
be  employed  to  obtain  an  apparent  aperiodic  re¬ 
sponse  ,  The  usual  procedure  is  to  append  additional 
zeroes  to  the  end  of  the  load  history,  thereby  cre¬ 
ating  a  history  of  sufficient  length  such  that  the 
residual  free  vibration  effects  at  the  end  do  not 
appear  at  the  beginning*  These  additional  zeroes 
may  significantly  increase  the  cost  of  implementing 
the  FFT,  especially  when  low  physical  damping  is 
specified,  the  natural  structural  period  is  large, 
or  a  huge  number  of  transforms  must  be  executed. 
Extensions  to  nonlinear  softening  systems  may 
further  exacerbate  the  problem. 

An  alternate  approach  called  the  zero  minimiza¬ 
tion  technique  was  consequently  developed.  This 
technique  eliminates  the  use  of  zeroes  by  subtrac¬ 
ting  the  analytical  expression  of  the  residual  free 
vibration  from  the  incorrect  response  obtained  with 
an  insufficient  number  of  zeroes.  Only  MB  points 
need  be  used,  where  NB  is  the  next  power  of  2  great¬ 
er  than  the  number  of  points  in  the  actual  load  his¬ 
tory  for  a  radix-2  FFT,  assuming  that  NB  adequately 
resolves  the  load  and  response  histories. 

The  procedure  for  implementing  the  zero  minimiza¬ 
tion  scheme  is  as  follows: 

1 .  Let  N  be  the  number  of  points  representing 
the  excitation  history  F(t)  and  NB  the  total 
number  of  points  used  in  the  frequency  domain 
(N  <  NB)  . 

2.  NB  is  chosen  such  that  N  <  NB  <  2N.  In  other 
words,  NB  is  the  smallest  power  of  two  great¬ 
er  than  N  (for  a  radix-2  FFT) , 

3.  Using  such  an  NB,  evaluate  the  Fourier  trans¬ 
form  F(tjo)  of  the  load  history.  This  trans¬ 
form  is  exact  for  the  given  time  increment 
and  NB . 

4.  Multiply  F(tjo)  by  the  frequency  response  func¬ 
tion  H(lo)  to  obtain  the  frequency  domain 
representation  of  the  response  Y(oa). 

5.  Evaluate  the  inverse  Fourier  transform  of  y(a) 
to  obtain  the  response  history  y(t). 

6.  y(t)  is  an  incorrect  response  because  the  pe¬ 
riodic  convolution  executed  with  NB  produces 
a  significant  free  vibration  component  at 

t  =  NBAt  that  contaminates  the  beginning  of 
the  response  , 

7.  Obtain  the  correct  response  y(t)  by  realizing 
that  the  initial  conditions,  y^  and  y^. 


where  y  is  the  free  vibration  response  due  to 
a  nonzero  displacement  and  velocity  at  time 
t  =  NBAt;  yo  and  yQ,  the  initial  values 
of  the  incorrect  response;  w,  the  natural  fre¬ 
quency;  C0]3,  the  damped  natural  frequency; 
and  the  specified  viscous  damping  ratio, 

A  schematic  description  of  the  zero  minimization 
technique  is  provided  in  Figure  1 . 


<  /V  \  h  A  k  ^  ^ _ 

a.  Excitation  with  minim-Lim  number  of 
appended  zeroes 


b.  Incorrect  response  obtained  by  a 
frequency  domain  solution  of  (a) 


c.  y(t) 


t 

d.  Correct  response 

Figure  1  Zero  minimization  technique 


Actual  applications  of  the  technique  usually 
reduced  the  number  of  points  in  the  frequency  spec¬ 
trum  by  a  factor  of  four,  increasing  the  solution 
efficiency  considerably.  The  procedure  is  theoreti¬ 
cally  sound  since  the  only  difference  between  the 
exact  response  y  and  incorrect  response  y^is  the 
presence  of  the  free  vibration  component  y.  y  is 
derived  from  y  by  imposing  the  known  actual  initial 
conditions  on  y. 

Notice  that  the  zero  minimization  technique  ap¬ 
plies  to  both  linear  and  nonlinear  analyses,  with  no 
iterative  process  involved  for  linear  analyses.  In 
the  extreme  case  it  is  possible  to  evaluate  the  solu¬ 
tion  with  no  appended  zeroes  (N  =  NB), 


Stabilization  by  Artificial  Damping 


Although  the  basic  HFT  solution  scheme  with  no 
modifications  should  theoretically  perform  properly, 
actual  applications  involve  numerical  approximations 
such  as  evaluating  the  velocity  at  time  zero  by  a 
finite  difference  expansion  (used  in  the  zero  mini¬ 
mization  technique)  and  extracting  the  Fourier 
transform  of  sequences  that  may  possess  a  large  max¬ 
imum  frequency  component,  producing  aliasing  prob¬ 
lems  (folding  of  high  onto  low  frequency  compo¬ 
nents).  In  addition,  the  digital  computer  with  fi¬ 
nite  word  length  imposes  upper  and  lower  limits  on 
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number  sizes  and  produces  truncation  errors,  possi¬ 
bly  preventing  the  solution  process  from  converging. 


Due  to  the  numerical  nature  of  the  HFT  solution 
scheme,  an  artificial  damping  stabilization  scheme 
was  developed  not  to  necessarily  accelerate  the  con¬ 
vergence  process,  but  to  prevent  divergence  when 
used  properly.  Excessive  vibration  amplitudes  due 
to  an  unconverged  pseudo-force  history  are  attenu¬ 
ated  during  the  iterative  process. 


Artificial  damping  can  be  applied  in  either  a 
viscous  or  hysteretic  form  by  adding  an  additional 
damping  matrix  to  the  LHS  of  the  equation  of  motion 
and  the  corresponding  force  vector  to  the  RHS.  For 
viscous  type  artificial  damping  the  equation  of 
motion  becomes 

M  y  +  (c  +  C^J  y  +  K  y  =  F  +  F  +F  (10) 

where  ^  is  the  generalized  artificial  viscous 
damping  matrix  and  ^  is  ^e  artificial  viscous 
damping  force  equal  to  C  y. 


Artificial  hysteretic  damping  is  defined  properly 
only  in  the  frequency  domain  where  the  governing 
equation  becomes 

Y  +  cY  +  k  (l  +  i2^]Y  =  f  +  (11) 


where  Y  is  the  generalized  frequency  domain  dis¬ 
placement  response;  artificial  hysteretic 

damping  ratio;  and  f^,  the  hysteretic  damping 
force  equal  to  i2Cj^kY(  w) ,  i  =  /  -1  . 

The  choice  between  artificial  viscous  and  hys¬ 
teretic  damping  depends  on  the  actual  damping  dom¬ 
inating  the  response.  Artificial  hysteretic  damping 
tends  to  be  more  appropriate  for  structural  dynamic 
type  problems  since  the  physical  damping  usually 
arises  from  the  frequency  independent  energy  dissi¬ 
pation  of  the  material.  Viscous  type  damping,  being 
well  defined  in  the  time  domain,  may  be  more  appeal¬ 
ing  conceptually. 


Nonlinear  Mode  Updating  in  the  Frequency  Domain 


The  numerical  considerations  discussed  previously 
concern  the  solution  of  SDOF  systems.  The  entire 
structure,  or  more  specifically,  the  development  of 
nonlinear  mode  updating  schemes  in  the  frequency 
domain  is  addressed  in  this  section.  Two  problems 
must  be  considered: 

1 •  Managing  nondiagonal  frequency  response 

matrices  obtained  when  nonlinear  modes  are 
combined  with  linear  system  matrices . 

2.  Evaluating  modal  updates  to  a  nonlinear 
system . 

Beginning  with  the  first  problem,  suppose  that  n 
linear  mode  shapes  ^  are  used  in  the  first  few 
iterative  cycles.  The  solution  process  is  stopped, 
and  m  nonlinear  modal  updates  are  evaluated. 

The  eigenvector  matrix  equals  [ 

When  is  applied  to  the  linear  structural  matrices, 
the  resulting  generalized  matrices  are  no  longer 
diagonal,  and  the  frequency  response  matrix  cannot 
be  evaluated  by  simply  computing  the  reciprocals  of 


the  diagonal  entries  in  . 

A  direct  evaluation  of  ji  by  inverting  is 

extremely  costly  since  the  matrix  inversion  must  be 
executed  for  all  frequencies  in  the  discretized 
spectrum  and,  moreover,  entails  additional  storage 
requirements  since  the  off-diagonal  terms  of  11  must 
be  stored  in  addition  to  the  diagonal  terms. 


The  impractical! ty  of  evaluating  ji  directly  from 
11”^  suggests  an  alternate  approximate  approach. 

An  approximate  diagonal  H  is  derived  by  transferring 
all  off-diagonal  terms  in  the  generalized  matrices 
to  the  RHS  of  the  equations  of  motion.  From  the 
remaining  diagonal  terms  an  approximate  _H"^  is 
evaluated,  and  the  approximate  is  easily  obtained 
by  computing  the  reciprocals  of  the  diagonal  terms 
in  H"”*  , 


The  governing  equations  of  motion  become 


u  .  u 

M^  +  ^y  +  Ky 


'■OD 

F  +  F  +  F 


(12) 


where  the  overhead  U  refers  to  a  generalized  matrix 
containing  only  its  diagonal  terms  and  F^^  is  the 
off-diagonal  force  vector 
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n  .  n 

C  y  +  £  ^ 


(13) 


where  the  overhead  n  denotes  a  generalized  matrix 
containing  only  off-diagonal  terms.  Therefore, 


C 


n 

+  c 


u  n 

K  =  K  +  K 


(14) 


Consider  next  the  problem  of  updating  the  mode 
shapes.  Nonlinear  mode  updating  schemes  in  the  fre¬ 
quency  domain,  in  contrast  to  those  in  the  time  do¬ 
main,  cannot  proceed  in  time  and  be  implemented 
whenever  the  nonlinearities  begin  to  change  substan¬ 
tially.  The  very  nature  of  a  frequency  domain  solu¬ 
tion  implies  that  the  response  at  all  time  steps  is 
obtained  simultaneously.  Mode  updating  is  possible 
only  after  an  iterative  cycle.  Furthermore,  the 
stiffness  matrix  Knf  never  evaluated,  and  only 
the  pseudo-force  history  is  extracted.  These  con¬ 
siderations  significantly  restrict  the  means  for 
updating  the  mode  shapes . 


Two  mode  updating  schemes  were  developed — the 
static  load  distribution  and  the  least  squares 
secant  stiffness  methods.  Both  schemes  exploit  the 
pseudo-force  history's  implicit  portrayal  of  the 
spatial  and  temporal  distributions  of  the  non- 
linearities.  The  static  load  distribution  approach, 
although  applied  successfully  to  an  MDOF  shear  beam 
problem, requires  considerable  insight  on  the 
analyst's  part  and  will  not  be  discussed. 

The  least  squares  secant  stiffness  updating 
method  requires  less  insight  and  demands  minimal 
participation  from  the  analyst.  Since  the  pseudo¬ 
force  history  is  derived  from  the  member  forces, 
obtained  from  the  current  stress-strain  states,  the 
exact  tangent  and  secant  stiffness  histories  are 
available  indirectly,  permitting  the  evaluation  of 
the  exact  global  tangent  or  secant  structural  stiff¬ 
ness  matrices.  An  HFT  solution  scheme,  however, 
employs  one  frequency  response  function  during  each 
iterative  cycle,  thus  requiring  a  method  for  select- 


ing  one  structural  stiffness  that  characterizes  the 
system  behavior  for  most  of  the  response  history. 

The  least  squares  approach  provides  an  average 
^ec  storing  tlie  stress-strain  histories  of 
each  member  and  then  least  squares  fitting  a  Young's 
modulus.  The  method  is  given  as  follows: 

1 .  During  the  evaluation  of  the  pseudo-force 

histories,  obtain  the  secant  Young's  modulus 
Esec  each  degree  of  freedom  from  its 

stress-strain  diagram. 

2,  Store  ^Egec  ^Esec^'  where  the  sum¬ 

mation  is  over  time, 

3.  After  evaluating  the  entire  pseudo-force  his¬ 

tory,  derive  a  least  squares  approximation  of 
Esec  each  degree  of  freedom  using  the 

results  of  step  2, 

4,  Construct  the  secant  stiffness  matrix 
from  the  Eg^^^'s  of  step  3, 

5,  Evaluate  m  eigenvectors  of 

6.  Gram-Schmidt  orthogonalize  with  respect 

to  the  previous  set  of  eigenvectors,  and  pro¬ 
ceed  with  the  analysis. 


where  the  q’s  are  displacements  and  f's  are  forces. 
For  this  problem,  a  =  0,05  and  r  =  2.  The  funda¬ 
mental  period  T^  was  0.357  s  and  Tg,  0,031  s. 

No  viscous  damping  was  specified,  and  the  first  ten 
seconds  of  the  N69W  component  of  the  Taft  record  of 
the  1952  Kern  County  earthquake,  scaled  to  0.05  g, 
was  used.  Relevant  structural  properties  are  pro¬ 
vided  in  Figure  2, 
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Figure  2  MDOF  soil  amplification  system 


Notice  that  the  mode  updating  can  be  implemented 
without  any  participation  from  the  analyst.  The 
nonlinear  eigenvector  matrix  may  contain  eigen¬ 
vectors  corresponding  to  many  different  secant 
stiffness  matrices,  each  representing  the  dominant 
behavior  of  different  portions  of  the  response 
history . 

Sample  Study 

Salient  features  of  the  HFT  solution  scheme  are 
illustrated  by  tlie  following  soil  amplification 
problem.  In  particular,  the  total  displacement 
formulation,  zero  minimization  technique,  hysteretic 
artificial  damping,  and  least  squares  mode  updating 
concepts  are  introduced.  Additional  studies  are 
described  in  Ref,  7. 


MDOF  Soil  Amplification  Study 

The  HFT  scheme  was  applied  to  a  soil  amplifica¬ 
tion  problem  investigated  by  Constantopoulos  in 
1973.^^1  In  general  the  problem  consists  of 
determining  the  surface  response  to  a  seismic  exci¬ 
tation  applied  at  the  base  of  a  soil  deposit.  The 
problem  exhibits  a  fairly  complex  response  with  sig¬ 
nificant  nonlinearities  and,  moreover,  has  no  vis¬ 
cous  damping.  These  two  aspects  pose  convergence 
problems  for  the  basic  HPT  scheme. 

The  soil  deposit  was  modelled  by  a  closely  cou¬ 
pled  9  degree  of  freedom  lumped  mass  system  and  a 
stiffness  profile  varying  with  the  square  root  of 
the  depth.  Each  soil  layer  was  represented  by  the 
Ramberg-Osgood  material  model  whose  governing 
equation  is 


The  direct  time  integration  analyses  were  con¬ 
ducted  using  the  Newmark  integration  method  (a  - 
0,25,  6  =  0.50)  and  Newton  equilibrium  iteration 
scheme  with  a  residual  force  tolerance  of  0.00001 
and  iteration  limit  of  15,  Preliminary  studies 
indicated  that  a  time  step  size  of  0.005  s  was  ade¬ 
quate,  The  linear  and  nonlinear  displacement  re¬ 
sponses  at  the  soil  surface  are  shown  in  Figures  3 
and  4 . 

A  time  increment  of  0.05  s  proved  adequate  for 
the  HFT  analysis.  An  artificial  hysteretic  damping 
ratio  of  0.75  was  selected.  Two  hundred  fifty-six 
(256)  points  were  used  in  the  frequency  domain  (200 
for  the  10  second  earthquake  and  56  appended 
zeroes ) , 

The  HFT  results  using  all  nine  linear  modes  are 
shown  in  Figure  5  after  50  and  80  iterations,  by 
which  time  the  solution  history  had  converged  to  its 
final  shape  for  the  specified  solution  parameters. 
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Figure  3  Linear  response 
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Figure  4  Nonlinear  response  using  a  direct 
time  integration  analysis 


Figure  o  Nonlinear  response  using  9  linear 
modes  in  an  HFT  analysis 


Notice  that  the  results  are  fairly  similar  up  to 
time  5  seconds.  This  convergence  behavior  indicates 
that  the  final  iterations  correct  the  latter  portion 
of  the  response,  implying  that  the  initial  portion 
converges  first  and  proceeds  in  a  time  progressing 
form. 

As  a  comparison  of  the  efficiency  of  the  two 
solution  schemes,  the  direct  time  integration  analy¬ 
sis  required  650  s  and  the  HFT  analysis,  540  s. 

The  next  portion  of  this  study  implemented  the 
least  squares  secant  stiffness  mode  updating  scheme. 
Initial  studies  were  conducted  with  a  time  increment 
of  0.05  s  to  determine  the  minimum  number  of  linear 
modes  necessary  to  adequately  reproduce  the  re¬ 
sponse.  Figure  6  shows  the  response  after  ten  iter¬ 
ations  using  all  9  linear  modes,  5  linear  modes,  and 
1  linear  mode.  One  linear  mode  adequately  repro¬ 
duces  the  response,  although  the  peak  amplitudes  are 
slightly  smaller.  Realizing  that  the  fundamental 
mode  was  acceptable  in  this  particular  problem,  the 
mode  updating  scheme  was  applied  in  the  following 
form: 

1 .  Iterate  the  first  ten  cycles  with  one 
linear  mode . 

2.  Execute  the  least  squares  mode  updating 
algorithm. 


3.  Restart  the  analysis  with  the  fundamental 
nonlinear  eigenvector  {one  nonlinear 
mode ) . 

4.  Iterate  for  another  40  cycles. 


Figure  6  Nonlinear  response  after  10  iterations 
using  a  reduced  number  of  linear  modes 


The  resulting  response  using  a  time  increment  of 
0.05  s  is  shown  in  Figure  7.  For  comparison  pur¬ 
poses  an  additional  analysis  was  conducted  with  one 
linear  mode  during  all  iterations  and  a  time  incre¬ 
ment  of  0.05  s,  yielding  the  responses  after  50  and 
80  iterations  also  shown  in  Figure  7.  It  is  appar¬ 
ent  that  the  response  converged  faster  with  only  one 
nonlinear  mode  (50  iterations  for  one  nonlinear  mode 
and  80  iterations  for  one  linear  mode ) . 


Figure  7  Nonlinear  response  using  a  mode  up¬ 
dating  scheme  (I  =  iterations, 

L  =  linear  mode,  NL  =  nonlinear 
mode) 

The  faster  rate  of  convergence  when  using  one 
nonlinear  mode,  as  opposed  to  one  linear  mode,  stems 
from  J^ec  representing  the  overall  struc¬ 

tural  behavior  than  the  linear  stiffness,  and  hence 
providing  closer  initial  estimates  to  the  nonlinear 
response.  The  fundamental  nonlinear  mode  has  period 
0.466  s  compared  to  the  linear  mode  with  0.357  s, 
indicating  that  J^ec  portrays  a  softer,  nonlinear 
structure . 
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The  computation  times  for  the  various  analyses 
are  provided  in  Table  1 .  Notice  that  the  HFT  scheme 
displays  significant  reductions  in  computational 
cost  compared  to  the  direct  time  integration  analy¬ 
ses.  This  efficiency  originates  from  the  use  of  a 
time  increment  ten  times  larger  than  that  of  the 
direct  time  integration  analysis  combined  with  a 
nonlinear  mode  superposition  scheme. 


Table  1  Computation  times 


Solution 

Scheme 

At 

(sec ) 

Modes 

Used 

Cycles 

CPU 

Time 
(sec ) 

Time 

Integration 

0.005 

Direct 

— 

650 

HFT 

0.05 

9  Linear 

80 

544 

0.05 

1  Linear 

80 

133 

0.05 

* 

50 

100 

*  1  Linear,  first  10  iterations 
1  Nonlinear,  next  40  iterations 


Conclusions 

A  new  hybrid  frequency-time  domain  solution 
scheme  for  obtaining  the  transient  nonlinear  dynamic 
response  of  structural  systems  was  presented.  A 
sample  study  illustrated  the  application  of  the  zero 
minimization  technique  and  least  squares  secant 
stiffness  mode  updating  procedure  for  increasing  the 
computational  efficiency  and  the  artificial  hyste- 
retic  damping  concept  for  stabilizing  the  iterative 
solution  process. 

Advantages  of  the  HFT  approach  include  the  fol¬ 
lowing  : 

1 .  Reduction  in  problem  size  by  a  mode  super¬ 
position  procedure. 

2.  Use  of  a  theoretically  exact  numerical  inte¬ 
grator  that  produces  no  phase  distortion  and 
artificial  damping  effects,  assuming  that  the 
frequency  spectrum  resolution  is  sufficiently 
fine  and  a  negligible  component  exists  at  the 
Nyquist  frequency. 

3.  Time  increment  is  determined  by  the  actual 
physical  behavior  rather  than  numerical  con¬ 
siderations  . 

4.  Frequency  dependent  stiffness  and  damping  can 
be  properly  modelled. 


5.  Long  duration  excitation  histories  are  read¬ 
ily  handled. 

The  technique  is  limited  to  non -wave  propagation 
type  problems  since  a  mode  superposition  approach  is 
employed.  In  addition,  the  storage  requirements  may 
be  considerable  since  the  entire  response  history 
must  be  stored  before  transferring  between  the  time 
and  frequency  domains. 

Although  the  HFT  scheme  in  its  current  form  can 
accurately  reproduce  the  nonlinear  response,  its 
efficiency  must  be  developed  further  before  the 
technique  will  be  adapted  to  practical  engineering 
problems.  Additional  research  areas  include  a  seg¬ 
mented  history  approach  and  applications  to  large 
structural  systems. 
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Abstract 


The  results  of  application  of  the  NASTRAN  flut¬ 
ter  analysis  to  repaired  T-38  horizontal  stabilizers 
are  presented.  Verification  and  tuning  of  the 
structural  and  aerodynamic  models  was  acconplished 
using  multiple  sets  of  ej^perimentai  data  and 
advanced  optimization  techniques.  Several  repairs 
within  the  current  field  level  repair  limits  were 
evaluated  for  their  effect  and  none  were  found  to 
significantly  lower  the  conputed  flutter  speed. 
Discussions  of  the  novel  and  difficult  features  of 
the  problem  as  well  as  the  major  assuirptions  are 
presented. 


Introduction 


The  San  Antonio  Air  Logistics  Center  (SAALC) 
has  the  primary  Air  Force  responsibility  for  all 
engineering  and  maintenance  for  the  T-38  Talon 
supersonic  jet  trainer.  This  responsibility  in¬ 
cludes  determining  whether  or  not  a  damaged  T-38 
stabilizer  can  be  repaired  at  the  field  level  within 
limits  stated  in  T.  O.  1T-38A-3.  The  stabilizer  is 
an  all  moving  control  surface  with  a  single  spar  of 
steel  and  aluminum.  The  aluminum  face  sheets  cover 
an  interior  filled  with  aluminum  honey  comb  core 
(see  Figure  1 ) .  The  results  of  this  work  have  pro¬ 
vided  the  SAALC  with  an  iirproved  repair  evaluation 
technique  for  flutter  of  repaired  stabilizers. 


The  repair  limitations  as  published  in  the 
T.  O.  1T-38A-3  are  very  restrictive  in  terms  of 
allowable  mass  addition  and  repair  area.  For  exam¬ 
ple,  a  trailing  edge  repair  can  cover  no  more  than 
four  inches.  The  table  of  limits  was  confuted 
through  analysis  of  the  decrement  in  flutter  speed 
caused  by  the  mass  addition.  This  conputation  was 
based  upon  the  first  three  structural  modes  and 
quasi-steady  strip  theory  aerodynamics.^^ 


Routinely  encountered  damages  were  consistently 
beyond  these  repair  limits  leading  to  replacement 
of  the  entire  stabilizer  and  rapid  depletion  of  the 
spares  inventory.  A  refurbishment  program  was  begun 
to  salvage  the  major  structural  conponents  of  dam¬ 
aged  articles  and  return  newly  skinned  and  cored 
parts  to  service.  The  large  cost  of  complete  re¬ 
placement  or  refurbishment  could  be  avoided  if  a  new 
analysis  could  establish  a  safe  expansion  of  the 
repair  limits. 


Verification  of  the  Model 


A  flutter  analysis  is  based  upon  several  math¬ 
ematical  models  that  approximate  a  variety  of  physi¬ 
cal  aspects  of  the  flight  vehicle.  To  document  and 
keep  original  data  as  well  as  the  assunptions  that 
transform  the  data  to  model  parameters,  a  model 
generation  computer  program  was  constructed.^ 

The  program  literally  creates  the  bulk  data 
file  for  inclusion  in  the  NASTRAN  execu¬ 
tion  decks.  All  raw  ditnensional  and  material  data 
with  the  name  of  the  original  document  are  contained 
in  comments  and  tables  of  the  generator  program. 

All  equations  which  transform  these  data  to  model 
parameters,  such  as  cross-sectional  area  or  iTOnents 
of  inertia,  are  coded  in  a  verbose,  expanded  fashion 
for  clarity.  While  this  is  corputationally  ineffi¬ 
cient,  it  presents  assurrptions  and  manipulations 
clearly  during  later  review.  As  the  project  progres¬ 
sed,  the  security  of  the  model  data  base  was  assured 
by  use  of  the  generator  program. 

Several  parameters  of  the  stabilizer  structural 
model  were  considered  alterable  to  facilitate  various 
analyses.  The  overall  mesh  size  can  be  varied  and 
extra  nodes  can  be  added  to  accommodate  test  load 
applications.  An  intermediate  spar  and  ribs  can  be 
generated  for  analysis  of  early  production  model 
stabilizers.  During  subsequent  model  tuning  invest¬ 
igations,  material  properties  such  as  the  elastic 
moduli  were  frequently  altered  and  new  models  gener¬ 
ated,  This  capability  proved  to  be  essential  to 
rapidly  evaluating  the  model  errors  during  tuning. 

The  initial  model  verification  was  accorrplished 
by  coirparison  of  calculated  deflections  to  influence 
coefficient  test  measurements.  Although  the  model 
proved  too  flexible,  the  causes  could  not  be  deter¬ 
mined  due  to  an  inability  to  model  the  original  test 
accurately.  The  resulting  coirputed  displacements 
agreed  in  form  but  showed  excessive  bending  and 
torsional  displacements. 

The  performance  of  such  a  faithful  model  was 
disappointing.  Quite  an  effort  had  been  made  to 
eliminate  numerical  errors  and  provide  a  detailed 
model.  Furthermore,  interpretation  and  use  of 
original  test  data  was  difficult  due  to  the  twenty 
year  lapse.  In  order  to  investigate  the  detailed 
nature  of  the  model's  short  comings,  a  new  set  of 
test  measurements  were  commissioned. 


The  NASTRAN  flutter  analysis  was  selected  be¬ 
cause  of  its  unified  structural  and  aerodynamic 
character.  The  corrpatibility  of  the  structural 
model  with  a  variety  of  analyses  other  than  flutter 
allows  verification  of  the  mass  and  stiffness  of  the 
model.  NASTRAN  can  handle  large  models  by  formulat¬ 
ing  the  flutter  problem  in  a  modal  basis  and  trans¬ 
forming  the  structural  characteristics  to  modal 
properties  and  the  aerodynamics  to  parametric  modal 
forces.  The  procedure  is  quite  well  automated  but, 
in  retrospect,  not  well  documented  for  practical  use. 
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To  determine  the  modes  and  frequencies  of  vib¬ 
ration,  a  ground  vibration  test  of  a  stabilizer  in 
a  free-free  condition  was  accomplished. ^2 
The  stabilizer  v/as  suspended  from  bungy  cords  at 
its  four  corners.  While  such  a  free-free  boundary 
condition  does  not  represent  any  service  conditions, 
it  is  easily  modelled  and  does  not  contain  any 
influence  of  the  aircraft  flight  control  system. 

For  verification  under  these  boundary  conditions  to 
be  useful,  it  must  be  assumed  that  a  subsequent  model 
change  to  the  aircraft  installed  boundary  conditions 
does  not  alter  the  accuracy  of  the  model.  While  the 
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nunierical  mode  shapes  were  predicted  accurately, 
the  frequencies  were  20-40  Hz  too  low  in  the  major¬ 
ity  of  cases. 

A  similar  test  was  conducted  at  the  Air  Force 
Armament  Laboratory  by  the  Structural  Dynamics 
Section,  but  on  an  installed  stabilizer. 

The  flutter  critical  flight  condition  is  loss 
of  half  hydraulic  po'wer  since  this  lov/ers 
the  effective  pitch  stiffness  and  the  first  torsion 
frequency.  The  spring  constant  for  this  condition 
v/as  estimated  from  the  full  power  data  by  matching 
the  first  torsion  frequency  with  aircraft  installed 
boundary  conditions.  The  half  power  condition  pro¬ 
duces  the  lower  stiffness  and  torsion  frequencies 
and  therefore  will  have  the  lower  flutter  speed. 

This  occurs  in  flight  v/ith  one  engine  out  which 
leaves  one  of  the  two  hydraulic  systems  operative. 

To  estimate  the  stiffness  errors,  the  static 
displacement  measurements  similar  to  those  conducted 
on  the  original  static  test  article  were 
reaccomplished. An  antisymmetric  bending 
boundary  condition  v/as  constructed  by  pinning  the 
torque  tube  at  the  aircraft  center  line  in  addition 
to  the  support  near  the  root  chord.  This  simulated 
symmetric  torsion  and  antisymmetric  down  bending. 
I'Tnile  these  conditions  were  not  those  of  the  origi¬ 
nal  tests,  they  v/ere  easily  modelled  and  simple  to 
construct.  As  a  result  of  these  differences,  the 
measured  results  are  not  directly  conparable  to  the 
original  test  data  but  did  prove  to  be  readily 
modelled  numerically. 


Although^ the  results  are  presented  in  detail 
elsev/here,  ^  suimiary  of  the  structural 

model  verification  is  as  follows.  The 
cantilever  root  first  three  frequencies  are  lov/, 
the  free-free  frequencies  are  low,  and  the  installed 
frequencies  above  the  first  two  suspension  modes  are 
lov7.  The  mass  and  pitch  inertia  compare  well  to 
within  the  certainty  of  the  comparison  data,  as  does 
the  center  of  gravity  position.  Both  the  original 
static  displacement  data  and  the  new  displacement 
measurements  show  the  model  to  deflect  too  much  in 
spanv/ise  bending  and  in  torsion.  It  was  concluded 
the  model  mass  was  accurate  and  the  stiffness  too 
low. 


Verification  of  the  aerodynamic  model  was 
limited  to  comparison  of  the  zero  frequency  pres¬ 
sures  computed  by  a  more  advanced  computer 
program.  Pressures  computed  by  both  programs 
compared  v/ell  with  the  experimental  data.  No 
msteady  data  v/as  available. 


Model  Tuning 

With  confidence  that  the  model  was  free  from 
mistakes  in  the  form  of  transcription  errors,  incor¬ 
rect  interpretation  of  blue  line  drav/ings,  data 
transformation  logic  errors,  or  inaccurate  approxi¬ 
mations,  the  model  was  declared  correct.  The  poor 
performance  of  the  model  could  then  be  attributed 
only  to  neglecting  to  model  some  facet  of  the 
structure's  load  reaction  mechanisms.  Recall  that 
the  model  is  a  tvjo  dimensional,  thin  sheet  of 
plate  bending  elements  which  reacts  lateral 
loads  solely  by  the  creation  of  internal  moments  and 
shears.  Consider  the  stabilizer  that  is  in  fact  a 
three  dimensional  assembly  of  face  sheets  separated 
by  a  honeycoimb  core.  It  does  actually  create  in¬ 
ternal  bending  moments  in  the  form  of  equal  and 
opposite  forces  in  the  planes  of  the  face  sheets. 


The  model's  performance  in  load  cases  that  consist 
of  only  spanwise  down  bending  is  acceptable  (keep 
in  mind  that  the  majority  of  the  cases  included 
considerable  torque  applied  about  the  pitch  axis 
because  of  the  swept  spar) .  To  react  applied  tor¬ 
ques,  the  stabilizer  creates  sheet  stresses  that  are 
traditionally  modelled  as  shear  flows  around  closed 
cells.  If  modelled  as  a  multi-celled  torque  box, 
the  stabilizer  has  two  torsion  cells  separated  by 
the  spar ,  The  plate  bending  model  is  incapable  of 
creating  the  reacting  shear  flows  and  is  therefore 
too  flexible. 

There  are  at  least  two  remedies  to  the  inade¬ 
quacy  of  the  model.  The  most  obvious  is  to  construct 
a  three  dimensional  model  of  the  stabilizer.  The 
model  v/ould  consist  of  nodes  on  both  surfaces  of  the 
airfoil  and  membranes  in  the  planes  of  the  face 
sheets.  The  spar  and  ribs  would  be  modelled  with 
rods  in  the  outer  surface  to  model  the  caps  and 
membranes  to  model  the  webs.  The  disadvantage  of 
having  to  totally  reconstruct  such  a  model  would  be 
offset  by  the  existence  of  the  generator  program. 

All  original  data  would  not  be  retranscribed.  Only 
the  modelling  assumptions  about  lumping  and  inter¬ 
polating  properties  v^uld  be  rewritten.  Still 
considerable  effort  would  be  spent  running  the  new 
model  through  the  verification  data.  Furthermore, 
it  is  not  at  all  obvious  that,  for  the  same  number 
of  degrees  of  freedom,  such  a  model  would  perform 
better . 

Altering  the  properties  of  the  model  to  tune 
its  performance  to  the  available  data  was  accepted 
in  the  present  case  since  the  poor  performance  has 
been  attributed  to  the  neglect  of  a  key  reaction 
mechanism.  Since  the  general  performance  suggested 
an  overall  lack  of  stiffness,  only  those  parameters 
that  were  globally  effective  were  considered  for 
change.  That  is,  individual  elemental  properties 
were  not  changed  singularly  in  any  attenpt  to  tune 
up  a  local  section  of  the  model.  Parameters  such 
as  the  elastic  modulus  of  the  entire  face  sheet 
could  be  tuned,  in  concept  at  least,  to  any  of  the 
available  verification  data. 

The  T-38  stabilizer  model  has  been  tuned  to  a 
vector  of  performances  that  included  both  the  static 
displacpment  errors  and  the  modal  frequency 
errors.  '  '  The  result  is  a  large  set  of  models 
that  do  well  at  various  combinations  of  load  cases 
and  modal  frequencies. For  use  in  flutter 
^slysis,  the  best  dynamic  model  tuned  via  thickness 
increases  was  selected.  This  model  used  isotropic 
plates  and  a  uniform^  applied  37%  increase  in  the 
airfoil  thickness .  '  ’  Although  this  model  has 
wrse  total  frequency  error  than  the  best  ortho¬ 
tropic  plate  model,  it  has  a  better  first  torsion 
frequency. 


Flutter  Analysis 


NASTRAN  flutter  analysis  is  based  upon  an 
iterative  search  of  assumed  Mach  numbers  and  fre¬ 
quencies  for  neutrally  stable  motions  of  the  struc¬ 
ture  existing  in  concert  v/ith  the  aerodynamic  forces. 
The  analysis  is  based  upon  a  structural  model,  an 
aerodynamic  model  and  an  interface  model.  All  models 
are  lijiear  and  the  analysis  is  based  upon  the 
assumption  of  harmonic  motion.  Neutrally  stable 
perturbed  motion  is  predicted  at  a  computed  frequency 
for  the  computed  amount  of  assumed  damping.  When 
the  amount  of  damping  required  exceeds  that  amount 
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reasonably  expected  to  exist  in  the  structure, 
flutter  is  indicated.  Conservative  practice 
assumes  no  dariping  in  the  structure  so  values  of 
zero  danping  typically  indicate  flutter  points. 

The  need  to  presume  an  airspeed  and  reduced  fre¬ 
quency  of  oscillation  in  the  computation  of  the 
aerodynamic  forces  leads  to  the  iteration.  Econo¬ 
mic  considerations  usually  dictate  the  iterative 
refinement  be  reserved  for  the  most  marginal  cases. 

The  present  work  investigated  three  of  the 
five  available  NASTRAN  aerodynamic  theories.  The 
doublet  lattice  method  was  selected  over  strip 
theory  and  the  mach  box  method  after  consideration 
of  modelling  ease,  accuracy  and  the  expected  flutter 
regime.  A  8  by  8  array  of  boxes  panelling  the  stat^ 
ilizer  planform  was  used  for  the  aerodynamic  model 
(Figure  3) .  Use  of  coarser  models  such  as  a  four  by 
five  box  lattice  resulted  in  a  flutter  speed  as  much 
as  70  knots  low.  The  flutter  methods  in  NASTRAN 
shewed  significant  sensitivity  to  common  modelling 
assuiTptions  about  the  aerodynamic  grid,  the  inter¬ 
face  splines  and  the  aerodynainic  force  interpola¬ 
tions.^'^ 

The  original  830  knot  flutter  speed  was  a  com¬ 
puted  figure,  assumed  3%  structural  dairping  and  was 
10%  to  20%  below  expectations.^  The  916  knot 
flutter  speed  of  the  present  investigation  falls 
inside  the  expected  range  but  is  based  upon  0% 
danping  (Figures  4,  5,  6).  The  flutter  frequency 
of  29.7  Hz  is  close  to  the  computed  29  Hz  of  Ref.  8. 

The  T.  O.  1T-38A-3  delineates  limits  for  per¬ 
manent  field  applied  repairs. ^3  The  usual  damages 
are  puncture  holes  and  delaminations  although  water 
absorption  may  necessitate  similar  fixes.  Typical 
repairs  consist  of  removal  of  damaged  core  and  skin, 
replacen^nt  of  the  aluminum  core  with  a  phenalic 
core  and  a  flush  patch  of  the  skin.  The  repair 
sizes  are  limited  based  upon  location  and  are  pre¬ 
sented  in  a  tabular  format.  It  is  important  to 
understand  these  repairs  are  for  field  application, 
are  given  only  in  typical  terms  and  are  not  histor¬ 
ically  traced  in  any  way.  The  guidelines  do  not 
address  the  possibility  of  multiple  repairs  to  any 
one  article. 

Three  repairs  within  the  limits  and  one  repair 
substantially  beyond  the  allowables  were  modelled 
and  the  flutter  speed  recomputed  (Figure  7) .  These 
represent  a  hole  near  the  trailing  edge,  a  hole  near 
the  tip,  de lamination  of  the  leading  edge,  and  an 
extreme  case  of  root  to  tip  core  replacement  near 
the  trailing  edge,  and  were  modelled  by  the  addition 
of  a  mass  representative  of  the  increased  core  mass 
in  the  affected  elements.  None  of  these  repairs  sug¬ 
gest  a  significant  decrease  in  the  flutter  speed. 

(See  Table  I)  This  could  be  expected  from  the  insig¬ 
nificant  changes  caused  in  the  first  torsion  fre¬ 
quency. 

Discussion  of  the  Technical  Assumptions 

The  following  discussion  of  the  more  basic 
assumptions  made  in  the  analyses  are  presented  here 
rather  than  earlier  as  a  knowledge  of  the  analytical 
techniques  and  geometric  arrangement  is  required 
for  their  interpretation. 

The  structural  model  of  the  planform  was  veri¬ 
fied  against  measured  vibration  data  in  the  free- 
free  boundary  condition.  This  should  leave  only 
the  pitch  spring  to  be  verified  in  the  installed 
boundary  conditions.  It  also  simplifies  the 
experimental  setups  required  to  take  data  in  free- 


free  or  other  convenient  conditions  and  does  not 
require  a  fuselage  under  hydraulic  power.  Since  the 
response  of  the  model  changes  dramatically  between 
free-free  and  installed  conditions,  this  may  not  be 
valid.  For  example,  the  bending  stiffness  of  the 
torque  tube  probably  has  minor  impact  on  the  free- 
free  vibration  response  since  it  is  an  appendage 
but  it  dominates  the  installed  first  bending  fre¬ 
quency.  If  verification  has  proceded  from  fixed 
conditions  to  free,  incorrect  masses  near  fixed 
points  might  not  be  detected  and  not  affect  the 
fixed  boundary  comparisons  but  should  alter  the 
free  boundary  frequencies.  In  the  present  care, 
substantial  confidence  in  the  majority  of  the 
structural  model  was  gained  in  the  verification 
against  the  free-free  vibration  data. 

The  doublet  lattice  method  unsteady  aerodyna¬ 
mics  were  used  for  the  entire  flight  envelope. 

Flutter  procedures  require  the  assumption  of  Mach 
number  and  reduced  frequency  followed  by  the  compu¬ 
tation  of  flutter  speed  and  damping.  If  the  flutter 
Mach  number  does  not  match  the  assuimed  Mach  number, 
inter ation  may  be  required  to  match  the  conditions. 
The  flutter  condition  is  really  a  neutral  stability 
point  and  the  equations  are  only  valid  at  a  matched 
Mach  number  and  zero  damping.  If  the  structure  is 
judged  to  have  soma  damping,  say  2%,  practice  is  to 
chose  the  flutter  velocity  where  damping  is  0.02. 
Further,  Mach  number  matching  is  performed  only  if 
flutter  conditions  appear  close  to  the  flight 
envelelope.  Many  simplifications  are  made  in  flutter 
analyses  to  reduce  the  number  of  computations  and 
loops.  Numerical  comparisons  have  revealed  a  sur¬ 
prising  sensitivity  to  common  short  cuts  in  dis¬ 
cretizing  the  planform,  interpolation  of  aerodynamic 
forces  among  the  sets  of  reduced  frequencies  and  Mach 
numbers.  Standard  practice  seems  most  suited  to 
scanning  the  envelope  leaving  the  more  accurate  and 
expensive  analyses  for  the  critical  points. 

NASTRAN  flutter  evaluation  of  repaired  struc¬ 
tures  has  the  advantage  of  including  imodified  mode 
shapes  in  the  analysis.  More  tranditional  tech¬ 
niques  use  frequencies  altered  by  the  modifications 
and  the  original  mode  shapes.  This  can  be  signifi¬ 
cant  only  for  large  stiffness  and  mass  changes  and 
appears  to  be  an  advantage  for  NASTRAN.  Yet  it  is 
precisely  these  large  modifications  that  demand 
reverification  of  the  models.  Nonetheless,  there 
is  appearently  a  significant  domain  of  structural 
modifications  and  repairs  that  will  appreciably 
alter  the  mode  shapes  but  are  not  beyond  the  range 
of  applicability  of  the  existing  model. 

Repairs  are  limited  to  smooth  aerodynamic 
shapes  since  the  theory  assumes  linear  aerodynamics. 
In  particular,  it  is  assumed  that  the  steady  load 
is  low  enough  the  small  oscillations  may  be 
super inposed  in  an  additive,  linear  fashion.  This 
assumption  may  not  be  good  near  maximum  lift  coef¬ 
ficients  or  in  the  presence  of  shocks.  Both  large 
steps  in  skin  thickness  or  holes  could  significantly 
alter  the  local  flow  and  models  of  these  effects 
with  the  present  theory  may  produce  unrealistic  and 
unrepresentative  results.  With  these  limitations, 
the  present  method  will  show  altered  aerodynamic 
forces  only  if  modal  frequencies  and  imodal  shapes 
change  due  to  structural  repair.  Earlier  techniques 
based  upon  altered  frequencies  and  the  original  mode 
shapes  obviously  only  showed  changes  due  to  small 
modal  frequency  shifts. 

The  hydraulic  pitch  actuator  is  known  to  be  non¬ 
linear  in  that  its  stiffness  is  a  function  of 
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frequency  and  tenperature.  The  use  of  the  opera¬ 
tional  tenperature  is  reasonable  but  does  not  con¬ 
sider  those  cases  where  extreme  temperatures 
connbined  v/ith  a  partial  hydraulic  failure  can 
reduce  flutter  speeds  below  those  predicted  here  or 
in  prior  analyses.  In  any  case,  NASTRAN  does  not 
allow  flutter  computations  involving  a  frequency 
dependent  stiffness.  Since  lower  pitch  stiffness 
values  lov;er  the  flutter  speeds  by  Icwering  the 
first  pitch  frequency,  the  critical  case  is  half 
hydraulic  power  due  to  one  engine  out.  The 
obviously  la//er  stiffness  associated  v/ith  full 
hydraulic  failure  can  occur  but  will  persist  for 
only  short  periods. 


Discussion  of  the  Technical  Features  of  the  Problem 

A  summary  of  the  overall  features  of  the  re¬ 
paired  T-38  stabilizer  flutter  analysis  is  presented 
as  a  summation  of  sane  of  the  lessons  learned. 

Several  v/ere  visible  at  the  beginning  and  under¬ 
valued  v/hile  others  were  discovered  v/ith  much  effort. 
I’Jhile  the  system  manager  will  most  appreciate  the 
models  and  analysis  of  repairs  that  represent  the 
details  of  the  results,  the  follov/ing  are  more  the 
point  for  structural  dynamicists. 

Although  the  existance  of  a  Flutter  Analysis 
Rigid  Format  in  NASTRAN  makes  this  problem  appear 
simple  and  straight  forward,  in  retrospect  it  is 
very  difficult.  The  real  aircraft  system  is  sus¬ 
pected  to  flutter  in  the  lew  supersonic  regime, 
implying  a  degraded  or  repaired  aircraft  v/ould 
flutter  in  the  high  subsonic  or  transonic  regimes. 

Few  aerodynamic  theories,  and  none  available  in 
NASTRAN,  are  well  suited  to  such  Mach  numbers . 

The  original  stabilizer  flutter  analysis  showed 
the  flutter  mode  to  be  a  combination  of  bending  and 
torsion  v/ith  a  frequency  that  is  very  sensitive  to 
the  frequency  of  the  in-vacuum  first  torsion  incxle. 
This  frequency  is  a  direct  function  of  the  stiffness 
of  the  hydraulic  actuator  and  its  support  structure. 
Tests  of  the  actuator  indicated  a  non-linear,  fre¬ 
quency  dependent  force-displacement  relation  and  a 
strong  temperature  dependence.  These  were  all 
avoided  by  using  a  simple  linear  spring  v/hose  value 
causes  the  model  to  best  match  the  measured, 
installed  first  torsion  frequency. 

Again  in  retrospect,  bending  plates  were  the 
v/rong  element  to  model  the  stabilizer.  The  single 
spar  support  arrangement  leaves  high  levels  of 
torsion  in  most  of  the  chordv/ise  sections.  Shear 
flavs  in  the  double  celled  planform  are  apparently 
significant  and  suspected  to  be  the  cause  of  the 
model  inaccuracies. 

Although  flutter  analysis  has  been  available 
in  NASTRAN  for  several  years,  practical  information 
on  its  use  is  passed  predominantly  by  v/ord  of  mouth. 
Experienced  users  are  rare.  Pr actic ioners  take 
many  shortcuts  that  surprise  first  time  users  and 
the  approximate  nature  of  the  analysis  itself  can 
cause  concern.  Understanding  aeroelastic  phenominon 
requires  advanced  inter-disciplinary  study. 

Verification  is  a  good  practice  but  can  raise 
tricky  issues  beyond  the  immediate  scope  of  the 
analysis.  Static  testing  requires  pov/er  actuators 
and  conputerized  data  acquisition.  Modal  testing 
also  requires  significant  data  analysis  and  is  under¬ 
going  changes  in  formulation.  Both  required  a  scale 
model  or  a  test  article  removed  from  service  or  in¬ 
ventory.  For  test  results  to  help  reduce  analysis 


uncertainty,  the  testing  teclmiques  must  not  intro¬ 
duce  much  uncertainty  themselves. 


The  actual  value  of  aerodynamic  verification 
at  only  zero  frequency  is  open  to  question.  Al¬ 
though  the  expected  smooth  behavior  of  pressure 
as  a  function  of  reduced  frequency  near  zero  fre¬ 
quency  suggests  the  acceptable  steady  performance  of 
the  aerodynamic  model  might  warrant  confidence  for 
some  range  of  small  reduced  frequencies,  there  is 
no  indication  of  the  extent  of,  nor  the  existance 
of,  any  acceptable  non-steady  reduced  frequency 
range.  Nonetheless,  steady  verification  of  the 
stabilizer  alone  was  all  that  could  be  accomplished. 

Unsteady  aerodynamic  results  are  essentially 
unverifiable  in  their  rav/  form.  Flutter  requires  an 
unsteady  aerodynamic  model  and  the  characteristics 
of  a  good  aerodynamic  model  are  quire  different  from 
those  of  a  good  structural  model.  Little  unsteady 
pressure  data  is  available  that  can  be  used  to  verify 
the  analytical  method  much  less  the  aerodynamic  model. 
Significant  knowledge  of  the  flexibilities  of  the 
structure  and  the  interacting  aerodynamics  of  the 
surfaces  is  required  to  choose  the  extent  of  the 
model.  In  the  present  case,  the  original  flutter 
design  analysis  indicated  that  the  v/ing  and  stabili¬ 
zer  v/ere  not  coupled  and  fuselage  bending  did  not 
affect  flutter. 

Conclusion 


This  work  and  the  models  that  are  its  basis 
have  been  presented  to  the  SAALC  T-38  system  manager. 
They  will  be  used  to  investigate  a  possible  expan¬ 
sion  of  the  repair  limits  and  the  effects  of  multi¬ 
ple  repairs.  The  structural  model  and  the  vector 
optimization  tuning  technique  will  be  used  to  model 
large  internal  flaws  in  stabilizers.  The  capability 
to  compute  steady  airloads  with  NASTRAN  developed 
for  the  verification  of  the  aerodynamic  model  has 
been  expanded  to  include  flexibility  effects.  None 
of  this  research  enjoyed  any  direct  funding  and 
could  not  have  proceeded  v/ithout  the  rich  technical 
resaarces  provided  by  the  local  engineering  cormunity. 
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Table  I 

CoiTparison  of  Flutter  Conditions 


Repair  Type 

In-Vacuum 
•  1st  Torsion 
Frequency  (cps) 

Flutter  Speed 
(knots) 

Flutter 
Frequency 
w  f (cps) 

Clean 

44.3 

916.5 

29.8 

Hole  T.E. 

44.3 

916.5 

29.8 

Hole  Tip 

44.3 

915.5 

29.8 

De  lamination 

44.3 

919.4 

29.7 

Strip 

44.2 

911.0 

29.7 

Figure  1 .  T-38  Stabilizer 
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Figure  2.  NASTRAN  Structural  Model 


Figure  3.  NASTRAN  Aerodynamic  Model 


Figure  4 .  V-g  Diagram  Modes  1,2,3 


Figure  6 .  V-g  Diagram  Modes  4,5,6 


Figure  5.  NAI  V-g  Diagram  Modes  1,  2,  3 
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A  UNIFIED  FLUTTER  ANALYSIS  FOR  COMPOSITE  AIRCRAFT  WINGS 


84-0906 


Gabriel  A.  Oyibo* 
Fairchild  Republic  Company 
Farmingdale,  New  York 


A  generalized  theory  capable  of  predicting 
aeroelastic  flutter  speeds  for  all  composite  and 
isotropic  aircraft  wings  is  presented.  The  ex-  w 

istence  of  an  affine  space  in  which  the  flutter  _ 

analysis  of  composite  and  isotropic  wings  can  be  h 

effected  in  a  unified  and  efficient  manner  is 
established.  The  wing  is  idealized  as  a  canti-  (h  ,a  ) 

levered  flat  plate-like  lifting  surface  subjected  ^  ® 

to  an  incompressible  flow  in  the  physical  space. 

The  analysis  assumes  that  the  wing's  construction 
permits  the  negligence  of  the  elastic  constant,  c  ,c 

D26,  in  the  Virtual  Work  Theorem.  Using  the  ° 

well  known  bending-torsion  displacement  assump¬ 
tions  in  the  affine  space  and  the  variational 
principles,  the  aeroelastic  equations  of  motion 
are  derived.  Employing  the  affine  space  unsteady 
aerodynamics  and  the  uncoupled  bending  and  tor-  e 

sional  frequencies  generated  in  separate  analy¬ 
ses  the  flutter  studies  are  carried  out.  The  ad¬ 
vantages  of  the  present  approach  over  the  exist¬ 
ing  one  include  a  significant  reduction  in  the 
number  of  physical  space  quantities  (whose  rela-  r^ 

tive  importance  and  bounds  are  unknown),  a  better  o 

exposure  of  the  interactions  between  the  aerody¬ 
namic  and  elastic  forces  and  the  fact  that  the 
flutter  characteristics  can  be  efficiently  com-  o 

pared  for  aJJ.  materials  in  a  preliminary  design 
process.  The  results  agree  with  previous  inves¬ 
tigations  for  isotropic  wings. 


Nomenclature 

(x,y,z, ) =  physical  and  affine  space  o 

coordinates  respectively 

S 

=  chordwise  integrals  o 


displacement 

wing  box  depth 

affine  space  bending  and 
torsional  displacement 
respectively 

affine  space  half-chord  and 
chord  respectively 

affine  space  half-span  for 
the  wing 

parameter  that  measures  the 
location  of  the  elastic 
axis  relative  to  the 
mid-chord 

affine  space  nondimensiona- 
lized  radius  of  gyration 

parameter  that  measures  the 
center  of  gravity  location 
relative  to  the  elastic  axis 

affine  space  mass  per  unit 
span 

affine  space  mass  moment  of 
inertia  about  Xq  =  e  Cq 

affine  space  static  mass 
moment  about  Xq  =  e  Cq 


(4P,4Po) 

r,L,DtD*,f 


L  ,M 
o’  0 


U,U 

0 


U,U 


0 


differential  aerodynamic  tJ 

pressure  distributions  in 
physical  and  affine  space 
respectively 

generic  nondimensional ized 
stiffness  parameters 

affine  space  running  aero¬ 
dynamic  lift  and  moments 
respectively 


vibration  frequency 

frequency  ratio  and  mater¬ 
ial  property/aspect  ratio 
parameter  respectively 

affine  space  reduced 
f requency/Strouhal  number 

affine  space  Theodorsen's 
function 


complex  affine  space  aero¬ 
dynamic  coefficients 

virtual  work  expressions  in 
physical  and  affine  space 
respectively 

flight  velocity  in  physical 
and  affine  space  respec¬ 
tively 

elastic  constants 

affine  space  material  and 
air  density  respectively 


=  /T 

Introduction 


As  the  reality  of  operating  modern  high  tech¬ 
nology  aircraft  at  supersonic  and  transonic 
speeds  gathers  more  impetus  the  aeroelastician 's 
zeal  to  clearly  understand  non-linear  transonic 
aeroelastic! ty  (which  is  believed  to  be  capable 
of  explaining  phenomena  like  the  'transonic  dip') 
has  almost  become  an  obsession.  This  is  evi¬ 
denced  by  the  tremendous  attention  which  has 
lately  been  given  to  the  generation  of  accurate 
non-linear  transonic  unsteady  aerodynamics 
codes.  However  obtaining  accurate  non-linear 


^Senior  Research  and  Development  Engineer,  Flutter  and  Vibration  Group. 


Released  to  AIAA  to  publish  in  all  forms. 


73 


transonic  unsteady  aerodynamics  is  just  one  of 
the  necessary  ingredients  for  really  under¬ 
standing  non-linear  transonic  aeroelasticity  for 
modern  advanced  technology  aircraft.  Others 
include  the  understanding  of  the  limit  cycle 
theory  and  the  anisotropic  aeroelasticity.  The 
latter  is  known  to  be  plagued  with  the  existence 
of  too  many  physical  constants  (which  tend  to 
obstruct  the  physical  insight  expected  from  an 
analysis) . 

Recent  studies  by  the  author^"^  have  indi¬ 
cated  that  anisotropic  aeroelasticity  can  be 
analyzed  in  the  affine  space  with  tremendous 
advantages.  These  advantages  include  a  signifi¬ 
cant  reduction  in  the  number  of  the  physical 
space  quantities  (whose  relative  importance  and 
bounds  are  not  known),  a  better  exposure  of  the 
interaction  between  the  aerodynamic  and  elastic 
forces,  and  the  fact  that  aeroelastic  character¬ 
istics  can  be  efficiently  compared  for  all  com¬ 
posite  materials.  While  references  1-4  treated 
the  panel  flutter  problems,  reference  5  addressed 
the  aeroelastic  divergence,  a  critical  design 
problem  for  forwardswept  wing  aircraft. 

The  transformation  of  the  aeroelastic  equa¬ 
tions  of  motion  from  the  physical  space  into  the 
affine  space  depends  on  the  sophistication  of  the 
mathematical  modelling  of  the  problem  involved. 

In  general  the  mapping  is  achieved  by  stretching 
the  independent^"^  or  dependent^  variables. 

The  generation  of  the  unsteady  aerodynamic  loads 
is  slightly  more  difficult  in  the  affine  space. 
However,  the  extra  effort  required  to  solve  the 
aerodynamic  problem  is  certainly  justified  by  the 
relative  simplicity  of  the  overall  aeroelastic 
equations  of  motion^. 

It  is  conceivable  that  if  the  current  advances 
in  the  materials  sciences  continue,  the  use  of 
composite  materials  in  the  design  of  primary 
structures  of  aerospace  vehicles  shall  be  uni¬ 
versal  in  the  near  future.  At  such  a  time,  works 
like  those  of  Krone^,  Weisshaar^,  Hollowell 
and  Dugundji^,  and  Librescu^^,  to  name  a  few, 
shall  be  more  appreciated. 

In  this  paper,  the  cantilever  composite  wing 
flutter  is  examined  in  an  affine  space.  The  wing 
is  idealized  as  a  flat  plate-like  lifting  surface 
in  an  incompressible  flow.  A  sectional  model  is 
shown  in  Figure  1.  The  analysis  assumes  that  the 
wing’s  configuration  is  such  that  the  elastic 
constant  D26  can  be  neglected  in  the  Virtual 
Work  Theorem.  This  assumption  and  the  bending- 
torsion  displacement  assumptions  make  it  possible 
to  transform  the  aeroelastic  equations  of  motion 
into  the  affine  space  by  streteching  the  indepen¬ 
dent  variables.  The  affine  space  unsteady  aero¬ 
dynamics  generated  in  reference  6  and  the  un¬ 
coupled  bending  and  torsional  frequencies  calcu¬ 
lated  in  reference  11  are  used  in  the  flutter 
analysis,  which  is  characterized  by  studying  the 
effects  of  a  bounded  generic  material  parameter 
D*  (defined  in  the  text)  on  the  flutter 
boundaries . 


The  results  show  that  a  unified  flutter  analy¬ 
sis  for  all  materials  (isotropic  results  being  a 
subset)  can  be  achieved,  since  a  variation  of  Dg" 
between  zero  and  one  permits  the  view  of  the 
flutter  continuum  for  all  composite  and  isotropic 
materials.  A  comparison  of  the  isotropic  results 


with  results  from  references  12  -  14  shows  an 
excellent  agreement. 

Problem  Statement 


Consider  a  cantilevered  aircraft  wing  which  is 
subjected  to  an  incompressible  airflow.  The  air¬ 
foil  section,  the  flow  speed  and  the  forces  in  an 
affine  space  are  shown  in  Figure  1.  It  is 
assumed  that  the  wing  can  be  constructed  with 
metals  or  composites. 


Physical  Space  Virtual  Work  Theorem 

The  physical  space  aeroelastic  Virtual  Work 
Theorem  for  a  wing  constructed  with  anisotropic 
materials  is  given  by: 


*  »22<"-yy>^  *  “iS  "-xx  ""xy  <“26  "’yy  “'xy 


♦“66<“’xy> 


dxdydt 


■'rij 


-  .  2 

p  h  w  dxdydt 


dxdydt 


0 


where : 


(1) 


D^j  are  the  elastic  constants,  P,  is  the  ma¬ 
terial  density,  ^p  is  the  differential  pressure 
distribution,  w  is  the  displacement,  t  is  the 
time,  A  integrals  represent  area  integrals  and  h 
is  the  wing  box  depth.  From  Equation  1  the  phys¬ 
ical  space  aeroelastic  equations  can  be  obtained 
for  an  arbitrary  displacement.  However,  as  can 
be  seen,  the  existence  of  so  many  parameters  (in 
the  equation)  are  bound  to  obstruct  the  physical 
insight  expected  from  an  analysis  of  the  system. 
In  what  follows  an  attempt  shall  be  made  to  show 
the  existence  of  an  affine  space  in  which  the 
aeroelastic  analysis  can  be  done  in  an  efficient 
and  unified  manner. 
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Affine  Space  Virtual  Work  Theorem 


Consider  the  affine  transformations: 


X  =  Axo,  y  =  BYo,  z  =  CZq 


Equation  (4)  is  therefore  the  affine  space 
aeroelastic  Virtual  Work  Theorem,  from  which  the 
equations  of  motion  can  be  derived.  The  quanti¬ 
ties  D*  and  €  in  Equation  (5),  which  have  been 
studied,  in  references  1-5  have  the  following 
bounds  for  specially  orthotropic  composite 
materials 


A,  B  and  C  are  constants  which  if  chosen  properly 
should  show  that  the  task  defined  in  this  paper 
can  be  accomplished. 

It  must  be  pointed  out  before  the  selection  of 
A,  B  and  C  that  the  usual  bending-torsion  dis¬ 
placement  assumptions  (which  shall  be  used  here 
in  the  affine  space)  would  eliminate  some  of  the 
parameters  in  equation  (1).  It  shall  also  be 
assumed,  for  the  purpose  of  this  analysis,  that 
the  construction  of  the  wing  permits  the  negli¬ 
gence  of  the  parameter  D-|5  in  equation  (1). 

Therefore  if: 

A  =  (Dn/D22)''/'',  B  =  C  =  1  (3) 

equation  (1),  mapped  into  affine  space,  becomes: 


°  =  t 


i'Si  I"'. 


+  2D*  (l-€)(w,  )  +€w,  w,  1 

Vo  ^0^0  ^0^0 


0  <D*<1,  .12  <^<.65  (6) 

For  isotropic  materials  D*  =  1 ,  and  €  becomes 
the  Poisson's  ratio.  The  non  dimensionalized 
quantity  L  shall  be  made  to  disappear  through  the 
bending-torsion  displacement  assumptions  to  be 
used  in  the  flutter  analysis. 

Affine  Space  Aeroelastic  Equations  of  Motion 

Consider  the  following  popular  bending-torsion 
displacement  assumption, 

w(t,x  ,y  )  =  h  (t,y  )  +  x  a  (t,y  )  (7) 

0  '^0  o'  '^0^  0  o'  -^0  ' 

When  equation  (7)  is  substituted  into  equation 
(4)  and  the  variational  calculus  is  carried  out 
for  arbitrary  h  and  following  aeroelastic 

equations  of  motion  are  obtained. 


3th  ^  +  +  /)a,h  +  a  h  ci  ~  1 

1  0  2  0  ^0  1  0  ^0  2  0  G 


Po^3“o"  Po^2\ 


+  (w,  +  Lw,  ^  w,  (  dx  dy  dt 

yy  yy  xy)  o  o 

'^O'^O  *^0^0  0-^0  I 


4Po  <5  w^XodYodt 


V  1 


/•c  /2  ^ 

^2~  J  °  )dx 

c  J  '  0  0  0 


U  /  ^22 


0  D22\ 


°12 


,  ,  C  /2 

3'lc  V2  I  °  D*(l-6)dx^ 

-V2  -0^/2 


£D*  = 


(DiiD.2)^ 

40,^ 


(Dll)  ^^'^{022)^^'^ 


4lP„dx^,Vl 


Notice  that  a  similar  result  can  be  obtained 
with  A  =  (Dn)1/4^  B  =  (022)^'''*.  C  =  1. 


As  can  be  seen  from  equation 
non  dimensionalized  quantity  L 
been  eliminated  from  the  aeroel 
motion  by  the  bending-torsion  d 
sumptions  used  in  the  analysis, 
now  clear  that  in  this  affine  s 
analysis  can  be  carried  out  for 
rations  (isotropic  or  composite 


s  (8)  and  (9),  the 
has  successfully 
astic  equations  of 
isplacement  as- 
Therefore  it  is 
pace,  aeroelastic 
any  wing  configu- 
)  by  varying  the 
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quantity  D*  given  by: 

D*  =  DMl  (11) 

By  examining  equations  (6),  it  becomes  dear 
that : 

0<D*<1  (12) 

for  all  specially  orthotropic  composite  materi¬ 
als.  Although  exact  bounds  of  D*  are  not  estab¬ 
lished  in  this  investigation,  for  laminates  used 
in  an  actual  wing  construction,  some  calculations 
carried  out  seem  to  suggest  that: 

0<D*<4  (13) 

would  cover  a  substantial  amount  of  material 
properties  and  fiber  orientations.  Therefore  a 
view  of  the  aeroelastic  continuum  in  this  range 
of  D*  should  be  very  helpful  in  the  preliminary 
aircraft  design  process. 


^ho  is  the  running  aerodynamic  lift  coef¬ 
ficient  due  to  the  wing's  bending  vibrations  in 
affine  space,  is  the  running  aerodynamic 
lift  coefficient  due  to  the  wing's  torsional  vi¬ 
brations  about  the  affine  space  quarter-chord, 
^«Qis  the  running  aerodynamic  moment  coeffi¬ 
cient  due  to  wing's  torsional  vibrations  about 
the  affine  space  quarter-chord.  These  coeffic¬ 
ients,  which  are  functions  of  the  affine  space 
reduced  frequency  (Strouhal  number),  Icq,  are 
expressed  as  follows: 


‘  -  f  cC'ol 

0 

[l  +  2C(k^)] 


2C(k^) 


(15a) 


1 

8 


1 


Unsteady  Aerodynamics 


where : 


In  order  to  solve  equations  (8)  to  determine 
aeroelastic  instability  boundaries,  the  aerody¬ 
namic  forces  and  moments  Lq  and  Mq  would  have 
to  be  generated  by  solving  the  aerodynamic  equa¬ 
tions.  In  the  affine  space  the  aerodynamics 
equations  are  slightly  more  difficult  to  solve 
than  in  the  physical  space.  However,  the  overall 
relative  simplicity  of  the  aeroelastic  equations 
of  motion  certainly  justifies  the  extra  effort 
needed.  Reference  6  used  two  dimensional  linear 
approximations  and  a  Theodorsen  type  approach  to 
generate  the  incompressible  harmonic  unsteady 
aerodynamics  used  in  this  analysis.  It  was  shown 
in  reference  (6)  that: 


^  P 

L,  n  + 

L  -  L,  (e+ 

r  oo  0  j 

%  ° 

_  «0  ^  2' 

“o 

-  ^  0 
0  r  5PO  0 


y-  (e+1/2) 
0 


h  + 
0 


+  (e  +})  -  (L^  +  |)(e  +  i) 

0  0 


O'  . 


(14) 


where : 


p  =  ^ 

1/4 

r=  {JL) 


D 


11 


(15) 


itjt 


Poo  is  the  air  density,  ^q)  are  the 
vibration  amplitudes.  is  the  vibration  fre¬ 
quency  and  e  measures  the  location  of  the  elastic 
axis  relative  to  the  mid-chord. 


C  (ko)  is  the  Theodorsen's  function  in  the 
affine  space  given  by: 


Hj(k  ) 

^ -  2 

H^(kJ  +  iH^(kJ 


"O' 


(15b) 


2  2 

and  H,  are  Hankel  functions  and  k  is  given  by: 
U  1  0 


U^,  the  affine  space  flight  velocity,  is  given  by: 

=  rU  (16a) 

The  Hankel  functions  in  equation  (15b)  are 
usually  available  in  tabulated  forms.  Hence 
and  can  be  calculated 
for  a  chosen  value  of  ko  from  which  Lq  and 
Mo  could  be  evaluated  for  flutter  analysis. 


As  was  pointed  out  in  reference  (6),  the 
affine  space  unsteady  aerodynamics  is  not  only 
restricted  to  two  dimensional  space  (airfoil  sec¬ 
tion),  but  could  also  be  evaluated  in  three  di¬ 
mensional  space  with  various  levels  of  sophisti¬ 
cations  (including  nonlinear  treatments).  Ideas 
similar  to  those  of  references  (15-16),  among 
numerous  others,  can  be  used  in  the  affine 
space.  This  is  why  the  author  believes  that  at  a 
time  when  tremendous  efforts  are  being  put  into 
the  development  of  sophisticated  computer  codes 
for  the  nonlinear  unsteady  transonic  aerodynam¬ 
ics,  affine  space  aerodynamics  should  be  consid¬ 
ered,  in  the  light  of  the  current  trends  in  the 
aerospace  vehicle  design  philosophy  (changing 
from  metal  to  composite  aerospace  vehicles). 


Uncoupled  Vibrations  Frequencies 

To  determine  the  flutter  boundaries,  it  is 
necessary  to  estimate  the  so  called  free  un¬ 
coupled  vibration  frequencies  for  the  wing.  To 
do  this  reference  11  examined  equations  (8).  The 
results,  for  the  wing's  first  bending  and  tor- 
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sional  frequencies,  which  shall  be  used  in  the 
flutter  analysis,  were  estimated  as  follows: 

for  the  first  bending,  a  fourth  order  approxima¬ 
tion  gives  the  frequency. 


Using  the  simple  harmonic  motion  assumptions 
in  equation  (15),  non-dimensional ized  flutter 
equations  resulting  from  equations  (14)  and  (20), 


.  (.597)^ 


r  III  _  9 

.2  1  -  (f<J)  +  L  ^0 

7T  p  C  "o 

oo  0 


where  is  the  affine  space  half  span  of  the  wing. 

For  the  first  torsion,  two  approximations  were 
made  in  reference  (11);  one,  a  second  order  and 
the  other  a  fourth  order. 


+  L  -  L.  (e+  y)  +  - -  a  -  0 

Oo  ^  rrp  c'^  ° 
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1  1  4.  "  0 
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The  second  order  estimate  gave  the  first  tor¬ 
sional  frequency,  ^aol  » 


+  M  -{L  +f)(e  +  y)+  — 


"2  1 


0  0 


where:  Cq  (  =  2  Cq)  is  the  affine  space  wing 
chord.  The  fourth  order  estimate  gave  the  first 
torsional  frequencies  as: 


where  k  ^  .  =  K  or 

000  0 

the  affine  space  aspect  ratio  for  the  wing. 

Plots  of  k  ,  for  various  ^^and  are 
“0^  0  ^ 

shown  in  reference  (11). 


where: 


from  equations  (17),  (18),  (19)  and  (23)  depending 
on  the  order  of  approximations, 


f  =  (.597)'^7r 

Ao  rrr 


(.5977r) 


Flutter  Analysis 


Without  any  loss  of  generality,  equations  (8) 
shall  be  specialized  here  to  deal  with  the 
flutter  arising  from  the  coalescence  between  the 
first  bending  and  the  first  torsional  frequencies 
of  the  wing.  Hence  equations  (8),  no  matter  what 
order  of  approximation  was  used  for  estimating 
the  uncoupled  natural  frequencies,  reduce  to: 

^  “0  ^  "  *-0 


equations  (24)  and  (25)  give  the  second  and  the 
fourth  order  approximations  respectively.  Clear¬ 
ly  equations  (22),  which  can  be  put  in  the  form. 


h  +  I  +  I 

n  /V  u  - 


l“o 


0  0  0 


are  eigenvector  equations.  Hence  for  nontrival 
solutions  the  determinant  of  M  must  vanish  iden¬ 
tically.  The  fact  that  M  is  complex  (resulting 
from  the  nondimensional ized  unsteady  aerodynamic 
functions)  makes  the  computations  of  the  eigen¬ 
values  for  a  set  of  configuration  parameters  a 
tedious  exercise.  However  aeroelasticians  have 
since  learned  to  live  with  this  fact. 


2  2 

I  =Pa^  =  nier 

^3  0  cc  0 


r  is  basically  a  nondimensional ized  radius 
^0  of  gyration  in  the  affine  space. 


Flutter  Results 


The  computations  were  carried  out  by  selecting, 
sets  of_conf iguration  parameters  and  solving  for 
kQ  and  u  .  These  parameters  are  the  affine 
space  quantities. 
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As  can  be  seen  from  equations  (24)  and  (25)  the 
frequency  ratio  parameter,  f  is  just  a  function 
of  the  affine  space  aspect  ratio,  ,  and 
Dq.  Therefore  a  feasibility  now  exists  in  the 
light  of  earlier  discussions  on  the  limits  of 
Dq,  of  designing  a  wing  (irrespective  of  the 
construction  material),  to  meet  a  flutter  cri¬ 
terion  just  by  varying  Oq,  rather  than  in¬ 
creasing  the  stiffness/weight  of  the  wing  (a  pop¬ 
ular  option).  The  plots  shown  in  Figures  2-10 
can  be  used  to  accomplish  such  a  task.  Although 
these  figures  depict  the  trends  observed  in  the 
analysis,  the  intersections  of  the  curves  for 
some  wing  configuration  parameters  appear  to  in¬ 
dicate  the  danger  of  generalizations,  a  feature 
that  has  generally  become  inherent  in  flutter 
analysis.  For  example,  in  Figure  2,  it  is  seen 
that  the  same  nondimensionalized  flutter  speed 
can  be  achieved  with  either  Xao  =  0  or  .1,  .2 
etc.,  depending  on  the  value  of  f. 


On  the  other  hand,  the  trends  appear  more  fa¬ 
miliar  with  very  small  f.  Therefore  just  as  has 
been  shown  by  previous  investigators  for  iso¬ 
tropic  wings,  design  exercises  like  the  incorpor¬ 
ation  of  stores  on  an  existing  airplane  design 
(which  involves  a  variation  of  o»  among 
other  parameters)  should  be  done  with  some  cau¬ 
tion.  Notice  also,  from  the  figures  that  in¬ 
creases  in  Oq  (say  the  torsional  stiffness, 

055)  does  not  necessarily  result  in  higher 
flutter  speeds. 


Figure  2.  Affine  Nondimensionalized  Flutter 
Speed  versus  f 
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Figure  3.  Affine  Nondimensionalized  Flutter 
Speed  versus  f 
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Figure  4.  Affine  Nondimensionalized  Flutter 
Speed  versus  f 

rm 

- 50,  e  =  0  r„  =.5 

npc  0 

^00  0 


f 

Figure  5.  Affine  Nondimensionalized  Flutter 
Speed  versus  f 
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Figure  6.  Affine  Nondimensionalized  Flutter 
Speed  versus  f 
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Affine  Nondimensionalized  Flutter 
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Figure  10. 
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Affine  Nondimensionalized  Flutter 
Speed  versus  f 

=  200  ,  e=-.4  r  =.5 

a 

0 


Concluding  Remarks 
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Figure  8.  Affine  Nondimensionalized  Flutter 
Speed  versus  f 
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The  development  of  a  generalized  bending- 
torsion  flutter  theory  for  aircraft  wings  con¬ 
structed  with  either  composite  or  isotropic  ma¬ 
terials  has  been  attempted  in  this  paper.  With 
the  help  of  some  length-preserving  affine  trans¬ 
formations  the  aeroelastic  virtual  work  theorem 
for  the  wing  is  mapped  into  an  affine  space.  In 
this  space  the  aeroelastic  virtual  work  expres¬ 
sion  is  not  only  much  neater  than  its  physical 
space  counterpart,  but  also  contains  much  fewer 
(and  nondimensionalized)  parameters  which  appear 
to  be  very  useful  in  parametric-type  studies.  A 
characteristic  stiffness  parameter  Dq  is  de¬ 
fined  which  varies  between  zero  and  one  for  all 
specially  othotropic  composite  materials.  Al¬ 
though  the  bounds  of  this  parameter  is  not  estab¬ 
lished  in  this  analysis  for  actual  wing  configur¬ 
ations,  side  calculations  (not  shown  in  the 
paper)  seem  to  indicate  that  a  variation  of  Dq 
between  zero  and  four  would  cover  a  wide  range  of 
actual  aircraft  wing  configurations. 

The  flutter  analysis  is  carried  out  using  the 
affine  space  unsteady  aerodynamics  and  uncoupled 
free  vibration  frequencies  generated  in  separate 
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analyses.  The  results  show  that  the  trends  shown 
by  previous  investigators  for  isotropic  wings  can 
be  established  for  composite  materials  (isotropic 
results  being  a  subset)  in  an  efficient  and 
unified  manner. 
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Abstract 

The  finite  element  method  has  been  extended 
to  determine  the  response  of  large  amplitude 
forced  vibrations  of  thin  plates.  A  harmonic 
force  matrix  of  a  rectangular  element  under 
uniform  harmonic  excitation  is  developed  for 
nonlinear  forced  vibration  analysis.  Inplane 
deformation  and  inertia  are  both  considered  in 
the  formulation.  Results  obtained  are  compared 
with  simple  elliptic  response,  perturbation  and 
other  approximation  solutions. 


I.  Introduction 

Thin  plate  structures  subjected  to  periodic 
lateral  loading  are  likely  to  encounter  severe 
flexural  oscillations  with  amplitude  to  the  order 
of  plate  thickness.  The  responses  predicted 
using  the  small  deflection  linear  plate  theory 
are  no  longer  applicable,  and  therefore, 
nonlinear  theory  taking  account  the  effects  of 
large  amplitude  has  to  be  employed. 


a  rectangular  plate  element  under  uniform 
harmonic  excitation.  Formulation  of  the  harmonic 
forced  matrix  is  based  on  the  first  order 
mathematical  approximation  given  by  Hsu^^  that 
the  simple  harmonic  forcing  function  cos  cot  is 
simply  the  first  order  approximation  of  the 
Fourier  expansion  of  the  Jacobian  elliptic 
forcing  function  BA  cn  (pT,  k)  .  And  the  well- 
known  perturbation  solution  of  a  Duffing  system 
to  a  simple  harmonic  forcing  function  is  the 
first  order  approximation  of  the  simple  elliptic 
response  A  cn  (pT,  k) .  Derivation  of  the 

harmonic  force  and  nonlinear  stiffness  matrices 
for  a  rectangular  plate  element  are  given. 
Nonlinear  response  to  uniform  and  concentrated 
harmonic  loadings  and  improved  nonlinear  free 
vibration  (  including  inplane  deformation  and 
inertia)  results  are  presented  for  rectangular 
plates  of  various  boundary  conditions. 

II.  Finite  Element  Formulation 
Strain  and  Kinetic  Energies 


Following  von  Karman’s  large  deflection 
plate  theory,  the  basic  governing  equations  for 
the  nonlinear  vibration  of  plates  were 
established  by  Herrmann.^  Based  on  these 
equations,  various  approximate  procedures  have 
been  investigated  by  numerous  researchers.  For 
example,  nonlinear  forced  vibration  of  circular 
and  rectangular  plates  with  various  boundary 
conditions  have  been  studied  by  applying  the 
Galarkin  or  Ritz  method,  the  Kantorovich 

averaging  method,®*^  various  perturbation 

techniques'®”^®  and  incremental  harmonic  balance 
method.  Studies  based  on  the  simplified 

Berger's  hypothesis^^  have  also  been  made  with 
the  use  of  the  Galarkin  method.^®  Chia  and 
Yamaki  et  al.^  have  presented  their  comprehensive 
and  excellent  reviews  on  both  free  and  forced 
nonlinear  vibrations  of  plates.  All  these 
studies,  however,  have  been  concerned  only  with 
circular  or  rectangular  plates  due  to  the 
difficulty  of  the  mathematical  treatment.  With 
the  increased  use  of  thin  plates  in  many  optimum 
or  minimum- weight  designed  built-up  structures, 
it  is  of  great  importance  to  extend  the  finite 
element  method  to  nonlinear  forced  vibration 
problems.  In  this  paper,  a  finite  element 
formulation  is  presented  for  the  large  amplitude 
vibrations  of  thin  plates  subjected  to  harmonic 
loading.  Inplane  deformation  and  inertia  are 
included  in  the  formulation.  These  effects  were 
neglected  in  the  earlier  finite  element  nonlinear 
free  vibrations  of  plates. A  harmonic  force 
matrix  is  developed  for  nonlinear  oscillations  of 


From  von  Karman's  large  deflection  theory  of 
plates,  the  strain-displacement  relations  are 
defined  as 


{e}  =  {e}  +  z  M 


(1) 


where  the  membrane  or  midsurface  strains  {e} 
and  currvatures  {k}  are  given  by 


dx  2 

JSv.l/'Qw^ 


(2) 


{k}  =  < 
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The  membrane  or  Inplane  forces  {N}  and 
moments  {M}  are  related  to  the  strains  and 
curvatures  by 


{N}  =  < 


xy 


=  [C]  {e} 


(4) 
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{M}  =  ^  My  >  =  [D]  {k}  (5) 

M 

xy' 

where  [C]  and  [D]  are  symmetric  matrics  of 
material  properties.  For  an  isotropic  plate  of 
uniform  thickness  h, 

“  1  V  0  ** 

[C]  V  1  0  (6) 
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II 

"CD 

Cn 

+  P7y  + 

Pgxy 

(14) 

The  twenty  four 

genera lized 

coordina  tes 

{a}^  =  [ 

,  •  •  • , 

“16  > 

(15) 

{p}^  =  [ 

Pi,  P2. 

(16) 

can  be  determined  from  the  nodal  displacements 
{6}^  =  [  {6^}^]  (17) 


12(l-v") 


V  1  0 

rv  ^  1-v 


The  total  strain  energy  expression  for  a 
plate  element  can  be  obtained  as 

U  =  Uk  +  (8) 


{6,}  =  [  W,.  W^.  W3,  w^. 


W  3  ,  •  •  • ,  w  , 


4*  xl’ 

•  •  m 


=  [Uj.U^.  U3,U^.V3,V2.V3,V^]  (19) 

The  relationship  between  the  generalized 
coordinates  and  the  nodal  displacements  can  be 
written  as 


{a}  =  [T^j  {6^} 


=  i  JJ  {k}  dx  dy 

=  y  //  [D]  {k}  dx  dy 

i  //  {N}”^  {e}  dx  dy 
=  y  //  {e}^  [C]  {e}  dx  dy 


{p}  =  [TJ  {6J  (21) 

The  bending  strain  energy  and  the  kinetic 
energy  T  lead  to  the  element  linear  stiffness 
matrix  [k|^]  ,  and  the  element  consistent  mass 
matrices  [m^]  and  *  They  are  given 

explicitly  in  reference  23. 


where  U|^  and  denote  the  bending  and  membrane 
strain  energies,  respectively. 

The  kinetic  energy  of  the  rectangular  plate 
element  executing  harmonic  oscillations  is 

T  =  i  ph  //  (u^  +  v^  +  w^)  dx  dy  (11) 

where  p  is  the  mass  density  and  (  )  means 
differentiate  with  respect  to  time. 


Rectangular  Plate  Finite  Element 

The  finite  element  used  in  the  present 
formulation  is  the  rectangular  conforming  plate 
element  with  24  degrees-of-f reedom  due  to  Bogner 
et  al.^^  The  displacement  functions  are  assumed 
as 

2  2 

w  =  X  +  a^y  +  a^x  +  ct^xy  +  a^y 


+  a^x  +  ttgX  y  +  ttgxy  +  a^^y 


3  2  2  3 

+  a^^x  y  +  y  +  ^13^^ 


The  membrane  strain  energy  can  be 

linearized  with  the  utilizing  of  the  linearizing 
functions  defined  as 


=  j  [B]  [T^]  {5^}  (22) 

where  the  element  displacements 
obtained  from  the  plate  deflection  through  the 
interative  procedure  discussed  in  the  next 
section.  Thus,  the  membrane  strains  become 


ff  1 

1  1 

r^i 

)hl 

1  _  1  J 

dx  [ 

^2! 

1  ^  1 

1  — 

1 

1  1 

(  Py  J 

(e)  =  [F] 


=  [F] [B]  {a}  +  [G]  {p} 


[F][B]  [G] 


Ofc!} 


^  32_^  23^  33 

+  y  +  y  +  y 


u  =  +  P2’' 


82 


and  the  linearized  membrane  strain  energy  in 
terms  of  the  nodal  displacements  is 


U 

m 


(25) 


where  the  element  linear  membrane  stiffness 
matrix  is  given  by 

[k^]  =  [T^]^//[Gl^[C][G]dx  dy[T^]  (26) 


It  is  given  explicitly  in  reference  23.  The 
su^matrices  of  the  linearized  nonlinear  stiffness 
[k]  are  given  by 

[k^]  =  [T^]^  //  [B]^  [F]"^ 

[C]  [F]  [B]  dx  dy  [Tj^J  (27) 


l^J  =  //  [B]^  (F]^ 

[C]  [G]  dx  dy  [T_^] 


(28) 


(29) 


Evaluation  of  [k]  is  based  on  numerical 
integration  using  a  four-point  Gaussian 
integration  which  can  exactly  integrate  for 
polynomial  of  cubic  order. 


Element  Harmonic  Force  Matrix 


In  the  classical  approach,  using  a  standard 
plate  deflection  w  =  h  q  (t)  (J>  (x,y),  Eisley^  and 
Hsu^^  presented  both  the  exact  and  approximate 
solutions  of  a  Duffing  system  to  forced 
vibrations  q,  +  q  +  Pq  =  F(t).  With  a  simple 
elliptic  forcing  function  BA  cn  (pT,k)  =  Bq  as 
the  external  excitation  to  the  system,  an 
elliptic  response  q(T)  =  A  cn  (px,  k)  is 

obtained  as  the  exact  solution.  When  the  forcing 
function  F(x)  is  a  simple  harmonic  P  cos  (jjt,  an 
approximate  solution  using  the  perturbation 
method  is  the  well-known  result, 
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(30) 


By  expanding  the  Jacobian  elliptic  forcing 
function  to  the  Fourier  series  and  comparing  the 
orders  of  magnitude  of  the  various  harmonic 
components,  Hsu^^  concluded  that  the  simple 
harmonic  forcing  function  and  the  corresponding 
perturbation  solution  are  simply  the  first  order 
approximation  of  the  elliptic  forcing  function 
and  the  associated  elliptic  reponse, 
respectively.  In  obtaining  the  exact  solution, 
the  simple  elliptic  forcing  function  is  treated 
as  a  linear  spring  force.  The  potential  energy 
of  a  plate  element  due  to  an  uniform  harmonic 
forcing  function  can  thus  be  approximated  by 


V  =  |-  /  /  w^  dx  dy 


(31) 


Examining  Eqs.  (11)  and  (31),  the  element 
harmonic  force  matrix  of  a  plate  under  uniform 
loading  F^  cos  wt  is 

'‘>1  =  44^  (22) 


The  actual  applied  force  F^  (N/m  or  psi)  is 
related  to  the  dimensionless  forcing  parameter 
and  the  dimensionless  forcing  amplitude  factor  B 
by 
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c  F 
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A  p 
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“l 


(33) 


where  c  is  a  constant.  For  plates  under  ^uniform 
harmonic  excitation,  c  =  //  (t)  dx  dy/JJ  (j)  dx  dy 
which  is  simply  the  ratio  of  areas  under  plate 
mode  shape  and  square  of  mode  shape.  The 
harmonic  force  matrix  depends  on  the  maximum 
plate  amplitude  A  =  ^max^^  ^o  ^o^* 


The  application  of  the  Lagrange’s  equation 
leads  to  the  equation  of  motion  for  the  present 
rectangular  element  under  the  influences  of 
inertia,  elastic,  large  deflection  and  uniform 
harmonic  excitation  force  as 


■[m,] 
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1  {6}  =  0  (34) 
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The  coupling  between  bending  and  membrane 
str^etching  _is  evident  by  the  presence  of 
[kb^]  and  matrices  in  Eq .  (34).  Nonlinear 

free  vibration  is  a  special  case  of  the  more 
general  nonlinear  forced  vibration  problem  with 
Pq  or  [h]  =  0  in  Eq.  (34). 


III.  Solution  Procedures 


By  assembling  the  finite  elements  and 
applying  the  kinematic  boundary  conditions,  the 
equations  of  motion  for  the  linear  free  vibration 
of  a  given  plate  may  be  written  as 

[M]  =  [K]-  ■  (35) 

where  [M]  and  [K]  denote  the  system  mass  and 
linear  stiffness  matrices,  respectively,  o)^  is 

the  fundamental  linear  frequency,  and  {$} 

denotes  the  corresponding  normalized  linear  mo3e 
shape.  The  mode  shape  is  then  normalized  with 
respect  to  the  dimensionless  maximum  plate 
amplitude  A.  The  plate  deflection  A{(t)}  is  then 
used  to_obtain  the  element  nonlinear  stiffness 
matrix  [k]  through  Eqs.  (22,  27-29).  The  element 
harmonic  force  matrix  is  obtained  through  Eq . 
(32)  for  given  P^  and  A.  The  nonlinear  forced 
plate  vibration  is  approxmiated  by  a  linearized 
eigenvalue  of  the  form 

0?  [M]  {(|)}^  =  ([K]  +  [K]  -  [H])  (36) 

where  (jj  is  the  fundamental  nonlinear  freqency 
associated  with  amplitude  A  and  force  P^ 
and  {(}>},  is  the  corresponding  mode  shape  of  the 
first  iteration.  The  iterative  process  can  now 
be  repeated  until  a  convergence  criterion  is 
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norm.  The 

l/co.  ,  where  Acx). 
1  \  .  1  1 


satisfied.  Three  displacement  convergence 

criteria  proposed  by  Bergan  and  Clough and  a 
frequency  convergence  criterion  are  used  in  the 
present  study.  The  three  displacement  norms  are 
the  modified  absolute  norm,  the  modified 
Euclidean  norm  and  the  maximum 
freqency  norm  is  defined  as  | 
is  the  change  in  nonlinear  frequency'^  during  the 
i~th  iteration  cycle.  A  typical  plot  of  the  four 
norms  versus  number  of  iterations  for  a  simply 
supported  square  plate  of  a/h  =  240  with 
immovable  inplane  edges  subjected  to  an  uniform 
harmonic  force  of  =  0.2  at  A  =  1.0  is  shown  in 

Fig.  1.  All  four  norms  exhibit  the  important 
characteristics  of  straightness  and  parallelism 
as  described  in  reference  24.  Therefore,  an 
upper  bound  or  maximum  error  on  displacement  and 
frequency  convergences  can  be  estimated.  The 
results  presented  in  the  following  section, 
convergence  is  considered  achieved  whenever 
anyone  of  the  norms  reaches  a  value  of  10 


IV.  Results  and  Discussions 


subjected  to  an  uniform  harmonic  force  of  = 
0.2.  It  demonstrates  the  closeness  between  the 
earlier  finite  element  formulation  without  IDI , 
the  simple  elliptic  response  and  the  perturbation 
solution  (with  inplane  deformation  only).  The 
present  improved  finite  element  results  indicate 
clearly  that  the  effects  of  IDI  are  to  reduce  the 
nonlinearity.  The  present  finite  element  results 
of  a  square  plate  (a/h  =  240)  to  uniform  harmonic 
excitation  of  P^  =  0,  0.1  and  0.2  are  given  in 

Figs.  2  and  3  for  simply  supported  and  clamped 
boundary  conditions,  respectively. 


Nonlinear  Forced  Response  of  Plates 
with  Movable  Inplane  Edges 

The  dimensionless  amplitude  A  versus  the 
fundamental  frequency  ratio  ^  simply 

supported  square  plate  (a/h  =  24Cr)  with  movable 
inplane  edges  subjected  to  uniform  harmonic  load 
Po  “  0,  0.1  and  0.2  is  shown  in  Fig.  4.  The 

nonlinearity  is  greatly  reduced  with  the  inplane 
edges  no  longer  restrained  as  compared  to  Fig.  2 


Improved  Nonlinear  Free  Vibration 

The  fundamental  frequency  ratios  ^ 
free  vibration  at  various  amplitude  A  -  w^^^/h 
for  simply  supported  square  (a/h  =  240)  and 

rectangular  (a/b  =  2  and  a/h  =  480)  plates  with 
immovable  inplane  edges  are  shown  in  Table  1. 
Due  to  symmetry  only  one  quarter  of  the  plate 
modelled  with  9  (or  3x3  gridwork)  elements  of 
equal  sizes  is  used.  Both  finite  element  results 
with  and  without  inplane  deformation  and  inertia 
(IDI)  are  given.  It  shows  that  the  improved 
finite  element  results  by  including  IDI  in  the 
formulation  are  to  reduce  the  nonlinearity.  The 
elliptic  function  solution^* and  perturbation 
solution^’ are  also  given  to  demonstrate  the 
closeness  of  the  earlier  finite  element  results 
without  IDI.  Raju  et  al.^^  used  the  Rayleigh- 
Ritz  method  in  investigation  of  the  effects  of 
IDI  on  large  amplitude  free  flexural  vibrations 
of  thin  plates.  It  clearly  demonstrates  the 
remarkable  agreement  between  the  improved  finite 
element  and  Rayleigh-Ri tz  solutions. 

Convergence  with  Gridwork  Refinement 

Table  2  shows  the  frequency  ratios  of  a 
simply  supported  square  plate  (a/h  =  240)  with 
immovable  inplane  edges  subjected  to  an  uniform 
harmonic  force  of  P^  =  0.2  with  three  finite 
element  gridwork  refinements.  Only  one  quarter 
of  the  plate  was  used  in  the  analysis  due  to 
symmetry.  Examination  of  the  results  shows  that 
the  present  finite  element  formulation  exhibits 
excellent  convergence  characteristics. 

Therefore,  a  3  x  3  (or  9  elements)  in  a  quarter 
of  plate  was  used  in  modeling  the  plates  in  the 
remainder  of  the  nonlinear  forced  responses 
presented  unless  otherwise  specified. 

Nonlinear  Forced  Response  of  Plates 
with  Immovable  Inplane  Edges 

Table  3  shows  the  frequency  ratios  ^  for 
simply  supported  and  clamped  square  plates 


Concentrated  Harmonic  Force 

The  element  harmonic  force  matrix  [h]  given 
in  Eq.  (32)  is  for  an  uniformly  distributed 
harmonic  load.  Application  of  the  present  finite 
element  to  the  case  of  a  concentrated  force  is  to 
let  the  area  of  the  element  becoming  smaller  and 
smaller.  It  is  demonstrated  by  a  concentrated 
force  applied  at  the  center  of  a  simply  supported 
square  plate  with  immovable  inplane  edges.  The 
total  magnitude  of  the  concentrated  force  is 
equal  to  the  same  plate  under  an  uniformly 
distributed  harmonic  loading  of  P^  =  0.1  over  the 
total  plate  area.  Therefore,  the  uniform  loading 
for  th^  concentrated  case  is  P^ 

0.1  (a/A)  where  1  is  the  length  of  the  loaded 
square  element.  Table  4  gives  the  fundamental 
frequency  ratios  ^  (-^/n)  =  33.3,  10.0,  5.0 

and  2.0  %.  It  indicates  that  the  convergence  is 
rapid  and  (X/a)  =  5.0%  would  yield  accurate 

frequency  response.  Nonlinear  response  of 

concentrated  force  obtained  with  (X/a)  =  5.0%  is 
plotted  in  Fig.  5.  Frequency  ratios  of  the  same 
plate  to  uniform  harmonic  force  P^  =  0.1  and  0.4 
are  also  given.  It  shows  that  the  concentrated 
force  is  approximately  four  times  as  much  severe 
as  the  uniformly  distributed  force  for  the  case 
studied . 


V.  Conclusions 


1.  The  finite  element  method  has  been 
extended  to  treat  nonlinear  forced  vibration 
problems.  A  harmonic  force  matrix  is 
developed  for  a  rectangular  plate  element 
subjected  to  uniform  harmonic  excitation. 

2.  Improved  finite  element  results  on 
nonlinear  free  flexural  vibrations  of  thin 
plates  are  achieved  by  including  inplane 
deformation  and  inertia  in  the  formulation. 

3.  Nonlinear  free  vibration  problem  can 

be  simply  treated  as  a  special  case  of  the 
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more  general  forced  vibration  by  setting  the 
harmonic  force  matrix  equal  to  zero. 

4.  The  effects  of  inplane  deformation 

and  inertia  are  to  reduce  the  nonlinearity 
slightly. 

5.  Concentrated  loading  yields  responses 
several  times  as  severe  as  the  uniformly 
distributed  load. 
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Table  1  Free  Vibration  Frequency  Ratio  co/co^  fot  a 
Simply  Supported  Plate  with  Immovable  Inplane  Edges 


Amplitude 

w 

,  max 

^  =  h 

Without  IDI^ 

With  Inplane 

Deformation 

With 

ID  I 

Finite 

Element 

Result 

Elliptic 

Function 

Solution^ 

Perturbation 

Solution^ 

,22 

Rayleigh 

Result^^ 

Present 

Finite 

Element 

Result 

Square 

Plate  (a/h  = 

240) 

0.2 

1.0185(3)^ 

1.0195 

1.0196 

1.0149 

1.0134(3) 

0.4 

1.0716(3) 

1.0757 

1.0761 

1.0583 

1.0528(3) 

0.6 

1.1533(4) 

1.1625 

1.1642 

1.1270 

1.1154(4) 

0.8 

1.2565(6) 

1.2734 

1.2774 

1.2166 

1.1979(5) 

1.0 

1.3752(7) 

1.4024 

1.4097 

1.3230 

1.2967(6) 

Rectangular  Plate  (a/b  =  2 

,  a/h  =  480) 

0.2 

1.0238(3) 

1.0241 

1.0241 

1.0177 

1.0168(3) 

0.4 

1.0918(4) 

1.0927 

1.0933 

1.0690 

1.0658(4) 

0.6 

1.1957(6) 

1.1975 

1.1998 

1.1493 

1.1439(5) 

0.8 

1.3264(8) 

1.3293 

1.3347 

1.2533 

1.2467(6) 

1.0 

1.4762(11) 

1.4808 

1.4903 

1.3753 

1.3701(8) 

a.  Inplane  deformation  and  inertia. 

b.  Number  inside  parenthesis  denotes  the  number  of  iterations  to  get  a  converged  solution. 
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Table  2  Convergence  of  Frequency  Ratio  with  Gridwork  Refinement  for 
a  Simply  Support  Square  Plate  (a/h  =  240)  with  Immovable  Inplane  Edge 
Subjected  to  "  0.2 


w 

^  max 

Gridework 

^  “  h 

2x2 

3x3 

4x4 

±  0.2 

0.1645(3)* 

1.4248(3) 

0.1643(3) 

1.4238(3) 

0.1636(3) 

1.4237(3) 

i  0.4 

0.7815(3) 

1.2697(3) 

0.7800(3) 

1.2682(3) 

0.7792(3) 

1,2677(3) 

±  0.6 

0.9576(4) 

1.2588(4) 

0.9544(4) 

1.2560(4) 

0.9530(4) 

1.2550(4) 

±  0.8 

1.0937(5) 

1.3026(5) 

1.0886(5) 

1.2981(5) 

1.0865(5) 

1.2963(5) 

±  1.0 

1.2242(5) 

1.3781(5) 

1.2171(6) 

1.3717(6) 

1.2143(5) 

1.3691(5) 

*Number  in  parenthesis  denotes  the  number  of  iterations 
to  get  a  converged  solution. 


3  4  5 

NUMBER  OF  ITERATION 


Fig.  1.  Convergence  characteristics. 
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AMPLITUDE 


Table  3  Forced  Vibration  Frequency  Ratios  w/co.  for  a 
Square  Plate  (a/h  =  240)  with  Immovable  Inplane^dges 
Subjected  to  Pq  =  0*2 


Amplitude 

w 

,  max 

*  °  h 

Simple 

Elliptic  22 

Respone  * 

Perturbation 

Solution^’^^ 

Finite 

Without 

IDI^ 

Element 

With 

IDI 

Simply  Supported 

±  0.2 

0.1944 

0.1987 

0.1932(3)*^ 

0.1643(3) 

1.4281 

1.4281 

1.4274(3) 

1.4238(3) 

i  0.4 

0.8102 

0.8111 

0.8052(3) 

0.7800(3) 

1.2874 

1.2876 

1.2839(3) 

1.2682(3) 

i  0.6 

1.0084 

1.0110 

0.9984(4) 

0.9544(4) 

1.2983 

1.2995 

1.2898(4) 

1.2560(4) 

ir  0.8 

1.1703 

1.1755 

1.1528(6) 

1.0886(5) 

1.3686 

1.3718 

1.3524(6) 

1.2981(5) 

i  1.0 

1.3283 

1.3369 

1.3004(7) 

1.2171(6) 

1.4726 

1.4789 

1.4460(7) 

1.3717(6) 

Clamped 

±  0.2 

0.1200 

0.1227 

0.1180(2) 

0.1033(3) 

1.4195 

1.4195 

1.4195(2) 

1.4183(3) 

db  0.4 

0.7483 

0.7485 

0.7459(3) 

0.7372(4) 

1.2490 

1.2491 

1.2477(3) 

1.2426(4) 

i  0.6 

0.8951 

0.8956 

0.8905(4) 

0.8746(4) 

1.2117 

1.2119 

1.2083(4) 

1.1966(4) 

±  0.8 

0.9941 

0.9954 

0.9863(5) 

0.9617(5) 

1.2203 

1.2210 

1.2137(5) 

1.1938(5) 

±  1.0 

1.0822 

1.0845 

1,0700(6) 

1.0362(5) 

1.2540 

1.2555 

1.2429(6) 

1.2140(5) 

a.  Inplane  deformation  and  inertia. 

b.  Number  inside  parenthesis  denotes  the  number  of  iterations  to  get  a 
converged  solution. 


Fig.  2.  Amplitude  versus  frequency  for  a  simply 
supported  square  plate  (a/h  =  240)  with 
immovable  inplane  edges  under  uniform 
loading . 


Fig.  3.  Amplitude  versus  frequency  for  a  clamped 
square  plate  (a/h  =  240)  with  immovable 
inplane  edges  under  uniform  loading. 
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Table  4  Forced  Vibration  Frequency  Ratios  a)/(iL  for  a 
Simply  Supported  Square  Plate  (a/h  =  240)  with  immovable 
Inplane  Edges  Subjected  to  a  Concentrated  Force  - 
2 

0.1(a/X)  at  the  Center 


Amplitude 

W 

per  cent 

A  niax 

*  =  h 

33.3 

10 

5 

2 

-  0.2 

1.6094 

1.6302 

1.6269 

1.6266 

-  0.4 

1.3880 

1.4246 

1.4258 

1.4264 

±  0.6 

0.8142 

0.7184 

0.7074 

0.7055 

1.3433 

1.3789 

1.3814 

1.3820 

±  0.8 

0.9971 

0.9415 

0.9362 

0.9358 

1.3658 

1.3995 

1.4025 

1.4032 

i  1.0 

1.1502 

1.1117 

1.1087 

1.1092 

1.4263 

1.4583 

1.4616 

1.4624 

Fig.  4.  Amplitude  versus  frequency  for  a  simply  Fig.  5.  Amplitude  versus  frequency  for  a  simply 

supported  square  plate  (a/h  -  240)  with  supported  square  plate  (a/h  -  240)  with 

movable  inplane  edges  under  uniform  immovable  inplane  edges  under 

loading.  concentrated  loading. 
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Abstract 

New  variational  formulations  of  a  general 
class  of  nonlinear  elas todynamics  problems  with 
contact  and  friction  are  derived  which  feature 
special  models  of  dynamic  friction  effects.  The 
friction  models  include  effects  of  normal  deforma¬ 
tions  of  asperities. 

Nomenclature 

a(*,-)  a  bilinear  form  defined  on  the  space 

V  of  admissible  motions,  which  rep¬ 
resents  the  total  virtual  pov7er  devel¬ 
oped  in  an  elastic  body  . 
a  (•,*)  a  bilinear  form  representing  the 

virtual  pov/er  due  to  the  action  of 
the  stresses  a. .  on  the  virtual 
strain  rates  . 

a  (•,•)  a  bilinear  form^Jepresenting  the  vir¬ 

tual  power  due  to  elastic  reactions 
on  a  portion  of  the  boundary  V  . 

b  the  body  force  per  unit  volume 

Q  ,C  material  parameters  characterizing 

^  the  nonlinear  stiffness  of  the  con¬ 

tact  interface  in  a  direction  normal 
and  tangential  to  the  boundary, 
respectively , 

E..  components  of  Hooke’s  tensor  (the 

elasticities  of  the  material),  1  <  i, 


j  ,k,il  <  3 ,  E  .  . 

*  ijkS, 


ik£ 


n  (T) 


D’^F’^E’^C 


tfee^initial  gap  between  the  elastic 
body  SI  and  a  body  on  a  founda¬ 

tion  which  contacts  the  body  during 
its  motion. 

Sobolev  spaces  of  order  m  and  r  , 
respectively,  of  functions  with  ^- 
derivatives  ( r-derivatives)  in  L  (S^) 
(L^(r)),  respectively, 
a  nonlinear  form  representing  the 
virtual  power  due  to  frictional 
forces . 

components  of  an  elastic  stiffness 

tensor  characterizing  a  deformable 

interface  on  a  portion  of  the 

boundary  F  . 

the  stiffness  matrix 

material  parameters  appearing  in  a 

nonlinear  friction  law. 

the  mass  matrix 

displacement  field  in  an  elastic 
body . 

portions  of  the  boundary  F  on 
which  displacements,  tractions, 
elastic  reactions,  and  contact  con¬ 
ditions  are  prescribed,  respectively, 
the  mass  density  of  the  body 
the  effective  (kinetic)  coefficient 
of  friction. 


We  shall  employ  standard  indicial  notations, 
the  summation  convention,  and  standard  notations 


from  partial  differential  equations  and  analyses 
throughout  this  paper.  Other  s3rmbols  are  defined 
in  the  text  where  they  first  appear. 

1.  Introduction 

For  more  than  two  centuries,  it  has  been 
recognized  that  a  decrease  in  the  frictional 
forces  resisting  relative  sliding  motions  of 
bodies  in  contact  occurs  with  the  initiation  of  a 
relative  sliding  velocity  | u^ |  >  0  .  This  led  to 
the  notion  of  "kinetic"  coefficients  of  friction 
by  Coulomb^,  and  represented  the  first  of  many 
models  of  dynamic  friction  to  be  proposed.  In 
1940,  Blok^  showed  that  this  apparent  decrease  in 
friction  forces  with  sliding  velocity  is  essential 
for  the  occurance  of  stick-slip  oscillations,  and 
in  the  intervening  forty-four  years,  a  large  volume 
of  literature  on  experimental  studies  of  such 
dynamic  frictional  behavior  has  accumulated. 

We  have  recently  completed  a  survey  and 
critique^  of  some  of  this  literature.  Among  the 
significant  qualitative  features  of  dynamic  fric¬ 
tion  of  interest  here,  we  mention  the  following: 

•  Experimental  evidence  suggests  that  the 
relationship  between  frictional  forces  (or,  equiva¬ 
lently,  the  apparent  coefficient  of  friction  y  ) 
and  the  sliding  velocity  Urj,  is  dependent  upon  the 
global  dynamic  properties  of  the  system:  its  mass, 
stiffness,  damping,  etc.,  -  in  addition  to  more 
localized  properties  of  the  contact  interface. 

•  The  frictional  force  is  very  sensitive  to 
the  normal  separation  between  the  contacting  rough 
bodies . 

•  The  tangential  movements  observed  during 
stick-slip  motion  invariably  occur  during  jumps  in 
the  slider  normal  to  the  direction  of  sliding, 

•  External  normal  damping  produces  smooth 
sliding  with  no  qualitative  difference  between 
static  and  kinetic  friction^. 

•  If  severe  wear  of  the  sliding  surface  is 
prevented,  the  normal  deformation  of  metallic  sur¬ 
faces  is  (eventually)  elastic,  in  most  cases, 

•  The  normal  load  increases,  roughly  exponen¬ 
tially,  with  penetration  approach,  and  for  small 
approaches,  the  stiffness  is  vanishingly  small;  in 
particular,  for  moderate  to  light  normal  loads 
(those  associated  with  an  essentially  elastic  nor¬ 
mal  response  and  no  appreciable  wear  of  the  inter¬ 
face),  the  normal  force  is  proportional  to  the 
penetrating  approach  raised  to  a  power  m  ,  with 
2.0  <  m  <  3.33  for  most  metallic  interfaces. 

Our  aim  in  the  present  paper  is  to  present 
mathematical  models  of  dynamic  friction  effects 
in  elas todynamics  which  reflect  and  are  consistent 
with  the  above  experimental  observations.  We 
develop  variational  principles  for  these  classes 
of  elas todynamics  problems  and  we  discuss  finite 
element  methods  for  solving  them. 
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2.  A  Class  of  Nonlinear  Dynamics 
Problems  with  Friction 

We  begin  by  considering  an  elastic  body,  the 
interior  of  which  is  an  open  bounded  domain  in 
]R^(N  =  2  or  3)  with  boundary  T  consisting  of 
portions  indicated  in  Fig.l. 

The  material  of  which  the  DOdy  is  composed  is 

assumed  to  be  Hookean,  so  that  the  stress  a. .  at 
’  i  1 

displacement  field  u  is  given  by 

“k.S,  °  ^“k/8x  »  3nd  1  <  i,j,k,S,  _<  3  . 

As  indicated  in  the  figure,  the  body  may  come  in 
contact  with  a  rough  sliding  belt  (foundation)  with 
slides  by  the  material  surface  at  a  velocity 

§1^  and,  initially,  at  a  gap  distance  g  .  The 
body  is  also  elastically  supported  along  Fg  by 
springs  with  directional  stiffnesses  k. .  and  is 
subjected  to  body  forces  b  and  surface^ tractions 
t  .  Thus,  for  a  time-interval  [0,T],  we  have  the 
following  equations: 

Linear  Momentum 


a.  . (u) , .  +  b.  =  p  u. 
iJ  ~  J  1^1 


in  X  (0,T) 


p  £  ,  p  ^  Pq  >  0 

Boundary  Conditions  on  F^.,  F^. 

- - - u - b - h 

on  Fp  x  [0,T] 

a.  .(u)n.  =  t.  on  r„  X  [O.T] 

IJ  ~  J  1  ^ 

g 

a..(u)n.  =  -k..(u.  -  U.)  on 
ij  ~  J  J  J 

Fg  X  [0,T] 

Initial  Conditions 


in  at  t  =  0 


D  E 

Here  U.  ,  b.  ,  U.  ,  t.  are  given  (sufficiently 


smooth)  ^functions 


Interface  Model  of  Normal  Contact  Forces 

For  n  the  unit  exterior  normal  to  the 
candidate  contact  surface  F  and  u  E  u  •  n  , 
we  shall  assume  that  the  contact  pressure"^  g  Tu)  ~ 
a..(u)n.n.  is  related  to  the  penetration  approach 
by-^the  po^er  law, 

m 

an(u)  =  on  F^  x  [0,T]  (5) 

where  g  is  the  initial  gap  between  the  body  and 
the  foundation  and 

°  “n  “ 

Condition  (5)  is  a  constitutive  equation  for  the 

interface;  C  and  m  are  material  constants, 
n  n 

Friction  Conditions 

As  a  dynamic  friction  law,  we  choose 

'|0t(u)|  <  C^(u^-g)_^^ 

|a^(u)|  <  C^(u^-g)^^ 


Figure  I.  Elastic  body  in  sliding  contact 


=  -Aa^ 


on  X  [0,T] 

Here  is  the  tangential  (frictional)  stress  on 

F^  ,  C^  and  m^  are  material  constants  depending 
on  interface  properties  (indeed,  characterizing 
further  constitutive  properties  of  the  interface), 
u  is  the  tangential  velocity  of  material  parti¬ 
cles  on  Fp  ,  and  is  the  prescribed  tangential 

velocity  of  the  foundation  (adjacent  body)  with 
which  F^  comes  in  contact. 

The  power  law  (5)  for  normal  contact  is 
motivated  by  empirical  laws  derived  from  many 
independent  experiments  on  the  contact  of  metallic 
surfaces  subjected  to  low  average  pressures,  char¬ 
acteristic  of  engineering  sliding  interfaces.  That 
law  relates  the  average  normal  pressure  at  each 
contact  point  with  the  average  normal  deformation 
of  the  asperities  which  cover  the  metallic  surfaces. 
Values  for  the  constants  C  and  m  in  (5)  for 
several  combinations  of  metals  and  surface  rough¬ 
ness  can  be  found  in  ^  .  Applications  of  such 

normal  contact  laws  to  finite  element  static  con¬ 
tact  analysis  of  metallic  bodies  can  be  found  in 
6 


The  friction  law  (6)  is  a  generalization  of 
the  Coulomb's  friction  law,  which  is  recovered  if 
in  (5,6).  In  such  a  case,  p  =  c^/c^  is 
the  usual  coefficient  of  friction.  The  law  (6) 
allows  for  a  dependence  of  the  friction  coefficient 
on  the  normal  contact  pressure.  Examples  of  co¬ 
efficients  of  friction  independent  of  the  normal 
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load  or  with  various  types  of  dependence  on  the 
normal  load  can  be  found  in  the  literature  [7,8,9] 
for  different  metallic  pairs.  The  general  type 
of  dependence  compatible  with  (5,6)  is  of  the  form: 


y  =  C  a 


with  a 


-  1  and  C 


3.  Variational  Formulation 

We  now  consider  the  formulation  of  a  varia¬ 
tional  principle  corresponding  to  the  elasto- 
dynamics  problem  outlined  above.  Following  steps 
similar  to  those  of  Duvaut  and  Lions  the 
nonlinear  elas todynamics  problem  can  be  shown  to 
be  formally  equivalent  to  the  follov/ing  variational 
problem; 

Problem  1 . 

■ . .  ■  V 

Find  the  function  t  ->  u(t)  of  [0,T]  V 
such  that 

<^u(t)  ,  V  -  uCtJ^  +  a(u(t),  V  -  u(t)) 

+  <P(u(t)),  V  -  u(t^ 

-  ~  ^  >(8) 

+  j(u(t) ,  v)  -  j(u(t)  ,  u(t)) 

2  <J(t)  ,  V  -  u(t^  ^ 

> 

with  the  initial  conditions: 


u(0)  =  u^ 
u(0)  =  u, 


We  have  assumed  here  for  simplicity,  that 
p  El  and  that  U?  E  0  .  The  following  notations 
and  definitions  were  also  used; 

V  =  the  space  of  admissible  displacements 
(velocities)  , 

=  {v  =  (Vj ,  v^,  . . .  ,  Vj^)  |v^  £  H  (fi) , 

0  a.e.  on 


a  :  V  X  V  H 


i(u,  v)  =  a«(u,  v)  +  a  (yu,  yv) 


<^(u)  ,  v^  =  virtual  work  (power)  produced  by 

~  the  normal  contact  pressure  on  the 

displacement  (velocity)  v 
m 

3  ;  V  X  V  ^  m 

j(u,  v)  =  virtual  power  produced  by  the  fric¬ 
tional  force  on  the  velocity  v  (14) 

=  L  -  Si 

c 


f(t)  C  V’ 
<f(t),  = 


virtual  work  (power)  produced  by 
the  external  forces  (body  forces, 
prescribed  tractions,  initial  de¬ 
flection  of  the  linear  springs)  on 
the  displacement  (velocity)  v  ; 

r  b.v.dx  +/  t.y  (v.)ds  + 

4  " "  -'y  "  "  (15 

*/r.  'li  "j 


Here  denotes  duality  pairing  on  V’  x  V 

where  V’  is  the  topological  dual  of  V  ;  y  i^s 
the  trace  operator  mapping  (hU^))^  onto  (H^(^); 
which  may  be  decomposed  into  normal  components 
y  (v)  and  tangential  components  y  ^(v)  .  For 
simplicity  of  notation,  the  latter  are  denoted  as 
V  and  v^  ,  respectively.  We  also  observe  that 
tSe  boundary  integrals  on  are  well  defined  for 

l£m  ,m  _<3  if  N=3  and  for  1  <  m  ,  m 
if  N  S  2  ,  because,  for  v.C  H  (Q)  ,  yTv.^  C 
l'^(F)  ,  with  ^  q  ^  >  ^or  N  =  3  ,  anS  with 
1  £  q  ,  for  N  2  . 

Of  course,  for  a  complete  definition  of  Prob¬ 
lem  1  we  would  need  to  make  precise  the  assumed 
regularity  of  the  displacements,  velocity  and 
acceleration  relatively  to  the  time  variable  t  , 
i.e.,  we  would  need  to  specify  the  spaces  of  ab¬ 
stract  functions  to  which  the  mappings  :  u(t)  , 
u(t)  ;  [0,T]  ^  V  and  u(t)  ;  [0,T]  ->  V'  belong. 
Intimately  related  to  this  question  is  the  need 
for  the  initial  conditions  (9)  to  make  sense  and 
the  need  to  be  precise  in  what  sense  the  variation¬ 
al  inequality  (8)  is  satisfied  along  the  time 
interval  (0,T). 


where : 

a  (u,  y)  =  virtual  work  (pov/er)  produced  by 

the  action  of  the  stresses  a..(u)  on  the  strains 

(strain  rates)  e..(v)  =  (v.  v.  .)/2  : 

ij  - 

a  (u,  v)  =  I  a. .(u)  G.-(v)  dx 
u  ~  ~  ij  ~  IJ  ^  Ull) 

=  f  E.  „  u,  „  V.  .  dx  u,v  C  V 
ijkil  k,j^  i,j 

where  u  is  a  displacement  and  v  is  a  virtual 
(velocity).  aj(^,  q)  =  virtual  work  (power)  pro¬ 
duced  by  the  deformation  of  the  linear  springs  on 

(^»^) 

~  ^  (Lky))^  (12) 

P  :  V  ^ 


These  questions  will  not  be  added  herein. 
Instead,  we  will  proceed  formally ,  and  we  will 
seek  a  computational  algorithm  to  obtain  approxi¬ 
mate  solutions  for  the  problem  above. 

4.  A  Regularization  of  the  Friction  Functional 

Our  first  goal  is  to  approximate  Problem  1  by 
a  family  of  regularized  problems  which  lead  to  the 
solution  of  a  variational  equation  instead  of  a 
variational  inequality  (as  (8)). 

Toward  this  end,  we  approximate  the  friction 
functional  j  ;  V  x  V  ^  IR  which  is  nondifferen- 
tiable  in  the  second  argument  (velocity)  by  a 
family  of  functionals  j  convex  and  differentiable 
on  the  second  argument  : 
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j  :  V  X  V  ^  F 
e 


where  the  function  ij;  :  (L^CF  ))  ->  l'^CT  )  is  an 

approximation  of  the  function  ^l*]  :  (L^(rp))N  -> 

L^(r  V  and  is  defined  for  e  >  0  ,  (p 

and  ^a.e.  x  £  ,  according  to  :  ^ 

^  (?>  =  f  e|||^  (I  -ll  )  if  |5(x)l  <  E  1 


I  ^  If  I"  3  ^  j 

Remark:  Since  for  a.e.  x  F^  ,  |4^g.(S(x))|  £ 
|^(x)|  and  since  |^|£L^(F  )  then 

^  (p  ^  L^(F^)  as  stated  above  and  no 
additional  restrictions  on  m_  are  re¬ 
quired  for  the  integral  on  (lb)  to  be  well 
defined.  Q 

The  partial  derivative  of  relative  to  the 

second  argument,  at  (u,  w)  in  the  direction  of 
V  is  then  given  by: 

=Jj,  C^(u^-g)^  C(t)^(w^-U^)(v^)]  ds  (18) 

V“»  Z’ 

where,  for  e  >  0  ,C>r|  €  snd  a.e.  n£r 

0  ~  c 


-  (2  -  l-r])  (5  •  n)  if  ?|(x)|  _<  e 


(5  •  n)  if  I C(x) I  >  e  (19) 


TIT'S  • 


is  the  directional  derivative  of  \|j  at  ^  in 
the  direction  of  f)  .  £  ~ 

Remark:  From  the  definition  it  is  easy  to  see  that 

for  a.e.  n^  F^  |  [(})^(  ^)  (rj)  ]  (n)  |  £  2|n(n)|  and 

consequently  [(j)^(^)  (q)  ]  G.  l‘^(  F^)  .  The  integral 
on  (18)  is  then  well  defined  without  any  further 
restrictions  on  m^  .  Q 

We  now  define  the  regularized  form  of  Problem 

1: 

Problem  1  : 

- £ 

Find  the  function  u  (t)  of  [0,T]  ^  V  s.t. 

~£ 

<u^(t),  ^  +  a(u^(t),  v) 

+  <^(u  (t)),  +  <J  (u  (t),  u  (t)),  ^ 


<Cf(t) .  ^ 


with  the  initial  conditions 
=  "O 

Ug(0)  =  Uj 


We  observe  that  now  we  have  a  variational 
equation  instead  of  a  variational  inequality.  We 
also  observe  that  this  problem  is  formally  equiva¬ 
lent  to  the  problem  defined  by  a  system  of  equations 
analogous  to  ( 1 )  through  (5)  with  u  replacing 
u  and  again  p  =  1  U®  =  0  . 

However,  the  regularized  friction  conditions 
on  F^  are  now  of  the  form 

Regularized  Friction  Conditions 

(2  -  l^^l) 


if  ^ 


In  order  to  visualize  the 
cedure  used  above,  we  consider 
ization  for  the  case  of  a  two  d 
domain  Q,  with  a  boundary  Fq 
that  we  can  define  a  unit  vecto 
Tq  .  In  this  case  each  vector 
is  determined  by  the  real  numbe 
^  ^  i^  .  The  functions  \|j 

then,  essentially,  real  valued 
variable,  defined  by: 


regularization  pro¬ 
now  its  particular- 
imensional  (N=2) 
sufficiently  smooth 
r  irj,  tangent  to 
^  ^tangent  to  F^ 
r'"  5  such  that 
and  (j)  E  4;  are 
functions  ol  a  real 


^,(C)  =■ 


e|iF(,-j|||)  if 


e<le|-  -j)  if  |C|  >  e 


5  <  e 


-  lih  i 


sgn  (p 


if  Id  <  £ 


if  1^1  >  £ 


The  graphs  of  these  functions  are  depicted  in 
Fig.  2  together  with  the  graphs  of  the  functions 
which  they  approximate:  the  function  I*]  and 
its  derivative  in  F-  {0}  sgn(*)  . 


f(0 

sgn(0 


^$^(0  1 


Figure  2.  Graphs  of  the  functions  and  <\> 

for  the  case  of  unidimensional  F„  ? 


5.  Finite  Element  Approximation  of 
the  Regularized  Problem 

Using  standard  finite  element  procedures, 
approximate  versions  of  Problem  will  be  solved 
in  finite  dimensional  subspaces  )  »  For 

a  certain  mesh  (h)  the  approximate  displacements  , 
velocities  and  accelerations  at  each  time  t  are 

elements  of  V,  : 

h 

V^(t),  v^(t),  v^(t)  £ 

Within  each  element  (e= 1 ,2 , . . . ,E^)  the 

components  of  the  displacements,  velocities  and 
accelerations  are  expressed  in  the  form: 


M(K)  =  standard  mass  (linear  stiffness) 

~  ~  matrix 

F(t)  =  consisent  nodal  applied  forces 
P  (r(t))  =  vector  of  consistent  nodal  normal 

forces  on 

J(r(+),  r(+))  =  vector  of  consistent  nodal  fric¬ 

tion  forces  on  Tq 

Pq(Pj)  -  initial  nodal  displacement 
(velocity) 

(e) 

The  components  of  the  element  vector  P  are 
of  the  form; 


=  -  r  a  n .  ds 
J  .e  n  j  I 


r^(x,  t)  =  ^  V^(t)N  (x) 


and  the  components  of  the  element  vector 
are  of  the  form: 


r^(x,t)  =  f  v^(t)  N  (x) 


^Tj 


r^(x,  t)  =  f  V^(  t)  N  (x) 


where  j-l,2,...,N  ;  N  =  number  of  nodes  of  the 
element  ;  vT(t),  Vj(t)^,  vj(t)  are  the  nodal 

values  of  the  displacements,  etc.,  at  time  t  and 
N  is  the  element  shape  function  associated  with 
the  node  I  , 

The  finite  element  version  of  Problem  1  is 


Problem  1 


5.  Time  Discretization 

Consider  a  partition  P  of  the  time  domain 
[0,T]  into  M  intervals  of  length  At  such  that 
0  =  to  <  t,  <  ..  <  t^  <  ...  <  t^=  T  with 

"^K+l  "  'k  ^ 

Using  the  Nevraiark's  scheme  the  velocities  and 
accelerations  at  time  t^  can  be  obtained  as 
functions  of  the  displacement  velocities  and  accel¬ 
erations  at  time  t^^  and  of  the  displacements 
at  time  t  ,  by  the  following  relations: 


Find  the  function  t  [0,T]  -> 

s .  t  • 

(u^(t),  v*')  +  a(u^(  +  ),  v'^)  +  ‘^J'Cu^Ct)), 

+  <3£(u^(  +  )>  =  <J(t), 

Vv^C  V*’  (23) 

with  the  initial  conditions 

(u^(0),  v^)  =  (Uq,  v^) 

(u^(0) ,  v^)  =  (Uj ,  v^) 

Vv^Gv^  (24) 

If  is  the  number  of  nodes  of  the  finite 

elements  mesh,  then  this  problem  is  equivalent  to 
the  following: 

Find  the  function  t  r(t)  of  [0,T]  ^  ^ 

s .  t . 

M  r  (t)  +  K  r(t)  +  P(r(t))  + 

+  J(r(+),  r(+))  =  F(t)  (25) 

with  the  iniital  conditions 
r(0)  =  p„ 


“k  "  3At  +  (1  - 


“k  ..^2  "  6At  liK-r*'26 

pAt 


where  u^  5  u^(t  )  ,  etc.  Similar  simplifications 
of  notation  will^e  used  in  the  foregoing,  if  no 
confusion  is  likely  to  arise. 

Introducing  the  above  relations  in  the  varia¬ 
tional  equation  (23),  the  following  variation 
equation  is  obtained  at  time  t  : 

r\ 

— —  (u  ,  v)  +  a(u  ,  v)  +  <p(u  ),  ^  (30) 

BAt2  .K  „  ~  ~  ^ 

+  <C“(u„).  =  c^f  ,  v>  \/v€ 


<Cj(Ujj.),  y>  e<3(Uj,,  u^),  y>  = 

"  6At  Atd-  ^) 


<^K>  i>  =  <£k> 


r(0)  =  Pj 

Here  we  have  introduced  the  following  matrix  nota- 


r(+),  r(+),  f(+)  =  the  column  vectors  of  nodal 

displacements,  velocities  and 
accelerations 


"  ^K-l  "  m  "k-1  "  ^2^-' 

The  above  variational  equation  can  be  put  in 
the  operator  form: 
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with  \  nonlinear  operator 

defined  by 

<V“k>*  ^V,x  V'  =  T3 
h  h  3At 


-  <h’  !>  V“k>  y  ^  \ 


-4—  (C  •  n)  (C.  s)+  7  (2  -  I  )(ri  •  c) 

e2|?|  -  ~  ~  ~  ^  ^  ~  ~ 

if  £(x)  <  e 


(5  •  n)  (?  •  ?)  +  777  (n  •  ?) 
p  ~  ~  ~  ~  Kl  ~  ~ 


if  |C(x)|~>  e 


6.  The  Newton-Raphson  Iteration 
Let  V“k^  = 

derivative  of  the  map  R^^  at  ^  ^h  *  Then  the 
Newton-Raphson  iteration  technique  to  obtain  a 
solution, of  (31)  consists  of,  given  an  initial 
guess  u^  G  ,  to  obtain  successive  approxima¬ 
tions  of  Uie  solution  u^  by  using  the  following 
recurrence  formula: 

( i+ 1 )  (i)  pT/-  /  (i)-!  n  c 

where  i=0,l,...  is  the  iteration  counter.  Thus, 
at  each  iteration  i  ,  the  following  variational 
equation  has  to  be  solved: 

^  ’  ^uXV' 


Vv£v. 


.  ^  ,  (i)  (i+1)  (i) 

^"k  =  “k  "  “k 


In  the  present  problem  we  have,  for  u  ,  w 

(w), 


a(w,  v)  +  - j  (w,  v)  + 


~  ~  SAt  ~ 

+<p  P(Uj^)(w),  ^ 
+<p  J(Uj^)(w) , 


<D  P(Uj^)  (w),  v>- 

~  ~  ~  IE 

=  I  c  m  (u  -g) 

J  n  n  n  + 

_C 

<5  ^(u^)  (w),  ^ 


tj  V  ds 
n  n 


is  the  second  directional  derivative  of  ^  at 
^  on  the  directions  of  n  and  ^  , 

Remark :  From  the  above  definition  it  can  be  seen 
that  for  a.e .  x  ^ 

|[iT^(C)(ri>  c)](x)|  <  I  |ti(x)|  k(x)| 

and  consequently  [it  (^)  (7,?)]  £  L'’^^(r„)  □ 

G  ~  ~  ~  t- 

It  is  also  important  to  note  that  if  N=2  the 
above  definition  reduces  to 


itJOCri.  s)  =  7  (1  -  ill)  (n.c) 


if  I  ^(x)  I  _<  G 
if  I  I  >  G 


for  €>0  and  C,  n,  5  €  (I''’<^rc))2 


We  will  now  recast  equation  (33)  in  matrix 


K  +  ——  M  + 

~  =  BAt^  =  ~ 

+  -X-  c'^^i) 

BAt 

,  (i)  (i+I)  (i) 

^!k  =  !k  “Ik 


»(i)  r  1 


(i).  „(i).  ,(i) 


!r^  £k  -  !k 


=<®ke^"K’  i>  ^  BAt<^2^e^:fK' 

U„)(w),  ^ 


Ek  !k  ^  ~F.^2  !k-i  BAt  !k-i  ke 

~  pAt 


The  element  components  of  the  matrices  K  , 


+  r  (i^j^~u5j)(w^,  v^)]ds  K  and  are  of  the  form: 

J  j,  G~-~~  ~  ,,, 


where,  for  e  >  0  ,  ^  ,  T]  ,  ^  ,  G  (L^(r^))  and 
e,  X  £  Fj,  lTg(P  (n.p  =  ’)'/*■?)  k>  0  “ 


if  m  -  1 

,  XT"/  C  m(u-^^  n.n.N  N  ds 
J  nn  n^+  ijMN 


where  ^  '^F^  is  the  part  of  F^  belonging  to 
element  e 
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j  r 
(e) 


if  |u^-U^|  <  e 


I^T  -^1 


.  if  lu^-U^I  >  e 


T  =  r 

M.N.  J 


C,(u^-g)/|  (1  - 


^  J  (e)  (<) 

C 


(e)  (<) 

C 


Vn 


is  the  part  of  F  ^  where 


Physically,  the  matrix  K  produces  a  varia¬ 
tion  of  the  normal  nodal  forces  due  to  a  variation 
of  the  nodal  normal  displacements;  the  matrix 
produces  a  variation  of  the  nodal  friction  forces 
due  to  a  variation  of  the  nodal  normal  displace¬ 
ments;  finally,  the  matrix  produces  a  varia¬ 

tion  of  the  nodal  friction  forces  due  to  a  varia¬ 
tion  of  the  nodal  sliding  velocities. 

Both  and  ^  are  symmetric  matrices 

because  botK  are  associated  with  terms  of 
<^Kj^(u  )(w),  vl]>  which  can  be  considered  as  second 
derivatives  of  functionals.  In  fact  : 

<pP(u)  (w),  ^  =  <33^p(u)(w), 


for  u,  v,  w^  V  ,  with  p  :  V  IR  being  the 
deformation  energy  associated  with  the  nonlinear 
springs  on  r„ 


p(u)  =  r 
Jr 


m  +  ] 

(u  -g)J^  ds 


We  also  have  that 


is  the  second  partial  derivative  of  the  friction 
functional  relative  to  the  second  variable 

(velocity).  We  also  observe  that,  in  the  two- 
dimensional  case  (N=2)  is  the  incremental 

damping  matrix  associated  with  the  region  of 
which  is  "stuck"  at  some  instant  (the  modulus  or 
the  sliding  velocity  is  smaller  than  e  )  . 

Finally,  we  observe  that  the  matrix  is  not 

symmetric.  This  results  from  the  fact  that, 
according  to  the  contact  laws  (5,  22),  the  normal 
stresses  on  depend  only  on  the  penetration 

(u  -g)  .  A  change  on  the  sliding  velocity  does 

not  produce  any  change  on  the  normal  contact 
forces . 

A  complete  program  has  been  developed  to 
implement  the  above  algorithms.  Numerical  experi¬ 
ments  are  to  be  run  soon  and  full  tests  of  these 


methodologies  should  be  forthcoming. 
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Abstract 


A  study  of  shock  wave  propagation  in  one-dimen¬ 
sional  configurations  consisting  of  layered  media 
is  presented.  The  layers  of  concrete,  sand,  and 
steel  are  subjected  to  high-pressure  short-duration 
pulses  simulating  the  effects  of  conventional  H.E. 
explosions.  Time  histories  and  stress  profiles  are 
used  to  explain  the  influence  of  geometrical  and 
material  parameters.  Guidelines  are  provided  for 
design  and  further  research. 


Nomenclature 


a  acceleration 

L  thickness  of  layer 

t  time 

u  particle  velocity 

U  specific  energy 

X  Lagrangian  coordinate 

p  density 

a  stress 

,x  denote  spatial  derivative 

•  denotes  time  derivative 

*  denotes  nondimensional  quantity 

I.  Introduction 

Systematic  optimization  of  protective  struc¬ 
tures  requires  a  large  amount  of  computer  resources 
as  nonlinear  transient  response  is  involved.  Sev¬ 
eral  techniques  which  are  employed  for  practical 
problems  are  based  on  simple  structure  model ing( 
approximate  loading simple  attenutation  expres- 
sionsvl’'^^dnd  constitutive  equations^^’'^^.  In 
many  cases  these  models  lead  to  overdesigned  struc¬ 
tures,  but  they  might  also  result  in  unsafe  solu¬ 
tions.  A  more  realistic  approach  which  employs 
accurate  although  complex  material  models,  and 
which  accounts  for  wave  propagation  is  necessary  to 
avoid  the  shortcomings  of  the  simplified  models. 

The  major  disadvantage  of  the  more  accurate  models 
is  excessive  computer  time  required  for  the  anal¬ 
ysis.  This  problem  becomes  crucial  when  optimiza¬ 
tion  is  performed,  since  the  analysis  is  repeated 
whenever  parameter  changes  are  introduced. 

Optimization  of  protective  structures  involves 
a  relatively  large  number  of  parameters  which  change 
during  the  design  process.  These  include  the  de¬ 
sign  variables,  parameters  related  to  the  structur¬ 
al  model,  and  parameters  associated  with  the  numer¬ 
ical  method  used  for  the  analysis.  The  first  effort 
in  a  design  process  should  be  aimed  towards  reducing 
the  number  of  variables,  as  this  will  result  in  a 
reduction  in  the  number  of  analyses.  For  the  sake 
of  simplicity,  it  will  be  assumed  here  that  a  set  of 
parameters  associated  with  the  numerical  method  can 
be  determined  by  the  designer  for  any  set  of  design 
variables.  But,  it  should  be  recognized  that  this 
is  not  always  the  case,  and  that  repeated  analyses 
may  be  required  for  choosing  appropriate  meshes, 
artificial  viscosity,  and  other  quantities  when  one 
changes  physical  parameters. 


^Assistant  Professor 


Reduction  in  the  number  of  variable  quantities 
is  an  important  step  taken  prior  to  the  optimization. 
Simple  test  cases  such  as  1-D  oroblems  can  be  em¬ 
ployed  for  various  parameters^^*r ^ .  The  comprehen¬ 
sive  study  of  several  materials(^^  indicates  the 
influence  of  changes  in  material  properties  on  atten¬ 
uation  curves  and  provides  qualitative  explanations 
of  the  observed  influence.  Correct  interpretation 
of  such  observations  is  not  always  straightforward, 
especially  when  the  geometrical  configurations  in¬ 
volved  in  the  problem  are  complex.  This  paper  des¬ 
cribes  some  simple  test  cases  which  are  used  to  ex¬ 
plain  and  cfemonstrate  the  challenges  a  designer  may 
encounter.  Section  II  describes  the  nature  of  the 
problem  and  the  governing  equations.  In  Section  III 
specific  cases  are  used  to  demonstrate  the  influence 
of  geometrical  variables.  Guidelines  for  design  are 
provided  in  Section  IV.  The  concluding  remarks  in 
Section  V  include  reommendations  for  further  research. 


II.  Protective  Layers 

The  protected  structure  is  often  covered  by 
layers  of  concrete,  steel,  geological  materials,  or 
others(^’°^.  In  many  instances  the  optimization  pro¬ 
cess  is  based  on  a  multi-level  approach(6)  ,  and  the 
structure's  cover  will  consist  of  a  distinct  subsys¬ 
tem.  Here,  simple  configurations  will  be  employed 
to  represent  the  protective  layers  (or  cover),  with 
two  or  more  different  materials  (see  Fig.  1).  The 
load  is  simulated  by  a  pressure  pulse,  which  some¬ 
times  may  be  used  as  an  approximation  for  the  atten¬ 
uated  shock  propagating  in  the  ground;  but  often 
does  not  provide  a  good  representation  of  the  real 
response^ Although  the  model  is  simplified,  it 
will  provide  an  insight  to  the  dominant  phenomena. 
The  structure  is  represented  by  an  interface,  and 
again  this  simplification  is  used  for  demonstration 
purposes  only.  Constraints  are  imposed  on  stresses 
at  that  interface.  For  the  purpose  of  this  discus¬ 
sion  the  total  length  of  the  cover  is  kept  constant. 

For  one-dimensional  problems  in  rectangular 
Cartesians  the  governing  equations  are: 

equation  of  motion  pa  =  a  (1) 

where  p  is  the  density,  x  is  the  Lagrangian  coordi¬ 
nate,  and  a  is  the  stress.  The  particle  velocity  is 
u  =  X  =  dx/dt,  and  the  acceleration  is  a  =  u  =  x*. 

conservation  of  mass  pdx  =  constant  (2) 

which  applies  to  any  element  dx  (the  constant  may  of 
course  differ  from  one  element  to  another,  e.g.,  for 
different  materials). 

conservation  of  energy  pU  =  ap/p  (3) 

where  U  is  the  specific  energy.  For  simplicity  it 
is  assumed  that  heat  flux  due  to  conduction  or  heat 
.sources  is  absent.  Also,  body  forces  have  been 
neglected  in  the  formulation. 


To  the  field  equations  it  is  necessary  to  add 
the  constitutive  equations.  Materials  used  in  this 
study  are  described  by  various  laws  ranging  from 
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compressible  fluids,  through  elastic-plastic  solids 
to  porous  sol  ids  8)  .  The  field  equations 
applied  to  the  states  behind  and  ahead  of  a  shock 
front  result  in  the  Rayleigh  line  which  joins  the 
possible  states  in  the  pressure-specific  volume 
plane.  Shock  experiments  are  required  to  relate 
shock  velocity  to  the  particle  velocity,  resulting 
together  with  the  field  equations  in  the  Hugoniot 
curve  in  the  pressure-specific  volume  plane. 

The  initial-boundary  value  problem  can  be 
solved  numerically  by  using  a  discrete  rather  than 
continuous  model,  i.e.,  by  finite  differences  or 
finite  elements.  Special  techniques  are  required 
to  assure  stability  of  the  solution^^^.  The  for¬ 
mulation  of  the  approximate  discrete  problem  may 
even  influence  the  governing  equations,  e.g.,  by 
introducing  artificial  viscosity  to  spread  shock 
fronts  (avoid  discontinuities)  into  the  stress 
term. 

The  solution  of  the  equations  has  been  obtained 
by  employing  finite  differences (S) .  Parameters 
associated  with  the  method,  such  as  mesh  size,  have 
been  chosen  such  that  solutions  are  optimal  in 
terms  of  accuracy  rather  than  computer  time. 
Materials  used  in  this  study  include  concrete, 
steel,  sand,  and  air.  The  applied  loads  consist  of 
triangular  pulses.  Results  are  illustrated  by 
using  nondimensional  values.  The  specific  values 
of  sound  speeds  and  pulse  durations  are  of  less 
importance,  since  general  aspects  rather  than  spe¬ 
cial  cases  are  of  major  concern  in  this  paper. 

III.  Configurations 

We  shall  assume  that  the  design  problem  consists 
of  choosing  a  cover  of  given  length  which  minimizes 
the  peak  stress  at  the  structure’s  interface.  Of 
course,  this  is  a  simplified  case  which  does  not 
represent  the  general  design  problem.  With  two 
materials,  e.g.,  concrete  and  sand,  the  possibil¬ 
ities  range  from  a  single-material  cover  to  two- 
materials  covers  with  either  concrete  or  sand  ad¬ 
jacent  to  the  structure,  and  multiple-layer  covers. 

The  load  histories  at  the  structure's  interface 
for  single-material  covers  are  illustrated  for  con¬ 
crete  and  sand  (see  Figs.  2  and  3  respectively). 

As  expected,  the  porous  sand  absorbs  more  energy 
during  shock  transition,  it  attenuates  the  shocks 
at  higher  rate  than  concrete,  and  reduces  the  peak 
stresses  to  a  lower  value.  Concrete  has  a  higher 
value  of  wave  velocity,  which  results  in  the  sharp 
short-duration  peaks.  The  designer  may  be  tempted 
at  this  point  to  use  sand  alone  for  the  cover,  or 
if  a  concrete  layer  is  required  (to  avoid  penetra¬ 
tion,  say)  put  the  latter  adjacent  to  the  struc¬ 
ture's  interface,  and  employ  a  minimum  thickness 
for  that  layer. 

A  comparison  between  two  configurations  having 
the  same  amounts  of  concrete  and  sand,  but  differ¬ 
ent  relative  locations  show  clearly  (see  Figs.  4, 

5)  that  when  the  sand  layer  is  adjacent  to  the 
structure  the  peak  pressure  is  lower  than  that 
corresponding  to  a  concrete  layer  located  near  the 
structure.  Similar  results  are  obtained  with  steel 
layers  substituting  the  concrete.  In  order  to 
gain  insight  into  the  problem  it  is  necessary  to 
follow  the  propagation  of  waves  within  the  layers. 
When  a  shock  propagates  in  concrete  and  reaches  the 
sand  (see  Fig.  6)  a  compression  wave  is  induced  in 
the  sand,  and  rarefaction  propagates  in  concrete. 


Sand,  having  a  lower  shock  impedance  than  concrete, 
transmits  a  front  with  a  lower  peak  stress.  While 
this  v/ave  still  propagates  in  the  sand,  the  rarefac¬ 
tion  in  concrete  reaches  the  boundary  at  which  the 
load  is  applied.  Waves  reflected  from  that  boundary 
travel  towards  the  concrete-sand  boundary,  and  sev¬ 
eral  changes  (the  number  of  which  depends  on  the 
geometrical  dimension)  in  the  nature  of  this  front 
take  place  while  the  compression  wave  still  propa¬ 
gates  in  sand. 

When  concrete  is  located  adjacent  to  the  struc¬ 
ture,  the  first  compression  front  propagating  in 
sand  will  induce  compression  of  approximately  equal 
magnitude  in  concrete.  The  latter  travels  fast 
towards  the  structure  with  little  attenuation  taking 
place.  A  pressure  v;ave  is  reflected  back  into  the 
concrete,  which  once  it  reaches  the  concrete-sand 
interface,  becomes  a  rarefaction  propagating  to¬ 
wards  the  structure.  Again,  waves  traveling  in  the 
concrete  bounce  back  and  forth  rapidly. 

More  complicated  configurations  (see  Fig.  7) 
can  also  be  evaluated  in  a  similar  manner.  The 
qualitative  analysis  provides  guidelines  for  topo¬ 
logy  but  cannot  account  for  specific  dimensions  or 
even  the  number  of  layers  to  be  used.  Actually,  the 
same  limitations  apply  to  the  usefulness  of  para¬ 
metric  studies  aimed  towards  estimating  attenuation 
properties,  etc.  For  example,  in  the  study  of 
material  properties'^ ,  unless  several  solutions 
are  obtained,  only  a  rough  estimate  of  the  influence 
of  any  particular  parameter  can  be  determined.  It 
is  also  important  to  note  that  the  influence  of  sev¬ 
eral  parameters  on  the  attenuation  can  accumulate. 

For  example,  changing  parameters  such  as  the  Gru- 
neisen  ratio  and  Hugoniot  curvature  does  not  have  a 
dramatic  influence  as  changing  the  porosity.  Yet, 
accumulation  of  their  influence  may  be  significant. 
Moreover,  when  complex  geometrical  configurations 
rather  than  simple  attenuation  in  a  single  material 
are  involved,  it  is  hard  to  choose  "conservative" 
values  for  various  parameters.  The  latter  may  in¬ 
clude  variables  associated  with  uncertainties,  or 
design  variables.  This  is  quite  obvious  when  one 
considers  the  two-layer  configurations,  where  an 
optimum  (maximum  reduction  in  peak  stress)  is  ob¬ 
tained  for  some  intermediate  values  of  the  concrete 
and  sand  thickness.  As  the  previous  discussion 
indicates,  the  stress  histories  are  influenced  by 
the  waves  propagating  in  both  materials.  For  given 
boundary  conditions , the  latter  are  functions  of 
material  properties  and  the  configuration. 

IV.  Guidelines 

Systematic  optimization  of  protective  struc¬ 
tures  undoubtedly  requires  a  preliminary  design 
which  produces  a  starting  point  for  a  detailed 
final  design  process.  The  preliminary  design  re¬ 
quires  a  parametric  study  and  a  simplifeid  model. 
These  two  tools  are  interrelated,  as  the  determina¬ 
tion  of  dominant  parameters  serves  for  development 
of  the  simple  model,  and  since  the  extent  of  the 
parametric  study  depends  on  the  required  accuracy  of 
the  simple  model . 

Practical  design  problems  are  three-dimensional, 
but  sometimes  can  be  approximated  by  a  two-dimen¬ 
sional  model.  Yet,  one-dimensional  parametric 
studies  provide  useful  guidelines  for  elimination  of 
variables.  Thus,  such  cases,  applied  to  material 
and  geometrical  variables  can  serve  as  a  natural 
first  step  of  the  design  process.  These  studies 
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can  provide  guidelines  for  topology,  such  as  loca¬ 
tion  of  materials,  as  well  as  bounds  on  the  influ¬ 
ence  of  material  properties,  e.g.,  maximum  expected 
attenuation.  The  designer  should  be  careful  when 
assessing  such  bounds,  as  true  solutions  depend  on 
interaction  between  waves,  where  influence  of  some 
parameters  may  be  favorable  for  some  aspects  and 
unfavorable  for  others.  As  an  example,  the  low 
impedance  of  the  material  adjacent  to  the  structure 
(e.g.,  sand)  may  be  advantageous  for  decreasing  the 
pulse  amplitude  at  the  structure's  interface.  But, 
this  configuration  results  in  longer  pressure 
pulses  acting  on  the  structure.  In  realistic  cases, 
both  pressure  and  time-duration  are  important  quan¬ 
tities  for  damage  threshold  determination. 

Several  parametric  studies  of  1-D  configura- 
tionst^'  including  spherical  symmetry  (to  simulate 
geometrical  divergence)  indicate  that  quantitative 
estimates  can  also  be  obtained  by  employing  a  few 
analyses.  For  example,  the  total  length  of  the 
cover  has  been  changed  keeping  the  relative  (mater¬ 
ial)  thicknesses  constant.  The  influence  of  the 
applied  load  has  been  studied,  together  with  sev¬ 
eral  material  properties  such  as  fracture  criteria. 
Results  of  these  studies  are  given  elsewhere(^) . 

As  a  rough  estimate,  errors  in  peak  pressures  at 
the  structure's  interface  can  be  limited  to  less 
than  255^,  by  using  merely  a  few  accurate  analyses. 
For  a  preliminary  design  aimed  at  determining  top¬ 
ology  and  size  of  covers,  this  is  a  reasonable 
approximation. 

The  next  step  required  for  systematic  design 
is  an  economical  model.  Several  attempts  have 
been  made  towards  obtaining  lumped  mass  models  to 
represent  continuous  medial, 10),  These  models 
have  several  shortcomings,  mainly  they  "lose"  some 
wave  components,  which  result  in  errors  in  both 
amplitude  and  frequency.  Yet,  they  are  attractive 
for  preliminary  design,  as  ordinary  rather  than 
partial  equations  need  to  be  solved. 

A  configuration  of  concrete,  air,  and  sand  has 
been  studied,  with  an  approximate  model  consisting 
of  three  nonlinear  springs  with  two  masses.  A 
typical  stress  history  at  the  structure's  inter¬ 
face  (see  Fig.  8)  shows  that  the  simple  model 
closely  approximates  the  accurate  model.  Of  course, 
successful  application  of  a  simple  model  in  this 
case  is  due  to  the  low  shock  impedance  of  air.  But, 
the  same  approach  has  been  applied  to  several  solid 
covers  and  results  were  within  a  20%  error  in  peak 
pressures.  Again,  these  results  can  be  considered 
acceptable  for  preliminary  design. 

The  final  stages  of  the  design  process  require 
accurate  analyses.  Obviously,  the  wave  propagation 
rather  than  spring  motion  has  to  be  studied,  in 
order  to  take  advantage  of  optimal  materials  and 
configuration.  The  starting  point  for  this  stage, 
provided  by  the  approximate  model,  may  require  a 
number  of  additional  parametric  studies  in  order  to 
establish  the  influence  of  material  properties  on 
the  specific  configurations  tested. 

V.  Conclusions  and  Recommendations 

Optimization  of  protective  structures  requires 
to  take  into  account  wave  phenomena  in  order  to 
provide  safe  and  economical  designs.  The  analysis 
of  such  problems  imposes  a  severe  restriction  on 
optimum  search  algorithms,  as  a  large  amount  of 
computer  resources,  mainly  time,  is  necessary. 


Correct  interpretation  of  the  physical  phenomena 
can  be  achieved  by  qualitative  analysis.  Parametric 
studies  of  simple  cases  can  provide  guidelines  for 
configurations  and  materials  which  are  most  liable 
to  produce  improved  designs.  Simple  approximate 
models  can  be  employed  for  the  preliminary  design. 

No  general  approach  is  yet  available  for  devel¬ 
oping  approximate  models.  Lumped  mass  models  seem 
to  be  promising,  but  they  are  problem  dependent. 
Employing  such  models  is  suitable  for  preliminary 
design,  but  more  accurate  analyses  are  required  for 
verification  and  modification  of  the  design.  Espe¬ 
cially,  such  parameters  to  which  the  simple  models 
are  insensitive  should  be  checked. 

Emphasis  should  be  put  on  development  of  approx¬ 
imate  models  which  enable  repeated  analyses  at  rea¬ 
sonable  computer  effort.  The  other  necessary  means 
for  efficient  synthesis  involve  the  optimization 
algorithm.  This  area  requires  basic  research  for 
both  lumped  mass  and  continuous  models  subjected  to 
shocks. 
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Fig.  6  Stress  profile  in  concrete-sand  cover. 


Fig.  8  Accurate  (1)  and  approximate  (2) 

solutions  for  cover  with  air  layer 
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Fig.  7  Four-layer  cover  with  sand  adjacent 
to  structure. 
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Abstract 

The  limit  cycle  behavior  of  a  rotorcraft  model 
having  a  nonlinear  damping  characteristic  is 
examined.  The  effect  of  parameter  variations  on 
the  system's  response  is  discussed  and  differences 
between  a  linear  and  nonlinear  model  are  presented. 
It  is  shown  that,  for  the  model  examined,  the 
nonlinear  analysis  yields  qualitatively  different 
results  from  the  linear  case. 

Nomenclature 

a  frequency  of  system's  oscillations 

a  nondimensional  frequency  of  system's 

oscillations ;  a  =  a/p^ 

Cj^  blade  damping  coefficient 

C^  fuselage  damping  coefficient 

I  moment  of  inertia  of  blade  relative  to 

vertical  hinge 

Kj^  rotating  blade  spring  coefficient 

fuselage  spring  constant 

£  .  vertical  hinge  offset  from  rotor  axis  of 

^  rotation 

m^  mass  of  fuselage 

m.  mass  of  blade 

b 

M  total  mass  of  craft,  M  =  nm^  +  m^ 

n  number  of  blades 

blade  damping  coefficient,  n^  =  C^/l 

h.  nondimensional  blade  damping 

coefficient,  =  n^^/p^ 

n^  fuselage  damping  coefficient,  =  C^/M 

h  nondimensional  fuselage  damping 

°  coefficient,  h^  =  n^/p^ 

0  0  0 

p  natural  frequency  of  fuselage  on. its 

0  2 

spring  support,  p^  =  K^/M 

p.  natural  frequency  of  nonrotating  blade 

D  2 

relative  to  vertical  hinge,  pj^  =  K^/l 

0 

S  static  imbalance  relative  to  vertical 

hinge 

t  time 

X  fuselage  motion  coordinate 

X  nondimensional  fuselage  motion 

coordinate,  x  =  xy 

X  amplitude  of  fuselage  coordinate 

amplitude  of  nondimensional  fuselage 
coordinate 

a.  angular  spacing  between  arms  of  rotor 

^  th 

rigid  blade 

Y  nonlinear  fuselage  damping  coefficient 

n 

£  hinged  mass  ratio,  ^  ^  j  fj\i 


nonphysical  blade  coordinate 
nondimensional  nonphysical  blade 
coordinate 

amplitude  of  nonphysical  blade 
coordinate,  n  ny  ^ 
nondimensional  blade  parameter, 

2  ^ 

I 

individual  blade  angular  displacement 

mass  per  unit  length  of  blade 
nondimensional  time,  t  =  p^t 

nonphysical  blade  coordinate 
nondimensional  nonphysical  blade 
S 

coordinate  |v[ 

amplitude  of  nonphysical  blade 
coordinate 

individual  blade  angular  orientation 
referenced  to  fuselage,  ^ 

rotor  speed 

nondimensional  rotor  speed  w  =  w/p^ 

effective  natural  frequency  of  rotating 

2  2  2  2 
blade,  ^ 

“s  “ 

differentiation  with  respect  to  time,  t 
differentiation  with  respect  to  non- 
dimensional  ized  time,  T 


Introduction 

It  has  been  observed  for  approximately  fifty 
years  that  vehicles  having  a  rotor  on  a  flexible 
support  can  experience  a  destructive  instability 
known  as  ground  resonance.  The  first  vehicles  to 
exhibit  this  phenomenon  were  the  autogiros, 
followed  in  short  order  by  the  first  heli¬ 
copters.^  The  motion  was  initially  thought  to  be 
a  resonance  between  the  ground  and  the  rotor¬ 
craft,  but  in  1957  Coleman  presented  his  now 
classic  analysis  of  the  process  and  showed  it  to 
be  a  self  excited  instability.^  Basically,  some 
external  disturbance  will  perturb  the  rotor 
blades.  This  moves  their  center  of  gravity  off 
from  the  center  of  the  rotor  and  so  forms  an 
inertial  force  which  acts  against  the  helicopter 
fuselage  (Fig.  1).  Since  the  fuselage  is 
flexibly  connected  to  the  ground  through  the 
landing  gear,  the  fuselage  will  start  to  rock. 
When  the  rotor  speed  is  within  a  critical  band  of 
rotational  speeds,  this  rocking  will  act  to 
increase  the  amplitude  of  vibration  that  the 
blades  are  undergoing.  This  increase  blade 
motion  leads  to  a  larger  inertial  force  and  one 
has  an  unstable  situation  between  fuselage  and 
blade  motion.  If  left  unchecked,  the  vibrations 
will  increase  until  some  nonlinear  restoring 
force  brings  the  system  into  a  limit  cycle  or 
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until  some  part  of  the  rotorcraft  fails. 

Previous  studies  of  ground  resonance  have  con¬ 
cerned  themselves  with  the  purely  linear  problem^ 

i.e.,  their  mathematical  models  employed 
linear  springs  and  dampers.  This  paper  will 
analyze  a  system  in  which  damping  nonlinearities 
are  present  and  will  examine  the  role  of  these 
nonlinearities  in  altering  the  system's  response. 
Other  possible  nonlinearities  are  neglected  in 
this  basic  study. 

Figure  2  illustrates  a  simplified  model  of  a 
helicopter.  The  fuselage,  F,  is  constrained  to 
translate  along  the  x-axis,  giving  it  one  degree 
of  freedom.  This  motion  represents  the  lateral 
motion  of  a  helicopter  on  its  landing  gear.*^  The 
motion  is  constrained  by  a  spring  (S)  and  a  damper 
(D).  The  spring-damper  combination  represents  the 
landing  gear's  resistance  to  lateral  motions.  A 
rigid,  massless,  rotor  (R)  rotates  at  an  angular 
speed  (JL)  and  is  supported  by  the  fuselage.  The 
blades  are  attached  to  the  rotor  through 

vertical  hinges,  V.H.,  and  these  hinges  are  offset 
from  the  central  axis  of  the  rotor  by  a  distance 
5,^  ^  .  The  blades  are  rigid  and  they  are 

constrained  by  the  vertical  hinge  to  move  in  a 
plane  perpendicular  to  the  angular  velocity  vector 
of  the  rotor.  This  type  of  blade  motion  is  termed 
lag  motion  and  the  angular  displacements  of  the 
blades  are  given  by  Only  lag  motions  of  the 

blades  contribute  substantially  to  the  ground 
resonance  phenomenon  and  so  other  degrees  of 
freedom  such  as  flap  or  twist  are  neglected. 

equals  cut  +  and  gives  the  angular  displacements 

of  the  different  rotor  arms.  Aerodynamics  are  not 
important  in  ground  resonance  and  are  therefore 

neglected, 2 

The  full  equations  of  motion  of  the  model  are 
nonlinear.  A  linear  analysis  will  neglect  all  but 
the  first  order  terms.  The  damping  nonlinearities 
considered  in  this  paper  are  of  the  second  order; 
it  is  indeed  because  of  these  that  limit  cycle 
behavior  is  observed.  However,  the  second  order 
inertial  nonlinearities  inherent  in  the  original 
equations  of  blade  motion  are  not  retained  in  the 
following  analysis.  In  Appendix  A  it  is  shown 
that  retaining  these  terms  will  not  affect  the 
single  frequency  limit  cycle  behavior  that  is  the 
object  of  study  in  this  paper. 

Analysis-Linear  Theory 

The  following  linear  analysis  follows  that  of 
Mil.^  Applying  D'Alembert's  principle  yields: 

I?k  +  +  (Kb  +  S 

MX  +  +  K^x  =  ^  [(Ck  -  «2?k)  +  2“^k 

Dividing  the  first  and  second  equation  by  I  and 
M  respectively  and  putting  the  equations  in 
canonical  form  yields: 

^k  +  “b  ^k  =  f  ^ 


X  +  2n^x  +  PqX  =  ^  2^^  [(Ck  -  sin^l^k  + 

(cosi|jj^)]  (2) 

The  coupling  between  the  fuselage  and  blades  is 
now  clear.  Equation  (2)  is  in  the  form  of  a 
normalized  spring-mass-damper  being  driven  by  some 
force,  n^  is  the  damping  coefficient  and  p^  is 

the  natural  frequency  of  the  fuselage-landing  gear 
combination.  Since  =  wt  +  the  forcing 

function  has  an  explicitly  time  dependent  part 
(sinij^l^  and  cosip|^)  and  also  depends  on  the  blade's 

displacement,  velocity  and  acceleration,  as  well  as 
on  the  rotor  speed  co.  Similarly,  the  blade  motion 
is  described  in  Eq.  (1)  where  n^  is  the  blade 

damping  coefficient  and  oou  represents  the  blade's 

D  2  2  2  2 

restoring  spring.  Note  that 

o 

represents  an  actual  restoring  spring,  and 

pOo 

is  the  additional  spring  force  due  to  centri¬ 
fugal  stiffening.  The  blades  are  driven  by  both 
the  fuselage's  acceleration  and  by  the  positon  of 
the  blades  (x.,  sin4;j^). 

The  problem  with  these  equations  is  that  they 
are  variable  coefficient,  linear  differential 
equations.  It  would  be  desirable  to  transform 
them  into  a  constant  coefficient  form  since  one 
could  then  use  standard  solution  techniques  such  as 
the  Laplace  transform  method.  A  possible  trans¬ 
formation  is  to  define  two  new  variables  such  that: 

n 

n  =  2  Cl,  (3) 

k=l 

h 

((.  =  2  Ck  cosK 

n  and  ^  represent  motions  of  the  center  of  mass 
of  the  blades.  Since  the  center  of  mass  is  the 
driving  force  of  the  fuselage  motion,  it  at  least 
seems  reasonable  that  such  a  transformation  could 
be  useful.  Similar  transformations  exist  that 
represent  blade  motions  in  which  the  center  of 
mass  remains  fixed  with. respect  to  the  fuselage. 

To  clarify  the  role  of  n  and  cj),  one  can  examine 
the  case  of  a  four  blade  rotor.  For  q  =  4,  =  0, 

a2  =  'n'/2,  02  =  77,0^  =  37t/2  and: 

n  =  sina)t(^^  -  §2)  cosa)t{^2  ‘  ^4) 

(j)  =  cosa)t(C^  -  -  sina)t(^2  "  ^4) 

Let  N  and  P  represent  a  coordinate  system 
originally  aligned  with  the  rotor  and  attached  to 
the  fuselage,  (Figure  3).  To  begin,  let  t  =  0. 

One  then  has  from  eqs.  (5)  and  (6): 

n  “  ?2  ^  ?4 

From  Figure  3a  it  is  clear  that  only  blades  1  and 
3  contribute  to  any  movement  of  the  center  of  mass 
along  the  P  axis.  Similarly,  only  movements  of 
blades  2  and  4  will  move  the  center  of  mass  along 
the  N  axis.  The  position  of  the  center  of  mass  is 
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(within  a  linear  angular  approximation)  located  at 
n  =  (?2  ’  B,  (j)  =  (5^  -  C3)  B  where  B  is  the 

distance  from  an  individual  blade's  center  of  mass 
to  the  blade's  vertical  hinge.  Thus  the  above 
expressions  for  n  and  4)  are  seen  to  be  proportional 
to  the  position  of  the  center  of  mass  of  the 
blades.  If  t  =  7t/2co  then; 

n  =  ?i  -  C3 

<1>  =-(52  -  54) 

and  the  rotor  system  rotates  90°  to  yield  Figure 
3B.  Note  again  the  expressions  for  n  and  ip  are 
proportional  to  the  position  of  the  blades'  center 
of  mass. 

Now  that  a  physical  feel  for  n  and  4)  has  been 
obtained,  one  can  proceed  to  use  them.  If  Eq.  (1) 
is  multi  pled  by  cosipj^  and  summed  from  1  to  k,  and 

similarly  is  multiplied  by  sinipj^  and  summed  from 

1  to  k: 
n 

Z  (Eq.  (1))  COS4).  =  0 

k=l 

n 

Z  (Eq.  (1))  sinij;.  =  0 
k=l 

the  following  equations  result: 

X  +  2n^x  +  X  -  I  fi  =  0 

ri  +  +  w^ri  -  2to(4i  +  ^  T  ^ 

o  ^ 

$  +  2nj^4)  +  aj^4^  +  203(0  +  n^n)  =  0 
where 

2  2  ^  2/  2 
w  =  Pb  +  ^  (^Q  -  1) 

0 

Letting  t  =  p^t  and  defining  h^  = 

hb  =  ^b^Po’  ^  "  ^^^0  ^s  "  ^s^^o 

X"  +  2h^x'  +  X  -  ^  n"  =  0  (7) 

n“  +  2hj^n'+  -  2(o(4)'  +  h^4>)  -  x"  =  0  (8) 

4)"  +  2hj^4>'  +  w^4>  +  2o)(ri'  +  hj^q)  =  0  (9) 


Setting  the  determinant  of  these  equations  to 
zero  produces  a  sixth  order,  complex  equation  for 
the  unknowns  a  and  5.  The  real  and  imaginary 
parts  of  this  equation  are  individually  equal  to 
zero  and  so  this  complex  equation  can  be  written 


two  real  equations: 

a®  +  Ag  a^  +  A3  a^  +  A4  =  0 

(13) 

-4  ~2 

a^  +  63  a  +  B3  =  0 

(14) 

where  the  A's  and  B's  depend  on  the  system 
parameters  S,  M,  I,  n,  n^,  and 

A  quick  way  to  analyze  these  equations  is  to 

~2 

note  that  Eq.  (14)  is  second  order  in  a  .  There- 
fore  one  can  use  Eq.  (14)  to  solve  for  a  .  The 

resulting  a  can  then  be  inserted  into  Eq.  (13) 
and  the  result  examined.  If  it  yields  a  result 
unequal  to  zero,  ^  is  altered  and  the  procedure  is 
continued  until  both  Eqs.  (13)  and  (14)  are 
satisfied.  This  allows  one  to  obtain  a  plot 
similar  to  Figure  4  in  which  the  linear  blade^ 
damping  n,  is  plotted  versus  the  rotor  speed  ^  for 
all  other^parameters  fixed.  With  this,^one  can 
predict  the  region  of  unstable  w.  For  w  between 
and  ^2  motion  variables  have  a  form 

x  ~  e^'^^  e^^.  At  and  the  response  has  the 

form  X  ~  e^^^.  Lastly, ^for  all  other  ^  the  form 

of  the  motion  is  x  ~  e^^^  e  where  a  and  b  are 
real  and  greater  than  zero. 

Analysis-Nonlinear  Theory 

The  first  extension  to  this  linear  theory  is  to 
model  the  landing  gear  damper  as  being  composed  of 
a  linear  and  nonlinear  element  in  parallel.  In 
this  analysis,  the  nonlinear  element  is 
represented  by  F^  =  yxixl,  where  y  controls  the 

degree  of  nonlinearity  in  the  system. 

Thus  one  now  has: 

X  +  2n^x  +  yx  lx  1  +  p^  X  =  (15) 

$+2nj^4)+(jo^4*  +  2a3(fi+n|^o)=0  (15) 

fi  +  2n|^fi  +  03^0  ~  2a3((J)  +  •^b^^  ~  ^  ^ 


One  now  has  a  set  of  linear,  constant 
coefficient,  homogeneous  equations  which  can 
easily  be  solved.  To  find  the  stability 

boundaries,  let  x  =  q  =  e^*^^  and 

4)  =  <|)^  e^^^  where  X^,  ,  and  are 

complex  quantities  and  a  is  real.  Substituting 
these  relations  into  Eqs.  (7),  (8),  and  (9)  will 
yield  a  set  of  three  linear,  algebraic  equations: 

(1  -  +  2iano)  +  1  =  0  (10) 

Ho(“s  -  +  2ianj^)  -  25$^(2n|^  +  ia) 

+  f  f  Xq  =  0  (11) 

$p(io|  -  +  2ian|^)  +  2wHQ(2n|^  +  ia)  =  0  (12) 


These  equations  can  now  be  rewritten  by 
letting  x  =  p^t: 


x" 

+  2n^x' 

+  Y  X'l  ^X'l  +  X  =  |n' ' 

(18) 

4)‘  * 

+  2n|^<t>' 

+  w^())  +  2aj(q'  +  Pj^l) 

=  0 

1 — » 
kO 

rt'  ' 

+  2nyq' 

+  -  25(4)'  +  n^4>) 

_  nS  ,  , 
21  ^ 

(20) 

Multiplying  all  three  equations  by  Y  and  Eqs. 
(19)  and  (20)  by  ^  and  defining  x  =  Yx, 

n  =  xiy|  and  ?  =  (|)^  yields: 

X '  '  +  2n^x'  +  Ix'lx'  +  X  =  q'  '  (21) 
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(22) 


$  '  ‘  +  2n.  $'  +  of?  +  2w(n'  +  n  n)  =  0 


n’ '  +  2n^fi'  +  w^n  -  2o)(?'  +  iTj^?)  =  ex' 


The  most  important  question  at  this  point  is 
whether  this  is  a  good  approximation.  A  straight¬ 
forward  test  is  to  run  numerical  simulations  of  the 
following  two  equations  and  compare  the  results. 


X  +  bx|x|  +  (io^x  =  F  sin(a)t) 


The  parameter  Y  has  been  eliminated  and  thus  the 
solution  of  the  equations  will  be  valid  for  all 
values  of  Y.  e  is  an  inertial  parameter  of  the 
rotorcraft  that  depends  on  the  number  of  blades, 
mass  of  the  fuselage  and  blades,  and  mass 
distribution  of  the  blades. 

The  equations  of  motion  are  now  in  their  final 

form.  Recall  that  n^  and  n.  are  nondimensional 
0  b 

landing  gear  and  blade  damping  coefficients, 
respectively,  w  is  the  nondimensional  rotor  speed. 

f  appears  as  a  nondimensional  natural  frequency. 

Note  however,  that  from  the  previous  definitions, 

=  P u  ^  +  a?(\^  -  1).  V"  is  of  order  .1  for 

s  ^b^  ^0  '  0 

0 

modern  helicopters  and  the  blade  restoring  springs 
are  weak  or,  more  commonly,  absent.  (In  this 

analysis  the  spring  is  absent).  Therefore  will 

have  a  negative  value.  Thus  one  might  immediately 
suspect  the  existence  of  unstable  behavior.  £  is 
a  fixed  inertial  property  of  the  rotorcraft 
structure.  Lastly,  x  represents  a  nondimensional 
motion  of  the  fuselage  and  ?  and  n  are  non- 
dimensional,  transformed  blade  coordinates. 

Consider  now  the  term^x'lx'  L  The  physical 
nature  of  x'  lx'  I  versus  x‘  for  x'  ~  sin(aT)  is 
shown  in  Figure  5.  This  nonlinearity  will  be 
approximated  by  constructing  a  describing  function 
9  ^  ^ 

for  it.  For  x'  lx'  I,  assuming  an  x  motion  of 
X  =  !X  1  cos  (ax) ,  one  has: 

(  a^  sin^(aT)  ;  1  f 

|-a2  IX~l2  sin2(aT)  ;  f 

Express  F  ,  as 


X  +  =  Fs incut, 

3  TT  n  ’ 


X  =  A  sin((ut  +  3)  (26) 

By  varying  b,  F,  and  o)  one  can  find  how 

closely  Eq.  (25) 's  response  matches  Eq.  (26) 's  over 
a  range  of  input  parameters. 

An  example  of  such  a  comparison  in  which  the 
deviations  are  of  a  worst  case  type  is  shown  in 
Figure  6.  The  quasilinear  response  is  in  the  form 
of  a  circle,  so  any  noncircularity  of  the  nonlinear 
response  is  due  to  the  higher  order  terms  generated 
by  the  nonlinear  element.  The  main  point  is  that 
even  in  this  case,  which  is  among  the  most  non¬ 
linear  of  the  responses,  the  quasilinear  approxi¬ 
mation  is  still  quite  good.  Noting  this,  one  can 
proceed  with  the  helicopter  analysis. 

Equation  (21)  is  now  modified  by  replacing 
x'lx'l  with  3^  a  |X|  x': 


x"  +  [2h  + 

0 


-]  x‘  +  x  =  fi' 


Once  again  assume  motion  of  the  form  x  =  X 
i  ar 

e  ,  etc.,  substitute  these  expressions  into 

Eqs.  (22),  (23),  and  (27)  and  solve  the  resulting 
set  of  algebratic  equations.  The  final  character¬ 
istic  equation  is: 

'"ft  ^  -/I  O 

a  (1  -  0)  -  a  ( - — )  -a^  (4cu^  +  ^b^ 

+  1+05^  (2-e)) 


F^  =  E  ^  b^  sin(anT) 


?  P  32  X  n,  „  ^ 

+  a  (&1  +  2r)  - - ^  +  r  [a)f  (2  +  sf  +  8  rij 

3tt  ^  SOD 


1  2'n'/a 


Fj  sin(an'^)  d^^ 


i::2  ^  ,.2 


+  4n^  +  4(5^  (1.  +  n^  +  ‘^s  ‘ 


Retaining  the  first  harmonic  produces: 


Note  that  the  amplitude  is  nonlinearly  related 
to  the  input  (proportional  to  X  and  a)  but  the 
output  frequency  is  the  same  as  the  input 
frequency.  It  is  for  this  reason  that  the  method 
is  often  called  quasi-linearization;  the 
approximation  is  not  fully  nonlinear,  but  is  more 
than  just  linear. 


-i  [a^  (|^)  +  a^  (n|^(2  -  e)  +  n^)  -  [2n^  +  + 

2fi2]  II  -  2a^  (n^  +  (1  +  2n^nj^)  + 

2G^(nb  +  n^))  +  a(j;J  +  ||  +  + 
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Note  that  this  is  sixth  order  in  a,  not  third 
-7 

order  in  a  as  before.  Also,  the  X  amplitude  now 
appears  explicitly.  This  means  that  the  limit 
cycle  amplitude  of  the  nonlinear  system  is 

directly  related  to  a,  the  frequency  of  oscilla¬ 
tion,  and  both  must  be  solved  for  simultaneously. 

In  this  study  the  Newton  Raphson  method  was 
used  to  solve  the  above  equation.  The  real  and 
imaginary  parts  of  the  characteristic  equation 
define  two  new  equations,  f^  and  i which  are  both 

set  to  zero.  The  Newton  Raphson  procedure  re¬ 
quires  one  to  form  J(fi,f2)  where  J  is  defined  as: 


The  equations 


are  then  used  to  iterate  an  initial  guess  of  a^ 

and  X  to  the  correct  values  of  a  and  X. 

0 


Resul ts 

Figure  7  illustrates  the  expected  behavior 
for  the  linear  case,  <  co  <  implies  motion  of 

the  form  x  ^  e^^^.  When  a  nonlinear  restoring 
element  is  added,  one  would  expect  to  find  finite 
limit  cycle  behavior  between  a)-|  and 

{x  Between  and  as  w  approaches 

w-j  or  ^2  amplitude  should  decrease  to  zero 

since  the  linear  destabilizing  terms,  b,  is 
approaching  zero  and  so  the  motion  is  only  weakly 
unstable.  This  means  that  only  a  small  amplitude 
of  oscillation  is  needed  for  the  nonlinear  term  to 
balance  out  the  unstable  linear  behavior.  Corres¬ 
pondingly,  one  expects  the  maximum  limit  cycle 
amplitude  to  occur  in  the  middle  of  the  region 
between  w-j  and  since  this  is  where  the  linear 

model  shows  the  strongest  unstable  behavior, 

(Fig.  8)  Thus  one  could  start  the  nonlinear 
search  near  in  Figure  8,  where  one  expects 
X  r  0.0  and  the  oscillation  frequency,  a,  has  the 
value  found  from  a  linear  analysis.  Once  the 
combined  solution  of  a  and  X  for  a  given  w  is 
knov/n,  w  can  be  incremented  and  the  corresponding 
a  and  X  determined. 

In  actuality,  the  simple  behavior  described 
above  is  only  found  for  large  values  of  blade 
damping  (Fig.  9,  r\^  =  .20).  As  the  blade  damping 

decreases,  the  absolute  magnitude  of  the  response 
increases,  as  expected  (Fig.  9,  h^  =  .10). 

However,  a  surprising  result  is  that  the  response 


eventually  becomes  triple  valued  and  the  range  of 
limit  cycle  oscillations  increases  beyond  the 

limit  predicted  by  linear  theroy  (n^  =  .04  in 

Fig.  9). 

Physically  this  means  that  hysteresis  now 
exists  in  the  amplitude  response.  Figure  11 
illustrates  this  motion.  If  w  increases  from  zero, 
the  amplitude  builds  to  point  A.  Any  further  in¬ 
crement  in  w  will  cause  the  response  to  drop  down 
to  B,  which  in  addition  to  being  a  different 
amplitude  also  entails  a  new  (lower)  frequency  of 
oscillation.  Correspondingly,  if  the  lower  branch 
is  being  traversed,  then  when  w  decreases  below  the 
speed  corresponding  to  point  C,  the  amplitude  will 
increase  dramatically  (to  D)  and  the  frequency  of 
oscillation  will  increase  as  well.  Thus  when 
increasing  or  decreasing  w  through  these  critical 
points  the  response  will  change  abruptly.  This 
behavior  would  be  quite  disturbing  to  an  operator 
since  the  craft  would  suddenly  experience  greatly 
increased  (or  decreased)  shaking  for  a  very  small 
change  in  w.  Note  that  points  on  the  middle  curve 
(between  A  and  C)  are  not  physically  realizable; 
they  represent  unstable  limit  cycles  and  so  motion 
that  starts  on  this  branch  will  jump  to  either  the 
top  or  bottom  branch.  This  alteration  of  stable 
and  unstable  limit  cycles  is  quite  common  in  non¬ 
linear  systems, 9  The  lower  branch  of  the  triple 
valued  curve  is  not  visible  in  Figure  9  due  to  its 
small  magnitude  relative  to  the  other  solutions. 

An  interesting  numerical  problem  is  how  to 
solve  for  the  unstable  branch  of  the  response.  If 
w  is  simply  increased,  the  solution  will  drop  to 
the  lower  branch  upon  moving  beyond  point  A.  One 
could  attempt  to  jump  directly  onto  the  root  by 
trial  and  error,  but  this  is  a  very  slow  process. 
The  method  used  to  overcome  this  problem  was  to 
realize  that  plotting  f-,  and  f2  as  functions  of  a 
and  X  would  yield  a  solution  ^surface  in  the  three 
dimensional  space  defined  by  f-j  (a,X)  and  f2(a,X). 

By  specifying  f^  ^  ^2  ^  surface 

and  a  curve  similar  to  that  illustrated  in  Figure 
12  is  obtained.  This  curve  shows  the  top  and 
bottom  branch  solutions,  as  well  as  the  middle  one. 
These  middle  solution  values  can  now  be  used  as 
initial  conditions  for  charting  the  unstable  limit 
cycles.  This  method  lends  itself  very  well  to  a 
general  search  for  solutions.  If  one  has  a 
solution  for  some  value  of  a,  then  one  can  find  all 
the  other  possible  solutions  by  branching  =  0 

and  ^2  "  ^  these  initial  values. 

Now  return  to  Figure  9.  If  h^  is  further 

decreased  the  response  curves  bifurcate  (h,  =  .036, 
Fig,  9).  This  is  a  fundamentally  different 
behavior  from  that  for  larger  For  all  larger 

values  of  hj^,  the  oscillations  stop  when  one  in¬ 
creases  w  through  the  unstable  regime.  The  tran¬ 
sition  to  zero  may  be  gradual  (h^  =  .10)  or 

abrupt  (h^  =  .037),  but  it  always  occurs.  Now  one 

has  the  situation  in  which  the  stable  limit  cycle 
will  persist  for  all  oi  >  oo-j .  The  bottom  branch 

represents  unstable  limit  cycle  behavior  which 
continues  as  oo  approaches  infinity.  In  this 
situation  there  exists  no  way  to  leave  the  top 
branch  once  it  has  been  entered  except  by  reducing 
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w  or  by  disturbing  the  system  sufficiently 
strongly  that  the  response  moves  through  the 
middle  branch  to  the  underlying  stable  region. 

The  bifurcation  phenomenon  can  be  understood 
by  extending  the  domain  of  input  rotor  speeds. 
Figure  10  illustrates  the  response  in  this  ex¬ 
panded  range.  Several  points  can  now  be  made. 

First,  one  notes  that  multiple  limit  cycle 
solutions  exist  over  a  greater  range  than  pre¬ 
viously  indicated.  Examine  the  case  of  =  .04, 

for  example.  It  had  appeared  that  for  all  rotor 
speeds  above  approximately  1.8,  only  a  zero 
amplitude  solution  existed.  Now  it  is  seen  that 
this  is  only  true  up  to  co  =  3.1.  Above  this 
speed,  multiple  solutions  exist,  both  stable  and 
unstable.  Figure  10  therefore  shows  that  the 
existence  of  a  finite  limit  cycle  solution  is  the 
rule  rather  than  the  exception,  since  only  for  two 
finite  frequency  intervals  (0  <  w  <  lower  limit  of 
left  solution  branch  and  upper  limit  of  left 
solution  branch  <  ai  <  lower  limit  of  right  sol¬ 
ution  branch)  can  a  zero  amplitude  solution  exist 
with  no  associated  finite  limit  cycle  solutions. 

Second,  although  the  zero  amplitude  solution 
is  stable  for  all  rotor  speeds  above  approximately 
1.6,  the  stability  becomes  relatively  weaker  since 
the  unstable  locus,  (indicated  by  the  dashed 
line),  has  an  asymptotic  behavior  of  the  form, 

X  ~  l/oj  as  0)  Therefore  a  progressively 

smaller  perturbation  to  the  system  is  required  to 
drive  the  oscillation  amplitude  from  zero,  through 
the  unstable  locus,  and  to  the  stable,  high 
amplitude  solution  locus. 

Third,  as  the  damping  decreases,  the  rotor 
speed  at  which  the  second  solution  branch  occurs 
will  decrease.  For  h.  =  .04,  the  point  A 
indicates  the  lower  rotor  speed  limit  of  the  right 
branch.  As  is  decreased,  to  .037,  the  minimum 

speed  of  the  right  branch  decreases,  (shown  in 
Figure  10  by  the  point  B).  Finally,  for  a  level 
of  damping  between  .036  and  .037,  the  two  branches 
touch.  After  this  level  of  damping  is  passed,  the 
loci  join  to  form  the  previously  noted  bifurca¬ 
tion.  Thus  the  loci  at  which  the  two  branches 
join  is  analogous  to  the  well  known  separatrix, 
found  in  the  phase  plane  representation  of  the 
solution  of  the  equations  of  motion  of  a  pendulum, 
in  that  it  separates  two  distinct  solution  regions 
from  each  other. 

A  further  interesting  result  is  that  the 

necessary  for  bifurcation  is  the  same  regardless 
of  variations  in  n^  (Figure  13).  If  one  wishes 

to  eliminate  the  bifurcation  phenomenon,  one  must 
increase  altering  n^  will  be  ineffective. 

This  is  not  at  all  intuitive.  One  would  usually 
think  that  adding  damping  to  either  the  blades  or 
the  landing  gear  would  effect  the  response  in 
some  broadly  similar  way.  However,  analysis 
shows  that  even  though  the  overall  amplitude  of 
the  motion  will  change  for  varied  h^,  the 

bifurcation  itself  will  always  occur  for  the  same 
value  of  h^.  There  is  a  final  observation  that 

is  useful  for  determining  the  value  of 

necessary  for  bifurcation.  Figure  13  shows  that 


the  relation  between  e  and  the  value  of  n. 

b 

necessary  for  bifurcation  is  quite  linear.  There¬ 
fore  one  can  predict  the  bifurcation  from  a 

knowledge  of  e.  Numerical  integrations  of  the 
equations  of  motion  were  performed  to  verify  the 
above  results.  As  expected  from  the  analysis  of 
Eqs.  (25)  and  (26),  the  amplitudes  and  frequencies 
found  from  numerical  integrations  agreed  with  the 
results  of  the  harmonic  balance  procedure. 

For  typical  dimensional  values,  and  ri^  =  .02, 

the  x  oscillations  range  from  0  to  1  foot  and  the 

blade  lag  oscillations  range  from  0  to  360°.  For 
=  .20,  X  and  ^  range  from  0  to  1/2  inch  and  0 

to  2°  respectively.  The  distance  from  the  center 
of  rotation  of  the  actual  helicopter  to  its  rotor 
hub  is  approximately  five  feet.  Thus  it  is  clear 
that  for  certain  parameter  ranges  the  results  may 
not  always  be  physically  meaningful.  The  size  of 
the  actual  oscillations  is  dependent  on  the  non- 
dimensional  parameter,  y-  For  a  given  helicopter, 
if  the  degree  of  nonlinearity  in  the  landing  gear 
is  increased,  y  will  increase^and  the  actual  x  and 
C  corresponding  to  x,  n,  and  ^  will  decrease. 
Therefore,  the  question  of  whether  the  above 
phenomena,  such  as  bifurcation,  will  occur  depends 
on  the  specific  helicopter  being  examined. 


Concl usions 

By  including  nonlinearities  in  the  helicopter 
model ,  one  can  predict  both  the  frequency  and 
amplitude  of  the  solution.  Moreover,  the  addition 
of  a  nonlinear  element  to  the  landing  gear  of  a 
simplified  helicopter  model  will  cause  large  qual¬ 
itative  changes  in  the  response  curves  from  those 
predicted  by  linear  theory.  For  large  values  of 
linear  blade  damping,  the  response  follows  one's 
intuitive  notion  of  how  the  limit  cycles  should 
behave.  That  is,  within  a  critical  band  of  rotor 
speeds  a  finite  amplitude  limit  cycle  will  exist, 
the  amplitude  of  which  will  decrease  as  the  rotor 
speed  approaches  these  boundaries  from  within.  For 
rotor  speeds  outside  of  the  instability  range 
predicted  by  linear  theory,  the  system  will  not 
support  a  limit  cycle  and  disturbances  to  the 
system  will  decay.  As  blade  damping  is  decreased 
however,  new  phenomena  occur.  The  solutions 
become  triple  valued  and  finally  bifurcate.  Thus 
when  increasing  the  nondimensional  rotor  speed,  w, 
from  zero,  the  response  can  include  limit  cycles 
that  increase  to  a  maximum  and  then  smoothly  decay 
to  zero,  solutions  that  abruptly  jump  to  zero  and 
solutions  that  keep  limit  cycling  for  all  w  above 
some  critical  value.  This  behavior  has  important 
consequences  with  regard  to  piloting  a  rotorcraft. 

The  most  dramatic  nonlinear  feature  of  the 
solutions,  the  bifurcation,  depends  only  on  the 
blade  damping  and  is  independent  of  variations  in 
fuselage  damping.  This  phenomenon  (and  the  bowing 
out  of  the  solutions  in  the  triple  valued  response 
region)  implies  that  the  range  of  unstable  rotor 
speeds  can  actually  be  greater  than  that  predicted 
by  linear  theory.  Thus  linear  theory  will  some¬ 
times  give  overly  optimistic  results  with  regard  to 

stability  boundaries.  The  various  values  of  h. 

b 

which  produce  bifurcation  can  be  easily  predicted 
if  one  knows  the  parameter  e,  which  involves  the 
parameters  S,  I,  M  and  n.  Finally,  the  results 
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must  be  translated  back  Into  dimensional 
quantities  in  order  to  determine  their  physical 
significance. 

Future  work  will  involve  introducing  a  non¬ 
linear  blade,  as  well  as  a  nonlinear  fuselage, 
damper. 


2n^x  +  Yx|x|  +p2x 

+  (w+4)^cos(i|<^+C^)]  (Al) 
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If  all  terms  greater  than  second  order  are 
neglected  and  the  previously  used  nondimensional - 
izations  are  used,  the  resulting  equations  are: 


q  +  2qq  +  (p2^  +  uiv^)q 
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Appendix  A 

The  full  nonlinear  equations  of  motion 
corresponding  to  the  model  of  Figure  2  including 
blade  nonlinearities  and  nonlinear  fuselage  damp¬ 
ing  are: 

h  '''  '''  Pfa  ^ 

=  y  X  sin(ik|^  +  £|^) 


To  determine  the  importance  of  the  second 
order  blade  inertial  nonlinearities  that  occur  in 
Eq's  A2,  numerical  simulations  were  run  for  the 
same  input  parameters  as  those  used  in  Figure  9. 

The  outputs  of  the  numerical  runs  were  recorded 
for  several  cycles  and  then  the  Fourier  series 
coefficients  of  the  resulting  data  were  calculated. 
The  resulting  amplitudes  and  frequencies  present  in 
the  outputs  are  compared  with  the  previous  limit 
cycle  results,  which  neglected  blade  inertial  non- 
linearities,  in  Fig's  A1-A6'.  As  can  be  seen,  the 
amplitude  and  frequency  of  the  limit  cycle  motion 
found  by  the  previous  analysis  remains  relatively 
unchanged  when  blade  inertial  nonlinearities  are 
incl uded. 

The  major  effects  of  the  blade  inertial 
nonlinearities  is  to  increase  the  amplitude 
response  of  the  off-peak  frequencies  which  occur 
below  the  fundamental  harmonic.  Thus  the 
importance  of  these  frequencies  must  be  ascertained 
for  the  particular  parameters  being  used. 

Clearly,  the  results  of  the  main  paper  are 
correct,  as  far  as  the  single  frequency  limit  cycle 
response  is  concerned.  In  practice,  one  should  run 
one  or  two  time  simulations  to  ensure  that  the 
limit  cycle  amplitude  at  the  fundamental  frequency 
is  sufficiently  large  in  comparison  to  the 
amplitude  at  other  frequencies  so  that  blade 
inertial  nonlinearities  may  be  neglected. 

*  This  work  was  supported  by  the  National  Science 
Foundation  under  Grant  MEA-8119883  with  the 
Division  of  Mechanical  Engineering  and  Applied 
Mechanics. 
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FIGURE  2.  SIMPLIFIED  MODEL  OF  A  ROTOR  ON  A  MOVABLE  FUSELAGE. 
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Abstract 

A  procedure  is  presented  for  identifying 
linear  non-proportionally  damped  system.  The 

system  damping  is  assumed  to  be  representable  by  a 
real  symmetric  matrix.  Analytical  mass,  stiffness 
and  damping  matrices  which  constitute  an  approxi¬ 
mate  representation  of  the  system  are  assumed  to  be 
available.  Given  also  are  an  incomplete  set  of 
measured  natural  frequencies,  damping  ratios  and 
complex  mode  shapes  of  the  structure,  normally  ob¬ 
tained  from  test  data.  A  method  is  developed  to 
find  the  smallest  changes  in  the  analytical  model 
so  that  the  improved  model  can  exactly  predict  the 
measured  modal  parameters.  The  present  method  uses 
the  orthogonality  relationship  to  improve  mass  and 
damping  matrices  and  the  dynamic  equation  to  find 
the  improved  stiffness  matrix. 

Nomenclature 

A  matrix  defined  in  Eq.  (4) 

B  matrix  defined  in  Eq,  (5) 

C  system  damping  matrix 

D  GQG*,  Eq,  (29f) 

E  coefficient  matrix,  Eq.  (14) 

F  GH,  defined  in  Eq.  (29c) 

f  matrix  defined  in  Eq.  (lb) 

G  matrix  defined  in  Eq.  (29b) 

g  matrix  defined  in  Eq.  (24a) 

H  matrix  defined  in  Eq.  (29a) 

h  matrix  defined  in  Eq.  (24b) 

I  identity  matrix 

K  system  stiffness  matrix 

k  K  Wj, 

M  system  mass  matrix 

m  number  of  measured  modes 

n  number  of  degrees  of  freedom 

P  matrix  defined  in  Eq.  (29d) 

Q  matrix  defined  in  Eq.  (29e) 

R  real  part  of  $ 

S  imaginary  part  of  $ 

U  real  part  of 

V  imaginary  part  of 

W  weighting  matrix 

X  displacement  vector,  Eq,  (1) 

Y  vector  of  system  state  variables,  Eq.  (3) 
a  matrix  consisting  of  Lagrange  multipliers, 

Eq.  (18) 

3  matrix  consisting  of  Lagrange  multipliers, 

Eq.  (18) 

y  matrix  consisting  of  Lagrange  multipliers, 

Eq.  (18) 

A  matrix  defined  in  Eqs.  (14a,  b) 

e  weighted  matrix  norm 

T 

0  Y-y 

A  matrix  consisting  of  Lagrange  multipliers, 

Eq.  (12) 

$  rectangular  complex  mode  shape  matrix 

')> 

*This  work  was  carried  out  under  Contract 
NASl-15805  to  the  Langley  Research  Center 
**Senior  Research  Engineer,  Member  AIAA 

^^Senior  Research  Engineer 
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Lagrangian  function 

9,  diagonal  complex  matrix  consisting  of  damping 
ratios  and  natural  frequencies 
(*)  one  differentiation  with  respect  to  time 

(  )  complex-conjugate  of  a  matrix 


Superscripts 


T  matrix  transpose 

*  conjugate  transpose  of  a  matrix 

+  Moore-Penrose  inverse  of  a  matrix 


Subscripts 


A  analytical  matrix 
C  system  damping 

I  imaginary  part 

K  system  stiffness 

M  system  mass 

R  real  part 


Introduction 


With  the  increasing  complexity  and  accuracy 
demands  of  modern  aerospace  structures,  system 
identification  has  become  a  necessity.  In  recent 
years,  within  the  framework  of  linear  undamped 
systems,  many  procedures  have  been  proposed  to 
improve  an  analytical  model  by  using  measured 

modal  parameters^  Analytical  mass  and  stiff¬ 

ness  matrices  are  often  available  from  some 
source,  for  example,  a  finite  element  analysis. 
Certainly,  the  resulting  model  is  only  an  approxi¬ 
mate  representation  to  the  structure  and  contains 
errors  of  undetermined  magnitude.  On  the  other 
hand,  vibration  test  results  in  incomplete  sets  of 
natural  frequencies  and  mode  shapes  of  the  struc¬ 
ture.  These  data  also  contain  errors  whose  magni¬ 
tudes  are  unknown.  Assuming  it  is  desired  to  have 
an  analytical  model  which  will  be  consistent  with 

4 

the  analysis  and  the  test,  Berman  applied  the 
Lagrange  multiplier  method  to  minimize  a  weighted 
3 

matrix  norm  and  obtained  an  improved  model  which 
predicted  exactly  the  measured  modal  data  and 
minimized  the  changes  in  the  analytical  model. 
The  requirement  for  a  small  modification  implies 
that  the  analytical  model  is  a  good  representation 
of  the  structure.  Applications  of  this  procedure 
to  improve  the  analytical  models  of  large  struc¬ 


tural  systems  have  been 


reported 


6,7 


The  procedure  mentioned  above  among  others  is 
based  on  the  assumption  that  the  system  possesses 
only  negligible  damping  level  or  that  the  damping 
is  proportional  and  that  the  measured  modal  para¬ 
meters  are  real.  However,  there  are  cases  in  which 
damping  effects  must  be  taken  into  account.  For 
instance,  ground  vibration  tests  of  a  helicopter 
fuselage  have  shown  that  the  modal  damping  ratio  of 
several  lowest  modes  are  over  12  percent  and  the 

g 

mode  shapes  are  essentially  complex-valued  . 
Therefore,  it  was  necessary  to  refine  the  previous 
method  so  that  the  more  realistic,  nonpropor- 
tionally  damped  system  and  the  modal  parameters 
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may  be  equally  treated.  In  the  analyses  reported 
hereafter,  the  system  damping  can  be  of  any  type  so 
long  as  it  can  be  represented  by  a  real  symmetric 
matrix  coefficient  of  the  velocity  vector  in  the 
dynamic  equation. 

Primary  concerns  in  the  present  study  are  as 
follows : 

1.  The  method  must  be  applicable  to  large  struc¬ 
tural  systems.  Let  the  number  of  degrees  of 
freedom  be  n  and  the  number  of  measured  modes 
be  m.  Typically,  n  is  of  the  order  of  hun¬ 
dreds  and  m  is  much  less  than  n.  Methods 
involving  extensive  iteration  or  repeated 
eigensolution  would  be  prohibitively  expensive 
and  convergence  problem  would  always  involve 
some  uncertainty. 

2.  Besides  the  analytical  mass  and  stiffness 

(K^)  matrices,  the  present  procedure  needs  an 

analytical  damping  matrix  (C^) .  It  is 

acknowledged  that  no  general  rules  currently 
exist  for  formulating  a  damping  matrix  as  are 
those  for  mass  and  stiffness  matrices.  One 
way  to  obtain  in  the  first  approximation  is 

to  represent  it  as  a  proportional  matrix  which 

is  a  linear  combination  of  M.  and  K.  .  This 

A  A 

step,  of  course,  involves  considerable  engi¬ 
neering  judgement  and  the  accuracy  may  not  be 
high. 

3.  Unlike  its  undamped  counterpart,  a  damped  sys¬ 
tem  has  complex-valued  modal  matrices  and 

To  guarantee  the  improved  matrices  being  real 
symmetric,  appropriate  constraints  had  to  be 
imposed  on  the  system  equations  which  rendered 
the  problem  considerably  more  complicated  than 
would  otherwise  be  the  case. 

A  method  was  developed  which  is  applicable  to 
realistically  large  models,  is  computationally  ef¬ 
ficient,  and  satisfies  all  the  theoretical  require¬ 
ments  . 

Theoretical  Background 


By  the  use  of  (2)-(5),  the  following  ortho¬ 
gonality  relationships  are  obtained: 


T 

r 

j 

A 

r  * 

\\ 

r 

I  " 

J 

or  equivalently, 

$'^M$  +  +  =  I  (6a) 

and 

^  (7a) 

where  is  a  complex-valued  diagonal  matrix  con¬ 
taining  modal  damping  ratios  (real  part)  and 
natural  frequencies  (imaginary  part)  and  $  the 
corresponding  mode  shape  matrix.  Attention  must 
be  called  that  in  identification  problem  $  is  a 
rectangular  matrix  and  is  mxm.  With  these  modal 
parameters,  the  dynamic  equation  (1)  can  be  cast 
in  the  form  of 

M$n^+C$n+K$=0  (la) 

Given  Q  and  $,  it  can  be  shown  that  if  M,  C 
and  K  satisfy  (la)  and  (6)  then  they  also  satisfy 
(7).  In  other  words,  (la)  and  (6)  imply  (7),  but 
(la)  and  (7)  do  not  imply  (6)  unless  Q  is  non¬ 
singular.  Therefore,  Eqs.  (la)  and  (6)  have  been 
selected  to  improve  the  analytical  model  since  it 
is  desired  to  include  rigid  body  modes  if  the  sys¬ 
tem  has  free  boundary  conditions. 

Intuitively,  it  might  seem  appropriate  to 
improve  M,  C  and  K  by  directly  identifying  A  and  B 
of  Eqs.  (4)  and  (5).  Unfortunately,  this  cannot 
be  done.  The  reason  is  that  the  optimization  tech¬ 
niques  would  distribute  variations  to  all 
variables  involved  and,  for  example,  the  upper- 
left  portion  of  the  modified  matrix  will  no  longer 
to  be  precisely  zero,  which  is  certainly 
unacceptable.  Thus  it  is  necessary  to  take  the 
more  difficult  analytical  approach  of  specifically 
identifying  the  physical  matrices. 


A  linear  structural  system  of  n  degrees  of 
freedom  is  described  by  the  matrix  equation 


MX  +  CX  +  KX  =  0  (1) 

where  M,  C  and  K  are  real  symmetric  constant  coef¬ 
ficient  matrices.  With  the  state-space  representa¬ 
tion,  (1)  can  be  rewritten  as 


(2) 

(3) 

(4) 


AY  +  BY  =  0 


where 


A  = 


B  = 


X 

0  M 
M  C 

-M  0 
0  K 


Full  Mode  Computation 

Since  in  practice,  the  degrees  of  freedom 
measured  in  a  vibration  test  are  only  a  small 
portion  of  those  specified  in  the  analytical 
model,  a  procedure  is  required  to  compute  the 
modal  displacements  at  the  unmeasured  degrees  of 
freedom.  This  preprocessing  procedure  referred  to 
as  "full-mode  computation"  has  been  discussed  in 
Ref.  6.  A  slight  modification  is  made  here  to 
include  the  system  damping. 


Let  be  the  ith  column  of  the  mode  shape 
matrix  0.  The  portion  of  whose  elements  are 
measured  is  denoted  by  and  the  rest  by 

With  this  coordinate  transformation,  Eq.  (la)  can 
be  partitioned  into 


(5) 
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where,  for  the  ith  mode,  is  the  measured  eigen¬ 
value  and  M,  C  and  K  partitioned  are  the  system 
matrices  update.  At  the  start  of  the  identifica¬ 
tion  procedure,  M,  C  and  K  are  the  analytical 
matrices  M^,  and  K^.  It  is  apparent  from  (8) 
that 


2i 


Because  analytical  matrices  are  involved  in 
the  equation,  the  accuracy  of  solved  from  (9) 

is  expected  to  be  of  the  order  of  M^,  or  even 

if  is  exact.  The  analysis  following  will  deal 

with  full  modal  matrices  $ (nxm)  and  fi(mxm). 

Improvement  of  Mass  and  Damping  Matrices 

The  basic  equation  to  be  used  for  improving 
analytical  mass  and  damping  matrices  is  the  ortho¬ 
gonality  relationship  (6a).  Since  m  <  n,  given  ^ 
and  Q,  there  are  infinite  sets  of  M(nxn)  and  C (nxn) 
satisfying  (6a) ,  A  unique  set  of  mass  and  damping 
matrices  will  result  if,  in  addition  to  satisfying 
the  orthogonality  relationship,  a  norm 

e  =  1  I  Wy  I  I  +  I  I  (C-C^)  |  |  (10) 

is  also  minimized,  where  Wj^(nxn)  and  W^(nxn)  are 
arbitrary  real  symmetric,  nonsingular  weighting 
matrices.  Let  $  =  R  +  iS  and  =  U  +  iV  then  the 
real  and  imaginary  parts  of  (6a)  are  separated  into 

r'’’’mU  +  u'^^MR  -  s'^MV  -  v'^MS  +  r'^CR  -  s'^CS  =  I  (11a) 

r'^MV  +  v'''MR  +  s'^'mU  +  u'*'MS  +  r'^CS  +  S^CR  =  0  (11b) 

Define  the  Lagrangian  function 


i=l  i=l 


+  R^CR  -  S^CS  -  I)  .  . 


in  m 

+  y  y  (A^)  .  .  (R  MV  +  V^MR  +  S'^MU  +  U^MS 

L  L  X  ij 


i=l  j=l 


+  R^CS  +  S^CR) . . 


(12) 


Differentiating  with  respect  to  M  and  C  respec¬ 
tively  and  equating  the  results  to  0  yield 

M  =  M  -  1/2  W”^  (RA^u'''  +  UA^r'*'  -  SA^v"'’  -  VA„s'^ 

A  m  K  K  K  K 


+  RA  +  VA  r"^  +  SA  +  UA  s'^)W  ^ 
I  I  I  I  M 

(13a) 


C  =  C.  -  1/2  w"^(RA„r'^  -  SA^s'^’  +  RA^S^  +  SA^r’’’)  w"^ 
A  UK  K  i  i  L 

(13b) 

Obviously,  imposing  A  and  A  being  symmetric 
K  i 

in  Eqs,  (13a,  b)  is  equivalent  to  imposing  the  con¬ 
straints  of  M  and  C  being  S3anmetric  to  Eqs.  (11a, 
b) .  The  Lagrange  multipliers  (A„) . .  and  (A  )  may 

K  IT  1 


be  solved  numerically  from  the  following  set  of 
equations  obtained  by  substituting  (13a,  b)  into 
(11a,  b). 


^^llhk8,j  1 

*'^12hk!lj 

^^2lhk!lJ  1 

^^22hk{,j 

where 

(I  -  R^M^I 

h  =  2 

(r'^m^v  +  ^ 

+  ] 

(14) 


T  T 

-  R  C,R  +  S  C,S) 
A  A 


(14a) 


(14b) 


and  the  submatrices  ^12’  ^21  ^22 

-2  -2 

functions  of  R,  S,  U,  V,  and  .  Repeated 

index  in  a  product  denotes  summation  over  the 

range  of  the  index.  Since  A  and  A  are  sym- 

K  1 

metric,  there  are  m(m  +  1)  unknowns  along  with 

m(m  +  1)  equations  in  (14).  In  the  implementation 

of  the  techniques  the  coefficient  matrix  E  which 

has  m(m  +  1)  x  m(m  +  1)  elements  is  formulated  by 

a  FORTRAN  program.  The  improved  mass  and  damping 

matrices,  M  and  C,  result  when  A  and  A  are 

K  i 

solved  from  (14)  and  are  substituted  into  (13a, b). 


In  this  section,  a  numerical  method  has  been 
used  to  solve  m(m  +  1)  equations.  In  practice  the 
number  of  measured  modes  is  small  enough  to  make 
this  solution  economically  practical. 

Improvement  of  Stiffness  Matrix 


Given  the  full  modal  matrices  ^  and  the 
improved  M  and  C,  and  the  analytical  stiffness 
matrix  K^,  an  improved  stiffness  matrix  K  must 

satisfy  the  dynamic  equation 

+  m'^c)  =  f  (lb) 

K 


and  the  constraints 

k  =  k"  (15) 

k  =  k'^  (16) 

in  which  an  asterisk  denotes  the  conjugate  tran¬ 
spose  of  a  matrix,  4  =  k  =  K  and 

(nxn)  is  an  arbitrary,  real  symmetric,  nonsingular 
weighting  matrix.  The  constraints  (15)  and  (16) 
guarantee  the  improved  stiffness  matrix  to  be  real 
symmetric.  A  unique  set  of  K  will  result  if  k 
satisfies  (lb),  (15),  (16)  and  also  minimizes  the 

norm 

£  =  II  Wj,  (K  -  K^)  II  =  II  k  -  k^  II  (17) 
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Define 


m  n 

[  “ij 

f)*..i  + 1  I  r6..(k  -  k*) 

J  i=l  j=l  L 


*  T 
+  (4)  k 


*  “jj  <'•*  -  «ij  •  ’ij  <“  - 

*  T  *  ~1 

.  y„  (k  -  k  )  j,  J 


(18) 


Note  that  it  is  no  longer  practical  to  solve 
the  equations  numerically  for  the  Lagrange  multi- 

2 

pliers  3  and  y  because  their  order  is  n  .  A 
closed-form  representation  for  the  improved  stiff¬ 
ness  matrix  is  necessary.  Differentiating  with 
respect  to  k  and  equating  the  result  to  zero  yields 

(k  -  k^)*  +  (fia  +  B  -  6*  +  Y  -  =  0  (19) 

Taking  the  conjugate  transpose  of  (19)  and  adding 
it  to  (19)  results  in 

2  (k  -  k^)  +  (J)a  +  ((l)a)''*  +  G  +  G*  =  0  (20) 

T 

where  G  =  y-y  and  the  relationship  k-k^  =»  (k-'k^)* 

has  been  used  in  the  equation.  Premultiplying  (20) 

T  T 

by  *  applying  (lb)  and  noting  that  (J)  (|)  is  non¬ 
singular,  then 


a  =  -  ^[2(f-f  )  +  if. '^(0+0*)]  -  (.)>%)  ^(J)L*((i* 

(21) 

T 

in  which  f^  -  4>  k^.  Substituting  (21)  into  (20) 
gives 

2  (k  -  k^)  +  0  +  0*  -  ())  (.(.^iji)"^  [2  (f  -  f^) 


T  .  *  T-IT** 

+  4)  (0  +  G)]-4>(4’<l^)  4^oc4> 

-  [2(f*-  f*^)  +  (0  +  0*)$]  ((|)*i)"%* 


-  ({.aif.  (ij)*({i)"%*  =  0  (22) 

where  an  overbar  denotes  the  complex  conjugate  of  a 
matrix.  Substituting  (21)  into  (22)  results  in 

2  (k  -  k^)  +  e  +  0*  -  <{i((|>'^i(>)"^  [2  (f  -  f^) 

+  (0  +  0*)]  -  [2  (f*  -  f^*) 

+  (0  +  0*)  j]  (.ti'y)"^* 

+  .1.  (((.’^4')"^^  [2  (f*  -  f^*) 

+  (0  +  0*)7]  (((i’y)“^.ii* 

+  ^  (<.'^4')"^  [2  (f  -  f^) 

+  (f^  (0  +  0*)]  ?  (4*T)~S* 

+  i()a'4(()i*^)”^4i*  +  4>(4i'^(ti)”^((.'^(s*i(i*  =  0 

(23) 


The  Lagrange  multipliers  a  and  ot  can 
nated  by  adding  (23)  to  (22) ,  which 

be  elimi- 
after  some 

algebraic  manipulations  results  in 

k  =  k^  +  g  +  h 

(24) 

where 

g  =  <(-  ((f"^-!-)"^  (f  -  f^)  +  [4'(<(''^4)"^ 

(f  -  VI* 

-  l/2<\>  (4.%)"^  {4'’’^(f  -  f^)* 

+  (f  -  V  ]  }  [4i('t>  <!')■  ] 

(24a) 

h  =  -1/2  [I  -  4>(i|>'^4>)"^4''^]  (0  +  0*) 

T  -IT* 

[I  -  4>(r<i))  4>  ] 

(24b) 

Apply  the  symmetric  condition  (16) 

to  (24) 

T  T 

g  +  h  =  g  +  h 

(25) 

T  T 

Premultiply  (25)  by  4>  note  that  4> 

h  =  0,  then 

h(j)  =  (g*^  -  g)  4) 

(26) 

Solving  (26)  for  h 

h  =  (g*^  -  g) 

(27) 

+  1  * 

in  which  4^  =  (4)  4^)  4*  is  the  Koore-Penrose  in- 

verse  of  4>  Therefore,  the  improved 

stiffness 

matrix  becomes 

T  + 

k  =  k^  +  g  +  (g  -  g)  4)4> 

(28) 

or,  equivalently 

K  =  Ka  -  W-2f  -  (W-2f)*  .  W-2  (F  - 

F)  PW"^ 

+  (F  -  F)*w"W^  +1/2  W"^D  W~^ 

ix  K.  K  ix 

+  1/2  W”^  (D^  -  D)W“^PW”^ 

K  K  K 

(29) 

where 

2  T  T  T 

H  =  a  $  M  +  C  +  $  K, 

A 

(29a) 

T  -2  -1 

G  =  0($  ^>) 

K 

(29b) 

F  =  GH 

(29c) 

.  *  -2  .-1  * 

P  =  $($  W„  $)  $ 

K 

(29d) 

T  A  T  *  * 

0  =  $  H  +  ($  H  ) 

(29e) 

D  =  GQG* 

(29f) 

The  matrix  inversions  required  for  the  evaluation 

“2  T  -2  -1 

of  the  improved  damping  matrix  are  ,  (5^  W  $) 

*  -1  K  K. 

and  (<!>  W  $)  ,  None  will  cause  difficulty  since 

K 

the  first  one  is  a  chosen  weighting  matrix  and  the 
other  two  are  of  order  m. 
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Conclusions 


A  method  is  developed  to  find  smallest  changes 
in  the  analytical  model  of  a  nonproportional  damped 
structure  so  that  the  improved  model  exactly  pre¬ 
dicts  the  measured  damping  ratios,  natural  frequen¬ 
cies  and  complex  mode  shapes.  The  only  assumption 
to  the  system  damping  is  that  it  can  be  represented 
by  a  real  symmetric  matrix.  The  reported  proce¬ 
dures  use  an  orthogonality  relationship  to  improve 
mass  and  damping  matrices  and  the  dynamic  equation 
to  improve  stiffness  matrix  and  are  applicable  to  a 
structural  system  with  rigid  body  modes.  Since 
this  method  has  not  invoked  any  iterative  scheme, 
it  is  especially  suited  to  the  identification  of 
large  systems. 
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Abstract 

This  paper  discusses  the  damping  identifi- 
cation  accuracy  of  the  time  domain  modal  identi¬ 
fication  algorithm  referred  to  as  the  "ITD” 
technique.  It  is  shown  here  that  the  biased,  but 
bound,  errors  in  the  identified  damping  factors 
are  due  to  the  inherent  statistically  biased 
numerical  errors  in  the  least  squares  approach 
used  to  compute  the  matrix  of  eigenvalues  and 
eigenvectors.  A  modified  least  squares  solution 
is  presented  and  shown  to  eliminate  the  damping 
bias  and  improve  its  identification  accuracy 
without  affecting  either  the  simplicity  or  the 
other  acknowledged  merits  of  the  technique. 


Introduction 

Modal  identification  techniques,  in  general, 
use  experimentally  obtained  responses  from  a 
structure  under  test  to  determine  its  natural 
frequencies,  damping  factors  and  mode  shapes. 
The  modal  parameters  thus  obtained  may  be  used 
for  a  wide  variety  of  applications  such  as 
trouble  shooting,  responses  and  loads  prediction, 
control  system  design,  dynamic  modeling  and 
incipient  failure  detection. 

The  accuracy  requirements  in  modal  identifi¬ 
cation  techniques  are  very  much  dependent  on  the 
specific  application  for  which  they  are  used.  In 
some  applications,  the  mere  determination  of 
dominant  resonant  frequencies  or  just  a 
qualitative  analysis  of  the  responses  may  be 
sufficient.  The  others  may  require  accurate 
estimation  of  all  modal  parameters  of  the  system 
over  a  wide  range  of  frequency.  For  example  in 
modal  identification  for  mathematical  modeling 
and  control  system  design,  requirements  such  as 
high  accuracy  and  the  need  for  the  identification 
technique  to  possess  high  frequency  resolution  to 
separate  closely  spaced  modes  become  crucial 
factors  for  judging  the  suitability  of  the 
technique  for  such  applications.  When  modal 
analysis  is  used  for  incipient  failure  detection 
and  structural  integrity  monitoring,  the  ability 
of  the  identification  technique  to  repeatedly 
identify  modal  parameters  with  high  accuracy  to 
determine  any  changes  in  them  becomes  a  must.  In 
such  application,  and  also  in  flutter  margins 
predictions,  strong  emphasis  is  needed  in  the 
accuracy  of  damping  factors  determination. 
Another  example  where  high  accuracy  is  desirable 
is  in  the  application  of  linear  modal 
identification  algorithms  to  nonlinear  systems  in 
a  qua si-modal  fashion^  to  determine  the  types  of 
nonlinearities . 
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The  modal  identification  technique  referpd 
to  as  the  Ibrahim  Time  Domain,  ITD,  technique*^ 
proved  to  be  promising  when  accuracy  is  highly 
required.  The  technique  is  capable  of  accurately 
resolving  closely  spaced  modes.  Extremely  good 
accuracy  characterized  the  technique  in  identi¬ 
fying  modal  parameters  even  when  high  levels  of 
noise  corrupted  the  responses.  Only  the  accuracy 
of  the  identified  damping  factors  did  not  match 
those  of  natural  frequencies  and  mode  shapes. 
Damping  factors  frequently  showed  biased  but 
bound  errors.  Reasons  for  such  errors  are 
explained  and  an  algorithm  is  proposed  to 
eliminate  or  reduce  such  errors. 


Basic  Theory  of  the  ITD  Technique 

The  technique  uses  free  decay  responses, 
containing  n  structural  modes,  to  construct  the 


2mx2r 

that 

system’s 

response  matrices 

[<!>] 

and 

[(|)]  such 

(t.) 

(1) 

(tj  +  At^) 

(2) 

with 
i  on 

X|^  being  a  physical  measurement 
the  structure  under  test  or 

at 

a 

location 

physical 

measurement  delayed  in  time  At 2  which  in  such 
case  represents  a  pseudo  measurement.  In 
constructing  these  response  matrices  the  value  of 
m  (number  of  degrees  of  freedom  in  the 
identification  model)  is  greater  than  the  number 
of  modes  n.  This  is  to  allow  the  use  of  an 
oversized  identification  models.  The  number  of 
columns  in  these  response  matrices,  2r,  is 
greater  than  2m  to  allow  for  the  implementation 
of  least  squares  solution. 

Since  the  free  decay  responses  are  linear 
combinations  of  the  system’s  modes,  then  [({)]  and 
[({)]  can  be  written  as 

[<D]  =  [<\>]  [A]  (3) 

and  [(})]  =  [(};]  [a]  [A]  (4) 

where  [(\)]  is  the  matrix  of  complex  mode 
shapes,  [a]  is  a  diagonal  matrix, 

X.  t  . 

A.  .  =  e  ^  ^  (5) 

IJ 

X.  At^ 

and  a.  =  e  (6) 

1 

where  X’s  are  the  characteristic  roots  of  the 
system.  By  eliminating  [A]  from  equations  (3) 


If 


and  (4)  the  problem  reduces  to  the  left 
eigenvalue  equation 

[cx]  =  [4<]~^  [1]  (7) 

To  convert  equation  (7)  to  the  more 

classical  right  eigenvalue  problem 


[A]  {(!>}  =  a{(|j} 


(8)  then 


the  [A]  matrix  must  satisfy  the  equation 
[A]  [(DI  =  [1] 


(2mx2ro)  (2mx2r)  (2mx2r) 


b.  =  tan 
1  At  6. 


(12) 

(13) 

(14) 

(15) 


Since  equation  (9)  is  an  over  specified  set  of 
linear  equations,  the  solution  for  [A]  maybe 
obtained  by  using  the  least  squares  approach. 

It  is  important  to  note  here  that  the 
eigenvalues  and  eigenvectors  of  the  matrix  [A] 
contain  information  not  only  related  to  the  modal 
parameters  of  the  structure  under  test  but  also 
on  the  computational  noise  modes^  representing 
the  noise  in  the  measurements. 

When  noise  exists  and  an  oversized  identifi¬ 
cation  model  is  used,  the  [A]  matrix  is  never 
unique  but  the  eigenvalues  and  eigenvectors 
corresponding  to  the  structural  modal  parameters 
are  uniquely  identified. 

The  purpose  of  the  algorithm  is  not  to 
identify  [A]  but  to  identify  its  eigenvalues  and 

eigenvectors.  For  that  purpose  the  Inverse  of 

[A]  contain  the  same  information.  If  a  solution 
for  [A]  is  to  be  computed  from  equation  (9)  by 
the  least  squares  approach,  then 

[A]  =  (10) 

on  the  other  hand  equation  (9)  may  be  post- 
•  ^  T 

multiplied  by  [({)]  to  obtain  the  least  squares 
solution  for  the  inverse  of  [A] 

/nT  ^^T 

[A]  ^  =  [(j)(t>  ]  [({)({)  ]  ^  (11-a) 

..T  ^T 

or  [A]  =  [dxj)  ]  [4)(j)  (11-b) 

The  Solution  in  equation  (10)  is  the  solution 
frequently  used  in  the  ITD  technique.  It  was 

always  pointed  out  that  the  solution  in  equation 
(11)  is  another  possible  solution. 


Analysis  of  Existing  Damping  Accuracy 

The  [A]  matrix  obtained  from  either 
solution,  equations  (10)  or  (H),  yields 
frequencies  and  mode  shapes  with  high  accuracy 
but  has  always  showed  biased  errors  in  the 
identified  damping  factors.  The  high  accuracy  of 
the  identified  frequencies  and  mode  shapes  as 
compared  to  the  biased  errors  in  the  identified 
damping  factors,  should  not  confuse  the  fact  that 
all  these  parameters  are  obtained  from  the  same 
matrix.  The  difference  in  the  accuracy  is 
readily  explained  by  the  procedure  for 
computing  \*s  from  n's  . 


The  fact  is  that  even  though  the  eigenvalues 
of  the  [A]  matrix  may  be  of  very  high  accuracy, 
the  damping  factors,  which  are  related  to  the 
real  part  of  X  ,  may  show  much  higher  errors 
because  of  the  exponential  nature  of  equation 
(15).  Actually,  if  e  is  the  percent  error  in  the 
magnitude  of  the  identified  eigenvalue,  the 
percent  error  in  the  corresponding  damping  factor 
is 

lOOf 

6  =  -  -TV'-  In  (1  +  e/100)  % 
ixr  C 

ex 

where  f^  is  the  aliasing  frequency,  corresponding 
to  the  time  delay  At^^  ,  f  is  the  frequency  of  the 
identified  mode  and  C  is  the  exact  damping 
factor. 

To  further  elaborate  on  this  correlation  in 
errors,  an  example  may  be  appropriate  here.  For 
a  20  Hz  mode  and  2%  damping  factor,  the  percent 
error  in  the  identified  damping  factor  versus  the 
error  in  the  magnitude  of  eigenvalue  a  is  shown 
in  Figure  1  for  aliasing  frequencies  of  60  and  30 
Hz.  From  this  figure  and  from  past  experiences 
with  the  ITD  technique,  it  may  be  said  that  the 
errors  in  the  computed  damping  factors  were 
always  bound  and  even  though  they  may  seem  large, 
they  are  still  a  testimony  to  the  identification 
accuracy  of  the  technique  as  far  as  the 
frequencies  and  mode  shapes  are  concerned.  For 
example,  if  the  error  in  the  magnitude  of  the 
identified  eigenvalue  is  -2%,  the  corresponding 
error  in  the  identified  damping  factor  will  be 
about  96.5%  and  48.2%  for  aliasing  frequencies  of 
60  Hz  and  30  Hz. 

This  difference  in  accuracy  may  also  be 
substantiated  by  the  theoretical  and  identified 
parameters  listed  in  Table  1.  The  two  modes 
responses  that  were  used  to  obtain  these 
identified  parameters  contained  200%  noise  to 
signal  RMS  ratio.  By  using  the  errors 

correlation  formula  and  the  errors  in  the 
identified  damping  factors,  the  accuracy  of  the 
identified  eigenvalues  turn  to  be  99.2%  and  99.1% 
for  the  two  modes  respectively. 

Proposed  Approach 

The  analysis  in  the  previous  section  reveals 
that  the  technique  under  consideration  has  high 
accuracy  in  identifying  frequencies  and  mode 
shapes.  Identified  damping  factors  show  biased 
errors  due  to  the  following  reasons: 
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i)  The  solution  for  the  matrix  of 
eigenvalues  and  eigenvectors  is 
obtained  by  least  squares  method 
which  is  known  to  have  statisti 
cally  biased  numerical  errors. 

ii)  Even  though  the  eigenvalues  are 
accurately  identified,  the  damping 
factors  show  much  higher  errors 
since  they  are  computed  from  an 
exponential  formula . 

Recognizing  these  two  reasons  and  also 
considering  that  there  exist  two  possible  least 
squares  solutions  for  the  [A]  matrix,  eqiiations 
(10)  and  (11),  the  following  solutions  will  be 
proven  to  have  less  bias  than  either  of  those 
solutions : 

Let  [(})]  and^[4)]  be  as  earlier  defined. 
Another  matrix  [<{)J  is  defined  such  that 

4>ij  = 

then  a  better  estimate  for  the  [A]  matrix  may  be 
obtained  in  one  of  the  following  manners: 


solution  for  [A]  is 

A  A  T  A  A  T 

[A]  =  [1+  1]  [i]  ([<t!  +  *][*]  )"^  (22) 

The  three  solutions  presented  here  are 
expected  to  have  less  biased  errors  than  those  of 
equations  (10)  or  (11).  These  proposed  solutions 
have  the  advantage  of  reducing  the  errors  in  the 
identified  damping  factors  while  maintaining  the 
accuracy  of  the  Identified  frequencies  and  mode 
shapes.  The  computational  requirements  are  about 
the  same  as  the  previous  solutions.  Only  one 
matrix  inversion,  except  for  solution  two,  and 
one  eigenvalue  problem  are  performed  in  one 
identification  run. 

Using  this  new  approach  for  the  same  case 
discussed  in  Table  1,  the  identified  frequencies 
and  damping  factors  are  listed  in  Table  2.  While 
the  same  levels  of  accuracy  are  noticed  in 
identified  frequencies,  the  accuracy  of  damping 
factors  is  improved.  Furthermore  the  usual 
biased  errors  in  damping  factors  are  not 
noticed.  Instead,  the  errors  seem  to  be 
random.  Results  in  Table  2  were  obtained  by  a 
smaller  identification  model  than  that  used  for 
Table  1  (65  D.O.F  versus  300  D.O.F) 


Solution  One 

The  A  matrix  theoretically  satifies  the 
following  equations: 

[A][<t>]  =  [*]  (16-a) 

and 

[A][ij  =  [J]  (16-b) 

^ostmultlplylng  equations  (16-a)  and  (16-b)  by 
[4>]  ,  which  is  equivalent  to  the  solution  in 

equation  (10)  and  equation  (11)  respectively,  two 
estimates  of  [A]  are  obtained  and  multiplied  to 
give 

:  T  ,T  ^ 

[A]  =  [A^llA^]  =  [H  ]  [W  ]  (19) 


Simulated  Experiments 

Two  different  sets  of  responses  are 
generated  and  used  as  data  for  the  identification 
program  to  test  the  proposed  procedure  and 
compare  it  to  the  previous  one.  The  mode  shapes 
used  to  generate  the  free  decay  responses  are  for 
a  simply  supported  beam  with  ten  measurements 
located  at  spacings  of  one  eleventh  of  the  beam’s 
length.  The  first  set  of  data  contain  responses 
from  the  first  three  modes  while  the  second  set 
has  five  modes  in  the  responses.  Frequencies 
were  arbitrarily  assigned  as  10,  12,  15,  20  and 

21  Hz  while  damping  factors  were  2%  for  all 
modes.  A  sampling  frequency  of  100.00  Hz  is  used 
and  the  record  length  is  300  samples-  Randomly 
generated  numbers  were  used  to  simulate  noise  in 
the  data  and  the  noise  to  signal  RMS  ratio  was 
adjusted  to  30  percent. 


The  eigenvalues  of  [A]  in  such  case  are 


a.  = 
1 


(Hi  + 


(20) 


in  which  an  average  value  for  \  may  be  obtained. 


Solution  Two 


The  simulated  experimental  responses  were 
used  to  identify  the  systems  modal  parameters. 
Identification  models  of  15  and  20  modes  were 
used  for  both  the  previous  approach,  equation 
(10),  and  the  new  proposed  approach.  The  two 
approaches  are  here  referred  to  as  single  least 
squares  (SLS)  and  double  least  squares  (DLS) 
solutions . 


Since  the  bias  in  equations  (10)  and  (11)  are 
expected  to  be  opposite  to  each  other,  averaging 
the  two  solutions  will  give  a  better  estimate  for 
the  eigenvalues.  In  such  case 

T  T  T  T 

[A]  =  J  ([H  ][M  ]"^  +  (M  ][M  ]"^)  (21) 

Solution  Three 


Tables  3  and  4  list  the  identified 
frequencies  and  damping  factors  for  the  three 
modes  responses  and  tables  5  and  6  for  the  five 
modes  responses.  Damping  results  obtained  by 
using  the  proposed  approach  show  noticeable 
improvement.  Errors  in  damping  factors  seem  to 
be  more  random  and  always  less  than  the  noise  to 
signal  ratio  of  the  input  data.  Frequencies 
maintained  their  high  identification  accuracy. 


A  better  estimate  for  the  [A]  matrix  may  be 
obtained  by  postraultiplying  equations  (16-a)  and 

A  T 

(16-b)  by  [0]  and  then  adding.  In  this  case  the 


Concluding  Remarks 

In  time  domain  modal  identification  algo¬ 
rithms,  in  which  least  squares  solutions  are 
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implemented,  identified  damping  factors  show 
biased  errors.  This  is  due  to  the  inherent 
statistically  biased  numerical  errors  of  the 
least  squares  method.  A  modified  approach  for 
least  squares  solution  is  presented.  The 

averaging  of  two  oppositely  biased  solutions  is 
shown  here  to  reduce  the  bias  and  improve  the 
damping  identification  accuracy. 
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Table  1.  Identification  Errors  for  200% 

N/S  Ratio  (Single  Least  Squares  Approach) 


Parameter 

Theoretical 

Identified 

%  Error 

(Hz) 

20.0000 

20.0062 

0.03 

^2 

30.0000 

29.9894 

0.04 

(%) 

1.00 

2.23 

123.00 

^2 

1.00 

1.98 

98.00 

Table  2, 

.  Identification  Errors  for  200% 

N/S  Ratio  (Double  Least  Squares  Approach) 


Pa rameter 

Theoretical 

Identified 

%  Error 

f  (Hz) 

20.000 

19.992 

0.040 

30.000 

30.014 

0.047 

C,  (%) 

1.000 

0.834 

-16.600 

4 

1.000 

1.135 

+13.500 

Table  3.  Three  Modes,  30%  Noise  15  DOF  Identification  Results 


Identified 

Pa rameter 

Theoretical 

SLS  Approach 

DLS  Approach 

Value 

%  Error 

Value 

%  Error 

h 

^2 

(Hz) 

10.0000 

10.0100 

0.10 

10.0091 

0.04 

12.0000 

12.0222 

0.19 

12.0282 

0.24 

^3 

15.0000 

15.0092 

0.06 

14.9945 

-0.09 

Cl 

(%) 

2.00 

3.57 

19.80 

1.94 

-2.92 

^2 

2.00 

2.86 

42.81 

2.14 

6.98 

2.00 

3.57 

78.69 

1.87 

-6.58 
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Table  4.  Three  Modes,  30%  Noise  20  DOF  Identification  Results 


Parometer 

Theoretical 

Identified 

SLS  Approach 

DLS  Approach 

Value 

%  Error 

Value 

%  Error 

(Hz) 

10.0000 

10.0047 

0.05 

10.0069 

0.07 

^2 

12.0000 

12.0355 

0.30 

12.0399 

0.33 

15.0000 

15.0194 

0.13 

15.0116 

0.08 

(%) 

2.00 

2.32 

16.00 

1.93 

-3.40 

^2 

2.00 

2.81 

40.50 

2.06 

2.87 

^3 

2.00 

3.60 

80.00 

2.01 

0.57 

Table  5. 

Five  Modes,  30%  Noise 

15  DOF  : 

Identification  Results 

Identified 

Parameter 

Theoretical 

SLS  Approach 

DLS 

Approach 

fj^  (Hz) 

10.0000 

9.9747 

-0.25 

9.9976 

-0.02 

^2 

12.0000 

12.0110 

0.09 

11.9893 

-0.09 

^3 

15.0000 

15.0063 

0.04 

14.9965 

-0.02 

20.0000 

20.0598 

0.30 

20.0494 

0.25 

21.0000 

21.0140 

0.07 

21.0460 

0.22 

c,  m 

2.00 

3.71 

85.28 

1.78 

-10.99 

^2 

2.00 

3.85 

92.58 

2.06 

3.11 

^3 

2.00 

3.14 

57.13 

1.69 

-15.73 

^4 

2.00 

3.57 

78.67 

1.69 

-15.31 

^5 

2.00 

3.53 

76.68 

1.82 

-9.08 
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Damping  factor  %  error 


Table  6.  Five  Modes,  30%  Noise  20  DOF  Identification  Results 


Identified 


Parameter 

Theoretical 

SLS  Approach 

DLS  Approach 

Value 

%  Error 

Value 

%  Error 

(Hz) 

^2 

^3 

^4 

^5 

Cl  (%) 

C2 

^3 

^5 

10.0000 

10.0170 

0.17 

10.0163 

0.16 

12.0000 

11.99.87 

-0.01 

11.9978 

-0.02 

15.0000 

15.0082 

0.05 

14.9869 

-0.09 

20.0000 

20.1145 

0.57 

20.0460 

-0.23 

21.0000 

20.9165 

-0.33 

20.9764 

-0.11 

2.00 

2.79 

39.47 

1.78 

-10.81 

2.00 

3.24 

62.10 

1.90 

-4.94 

2.00 

2.89 

44.64 

2.25 

12.47 

2.00 

3.59 

79.26 

1.72 

-13.99 

2.00 

3.05 

52.56 

1.63 

-18.26 

250 
200 
150 
100 
50 
0 

-50 
-100 
-150 
-200 
-250 

-4-3-2 -I  0  12  3  4  5 
Eigenvalue  %  error 

Figure  1.  Damping  Factor  Error  Versus  Eigenvalue  Error  for 
a  20  Hz  Mode  Identified  with  30  and  60  Hz  Aliasing  Frequency 


122 


SYSTEM  IDENTIFICATION  OF  STRUCTURAL  DYNAMIC  MODELS 
-  THEORETICAL  AND  PRACTICAL  BOUNDS 
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Abstract 

This  paper  discusses  the  general  field  of 
technology  in  which  a  linear  mass,  damping,  and 
stiffness  matrix  model  of  a  structure  is  identi¬ 
fied  using  data  obtained  from  dynamic  tests  of  the 
structure.  The  data  may  be  used  alone  or  in  con¬ 
junction  with  an  approximate  analytical  model.  It 
is  shown  that  there  are  severe  limitations  on  this 
process  and  that  algebraically  correct  procedures 
may  have  no  chance  of  achieving  their  goals.  The 
topics  discussed  are:  Relationships  between  a 
linear  continuous  structure  (the  test  article)  and 
a  valid  discrete  analytical  model  (the  objective 
of  the  procedure) ;  relationships  between  the 
classes  of  parameters  of  the  analytical  model  and 
those  measured  in  a  test  and  the  effects  of  mea¬ 
surement  uncertainties.  The  general  conclusions 
are:  there  is  no  unique  valid  linear  discrete 
model  to  be  identified;  a  valid  physically  real¬ 
istic  model  cannot  be  identified  using  test  data 
alone;  the  identification  of  a  limited  set  of 
specific  physical  parameters  of  a  complex  struc¬ 
ture  is  not  possible;  the  most  promising 
approaches  to  obtaining  valid  useful  models  will 
use  test  data  to  minimally  modify  a  realistic 
analytical  model,  subject  to  a  set  of  physical 
constraints . 


Introduction 

One  of  the  most  important  sources  of  infor¬ 
mation  for  the  design  and  analysis  of  aerospace 
structures  are  discrete  linear  dynamic  analy¬ 
tical  models  of  the  structures.  Good  models  can 
be  used  to  predict  responses  to  applied  forces 
and  the  stability  characteristics  of  the  struc¬ 
ture  and  are  also  necessary  for  the  design  of 
control  system  algorithms.  In  addition,  the 
effects  of  various  operational  configurations 
may  be  predicted,  as  well  as  the  effects  of 
potential  design  changes  and  damage  conditions. 

Regardless  of  the  care  and  the  detail  con¬ 
sidered  in  the  derivation  of  a  dynamic  model,  it 
is  generally  accepted  that  one  cannot  have  com¬ 
plete  confidence  in  its  predictions  without  a 
dynamic  test  of  the  structure  to  validate  the 
analysis.  Validation  itself  is  a  "y^s",  "no”, 
or  "maybe”  process  and  is  normally  followed  by 
intuitive  improvement  of  the  model  based  on  an 
analysis  of  the  discrepancies  between  the 
analytical  predictions  and  the  results  of  the 
test.  This  may  be  a  costly  and  uncertain 
process  and  rarely  results  in  completely  satis¬ 
factory  agreement  between  the  two  sets  of  data. 
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1 

Im 
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m 

Re 

S 

s 
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Y,  Y(w) 

Z,  Z(a)) 

U 
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Nomenclature 

damping  matrix 
force  vector 


imaginary  part  of 
stiffness  matrix 
mass  matrix 

order  of  equations  of  analytical 
model 

real  part  of 

static  influence  coefficient  matrix 
order  of  equations  of  structure 
displacement  vector 
displacement  mobility  matrix  at 
frequency  w 

impedance  matrix  at  frequency  m 

normal  mode  vector 

natural  frequency 

frequency  of  steady  state  force 


transpose  of  matrix 
inverse  of  matrix 
time  derivative 


model  degrees  of  freedom 
structure  degrees  of  freedom 
partition  of  matrix  containing 
model  degrees  of  freedom 
partition  of  matrix  coupling  1,  4 
partition  of  matrix  containing 
non-modeled  degrees  of  freedom 
frequency  domain 


^Assistant  Director  for  Research,  Member  AIAA,  AHS 


A  more  appealing  approach  is  to  use  the 
test  data  to  directly  identify  the  necessary 
changes  in  the  model.  An  alternate  possibility 
is  to  use  test  data  alone  to  determine  a  valid 
analytical  model  of  the  structure.  Such  a 
process  would  eliminate  the  need  to  develop  an 
analysis  and  would  also  apply  when  an  analysis 
is  not  available.  Procedures  of  these  types 
have  become  known  as  "structural  system  identi¬ 
fication." 

Numerous  publications  in  recent  years  have 
addressed  this  area  of  technology.  Surveys  of 
the  literature  may  be  found  in  Refs.  1-4.  A 
brief  summary  of  selected  relevant  publications 

follows.  In  1967,  Rodden^  used  measured  modes 
to  identify  static  influence  coefficients. 

Berman  and  Flannelly^,  1971,  used  measured  modes 
to  improve  an  analytical  mass  matrix  and  to  iden¬ 
tify  an  "incomplete"  stiffness  matrix.  In  1974, 

Collins,  Hart,  Hassleman,  and  Kennedy^,  applied 
an  iterative  statistical  procedure  to  improve 
estimated  physical  parameters.  Baruch  and  Bar 

g 

Itzhack  ,  1978,  modified  measured  modes  based  on 
an  analytical  mass  matrix  and  developed  a  closed 
form  solution  for  a  corrected  stiffness  matrix. 

9  in 

Chen  and  Garba  ,  1980,  and  Grossman  ,  1982, 

presented  more  efficient  techniques  for  itera¬ 
tively  improving  physical  parameters.  Berman, 

11  12 
Wei,  and  Rao  ,  1980,  and  Berman  and  Nagy  , 

1983,  improved  mass  and  stiffness  matrices  for 

full  models  using  measured  modal  data.  During 

1 3 

1982,  Leuridan,  Brown,  and  Allemang  used 
response  data  to  estimate  mass,  damping,  and 

stiffness  matrices;  Hart  and  Martinez applied 
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frequency  response  data  and  a  form  of  iterated 
Kalman  filtering  to  improve  estimated  parameters; 

and  Baruch^^  generalized  the  methods  of  Refs,  8, 
11  to  include  several  alternate  procedures. 

Ibrahim^^,  1983,  obtained  real  normal  modes  based 
on  measured  complex  modes  and  used  these  to 
identify  mass,  damping  and  stiffness  matrices.  In 

1984,  Fuh,  Chen  and  Berman and  Hanagud,  Cheng, 
18 

and  Craig  developed  techniques  to  identify  non- 
proportionally  damped  systems, 

19 

In  1982,  Caughey  ,  states  the  following  con¬ 
clusion:  "Modal  testing  (and  indeed  any  other 

technique)  cannot  be  used  as  a  method  for  uniquely 
determining  the  mass,  damping,  and  stiffness 
matrices  of  real  aerospace  structures,  which  are 
usually  continuous  in  nature,  and  the  modal 
testing  thereby  cannot  provide  a  means  for  im¬ 
proving  the  analytical  techniques  for  determining 

20 

dynamics  response."  In  a  recent  paper  (Berman  , 
1984)  an  analyses  of  similar  considerations  was 
presented  with  similar  conclusions. 

System  identification,  however,  does  have 
important  valid  applications.  It  is  the  purpose 
of  this  present  paper  to  examine  the  basis  of 
structural  system  identification  and  to  identify 
those  classes  of  techniques  which  have  a  potential 
for  success. 


The  Structure  and  the  Model 


The  relationships  between  the  actual  equa¬ 
tions  of  the  real  structure,  which  are  and  will 
remain  unknown,  and  the  equations  of  a  realistic 
analytical  model  of  the  structure  are  important 
considerations  in  this  study. 

Structure  Equations 


The  structure  for  which  an  analytical  model 
is  desired  is  the  structure  which  is  being  tested. 
It  is  effectively  a  continuous  structure  which  may 
be  thought  of  us  being  analytically  representable 
by  a  discrete  model  of  order  s  where  s  approaches 
infinity.  For  the  purposes  of  this  analysis,  the 
structure  shall  be  assumed  to  be  linear  with  non¬ 
proportional  viscous  damping  and  that  it  may  be 
accurately  represented  by  a  very  large  order 
linear  discrete  model,  as  follows. 


MX  +  CX  +  KX  =  f 
s  s  s  s  s  s  s 


(1) 


where  M,  C,  K,  X,  f  represent  the  symmetric  mass, 
damping,  stiffness  matrices,  the  displacement  and 
force  vectors,  and  the  subscript  s  refers  to  the 
large  order  model  of  the  structure. 


The  frequency  domain  form  of  Eq.(l)  is: 

(K  -u^M  +  iwC  )  X  =  f  (2) 

S  S  s  SW  SO) 

where  m  is  the  frequency  of  the  forcing  and  the 
response,  and  f  and  X  are  the  steady  state 

SCO  SO)  ^ 

complex  force  and  displacement  vectors. 


Model  Equations 

The  matrices  representing  the  actual  struc¬ 
ture  (M^ ,  C^,  K  )  are  unknown.  What  is  desired 
is  a  model  of  practical  order,  m,  which  is  a 
good  representation  of  the  structure.  This  will 
be  the  order  of  the  matrices  resulting  from  a 
detailed  finite  element  analysis.  The  m  co¬ 
ordinates  of  the  model  are  a  subset  of  the  co¬ 
ordinates  of  the  structure. 


Eq,(2)  may  be  written  as 


Z  (w)  X  =  f 
s  SW  SOJ 


(3) 


where  Z(a))  is  the  displacement  impedance  of  the 
structure  at  the  frequency  o).  For  convenience, 
consider  that  the  structure  matrices  are 
arranged  so  that  the  elements  corresponding  to 
the  model  elements  are  in  the  upper  left.  Z  (m) 
may  be  written  in  partitioned  form  ^ 


Z^(m)  = 


1 


(4) 

L,  Z  * 

-2  ^4 

The  mobility,  Y^(a3),  represents  the  response  of 

the  Structure  per  unit  force.  This  may  be 
written  as 


Y  (m)  =  Z  (m) 


-1 


(5) 


1 


is  the  response  per  unit  force  of  the 

coordinates  of  the  model ,  and  based  on  the 
inverse  of  the  partitioned  Z^(co)  (Eq.(4)) 


Y  (to)  =  Y- 
m  1 


(Z^  - 


(6) 


By  definition,  a  valid  impedance  of  the  model  is 


the  inverse  of  Y  (to)  (see  Ref.  21) 
m 


ZJo,)  =  Y^(a>) 


-1  T 

"2^  ^2 


(7) 


If  it  is  assumed  that  the  model  may  be  re¬ 
presented  in  the  same  analytical  form  as  the 
structure,  then 


Z  (to)  =  K 
m  m 


icoC 


(8) 


Using  the  same  partitioning  notation  as  above, 
from  Eqs. (7) ,  (8) 

K  -  +  idiC  =  Z,  -  Z„Z,"^z7 

m  m  m  1  2  4  2 

=  (K^  -  lo^M^  +  iwCp 

-(K^-os^M^+ioiC^)  (K^-tD^M^+iioC^)“hK2'^-co^M2^+ia)C2'^) 

(9) 

The  model  stiffness  matrix  may  be  obtained  from 
Eq ,  (9)  when  to  =  0 , 


(10) 
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Then 


0)  W 

and 

"n.  =  "l  -  (12) 

For  the  special  case  of  C  =  0  and  =  0,  Eq.(ll) 
becomes 

\  =  «1  ^  K2K^-\(I-03%-1m^)-1k^-1k/  (13) 

22 

Note  that  Eq.(lO)  is  that  of  Turner  and  Eq.(13) 

23 

reduces  to  that  of  Guyan  when  o)  =  0, 


It  is  apparent  from  Eq,  11,  12,  13  that  a 
discrete  model  representation  of  a  linear  con¬ 
tinuous  structure  (or  a  reduced  model  of  a  linear 
discrete  structure)  is  nonlinear.  A  linearized 
version  of  the  model  can  only  be  approximately 
valid  over  a  limited  range  of  frequencies. 

While  it  has  not  been  shown  quantitively  ,  it 
is  commonly  accepted  in  practice  that,  at  most, 
only  the  first  half  of  the  natural  frequencies  of 
the  model  correspond  to  those  of  the  structure. 

When  one  is  attempting  to  identify  an  m^^  order 
model  based  on  test  data  taken  at  m  points  on  the 
structure,  less  than  m/2  of  the  modes  of  the 
structure  are  appropriate  for  this  purpose. 

Since  less  than  the  full  set  of  measured 
modal  data  may  be  used  there  are  an  infinite 
number  of  models  which  will  predict  these  results 
of  the  test. 

Note  that  the  above  discussion  specifically 
refers  to  measured  modal  data.  Actually  any 
measured  dynamic  response  is  a  combination  of 
modal  responses  and  similar  conclusions  may  be 
drawn  for  any  type  of  dynamic  measurements. 

Num.erical  illustration  of  some  of  the 
phenomena  described  may  be  found  in  Ref,  20. 


Quantitative  Evaluation  of  Relationships 


An  approach  to  a  quantitative  assessment  of 
the  linearity  of  the  reduction  relationships  may 
be  based  on  a  consideration  of  the  nonlinear  term 
2  -1 

in  Eq.(13),  w  M^.  If  one  imagines  that  the 

structure  (test  article)  were  constrained  to 
ground  at  all  the  retained  degrees  of  freedom 
(sensor  locations)  ,  then  and  are  the  stiff¬ 
ness  and  mass  matrix  representing  this  condition. 

-I 

may  be  written  in  terms  of  the  natural  fre¬ 
quencies,  and  modes,  of  this  constrained 

structure:  ^ 


I 


i=l 


(U) 


The  relationship  in  Eq.(13)  which  produces  the 
non  linearity  is  then 

(I  -  =  (I  -  I  M  )-l  (15) 

i=l  ^  . 

1 

2  —  1 

The  linear  model  obtained  by  ignoring  o) 

may  be  considered  valid  when  the  frequency,  (u, 
is  much  less  than  (by  some  factor)  the  lowest 
natural  frequency  of  the  artifically  constrained 
system  previously  described. 

Physically  modeling  this  condition  is,  of 
course,  impossible  in  a  test.  However,  given  a 
reasonably  valid  analytical  model  of  greater 
order  than  that  to  be  identified,  it  may  be 
possible  to  numerically  estimate  this  limit. 
This  may  also  be  true  for  the  more  general  case 
of  Eqs.(ll),  (12). 

Classes  of  Parameters 

There  are  separate  sets  of  parameters 
associated  with  analysis  and  with  testing*.  The 
differences  in  the  characteristics  of  these  sets 
of  parameters  have  important  influences  on  the 
practicality  of  system  identification  methods. 

Intuitive  Parameters 

In  the  process  of  forming  a  discrete  model 
of  a  structure,  the  analyst  makes  use  of  geo¬ 
metrical  and  physical  characteristics  of  the 
material,  such  as  mass  and  moduli  of 
elasticity.  Parameters  of  the  model  which  are 
directly  derived  from  this  information  are  the 
mass,  damping,  stiffness  matrices,  and  the 
impedance  matrix.  These  are  classified  as 
"intuitive"  parameters.  The  numerical  values 
are  specifically  dependent  on  the  particular  set 
of  coordinates  selected  as  degrees  of  freedom  of 
the  model.  Changing  coordinates  will  cause 
changes  in  the  numerical  values  of  the  para¬ 
meters  . 

The  intuitive  parameters  may  be  con¬ 
sistently  computed  to  any  degree  of  precision. 
They  may  be  inaccurate  because  of  imprecise  data 
or  inexact  theoretical  assumptions.  It  is  the 
intuitive  parameters  which  are  desired  to  be 
identified  in  a  structural  system  identification 
procedure. 

Measurable  Parameters 

The  parameters  which  may  be  directly  ob¬ 
tained  from  test  data  include  transient  and 
steady  state  responses,  mobility  matrices, 
normal  modes,  and  natural  frequencies.  These 
data,  as  distinguished  from  the  intuitive 
parameters,  are  not  dependent  on  any 
analytically  defined  set  of  degrees  of  freedom. 
Each  numerical  value  depends  only  on  the  point 
of  measurement  and,  if  appropriate,  the  location 
of  the  exciting  force. 

Measurable  data  are  considered  to  be 
accurate  since  they  represent  the  actual  be¬ 
havior  of  the  structure,  however,  they  are 

*Briefly  discussed  by  Flannelly  and  Berman  in 
Ref.  1  (p,  122)  and  also  in  Ref.  2. 
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imprecise  because  of  the  limitations  on  precision 
of  measurement  and  in  the  extraction  of  data  (such 
as  mode  shapes)  from  the  raw  test  data.  It  is  the 
measurable  parameters  which  are  used  in  system 
identification  to  identify  intuitive  parameters  of 
the  model. 

Relationships  Between  Parameters 

Intuitive  parameters  are  inaccurate  but  pre¬ 
cise  and  depend  on  the  coordinates  of  the  model. 
Measurable  parameters  are  accurate  but  imprecise 
and  are  independent  of  the  coordinates  of  the 
model.  The  transformation  from  one  class  to  the 
other  always  involves  a  matrix  inversion  or  the 
equivalent  (solution  of  a  differential  equation  or 
an  eigenanalysis . ) 

Because  of  the  precision  of  the  intuitive 
parameters,  matrices  may  be  inverted  or  eigen- 
analyses  may  be  performed  to  yield  meaningful 
measurable  type  data.  This  computed  data  will 
contain  inaccuracies  due  to  the  inaccuracies  of 
the  original  model.  If  the  intuitive  model  is 
reasonably  accurate  the  computed  measurable  data 
will  agree  reasonably  well  with  the  actual 
measured  data.  (This  is  shown  below.) 

The  converse  to  this  conclusion,  however,  is 
not  true.  It  is  not  possible  to  invert  a  measured 
matrix  and  have  meaningful  results  (except 
possibly  for  trivially  small  models)  because  of 
the  imprecision  of  the  data,  even  though  it  may  be 
accurate.  There  is  a  fine  discussion  of  this 
point  in  Ref.  24.  This  conclusion  may  be  speci¬ 
fically  illustrated.  Consider  the  static 
influence  coefficient  matrix  (mobility  at  w  =  0) 
and  the  possibility  of  inverting  it  to  obtain  the 
stiffness  matrix.  These  matrices  may  be  expressed 
in  terms  of  the  modes  of  the  model,  as  follows, 
(See  Ref.  6,  for  example.) 


—  1  ^  9  T 

S  =  K  =  I  l/Q,  (17) 

i=i 

where  are  the  natural  frequencies  and  mode 

shapes  of  the  model  and  the  modes  are  normalized 
T 

so  that  d) .  Md).  =  1. 

1  1 

It  is  observed  that  the  dominant  terms  in  K 
are  the  highest  frequency  modes  of  the  model  and 
the  dominant  terms  in  S  are  the  lowest  frequency 
modes.  It  is  apparent  that  accurate  measurement 
of  the  static  influence  coefficient  matrix  is 
possible  since  it  mainly  depends  on  the  low  fre¬ 
quency  modes.  It  is  also  apparent  that  S  cannot 
be  measured  with  sufficient  precision  to  include 
the  necessary  information  (high  frequency  modes) 
to  define  the  stiffness  matrix.  The  effect  of  the 
high  frequency  modes  in  the  S  matrix  decreases  by 


It  is  important  to  note  that,  in  practice  a 
valid  measured  static  influence  coefficient  matrix 
will  likely  invert  numerically  with  no  indications 
of  ill-conditioning  and  may  even  result  in  a  K 


matrix  which  appears  to  be  of  reasonable  mag¬ 
nitude,  The  reason  is  the  pollution  of  the 
data  with  small  random  errors.  It  will  be  found 
that  the  inverse  is  extremely  sensitive  to  small 
changes  in  the  measured  data. 

Consider  now  the  inversion  of  an  analytical 
K  matrix.  Since  K  can  be  computed  to  any 
(within  limits)  level  of  precision,  it  can 
include  the  effects  of  all  the  modes  of  the 
model.  Thus,  it  is  possible  to  invert  this 
matrix  to  obtain  a  meaningful  static  influence 
coefficient , 

The  above  discussion,  of  course,  applies 
equally  well  to  the  relationships  between  the 
more  general  case  of  measured  mobility  and 
analytically  derived  impedance  matrices. 

Additional  Considerations 

If  S  could  be  measured  with  sufficient  pre¬ 
cision  to  include  the  effects  of  the  first  m 
modes,  there  are  other  problems  to  consider. 
The  modes  in  K  (Eq.(16))  are  the  modes  of  the 
model,  but  the  modes  in  the  measured  S  matrix 
(Eq.(17))  are  the  modes  of  the  structure.  The 
measured  S  matrix  would  in  fact  include  the 
effects  of  more  than  m  modes.  The  question  of 
the  physical  meaning  of  a  precisely  measured 
matrix  is  not  resolved.  This  is  a  moot  point  at 
present,  however,  since  there  is  no  possibility 
of  performing  such  measurements  in  the 
forseeable  future. 

The  possibility  of  synthesizing  the  K 
matrix  from  Eq.(16)  by  identifying  the  first  m 
modes  of  the  structure  also  fails  because  of  the 
differences  between  the  higher  measured  modes  of 
the  structure  and  the  model  modes  of  Eq,(16). 
The  inability  to  define  the  shapes  of  the  higher 
modes  by  the  use  of  only  m  sensors  adds  to  the 
uncertainty  of  such  a  procedure. 

Another  observation  which  affects  this 
consideration  is  as  follows.  It  is  well  known 
that  an  eigenanalysis  of  a  detailed  finite 
element  model  will  yield  many  more  modes  in  a 
given  frequency  range  than  will  be  identified  in 
a  test.  If  the  first  m  measured  modes  were 
summed  as  in  Eq.(l6),  the  highest  frequencies 
would  be  very  much  higher  than 

Discussion  of  Findings 

The  objective  of  structural  system  identi¬ 
fication  is  to  obtain  an  analytical  model  of  a 
structure  that  is  representative  of  the  physical 
characteristics  as  well  as  the  dynamic  behavior 
and  thus  may  be  used  to  analyze  conditions 
which  were  not  tested.  The  sources  of  informa¬ 
tion  are  dynamic  test  data  and  possibly  an 
approximate  analytical  model. 

In  the  previous  discussions,  two  sizes  of 
models  were  considered,  that  of  the  struc¬ 
ture  (which  must  remain  unkno\m)  and  the  analy¬ 
tical  model  which  has  the  same  degrees  of 
freedom  as  the  coordinates  measured  in  a  test. 
No  significant  changes  in  the  general 
conclusions  result  if  the  test  points  were  in 
fact  fewer  than  the  degrees  of  freedom  of  the 
analytical  model  to  be  Identified. 
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The  findings  of  the  previous  sections  may  be 
Summarized  as  follows: 

(1)  The  true  discrete  model  representing 

the  structure  is  nonlinear.  A 
linearized  version  has  a  frequency  range 
of  applicability  which  is  much  less  than 
the  range  of  eigenfrequencies  of  the 
model . 

(2)  Only  the  lower  frequency  modes  of  the 
structure  contain  information  relevant 
to  the  linear  model. 

Since  only  a  limited  ("incomplete")  set  of 
test  data  is  relevant,  the  following  conclusions 
are  made.  ((2)  logically  follows  from  (1).) 

(1)  There  are  an  infinite  number  of 

analytical  models  which  will  duplicate 
the  test  results  (within  the  limits  of 
uncertainty. ) 

(2)  It  is  not  possible  to  identify  a 
physically  realistic  model  directly  from 
test  data. 

Comments  on  Specific  Techniques 

A  number  of  techniques  and  variations  have 
been  suggested  in  the  literature.  The  following 
comments  on  classes  of  these  techniques  are  based 
on  the  conclusions  of  this  analysis. 

Use  of  Test  Data  Alone 

Since  an  infinite  number  of  models  exist 
which  are  consistent  with  the  data,  as  stated 
above,  this  approach  cannot  successfully  identify 
a  valid  model  without  other  information  relevant 
to  the  structural  parameters.  The  amount  of 
information  cannot  be  increased  by  taking  more 
measurements  since  within  a  finite  frequency  range 
a  limited  number  of  parameters  (e.g,,  modes  and 
frequencies)  determine  all  the  dynamic  charac¬ 
teristics.  (More  measurements  may,  however,  be 
used  to  increase  the  precision.)  Thus,  measure¬ 
ment  of  forced  responses  (including  velocities, 
accelerations,  and  displacements)  at  a  large 
number  of  closely  spaced  frequencies  will  not 
circumvent  this  basic  limitation. 

Use  of  Test  Data  and  Analysis 

There  are  a  number  of  variations  on  this 
general  procedure  which  have  been  published.  In 
general,  this  approach  has  possibilities  since  the 
information  regarding  the  model  (intuitive) 
parameters  is  also  used.  The  approaches  may  be 
divided  into  two  general  classes,  those  which  have 
a  unique  solution  and  those  which  have  an  infinite 
number  of  solutions.  Consider  these  two  groups 
separately. 

Unique  Solutions  -  A  possible  method  could 
form  a  full  set  of  modes  by  performing  an 
eigenanalysis  on  the  approximate  analytical  model 
and  replacing  an  appropriate  lower  frequency  set 
by  measured  modes.  This  procedure  would  then 
allow  a  unique  solution  that  includes  both 
physical  and  test  data.  An  obvious  advantage  is 
that  the  stiffness  matrix  could  remain  nearly 


equal  to  the  analytical  formulation  since  the 
dominant  high  frequency  modes  would  not  be 
changed.  The  mass  matrix  could  be  modified,  as 
in  some  procedures,  to  make  the  complete  set  of 
modes  orthogonal.  Such  a  procedure,  however, 
may  not  result  in  the  set  of  modes  satisfying 
the  dynamic  eigenequation,  which  must  be  a 
necessary  condition.  A  procedure  which  includes 
this  constraint  is  certainly  worthy  of  further 
study. 

One  other  consideration  regarding  methods 
of  this  type  is  that,  of  the  infinite  set  of 
possible  solutions,  the  analyst  is  arbitrarily 
chosing  one  by  his  selection  of  the  full  set  of 
measured  and  analytical  modes.  Within  the 
frequency  range  tested,  there  are  analytical 
modes  which  are  not  identified  in  the  test. 
Assuming  that  these  remain  invariant  while  the 
physical  parameters  are  modified  is  unrealistic. 
However,  since  the  undetected  modes  may  be 
considered  "minor",  this  effect  may  not  be  very 
important.  Additional  research  is  required  to 
resolve  this  issue. 

Another  class  of  procedures  involves  a  com¬ 
parison  of  model  and  measured  frequencies  and/or 
modes  and  an  iteration  process  to  modify  the 
model  to  yield  the  measured  quantities  within 
the  limits  of  estimated  errors.  In  these  pro¬ 
cedures  a  set  of  physical  parameters  are 
selected  as  unknowns  and  these  are  perturbed 
during  the  iteration  process.  An  advantage  of 
these  procedures  is  that  the  resulting  model 
matrices  will  exactly  represent  a  physical  struc¬ 
ture.  A  disadvantage  is  that  the  resulting  para¬ 
meters  may  have  no  relation  to  the  actual  para¬ 
meters  of  the  structure.  This  is  due  to  the 
usual  selection  of  a  relatively  small  set  of 
specific  parameters.  Another  set  of  parameters 
may  result  in  a  physical  representation  of  a 
quite  different  structure.  For  a  set  of  para¬ 
meters  greater  than  the  number  required  for  a 
unique  solution,  their  variations  will  depend  on 
the  sensitivity  of  the  eigensolutions  to  their 
values  and  the  solution  may  also  have  no 
relation  to  their  true  physical  values.  The 
necessity  of  a  one-to-one  pairing  of  the 
numerous  analytical  modes  and  the  measured  modes 
also  introduces  uncertainty. 

The  last  mentioned  methods  for  large  models 
often  will  be  quite  expensive  to  execute  and 
there  are  often  convergence  difficulties.  Since 
there  are  an  infinite  number  of  physically 
realistic  solutions  possible,  the  arbitrary 
forcing  of  a  specific  solution  does  not  appear 
to  be  a  valid  approach.  An  extension  of  this 
method  to  include  all  or  many  physical  para¬ 
meters  and  minimizing  the  changes  may  be 
theoretically  sound  but  most  likely  prohibi¬ 
tively  expensive. 

Non-Unique  Solutions  -  There  are  a  class  of 
procedures  which  find  minimum  changes  in  the 
matrix  elements  to  make  them  consistent  with  the 
test  data.  A  disadvantage  is  that  the  resulting 
matrices  may  not  be  representative  of  a  physical 
structure  and  may  imply  coupling  which  does  not 
physically  exist.  Extension  of  such  methods  to 
contain  a  comprehensive  set  of  constraint  condi¬ 
tions  to  satisfy  physical  reality  would  be 
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desirable  if  practically  possible.  If,  upon  the 
application  of  such  a  method,  the  changes  in  the 
matrix  elements  were  within  the  expected  ranges 
of  uncertainty,  the  model  may  be  expected  to  be 
a  valid  dynamic  and  physical  representation  of 
the  structure.  This  condition  implies  a 

reasonably  good  analytical  model  and  accurate  test 
data.  These  methods  appear  to  offer  the  best 
chance  for  success. 

Correction  of  Modeling  Errors 

From  the  above  discussion,  it  is  apparent 
that  a  single  realistic  solution  is  not  possible. 
This  implies  that  system  identification  cannot  be 
used  to  identify  particular  errors  since  the 
errors  will  be  compensated  for  by  an  equivalent 
distribution  of  minimum  changes  depending  on  the 
specific  algorithm  used. 

It  follows  that  system  identification  cannot 
be  used  as  a  tool  to  improve  analytical  modeling 
techniques  or  to  detect  typographical  errors. 

Summary 

The  field  of  structural  system  identification 
is  very  important  and  has  great  potential  but  it 
has  certain  rather  stringent  limitations. 

It  has  been  shown  that  structural  system 
identification  must  be  a  non-unique  process. 

Methods  which  attempt  to  identify  a 
physically  realistic  model  from  test  data  alone 
are  not  possible. 

Methods  which  force  a  unique  solution  are 
arbitrary  and  there  is  no  rational  for  expecting 
the  particular  solution  to  be  physically  meaning¬ 
ful  or  even  useful. 

The  most  promising  methods  select  a  solution 
which  minimizes  changes  in  a  reasonably  good 
analytical  model.  These  methods  should  include 
constraints  to  force  physical  reality  of  the 
solution. 

Structural  identification  cannot  be  used  to 
identify  modeling  errors  or  as  an  educational  tool 
to  improve  modeling  techniques. 
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Abs  trac  t 

This  paper  describes  test  and  modal 
parameter  identification  results  for  a 
deployable  coilable  continuous  longeron 
space  mast  of  a  type  planned  for  several 
space  missions.  Four  different  types  of 
tests  were  needed  to  obtain  good  results 
over  the  range  of  natural  frequencies 
0-60  Hz.  Modal  damping  factors  were  in 
the  range  0.02-0.09  and  were  essentially 
the  same  in  air  and  vacuum. 

Experimental  frequencies  are 
compared  to  results  generated  by  an 
equivalent  continuum  beam  model  and  a 
finite  element  model.  The  models  corre¬ 
late  with  test  data  for  lower  frequency 
modes,  but  fall  short  for  higher  modes. 

In  troduc  tion 

A  number  of  space  projects  during 
the  coming  decade  will  use  large  light¬ 
weight  deployable  lattice-type  struc¬ 
tures  as  masts,  beams,  or  trusses,  for 
antennas,  solar  arrays,  and  other 
structures.  This  type  of  structure  is 
not  yet  in  wide  use,  and  consequently 
there  is  little  published  information  or 
experience  with  actual  hardware.  The 
intent  of  this  paper  is  to  describe  test 
and  modeling  experience  for  a  represent¬ 
ative  structure  of  this  type  with 
particular  attention  to  the  test  tech¬ 
niques  that  were  found  to  be  useful,  the 
degree  to  which  test-derived  results 
correlated  with  analytical  modeling,  and 
the  measured  modal  damping  factors. 

The  structure  of  this  paper  is  a 
deployable,  coilable,  continuous 
longeron  mast,  manufactured  by  Astro 
Research  Corporation  under  the  trade 
name  Astromast  and  depicted  in  Fig.  1. 
Astromasts  of  this  type  are  part  of  the 
European  LSAT  satellite  to  be  launched 
in  1987,  and  are  part  of  the  baseline 
design  of  the  Canadian  MSAT  and  RADARSAT 
sa tell i tes . 

Description  of  the  Structure 

The  Astromast  is  a  continuous 
longeron  structure  made  of  fiberglass 
(Fig.  1).  It  is  about  608  cm  long  and 
229  mm  diameter.  It  is  composed  of  42 
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**  Research  Scientist,  Member  AIAA 


storeys  or  bays  and  has  a  helical 
rotation  of  93°  from  one  end  to  the 
other  for  reduction  of  in-space  solar- 
induced  thermal  deformation.  The  post- 
buckled  state  of  the  battens  creates  the 
rigidity  of  the  structure  by  producing 
compression  in  the  longerons  and  tension 
in  the  diagonals  (Fig.  2).  The  struc¬ 
ture  has  a  high  stiffness  to  weight 
ratio.  Reference  1  contains  additional 
parametric  information  for  this  design 
of  mast. 


Copyright  ©  American  Institute  of  Aeronautics  and 
Astronautics,  Inc.,  1984.  All  rights  reserved. 
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LONGERON 

SQUARE  CROSS  SECTION 
AREA=8  81  mm2 
£1=42x10"^  N  -m2 


DIAGONAL 

LENGTHS  246  mm 
DIAMETER  =  0  8  mm 
EA  =  2,1xlO'^  N 


BATTEN 

lengths  198  mm 
DIAMETERS  2  5  mrn 
CRITICAL 

EULER  LOADS  22  N 


2,  Photograph  of  the  Astromast,  The 
structure  is  maintained  in  tension 
by  the  diagonals,  and  the  battens 
are  in  the  post-buckled  state. 


Analytical  Modal  Characteristics 

Modeling  with  both  finite  element 
and  simple  continuum  methods  was  done. 
The  results  were  used  initially  as  a 
guide  for  planning  the  experimental 
tests.  After  the  tests,  experimental 
and  theoretical  results  were  compared. 


Finite  Element  Modeling 

A  computer  program  based  on  finite 
element  analysis  was  developed  to 


calculate  fixed-base  (cantilever) 
natural  frequencies  and  mode  shapes'^. 

The  model  assumes  that  the  longerons  and 
diagonals  are  axial  tension/compression 
members  which  remain  in  their  linear 
elastic  range.  The  bending  and  twist 
energy  of  the  longerons  is  neglected. 

It  is  further  assumed  that  the  battens 
always  maintain  their  post-buckled  state 
and  thus  exert  the  constant  tension 
force  at  the  connectors  (joints).  The 
effects  of  damping  and  gravity  are 
neglected.  The  mass  and  inertia  of  one 
end  plate  are  included  in  the  modelling, 
as  is  consistent  with  the  fixed-end 
cantilever  configuration.  The  mass  is 
modelled  by  concentrated  masses  located 
at  the  joints.  The  finite  element 
program  accounts  for  3  degrees  of 
freedom  (DOF)  per  joint  in  the  X,  Y  and 
Z  directions  respectively,  or  9  DOF  for 
each  bay.  With  42  bays,  the  mast  is 
represented  by  378  degrees  of  freedom. 
The  stiffness  matrix  is  an  378  X  378 
square  banded  matrix  with  half-band 
width  of  18.  To  reduce  memory  require¬ 
ments,  the  program  replaces  the 
stiffness  matrix  by  a  rectangular  one 
with  dimensions  378  X  18. 

Figure  3  depicts  the  natural  fre¬ 
quencies  and  mode  shapes  of  the  first 
twelve  modes.  In  the  figure,  the  tri¬ 
angles  represent  levels  at  which 
accelerometers  were  placed  in  tests 
described  later.  The  input  values  for 
the  axial  stiffnesses  of  the  longeron 
and  diagonal  elements  were  experimen¬ 
tally  derived.  The  modes  may  be 
classified  into  three  categories: 
transverse  bending  -  X  direction,  trans¬ 
verse  bending  -  Y  direction,  and 
torsion. 

The  bending  modes  are  the  same  in 
the  X  and  Y  directions,  and  this  is 
explained  from  simple  s treng th-of-ma t- 
erials  beam  theory  by  the  fact  that,  for 
any  cross-section  of  the  mast,  the  mom¬ 
ent  of  inertia  is  the  same  in  all 


3.  Mode  Shapes  and  Frequencies  from  Finite  Element  Program 


131 


directions.  The  first  five  modes  appear 
to  be  either  pure  bending  or  pure 
torsion.  The  third  and  higher  bending 
modes  have,  with  different  intensity, 
some  coupling  with  torsion;  as  is  evi¬ 
denced  by  a  change  in  shape  of  the  top 
triangle.  The  second  and  higher  torsion 
modes  exhibit  a  "breathing"  character¬ 
istic:  i.e.,  the  post-buckled  battens 

admit  small  axial  displacements,  which 
result  in  an  extension  of  the  length  of 
the  sides  of  the  triangles. 

The  continuous  longerons  are 
modeled  by  pinned-end  axial  elements  at 
each  bay,  with  no  elemental  bending 
resistance  accounted  for.  This 
approaches  continuum  modeling  for 
beams,  and  achieves  a  large  reduction  in 
DOF  by  contrast  with  modeling  using 
bending  elements.  As  a  result  of  the 
pinned-end  assumption,  the  program 
calculates  certain  extraneous  modes  with 
discontinuities  in  slope  of  the 
longerons  ^ . 

Continuum  Modeling 

A  simple  model  of  the  mast  as  a 
slender  uniform  cantilevered  beam  with  a 
tip  mass  and  bending  and  twist 
properties  was  developed.  The  effect  of 
earth's  gravity  in  test  configuration 
was  included.  Damping  was  not  consid¬ 
ered.  The  effective  bending  modulus 
(El)  and  stiffness  modulus  (JG) 
for  the  model  were  obtained  by  static 
load  vs  deflection  tests  on  the 
structure  in  a  configuration  where  the 
mast  was  suspended  vertically  and  fixed 
at  the  top  end. 

Sensitivity  analysis  was  performed 
with  this  model.  For  example  a  change 
of  10%  in  bending  stiffness  results  in  a 
change  of  about  5%  in  the  first  three 
bending  frequencies.  A  10%  variation  in 
mast  density  changes  the  third  mode  by 
5%.  An  increase  of  10%  in  tip  mass 
decreases  the  first  mode  frequency  by 
3%  . 

Structural  Dynamics  Tests 

Four  different  test  configurations 
were  found  to  be  needed  to  obtain  sound 
experimental  parameters  over  the  fre¬ 
quency  range  of  interest.  (1)  Tests  in 
air  with  unidirectional  translational 
input  at  the  base  of  the  structure  with 
an  electrodynamic  exciter  (Fig.  4) 
provided  results  for  the  frequency  range 
5-60  Hz.  (2)  Tests  were  done  in  vacuum 
and  in  air  with  a  hydraulic  exciter  over 
the  frequency  range  1-30  Hz  (Fig.  5), 
to  observe  the  effect  of  aerodynamic 
forces  on  the  measured  damping  factors. 
(3)  Step  relaxation  tests  were  done  to 
obtain  parameters  in  the  low  frequency 
range,  0  to  10  Hz.  (4)  An  impact  test 
was  done  to  confirm  a  torsion  mode  at 
about  30  Hz. 


Z 


t 


4.  Configuration  for  uni-directional 
base  excitation  in  air.  Six 
accelerometer  locations  at  each  of 
the  levels  B  to  E. 


TRANSLATION  OR 
TORSION  INPUT 


5.  Configuration  for  base  excitation 
in  vacuum.  Six  accelerometer 
locations  at  each  of  levels  B  to  E. 

The  effect  of  gravitational  forces 
on  the  mast  under  test  may  be  ignored. 
Calculations  with  the  continuum  model 
show  that  gravitational  loads  decrease 
the  effective  stiffness  of  the  mast  in 
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(1) 


the  configuration  of  Fig.  4  and  cause  a 
decrease  in  the  fundamental  natural 
frequency  of  less  than  1%.  The  gravi¬ 
tational  loads  increase  the  fundamental 
frequency  in  the  configuration  of  Fig.  5 
by  1% . 

For  each  of  the  four  test 
configurations,  the  data  acquisition  and 
modal  parameter  identification  software 
obtained  from  the  Structural  Dynamics 
Research  Corporation  was  used.  A  Gen 
Rad  2503  system  was  employed.  The  flow 
of  data  handling  and  processing  is 
depicted  schematically  in  Fig.  6  for  a 
typical  test  configuration.  The  basic 
input  and  response  data  are  created  in  a 
particular  test  and  stored  on  analog 
tape.  The  data  are  then  acquired  in 
digital  form  using  the  DATM  software. 
Frequency  response  and  coherence 
functions  are  also  calculated  using 
digital  Fast  Fourier  Transform 
techniques  and  displayed  in  an 
interactive  mode  for  data  prescreening 
and  verification.  Modal  parameters  are 
then  extracted  from  the  frequency 
response  information  using  the 
MODAL-PLUS  software. 


6.  Data  flow  and  processing  stages, 

MODAL-PLUS  contains  routines  for 
identification  of  the  modal  parameters 
(natural  frequencies,  damping 
coefficients,  mode  shapes,  modal  mass, 
and  related  parameters)  by  analysis  of 
the  frequency  response  functions.  The 
routines  are  based  on  the  underlying 
assumption  that  the  system  to  be 
identified  can  be  represented  by  a 
linear  modal  model  of  the  form 


In  the  above,  the  f^^  are  input 
forces  and  Xj  are  response  states  at 
discrete  points  on  the  structure.  The 
and  Xj  are  both  required  to 
correspond  directly  to  measureable 
quantities  (the  software  can  accept 

measurements  of  x,  x,  or  x)  .  Hjj^(u)) 
is  the  Fourier  transform  of  the  unit 
impulse  response  function  (i.e.,  the 
response  at  location  j,  to  a  single  unit 
impulse  at  location  k) .  The 

a^f  ^jrl  order,  n,  are 

the  modal  parameters  to  be  identified. 


Measurements  of  f]^  and  Xj  are 
acquired  in  the  tests.  Then,  an 
experimental  Hjj^(  oj)  (in  element, 
column,  or  full  matrix  form  as  appro¬ 
priate  to  a  particular  exercise)  is 
constructed  from  the  measurements  using 
Eq  (1).  Then,  using  one  or  more  of  the 
routines  of  MODAL-PLUS,  the  parameters 
(w^r  Cr'  ^jr^  that  result  in  a 
curve  fit  of  the  analytical  Hjj^  of 
Equation  (2)  to  the  measurement-based 
Hjj^  are  found;  the  parameters  are  the 
identified  modal  parameters. 


MODAL-PLUS  has  routines  for  class¬ 
ical  single-degree-of-f reedom  (SDOF) 
curve  fits  equivalent  to  the  Kennedy- 
Pancu  technique.  The  technique  is 
limited  to  single-force-input  tests. 

The  SDOF  routine  derives  modal  frequency 
and  damping  ratio  from  a  curve  fit  of  a 
single  scalar  element  of  H  represented 
in  the  frequency  domain,  and  requires 
that  the  modal  frequencies  be  separately 
spaced.  Mode  shapes  are  constructed 
from  the  maximum  amplitudes  of  a  column 

of  H(aj)  at  a  value  of  o)  equal  to  the 
modal  frequencies. 


The  Polyreference  routine  of 
MODAL-PLUS  is  based  on  the  complex 
exponentials  technique.  The 

measurement-based  matrix,  H(  cd)  ,  is  first 
converted  to  the  time  domain  by  the 
inverse  Fast  Fourier  Transform.  Then  a 
time  domain  equivalent  of  Eq.  (2)  is  fit 
to  the  time  domain  samples  of  the 
measurement-based  matrix,  H  using  a 
Prony-type  algorithm  and  least  squares^. 


A  Mul tiple-Degree-Of-Freedom  (MDOF) 
curve  fit  technique  of  Version  6  is 
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essentially  the  Polyref erence  Method, 
applied  to  single  force  input  data 
(i.e.,  a  curve  fit  of  a  single  coluran  of 
the  11  matrix  by  the  complex  exponentials 
method ) . 

All  vibrational  measurements  v;ere 
made  with  EHDEVCO  piezores ist ive  accel” 
erometers  (Series  7265),  having  ranges 
of  either  10  or  20  g  in  tension  and  com¬ 
pression,  and  a  response  range  of  0  to 
300  Hz.  The  weight  per  accelerometer 
was  6  g  plus  9.2  g/m  for  cables. 

Tests  in  Air  with  Input  at  the  Base  - 
Electrodynamic  Exciter 

A  number  of  exploratory  and  major 
dynamic  tests  were  done  with  the  Astro- 
mast  base  mounted  (fixed-free)  to  a  178 
kH  electrodynamic  exciter  as  depicted  in 
Fig.  4.  The  lower  frequency  limit  of 
the  exciter  was  about  5  Hz.  The  upper 
limit  was  set  at  100  Hz,  this  being  a 
reasonable  limit  of  interest  for  the 
structure.  The  second  and  higher  bend¬ 
ing  modes  v;ere  expected  to  be 
identifiable  v/ith  this  exciter. 

The  exciter  was  operated  under 
digital  control  to  input  the  desired 
excitation  waveform  at  the  base  of  the 
structure.  The  accelerations  corres¬ 
ponding  to  base  input  and  the  mast 
structural  deformations  were  measured 
v7ith  accelerometers. 

Figures  4  and  7  show  the  accelero¬ 
meter  locations  and  directions.  A  total 
of  12  response  locations  were  chosen. 

Two  accelerometers  at  each  location  v;ere 


7.  Examples  of  accelerometer  locations 
of  the  test  configurations  (Figs  4 
and  5).  Directions  are  radial  and 
tangent ial . 


used  to  measure  radial  and  tangential 
motions.  No  accelerometers  were  pointed 
in  the  z  direction  since  a  preliminary 
test  showed  the  vertical  accelerations 
to  be  negligible.  The  input  was 
measured  with  an  accelerometer  fixed  on 
the  base  plate  and  pointing  in  the 
direction  of  excitation. 

Tv70  types  of  base  input  signals 
were  used,  swept  sine  and  random. 

Exciter  control  was  implemented  with 
either  an  HP  5427A  system  or  the  Gen  Rad 
2503  system,  depending  on  availability. 

For  operation  of  MODAL-PLUS 
(parameter  estimation),  the  frequency 
response  functions  are  obtained  (with 
DATM )  with  the  base  acceleration  as  the 
input,  and  the  astromast  mounted 
accelerometers  as  the  output  channels. 
However,  it  should  be  noted  that  the 
mathematical  model  of  the  configuration 
(i.e.  excitation  at  the  base  of  the 
structure,  base  acceleration  as  measured 
input,  and  mast  accelerations  as 
measured  outputs)  is  slightly  different 
than  the  model  upon  which  the  MODAL-PLUS 
software  is  based  (Eqs.  1  and  2).  The 
differences  are  discussed  in  Ref.  5. 

The  modal  frequencies  and  damping 
factors  deduced  from  the  frequency 
response  functions  are  shown  to 
correspond  to  "fixed-base"  mode  shapes. 
However,  the  mode  shapes  and  modal 
coefficients  given  by  MODAL-PLUS  are  not 
rigourously  correct.  MODAL-PLUS  has 
been  used  directly  herein,  with  an 
awareness  of  these  factors. 

Added  Mass,  Stiffness,  and  Damping 
Contributed  by  Accelerometers.  Due  to 
the  structure  being  very  light,  it  was 
necessary  to  explore  experimentally,  the 
level  of  stiffness  mass,  and  damping 
contributed  by  the  accelerometers  and 
their  cables. 

To  observe  the  effect  of  the  cables, 
a  sine  sv/eep  was  performed  from  5  to 
100  Hz  at  0.2  g  peak  acceleration  level, 
for  three  different  conditions:  (1)  6 

accelerometers  at  level  E  (Figure  7) ; 

(2)  2  accelerometers  at  level  E  for 
radial  and  tangential  directions;  and 

(3)  1  accelerometer  at  level  E,  either 
radial  or  tangential.  For  conditions 
(2)  and  (3),  the  accelerometers  taken 
off  were  replaced  by  dummy  masses  having 
the  same  weight  as  the  accelerometers 
and  part  of  their  cables,  so  that  any 
modification  of  the  responses  would  be 
caused  only  by  the  presence  of  the 
cables.  The  conclusion  was  that  the 
response  for  the  three  cases  was 
essentially  the  same  for  frequency  up  to 
30  Hz  for  swept  sine;  but  beyond,  there 
were  unacceptable  differences.  Similar 
tests  were  done  for  random  excitation. 

No  difference  appeared  in  the  frequency 
response  functions  for  frequencies  up  to 
60  Hz.  Above  that  frequency,  the  energy 
dissipation  in  the  structure  was  too 
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high  and  thus  the  signals  were  too 
noisy. 

To  observe  the  effect  of  added 
masses/  runs  with  one,  three,  and  six 
accelerometers  at  a  level  were  done,  and 
responses  compared.  Frequency  and 
amplitude  shifts  of  up  to  1.5%  and  10% 
respectively  were  observed  for  various 
modes . 

On  the  basis  of  the  above  types  of 
experimental  tests,  it  was  concluded 
that  the  use  of  three  accelerometers 
simultaneously  on  the  structure  could  be 
permitted  for  random  input. 

Non-Linearity  of  the  Astromast.  The 
main  sources  of  non-linearity  are:  free 
play  in  some  connections  betvveen 
longeron  and  battens;  buckling  of 
battens  which  causes  local  changes  in 
the  sectional  inertia  (and  thus  in  the 
effective  El);  local  buckling  associated 
with  compression  in  the  longeron  in  the 
region  close  to  the  fixed  end  (for  high 
stress  levels).  Several  experimental 
exercises  were  conducted  to  determine 
the  magnitude  and  influence  of  these 
non-linearities  on  the  dynamics  of  the 
structure . 

Sine  sweep  runs  were  performed  at 
0.1,  0.2,  0.3  and  0.4  g  levels  to 
determine  the  amount  of  non-linearity. 
Figure  8  shov/s  an  example  comparison  of 
magnitude  and  phase  of  a  frequency 
response  function  for  0.1  and  0.2  g 
inputs.  There  is  a  definite  small 
change.  The  non-linearity  effect 
stabilizes  between  0.2  and  0.4  g  for 
frequencies  lower  than  30  Hz. 


The  invariance  to  different  random  input 
levels  was  not  unexpected,  since  it  is 
known  that  random  input  tends  to 
eliminate,  through  averaging,  any 
non-linearity . 

Parameter  Determinations.  A 
complete  set  of  response  functions  were 
acquired  with  random  base  excitation, 

2.0  g  Rms  (0-100  Hz)  over  an  effective 
range  of  5  to  60  Hz.  The  responses  were 
acquired  in  eight  successive  runs,  with 
three  accelerometers  per  level  for  each 
run.  A  sample  frequency  response 
function  that  illustrates  the  quality  of 
the  data  is  given  in  Fig.  9.  A  curve 
fit  mode  using  the  MDOF  routine  is  also 
shown  in  Fig.  9.  Reasonable  curve  fits 
covering  three  resonances  over  the  range 
5  to  60  Hz  were  possible  from  the  random 
data. 
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9.  Example  of  frequency  response 

function  obtained  with  random  base 
excitation  (solid),  and  curve  fit 
with  the  MDOF  (single  input  complex 
exponential)  routine  of  MODAL-PLUS 
(dotted ) . 


0.1  g 
0.2  g 


0  10  100 


FREQUENCY  (Hz) 

8.  Example  of  non-linearity.  Two  sine 
sweep  with  input  amplitudes  of  0.1  g 
and  0.2  g. 

Random  vibration  was  input  at  the 
two  different  levels,  2  and  3  g  rms 
(0-100  Hz).  Frequency  response 
functions  were  identical  for  frequencies 
below  60  Hz,  meaning  that  the  results 
contained  no  non-linearity  distortion. 


A  complete  set  of  response  functions 
were  also  acquired  with  swept  sine  base 
excitation,  0.2  g  over  5  to  100  Hz.  The 
responses  were  acquired  in  four  success¬ 
ive  runs  with  six  accelerometers  at  each 
level  per  run.  This  data  did  not  submit 
to  curve-fitting  as  well  as  the  random 
data  due  to  previously  discussed 
accelerometer  effects.  These  effects 
plus  the  non-linearity  of  the  structure 
rendered  the  data  above  30  Hz 
questionable. 

The  modal  frequencies  and  damping 
factors  estimated  using  the  MDOF  routine 
and  the  above  data  are  summarized  in 
Table  1.  Mode  shapes  were  also 
determined  in  tabular  and  graphic 
animation  form. 

Tests  in  Air  and  Vacuum  with  Input  at 
the  Base  -  Hydraulic  Exciter 

The  configuration  of  Fig. 5  was  used 
to  test  the  mast  in  air  and  vacuum.  The 
hydraulic  exciter  was  capable  of  being 
configured  to  provide  unidirectional 
translation,  or  torsion,  over  the  range 
1  to  30  Hz. 
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In  this  test  configuration,  the  base 
acceleration  is  used  as  the  input  meas¬ 
urement,  and  thus  the  remarks  of  the 
previous  section  concerning  the  limita¬ 
tions  of  MODAL-PLUS  processing  apply 
also. 

The  main  data  was  acquired  with 
swept  sine  input.  The  data  clearly 
showed  the  first  and  second  bending 
frequencies  at  1.9  and  11.9  Hz  and  the 
first  torsion  at  10.3  Hz.  The  shape  of 
the  peak  of  the  first  mode  was  not  con¬ 
fidently  established  because  of  low 
signal  to  noise  ratio  in  the  input  and 
high  non-linear  effect  due  to  excessive 
compression  in  part  of  the  longeron; 
thus,  the  estimates  of  the  damping 
factor  are  of  low  confidence.  Except 
for  a  few  of  the  frequency  response 
functions,  curve  fits  with  MDOF  were  of 
poor  quality.  The  SDOF  routine  provided 
acceptable  curve  fits  in  most  cases  for 
the  second  frequency. 

There  was  no  significant  difference 
in  frequency  response  functions  between 
tests  in  air  and  tests  in  vacuum,  thus 
establishing  that  aerodynamic  effects 
are  negligible  for  this  type  of 
as  tromas  t. 

The  modal  frequencies  and  damping 
factors  determined  from  the  tests  with 
the  hydraulic  base  exciter  are  given  in 
Table  1. 


The  Step  Relaxation  Method 

The  previously-described  tests  did 
not  obtain  parameters  satisfactorily  for 
frequencies  below  about  2  Hz  due  to  the 
contribution  of  input  noise  to  the  very 
small  accelerometer  signals  and  the  lack 
of  control  of  the  exciter  at  low 
amplitude  inputs.  To  obtain  the  low 
frequency  parameters,  the  Step 
Relaxation  described  herein  was 
implemented . 

For  Step  Relaxation,  the  input 
excitation  is  achieved  by  initially 
applying  a  single  force  to  deform  the 
structure  statically  and  then  releasing 
the  force  suddenly.  The  force  and  the 
response  accelerations  at  a  number  of 
points  are  measured  before,  during,  and 
after  release  as  the  structure  vibrates 
freely  and  damps  to  a  motionless  state. 

The  equations  that  model  the  configura¬ 
tion  are  not  directly  in  the  form  of  Eqs 
(1)  and  (2).  However  with  appropriate 
mathematical  manipula tic^n  it  can  be 
proved  rigourously  that^ 

(  (O;  a^,  (3) 

f  j  (  w) 


Table  1(a)  Measured  frequencies  (Hz)  for  Astromast 


Mode 

Base  Excitation 
Elec trodynamic 

Base  Excitation 
Hydraulic 

S  tep 

Relaxation 

Impac  t 

1st  Bending-X 

1.94 

1.81 

1st  Bending-Y 

1.88 

2nd  Bending-X  or  Y 

11.9 

11.9 

3rd  Bending-X  or  Y 

27.6 

4th  Bending-X  or  Y 

i  45.9 

1st  Torsion 

10.3 

10.9 

2nd  Torsion 

1 

33.7 

Table  1(b)  Measured  damping  factors  for  Astromast 


Mode 

L 

1  Base  Excitation 
Electrodynamic 

i  Base  Excitation 
Hydraulic 

Step 

Relaxation 

Impac  t 

1st  Bending-X 

0.035 

0.020 

1st  Bending-Y 

0.032 

2nd  Bending-X  or  Y 

0.031 

0.032 

3rd  Bending-X  or  Y 

0.058 

4th  Bending-X  or  Y 

0.085 

1st  Torsion 

0.012 

0.013 

2nd  Torsion 

0.024 
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Hence  a  measurement-based  frequency 
response  function  can  be  constructed 
from  the  Fourier  transforms  of  the 
derivatives  of  the  accelerometers  and 
force  measurements.  The  various  curve 
fit  routines  of  MODAL-PLUS  can  then  be 
used  to  fit  the  analytical  H  of__Equation 
(2)  to  the  measurement-derived  H,  and  so 
identify  the  parameters. 

Appropriate  software  v/as  developed 
by  Dr.  Gordon  Mutch  of  SDRC  in 
collaboration  with  the  authors  for  this 
exercise^.  A  force,  f ^ ,  is  applied  and 
released.  The  f|(t)  and  response  at  j 
locations,  aj^(t),  are  acquired  and 
digitized.  They  are  then  differentiated 
using  a  simple  difference  algorithm,  to 
obtain  fi(tj  and  aj(t).  The  Fast 
Fourier  Transform  routines  then  obtain 

f^(a))  and  aj(u)),  and  from  Eq.  (3), 
n^j((i)).  f^'^may  be  reapplied  several 
times,  the  acquisition/preprocessing 
repeated,  and  the  resulting  multiple 
samples  of  H^  •  (w )  averaged.  With 
reconfiguration  of  the  experimental  set¬ 
up,  other  single  forces,  f]^,  can  be 
applied  sequentially,  and  the 
preprocessing  repeated  to  obtain 
additional  columns,  H]^j(a)).  At  this 
stage  the  graphs  of  elements  of  the 
matrix  can  be  screened  visually,  and 
reciprocity  can  be  checked.  The 
Polyreference  software  of  MODAL-PLUS  is 
then  invoked;  i.e.  the  H(a)  )  matrix  is 
then  converted  to  the  time  domain,  H(t), 
and  the  complex  exponentials  technique 
is  used  to  identify  the  modal 
parameters . 

An  apparatus  for  release  of  the 
load  using  a  solenoid-activated  release 
mechanism  was  designed  for  test  of  the 
mast.  Two  configurations  of  force  were 
set  up  to  deform  the  structure  in  a 
manner  that  excited  the  transverse  X  and 
Y  deformations  and  torsion. 

Response  accelerometers  were 
mounted  at  the  locations  depicted  in 
Figs.  4  and  7.  The  accelerometers  were 
limited  to  two  per  test  run  in  order  to 
avoid  cable  and  mass  loading  effects. 

Figure  10  shows  the  frequency 
response  function  for  the  driving  point 
lly.  This  example  illustrate  the 
quality  of  data  obtained  by  Step 
Relaxation.  The  first  bending  mode  in 
the  X  and  Y  directions  were  jointly 
identified  successfully,  and  are 
depicted  in  Figure  11.  The  results 
demonstrate  the  ability  of  the  complex 
exponentials  technique  to  separate  two 
very  closely-spaced  modes.  The  damping 
factors  are  noted  to  be  different,  and 
the  two  modes  are  seen  to  be  orthogonal 
to  each  other  (Fig.  12). 


1  10  15 

FREQUENCY  (Hz) 


10.  Example  of  frequency  response 
function  obtained  with  step 
relaxation.  The  response  was  at  the 
driving  point  lly. 


11.  Successive  frames  of  an  animation  of 
the  first  two  modes  that  were 
derived  from  step  relaxation  data  by 
the  Polyreference  routine. 
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Oi,  =1.807  Hz  0)2  =  1-883  Hz 

12.  End  view  of  the  modes  of  Fig.  11. 
The  graphs  demonstrate 
orthogonality  of  the  transverse 
bending  modes. 

Impact  Tests  in  Torsion 

Tests  using  an  impact  force  hammer 
were  performed  mainly  to  confirm  the 
first  and  second  torsion  modes.  The 
Astromast  was  hung  with  the  top  end 
plate  fixed.  The  lower  end  of  the  mast 
was  attached  to  a  fixture  which  allowed 
torsion,  but  had  no  degree  of  freedom  in 
transla  tion . 

A  PCB  impact  hammer  with  a  quartz 
force  transducer  was  used  to  impart  the 
force.  A  rubber  tip,  chosen  to  keep  the 
input  energy  in  the  low  frequency  range, 
caused  the  input  spectrum  to  roll  off  at 
about  100  Hz.  This  configuration  of 
test  is  modelable  directly  with  Eq  (1), 
and  is  within  the  scope  of  operation  of 
MODAL-PLUS. 

The  test  was  performed  by  mounting  a 
limited  number  of  accelerometers  in  the 
tangential  directions  and  hitting  the 
structure  in  the  tangential  directions 
at  many  locations.  Five  samples  were 
taken  and  averaged  at  each  input 
loca  tion . 

In  general,  the  quality  of  the  data 
was  poor  relative  to  that  of  other 
tests.  The  main  cause  was  the  high 
degree  of  flexibility  which  provoked 
impedance  mismatch  problems.  The 
experimental  curves  could  not  be  fit 
well  with  the  MODAL-PLUS  algorithms, 
with  the  exception  of  a  few  frequency 
response  functions.  The  data  yielded 
conclusive  torsional  frequencies,  and 
somewhat  less  confident  damping  factors. 

Table  1  presents  the  parameters 
derived  from  the  tests. 

Comparison  of  Theoretical  and  Measured 
Modal  Data 

Finite  Element  Model 

Table  2  gives  the  comparison  of 
measured  to  calculated  frequencies  with 
the  finite  element  model  described 
earlier  (the  experimental  values  in 
Tables  1  and  2  are  regarded  as  correct 
and  not  in  question) .  The  input  masses 


were  determined  by  carefully  conducted 
weighings  of  the  individual  components 
and  the  total  structure.  The  modulus  of 
elasticity  of  the  longeron  and  diagonal 
elements  were  determined  by  lab  tests  of 
samples.  No  attempt  has  been  made  to 
adjust  parameter  values  to  optimize  the 
correlation  in  Table  2. 

The  general  character  and  shape  of 
the  theoretical  and  experimental  modes 
were  in  agreement  as  determined  by  vis¬ 
ual  comparisons  of  plots. 

However  Table  2  shows  that  the  FEM 
model  has  some  shortcomings  as  regards 
quantitative  agreement.  The  short¬ 
comings  are  under  further  study.  They 
are  possibly  due  to  the  ignoring  of  unit 
longitudinal  flexural  and  or  torsional 
energy . 

Continuum  Model  Comparison 

Table  2  gives  the  comparison  of 
measured  to  calculated  frequencies  for 
the  continuum  model  described  earlier. 
The  general  character  and  shape  of  the 
theoretical  and  experimental  modes  were 
in  agreement.  The  input  values  of  El 
and  JG  were  determined  in  static  tests. 
No  attempt  has  been  made  in  Table  2  to 
optimize  results  by  parameter  value 
adjustments.  The  model  calculates  the 
first  two  torsional  and  first  bending 
frequencies  v/ell.  Higher  modes  are  sub¬ 
stantially  in  error,  which  indicates 
that  simple  continuum  modeling  is  an 
overs impl ica tion  as  regards  the  higher 
modes  of  the  Astromast. 

Table  2  Comparison  of  Experimental  and 
Theoretical  Frequencies. 


Mode 

Exp 

(Hz) 

Fini te 

Freq 

(Hz) 

Element 

% 

Error 

Continuum 
Freq  % 

(Hz)  Error 

1st 

Bending 

1.85 

1.79 

-  3 

2.16 

+  16 

2nd 

Bending 

11.9 

13.3 

+  12 

17.4 

+  46 

3rd 

Bending 

27.6 

35.8 

+  30 

52.9 

+  92 

4  th 

Bending 

45.9 

64.0 

+  39 

— 

— 

1st 

Torsion 

10.3 

7.76 

-25 

12.2 

+18 

2nd 

Torsion 

33.7 

25.7 

-24 

41.6 

+  23 

Conclusions 

The  measured  structural 
characteristics,  in  particular  the 
damping  factors  and  observations  on 
non-linearities,  are  representative  of 
this  type  of  space  mast,  and  should  be 
useful  in  the  design  of  dynamics  and 
control  of  spacecraft  that  employ  this 
type  of  component. 

Four  different  types  of  tests  were 
needed  to  obtain  good  quality  modal 
parameter  values.  For  the  lower  modes, 
the  Step  Relaxation  technique  worked 


138 


well,  mainly  because  it  provided 
appropriate  noise-free  excitation  in  the 
low  frequency  range  where  the 
accelerometer  outputs  are  very  small. 

For  5-60  Hz,  base  excitation  with 
electrodynamic  or  hydraulic  actuators 
worked  well;  random  input  led  to 
consistent  results,  and  slow-sine  sweep 
showed  up  non-linearity  to  some  extent. 
Above  60  Hz,  consistent  results  were  not 
obtained  because  of  structural 
non-linearities  and  added  damping  and 
mass  of  accelerometer  cables.  The  data 
acquisition  and  parameter  estimation 
software  of  MODAL-PLUS  supported  all 
tests  in  a  very  effective  interactive 
manner. 

A  simple  continuum  (beam)  model  of 
the  Astromast  gave  the  qualitative 
character  of  the  mode  shapes,  and 
quantitative  estimates  of  modal 
frequencies  shown  in  Table  2,  For 
higher  modes  a  more  refined  model 
appears  to  be  needed. 

The  finite  element  model  described 
herein  forecasted  the  qualitative  nature 
of  the  mode  shapes  correctly  and  gave 
correct  quantitative  estimates  for  the 
lower  frequencies.  Further  refinement 
of  the  model  would  be  needed  to 
accurately  predict  the  higher  modal 
f requeue ies . 

There  was  no  difference  between  test 
results  in  air  and  in  vacuum,  thus 
establishing  that  aerodynamic  effects 
are  negligible  in  test  of  this  type  of 
space  mast. 
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ABSTRACT 


This  study  evaluates  the  accuracy  of  computed 
modal  frequencies  and  mode  shapes  obtained  from  a 
combined  exper imental/analyt i cal  model  for  a 
simple  beam  structure.  The  structure  was  divided 
into  two  subsystems  and  one  subsystem  was  tested 
to  obtain  its  free— free  modes.  Using  a  Component 
Mode  Synthesis  (CMS)  technique,  the  experimental 
modal  data  base  for  one  subsystem  was  directly 
coupled  with  a  finite  element  model  of  the  other 
subsystem  to  create  an  experimental/analytical 
model  of  the  total  structure.  Both  the  transla¬ 
tional  and  rotational  elements  of  the  residual 
flexibilities  and  mode  shapes  at  the  interface  of 
the  experimental  subsystem  were  measured  and  used 
in  the  coupling.  The  modal  frequencies  and  mode 
shapes  obtained  for  the  combined  experimental/ 
analytical  model  are  compared  to  those  for  a 
reference  finite  element  model  of  the  entire 
structure.  The  sensitivity  of  the  CMS  model 
predictions  to  errors  in  the  modal  parameters  and 
residual  flexibilities,  which  are  required  to 
define  a  subsystem,  is  also  examined. 


INTRODUCTION 


Component  mode  synthesis  (CMS)  is  a  technique 
for  assembling  a  system  model  using  individual 
models  of  the  components  or  subsystem  parts.  CMS 
techniques  are  a  class  of  reduction  or  substruc¬ 
ture  coupling  methods  for  dynamic  analysis. 

They  have  proven  very  useful  in  solving  large 
structural  dynamics  problems,  especially  where  the 
structure  consists  of  several  distinct  components. 
In  CMS,  a  series  of  elastic  modes  and  static  dis¬ 
placement  shapes  are  utilized  in  a  transformation 
to  obtain  a  reduced  set  of  generalized  coordi¬ 
nates.  Either  free  or  fixed  interface  elastic 
modes  may  be  used  as  trial  vectors  for  a  sub¬ 
system.  These  are  augmented  wY  th  appropriate 
static  displacement  shapes.  Invoking  displacement 
and  force  compatibility  at  the  interface  permits 
coupling  of  subsystems  to  obtain  a  lower  order  or 
reduced  system  model. 
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CMS  techniques  are  also  useful  for  coupling 
experimental  and  analytical  models.  A  modal 
description  of  a  subsystem,  consisting  of  the 
modal  frequencies,  mode  shapes,  modal  mass,  and 
modal  damping,  can  be  generated  analytically  or 
provided  from  tests  in  a  modern  vibration  test 
laboratory.  In  addition,  a  quantity  referred  to 
as  residual  flexibility  may  be  obtained  with  many 
of  the  curve  fitting  algorithms  which  are 
currently  available  in  commercial  modal  analysis 

software  .  Advances  in  experimental  modal 
analysis  and  testing  have  resulted  in  increased 
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utility  of  this  data  base  Instead  of  using  the 

measured  modes  only  to  verify  an  existing  finite 
element  (FE)  model,  attempts  are  being  made  to 
directly  utilize  the  measured  data  in  a  combined 
experimental/analytical  model.  Many  applications 
utilize  frequency  response  or  impedance  substruc- 

3—5 

ture  coupling  techniques  ,  however,  CMS  may 
also  be  used  for  the  coupling.  When  using  free 
subsystem  modes  plus  residuals  to  describe  a 
subsystem,  the  experimental  data  base  contains  all 
the  information  required  for  the  CMS  formulation 
of  the  total  system. 

These  synthesis  techniques  have  been  used  in 
the  aerospace  and  automotive  industries  for 

several  years  In  the  aerospace  industry, 

fixed  interface  modes  have  most  often  been 
measured.  Then  a  detailed  FE  model  of  the 
subsystem  is  used  to  or thogonal i ze  the  measured 

9 

modes  and  also  to  obtain  the  generalized  mass 
and  stiffness  terms  due  to  the  static  displacement 
shapes.  For  the  fixed  CMS  formulation,  the  static 
displacement  shapes  are  columns  of  the  Guyan 
reduction  transformation  matrix  which  reduces  the 
interior  degrees  of  freedom  (DOF)  to  the  interface 
DOF.  These  static  displacement  shapes,  referred 
to  as  constraint  modes,  are  difficult  to  determine 
experimentally,  requiring  either  static  testing  or 
measurements  of  the  interface  forces  during  the 

modal  test  ^  In  automotive  applications  free 
modes  are  usually  measured.  The  subsystems  are 
then  coupled  using  elastic  stiffness  elements 
representing  local  flexibilities  and  body  or 

engine  mounts  Due  to  the  relatively  soft 

coupling  elements,  the  need  to  include  residual 
terms  and  rotational  behavior  at  the  subsystem 
interfaces  is  not  as  great  as  in  those  aerospace 
applications  which  involve  stiffer  structures. 
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For  many  aerospace  structures,  free  inter¬ 
face  modes  are  much  easier  to  obtain  experimen¬ 
tally  than  fixed  modes.  A  very  useful  CMS 
12 

technique  ,  using  free  modes,  is  one  which 
includes  static  displacement  shapes  which  are 
determined  from  the  residual  flexibility  that  is 
associated  with  a  truncated  set  of  modes.  These 
are  referred  to  as  residual  attachment  modes  and 
are  columns  of  the  residual  flexibility  matrix. 

As  in  the  case  with  fixed  modes,  the  static 
portion  of  the  subsystem  description  must  be 
determined  either  from  a  finite  element  model  or 
from  test.  To  experimentally  account  for  the 
static  effects,  either  mass  loading  of  the  inter¬ 
face  must  be  included  when  measuring  the  modes,  or 
the  residual  flexibility  properties  of  the  test 

item  must  be  measured 

For  structures  which  do  not  contain  a  large 
number  of  interface  degrees  of  freedom,  i.e., 
beam— type  structures,  the  rotational  information 
at  the  interface  is  required  for  proper  subsystem 
coupling.  Measurements  of  rotational  frequency 
response  functions  and  rotational  residual  flexi¬ 
bilities  are  necessary  to  properly  describe  the 
rotational  displacements  in  a  combined  experi¬ 
mental/analytical  model.  Several  successful 
attempts  have  been  made  to  determine  rotational 
frequency  response  functions.  Either  finite 
difference  techniques  have  been  applied  to  trans- 
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lational  displacement  and  force  measurements 
or  fixtures  have  been  designed  to  impart  a  moment 
to  the  structure  using  forces  with  a  small  offset 

16 

between  the  points  of  application 

The  general  method  of  CMS  which  utilizes  free 
modes  and  residuals  was  used  in  this  study.  Our 
specific  method  is  similar  to  the  technique 

employed  by  Craig  and  Chang  however,  we 

modify  the  final  form  of  the  equations  to  ex¬ 
plicitly  retain  the  interface  DOF  in  the  reduced 
system  model .  This  greatly  simplifies  the 
coupling  of  subsystems  and  is  directly  amenable 
for  systematic  incorporation  into  existing  finite 
element  codes.  The  technique  uses  free  elastic 
subsystem  modes,  rigid  body  modes,  and  residual 
flexibility  displacement  shapes.  A  previous 
analytic  study  for  a  beam  structure  was  performed 
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to  evaluate  variations  of  this  CMS  method 
That  study  demonstrated  that  neglecting  the  resi¬ 
dual  terms  in  the  mass  matrix  for  the  subsystem 
introduced  only  a  small  error  in  the  system  modes; 
therefore,  this  approach  was  selected  for  the 
current  study,  eliminating  the  need  for  determin¬ 
ing  the  residual  mass  associated  with  the  high 
frequency  modes.  Further,  neglecting  the  off- 
diagonal  residual  terms  of  the  residual  flexi¬ 
bility  matrix  also  caused  only  a  small  increase  in 
the  modal  frequency  errors  and  a  modest  decrease 
in  the  mode  shape  correlation. 

This  paper  evaluates  the  accuracy  of  computed 
modal  frequencies  and  mode  shapes  using  this  CMS 
method  for  a  simple  beam  structure.  The  beam  was 
chosen  because  it  is  simple  to  model,  has  widely 
separated  modes,  but  the  importance  of  the 
rotational  coupling  at  the  interface  is  signi¬ 
ficant.  Both  the  translational  and  rotational 
elements  of  the  residual  flexibilities  and  mode 
shapes  at  the  interface  of  the  two  subsystems  were 
measured  and  used  in  the  coupling  The  rotational 


frequency  response  functions  were  generated  from 
translational  frequency  response  functions  at 
closely  spaced  measurement  points  and  a  finite 
differencing  technique.  The  translational  and 
rotational  residual  flexibilities  were  obtained 
from  the  measured  frequency  response  functions. 

The  modal  frequencies  and  mode  shapes  obtained  for 
the  combined  experimental/analytical  model  are 
compared  to  those  for  a  reference  finite  element 
model  of  the  entire  structure.  A  study  is  in¬ 
cluded  which  examines  the  sensitivity  of  the  CMS 
model  predictions  to  errors  in  the  measured 
quantities  needed  to  define  a  subsystem. 

The  following  sections  of  the  paper  describe 
the  beam  structure  and  model,  followed  by  a 
development  of  the  CMS  equations.  Results  of  the 
sensitivity  studies  are  then  given,  followed  by 
the  experimental  procedures  used  to  measure  the 
data,  and  the  results  of  an  application  of  this 
technique  using  experimental  data  for  the  beam. 


BEAM  STRUCTURE  AND  MODEL  DESCRIPTION 

Figure  1  shows  the  structure  which  was 
studied.  Figure  2  gives  a  description  of  the  beam 
and  finite  element  model.  Two  identical  beams 
were  manufactured  and  one  was  physically  cut  into 

20 

two  subsystems.  MSC/NASTRAN  was  used  to 
assemble  the  combined  model.  The  residual  flexi¬ 
bility  CMS  technique  is  not  available  as  one  of 
the  standard  options  in  MSC/NASTRAN  and  was  DMAP 
programmed  into  the  normal  modes  rigid  format 
solution.  Modal  frequencies  and  mode  shapes  were 
experimentally  and  analytically  obtained  for  the 
entire  beam  as  well  as  one  of  the  subsystems.  The 
modal  frequencies  and  mode  shapes  for  the  original 
FE  model  of  the  entire  beam  were  used  as  the 
reference  model  results  for  all  comparisons.  The 
experimental  modal  frequencies  of  the  entire  beam 
were  in  very  close  agreement  with  those  of  the 
reference  FE  model. 


Figure  1.  Beam  Structure 
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total  weight  =  18.68 

Figure  2a.  Test  Beam  Description 


ed  subsystems,  rigid  body  modes  must  also  be  used, 
and  the  residual  attachment  modes  must  be 

12  19 

calculated  using  inertia  relief  loading 
The  results  of  this  first  transformation  are 
subsystem  matrices  which  are  expressed  entirely  in 
terms  of  generalized  coordinates.  When  expressed 
in  this  form,  the  effects  of  truncated  modes  are 
clearly  seen  and  the  elements  in  the  reduced 
subsystem  matrices  retain  physical  and  intuitive 
interpretation.  The  second  transformation 
replaces  those  generalized  coordinates  which  are 
associated  with  the  residual  modes,  with  the 
physical  coordinates  associated  with  the  interface 
DOF.  This  greatly  simplifies  coupling  of  the 
subsystem  equations  and  is  directly  amenable  for 
systematic  incorporation  into  existing  finite 
element  codes.  However,  the  elements  in  the 
subsystem  matr 1 ces  lose  physical  interpretation. 


<r* 
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Figure  2b.  Substructure  Definition 


The  beam  was  modeled  using  standard  beam 
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(CBAR)  elements  and  a  diagonal  mass  matrix, 
including  rotational  inertias  for  every  grid  point 
(GP).  The  concentrated  rectangular  masses  were 
assumed  to  be  rigid  with  their  total  mass  and 
inertia  lumped  at  their  center.  The  model  was 
divided  into  two  subsystems  or  superelements, 
denoted  SEIO  and  SE20  as  shown  in  Figure  2.  The 
subsystem  interface  was  at  GP-1  and  the  reduced 
system  model  consisted  of  one  physical  grid  point, 
GP-1  plus  generalized  coordinates  for  the  rigid 
body,  elastic,  and  residual  attachment  modes 
associated  with  each  subsystem.  Only  the  softwise 
bending  modes  were  considered  for  this  study.  The 
total  number  of  DOF  for  the  FE  model  of  the  entire 
beam  was  74,  44  DOF  in  SEIO  and  32  DOF  in  SE20 . 


Subsystem  Equations 

The  original  equation  of  motion  describing 
one  of  the  subsystems  is 


M  X  +  K  X 


where  M  and  K  are  the  (N  x  N)  mass  and  stiffness 
subsystem  matrices,  x  and  x  are  the  acceleration 
and  displacement  vectors;  and  F  is  the  total 
subsystem  forcing  function.  x  and  F  are 
partitioned  as  follows; 


(2) 


where  x^  are  the  interface  or  boundary  DOF,  Xj  are 

the  interior  DOF,  and  1  are  the  interface  forces 
hf 

due  to  adjacent  subsystems.  (Note  that  K  may  be 
singular  due  to  rigid  body  modes  of  the  sub¬ 


system.)  An  eigenvalue  analysis  is  performed  on 
Equation  (l).  The  eigenvectors  are  then  used  in 


the  following  approximate  transformation  for  x 


A  ^  I  j  ^1- 


COKtPONENT  MODE  SYNTHESIS  TECHNIQUE 
USING  FREE  MODES  AND  RESIDUAL  FLEXIBILITY 


General  Comments 

A  brief  development  of  the  residual  flexi¬ 
bility  CMS  technique  which  was  used  is  given 
below.  A  more  detailed  derivation  has  been  pre- 
2 1 

sented  which  applies  to  the  general,  forced- 
response  problem.  Provision  is  made  to  include 
residual  flexibilities  for  interior  DOF  where 
external  forces  are  applied.  In  this  study,  we 
are  interested  only  in  the  real  eigenvalue  pro¬ 
blem.  Therefore,  damping  is  neglected  and  the 
only  forces  which  exist  are  boundary  or  interface 
forces  from  adjacent  subsystems.  The  total  trans¬ 
formation  of  the  subsystem  matrices  is  divided 
into  two  steps.  The  first  is  a  Ritz  transforma¬ 
tion  w^hich  utilizes  free  interface  elastic  modes 

1 2 

and  residual  attachment  modes  For  unrestrain— 


where  is  an  (N  x  n^)  matrix  of  kept  dynamic 
modes  (rigid  body  and  elastic),  n^^  is  the  number 
of  kept  modes,  ,  and  q  are  the  generalized 

coordinate  vectors,  G^  is  a  partition  of  the 
(N  X  N)  residual  flexibility  matrix  G,  and  T^  is 

the  total  transformation  matrix.  The  columns  of 
Gg  are  static  displacement  shapes  associated  with 

the  residual  flexibility  attachment  modes  at  the 
interface  DOF.  G  is  defined  as  follows; 


(4) 


where  0.  is  the  i— th  deleted  eigenvector,  cj.  is 

the  i-th  modal  frequency,  and  the  eigenvectors 

have  been  normalized  to  unity  modal  mass.  G  may 

be  partitioned  by  columns,  consistent  with  x  and 

F,  as  G  =  [G  G  ].  The  full  partitioning  for  G  is 
1  o 


Si  Sb 


where  n  is  the  number  of  interface  DOF  and  n  the 
B  i 

number  of  interior  DOF.  Note  that  for  analytical 
implementations  of  this  method  for  free  subsys¬ 
tems,  the  rigid  body  modes  are  easily  calculated 
and  cause  no  difficulty  in  obtaining  the  residual 
flexibility  matrix.  When  using  experimental  data 
from  free  interface  modal  tests,  the  effects  of 
low  frequency  or  rigid  body  modes  may  be  deter¬ 
mined  by  a  quantity  denoted  as  residual  inertance, 
which  accounts  for  mass-like  effects  of  low 
frequency  modes.  Then,  the  residual  flexibility 
may  be  calculated  and  is  still  defined  by  Equation 
(4).  The  transformation  showing  the  full 
partitioning  for  T^  is 


.-(‘■I 

ij 


T 

T^  M  T^. 


T 

T^  K  T^. 


R  T 

and  F  =  tJ  F. 


Expanding  Equation  (8)  and  using  the  orthogonality 
results,  we  obtain 


M«  = 

‘kk  ° 

(5) 

Sb. 

PQ 

o 

T 

K  , 
k  k 


T 

M  ,  and 
k  k 


"^B  "  S  “  '^B  ^  S  "  Sb  shown  in 
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Equation  (7).  0^^  is  a  diagonal  matrix  of  kept 

dynamic  modal  frequencies,  and  is  the  identity 

modal  mass  matrix  associated  with  the  dynamic 
displacement  shapes.  and  are  the 

generalized  stiffness  and  mass  associated  with  the 
residual  flexibility  modes;  i.e.,  the  static 
displacement  shapes.  Note  that  the  reduced 
subsystem  matrices  are  uncoupled.  Also,  only  the 
G^^  partition  of  the  transformation  matrix  T.  is 

DO  1 

needed  to  define  K^.  Equations  (8,9)  describe  the 
CMS  equations  for  the  subsystem. 


where  the  first  column  partition  of  T^  is  simply 

the  partitioning  of  consistent  with  the 

partitioning  of  x.  Because  G  may  be  calculated 
using  only  the  deleted  elastic  modes,  it  can  be 
17,21 

shown  that  4^^  and  G  are  orthogonal  with 

T 

respect  to  the  M  and  K  matrices,  i.e.,  <I>^KG  = 


M  G  =  0 .  Using  the  partitioning  of  G,  we 

obtain  KG,  =  K  =  0 .  and  M  G  = 
k  I  k  B  k  I 

T 

$k  M  ^B  =  0 .  Also,  although  it  is  not  obvious,  it 
21  T 

may  be  shown  that  G  K  G  =  G.  Note,  this  does 
not  imply  that  K  G  =  I  because  G  is  not  the  total 
flexibility  matrix  but  only  the  residual  flexi¬ 
bility.  In  fact  G  is  an  (N  x  N)  singular  matrix 
of  rank  (N  -  n  ) .  Expanding  this  last  expression, 


of  rank  (N  -  n, 
k 

we  obtain 


T  T 

G  K  G  G  K  G 

G^KG  =  ^  ^ 


Si  Sb 


GgKGgJ  LSym  Ggg 


Substituting  the  transformation  Equation  (3)  into 
Equation  (l),  the  subsystem  equation  becomes 


a  4  a  = 


The  above  formulation  is  a  consistent  Ritz 
transformation  technique.  Residual  effects  due  to 
the  static  displacement  shapes  are  included  in 
both  the  reduced  mass  (denoted  residual  mass)  and 
stiffness  matrices.  An  inconsistent  but  often 
17 

used  transformation  neglects  the  residual  mass 
effects,  Hgg.  If  these  terms  are  neglected  it  may 

21  . .  .  . 


be  shown 


that  £ 


X  by  partitioning  Equation 
B 


(8).  This  is  equivalent  to  using  a  less  accurate 


transformation  T^^  to  reduce  M  where 


^ 


=  Tj  a 


Although  this  inconsistent  formulation  is  less 
accurate,  it  is  much  easier  to  implement.  Only 
the  residual  stiffness  terms  are  needed,  which  are 
defined  by  certain  partitions  of  the  residual 
flexibility  matrix  G. 

When  the  subsystem  equations  are  expressed 
entirely  in  terms  of  generalized  coordinates  as  in 
Equation  (9),  the  residual  mass  terms  are  clearly 
seen.  An  alternate  method  to  derive  the  reduced 
subsystem  matrices  is  to  use  a  direct  modal  expan¬ 
sion  of  the  subsystem  equations,  including  inter¬ 
face  forces  rather  than  generalized  coordinates 
for  the  interface  DOF.  In  that  case,  the  residual 
mass  is  implicitly  neglected,  although  this  fact 

2 1 

is  not  apparent  in  the  derivation 
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To  permit  simple  and  general  coupling  between 
subsystems,  it  is  convenient  to  obtain  an  alter¬ 
nate  formulation  for  the  subsystem  equations. 

From  the  lower  partition  of  Equation  (6),  it  can 
be  shown  that 


total  transformation  T,  .  =  T.  T_ ,  which  when 
tot  1  2 

partitioned,  simplifies  to 

-I  ^  ^  ^*’kl  ~  *^BB  \b^  \ 


%  ^-B 


=  ^IB  ^B 


^kl  % 


“^BB  *kB  %  *^86  -B 


Let  =  I  a  X  j  .  Then,  a  transformation  T  can 
2  k  B  ^ 

be  introduced  incorporating  Equation  (11)  as 

foil ows , 


^BB  ^kB  ^BB  J  *  -B  ' 


This  final  form  of  the  reduced  subsystem  matrices 
utilizes  modified  free  elastic  modes,  and 


modified  residual  attachment  modes  as  trial 

vectors  for  the  Ray  1 e igh-Ri tz  transformation. 
Note  that  if  residual  mass  is  neglected, 


Using  kJ  =  tI  K^T^,  ,  and 

the  alternate  subsystem  equation  becomes 


2  T  — 1 

0  +  $  G  § 

^kB  BB  kB 


S5rTnme  t  r  i  c 


G-l 

kB  BB 


= 


'kk  ° 


One  of  the  various  forms  of  the  residual 
flexibility  CMS  technique  which  has  been  studied 
neglects  the  off-diagonal  residual  terms.  The 
proper  implementation  of  this  variation  requires 
that  the  off-diagonal  terms  be  neglected  in  G^^ 

and  Hgg.  Note  that  this  is  not  the  same  as 
neglecting  the  off-diagonal  terms  in  and  Mg- 
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I  +  $  J  ^ 
kk  kB  BB  kB 


Symmet r i c 


-"L  ^BB 


and  J33  =  G-1  Hgg  G-^. 


Because  the  x  now  appear 
B 


explicitly  as  physical  coordinates,  the  CMS 
equations  for  the  coupled  system  may  now  be  easily 
obtained  from  direct  matrix  assembly  using 
Equation  (14);  however,  interpretation  of  the 

elements  in  and  M^  lose  the  physical 

significance  which  is  apparent  in  Equation  (9). 

As  must  be  the  case,  because  the  generalized 

T 

coordinates  are  now  ,  x  j  ,  the  generalized 
k  B 

forces  associated  with  the  q,  DOF  are  zero,  and 

k 

those  associated  with  the  x  DOF  are  The  original 

JD 

interface  forces,  i  .  The  only  matrix  inverse 


required  in  this  technique  is  G 


the  partitioned 


residual  flexibility  matrix  associated  with  the 
interface  DOF.  It  is  informative  to  write  out  the 


General  Comments 

An  analytical  CMS  model  was  used  to  examine 
the  sensitivity  of  system  modes  to  errors  in  the 
three  basic  quantities  needed  to  define  the  sub¬ 
system  mat  r  i  ces  ;  1)  modal  frequencies,  2)  mode 

shapes  at  the  subsystem  interface,  and  3)  residual 
flexibilities  at  the  interface.  Also,  the  effect 
of  neglecting  the  residual  mass  and  off-diagonal 
residual  flexibility  terms  was  determined.  Both 
modal  frequency  and  mode  shape  convergence  were 
studied.  When  evaluating  convergence  for  either 
analytical  or  combined  models,  care  must  be  taken 
to  ensure  that  corresponding  modes  are  compared. 
Mismatching  of  some  modes  can  easily  occur  due  to 
truncation  effects  or  experimental  error,  as  well 
as  in  areas  of  high  modal  density.  The  proper 
matching  of  modes  is  accomplished  through  the  use 

22 

of  a  mode  shape  correlation  coefficient  (MSCC) 

The  MSCC  determines  the  correlation  or  "resem¬ 
blance"  between  any  two  mode  shapes  but  may  also 
be  used  to  determine  mode  shape  accuracy.  A  more 
discriminating  measure  of  mode  shape  convergence 
is  given  by  the  mode  shape  error  (MSERR) .  The 
value  of  (1.0  -  MSERR)  gives  the  accuracy  for  the 
mode  shapes  from  an  approximate  model  as  compared 
to  those  of  a  reference  model.  For  real  modes, 
the  MSCC  and  MSERR  are  defined  as  follows: 


Msec  = 


T  2 

\4>  0  J 

- app  -  ref _ 


1 0  0  I  1 0  *  0  f  I 

-app  Tapp  -ref  Tref 


X  100% 


(17a) 


MSERR  =  - - - - X  100%  (17b) 

-ref  ^ref 


where  d>  is  the  approximate  mode  shape  and  6  . 

-app  -ref 

is  the  reference  mode  shape.  Although  the  MSCC  is 
a  more  forgiving  measure  of  convergence  than  the 

19 

direct  percentage  error  given  by  MSERR  ,  it  is 
more  easily  implemented  and  is  the  measure  used 
for  mode  shape  convergence  in  this  study. 


Sensitivity  Results 

Pertinent  results  from  a  previous  study  are 
first  given  which  show  the  effect  of  neglecting 
residual  mass  and  off-diagonal  residual  flexi- 
1 9 

bility  terms  Component  modes  to  2000  Hz  were 

retained  for  both  subsystems  (2  rigid  body  and  5 
elastic  modes  for  SEIO,  and  2  rigid  body  and  3 
elastic  modes  from  SE20) .  Figure  3  shows  the 
modal  frequency  errors  and  MSCC  convergence.  The 
RKM  curve  shows  results  for  the  CMS  formulation 
which  includes  residual  terms  for  both  mass  and 
stiffness,  the  RK  curve  includes  residual  terms 
only  for  stiffness,  and  the  RK-DIAG  curve  includes 
only  diagonal  residual  stiffness  terms.  Comparing 
the  RKM  and  RK  curves  shows  that  although  there  is 
a  definite  loss  of  accuracy  introduced  by  neglect¬ 
ing  the  residual  mass,  the  absolute  error  in  the 
RK  formulation  is  very  small.  Further,  neglecting 
the  off-diagonal  residual  flexibility  terms 
results  in  increased  errors  whose  magnitudes  are 
acceptable  for  practical  applications. 
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Figure  3a.  Modal  Frequency  Convergence, 
Variations  of  CMS  Technique 
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Figure  3b.  Mode  Shape  Convergence, 

Variations  of  CMS  Technique 

The  analytical  RK  model  was  then  used  to 
determine  the  relative  sensitivity  of  the  system 
modes  to  errors  in  the  three  basic  quantities 
needed  to  specify  a  subsystem  description;  i.e., 
modal  frequency  (denoted  .  translational  and 

rotational  mode  shapes  at  the  boundary  (denoted 
u.  0 

0.0),  and  translational  and  rotational  residual 

'Ll  0 

■flexibilities  at  the  boundary,  (denoted  G  ,  G  ). 

DD  BB 

Figure  4  shows  the  system  modal  frequency  errors 
and  MSCC  convergence  due  to  errors  of  +25%  in 
subsystem  modal  frequency,  +100%  in  subsystem 
interface  mode  shapes,  and  +200%  in  subsystem 
residual  flexibilities.  Similar  results  were  seen 
for  errors  of  -25%,  -50%,  and  -67%  in  these  same 
quantities.  The  results  indicate  that  for  the 
beam  (i.e.  rigidly  connected  substructures), 
system  modal  frequencies  are  sensitive  to  errors 
in  the  subsystem  description  in  the  following 
order  of  importance  modal  frequency,  rotational 
and  translational  mode  shapes,  rotational  residual 
flexibility,  and  lastly,  translational  residual 
flexibility.  In  fact,  for  this  structure,  there 
was  no  noticeable  effect  on  either  modal  frequency 
error  or  mode  shape  correlation  due  to  very  large 
positive  or  negative  errors  in  the  translational 
residual  flexibility. 
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Figure  4a.  Modal  Frequency  Convergence, 
Positive  Subsystem  Errors 
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Figure  4b,  Mode  Shape  Convergence, 

Positive  Subsystem  Errors 


The  rotational  residual  flexibility  terms  for 
the  beam  are  much  more  important.  A  comparison 
was  made  of  the  modal  frequency  errors  as  a 
function  of  the  number  of  elastic  modes  retained 
both  with  and  without  residual  flexibilities  for 
SEIO.  To  simulate  neglecting  residuals,  the 
diagonal  rotational  and  translational  residuals 
for  SEIO  were  simply  set  equal  to  1%  of  the 
correct  values,  and  the  off-diagonal  residuals 
were  set  equal  to  zero.  Modes  for  both  subsystems 
were  retained  up  to  2000Hz,  lOOOHz,  and  300Hz , 
respectively.  This  corresponds  to  retaining  five, 
three,  and  one  elastic  modes,  respectively,  for 
SEIO;  and  three,  two  and  one  elastic  modes, 
respectively,  for  SE20 .  Figure  5  shows  the  modal 
frequency  results,  indicating  the  importance  of 
the  residuals.  The  errors  seen  in  the  curves 
without  residuals  are  almost  entirely  due  to 
neglecting  the  rotational  residual  term  and  not 
the  translational  residual,  as  verified  by  other 
sensitivity  studies  whose  results  are  not  included 
here.  As  can  be  seen,  the  accuracy  for  the  first 
system  mode  is  much  greater  when  retaining  only 
one  elastic  mode  plus  residuals,  than  for  five 
elastic  modes  without  residuals.  MSCC  convergence 
showed  similar  results. 


EXPERIMENTAL  PROCEDURES 


In  this  section  we  discuss  the  procedures 
used  to  experimentally  obtain  the  data  required  by 
the  CMS  technique  to  describe  one  subsystem  en¬ 
tirely  from  test.  The  required  data  includes  the 
modal  frequencies,  mode  shapes  including  rota¬ 
tional  DOF  at  the  interface,  and  the  translational 
and  rotational  residual  flexibilities  at  the 
interface . 

Measuring  the  free  modes  of  the  beam  struc- 
ture  presented  no  unusual  difficulties.  The  beam 
was  supported  very  softly  with  elastic  cords.  A 
single  light-weight  accelerometer  was  attached  at 
the  interface  grid  point.  The  structure  was 
excited  using  a  0.25  lb.  instrumented  impact 
hammer,  and  six  averages  were  used  to  compute  the 
resulting  frequency  response  functions  (FRF). 

Since  the  structure  was  very  lightly  damped,  a 
negative  exponential  damping  window  was  applied  to 
the  responses  to  prevent  leakage.  Since  rota¬ 
tional  data  were  to  be  computed  from  the  transla¬ 
tional  measurements,  accuracy  in  the  point  of 
impact  during  the  tests  was  tightly  controlled. 

The  measured  translational  FRF ’ s  were  then  used  in 

the  Poly  Reference  modal  parameter  extraction 
algorithm  to  extract  the  modal  frequencies  and 
mode  shapes.  Translational  FRF ' s  and  mode  shapes 
were  determined  at  two  inch  stations  along  the 
beam,  except  near  the  interface  where  the  spacing 
was  one  inch.  Using  the  driving  point  FRF,  the 
modal  mass  scale  factor  was  derived  for  each  of 
the  measured  modes  and  subsequently  used  to  scale 
the  mode  shapes  to  unity  modal  mass, 

^  ^  15,16 

iwo  approaches  were  examined  to  compute 

the  required  rotational  mode  shapes  and  residuals 
at  the  interface,  and  the  finite  differencing 
1 5 

technique  was  used  due  to  its  ease  of  imple¬ 
mentation.  To  generate  the  rotational  FRF ’ s  at 
the  interface,  the  translational  FRF ’ s  near  the 
interface  are  used  in  finite  difference  equations, 
as  foil ows ; 
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Figure  5.  Modal  Frequency  Convergence, 

Effect  of  Neglecting  Residuals 
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where  H, 

1 J 


is  the  x/F  frequency  response  function 


between  points  i  and  j,  and  A  is  the  spatial 
distance  between  the  points.  Point  1  is  at  the 
subsystem  interface,  while  points  2  and  3  are  at 
one  and  two  A  away  from  the  interface, 

•respect i vely , 


Using  these  equations  directly  with  the 
measured  translational  FRF ' s  resulted  in  rota¬ 
tional  FRF ’ s  which  were  unacceptably  noisy.  This 
IS  simply  due  to  the  fact  that  we  are  differen¬ 
cing  data  which  itself  contains  a  certain  amount 
of  noise.  In  particular,  the  implementation  of 
Equations  (18)  resulted  in  the  subtraction  of 
quantities  which  are  very  nearly  equal,  thus 
increasing  the  effect  of  the  noise.  These  very 
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noisy  rotational  FRF ’ s  were  not  acceptable  for 
further  curve  fitting  and  extraction  of  the 
residual  terms;  therefore  a  slightly  different 
approach  was  taken.  First,  rather  than  applying 
Equation  (18a)  to  the  FRF ’ s ,  it  was  applied 
directly  to  the  translational  mode  shapes  at 
points  1,  2,  and  3  to  obtain  the  rotational 
element  of  the  mode  shape.  Thus  the  6/F  frequency 
response  function  was  not  needed  to  determine  the 
rotational  mode  shape  at  the  interface.  Because 
the  translational  mode  shape  coefficients  have 
been  determined  from  a  fitting  process,  they 
reflect  average  or  smoothed  values  which  are  less 
affected  by  the  noise  in  individual  spectral 
lines.  This  approach  resulted  in  values  for  the 
rotational  mode  shapes  which  were  very  accurate 
and  well  within  the  requirements  neccessary  for 
use  in  the  combined  experimental/analytical  model. 

The  other  rotational  quantity  that  was 
required  for  the  combined  model  is  the  residual 
flexibility  from  the  0/M  frequency  response 
function  at  the  interface.  An  estimate  of  the 
measured  FRF  is  required.  Here  again,  using 
Equation  (18b)  directly  with  the  data  resulted  in 
a  FRF  that  was  much  too  noisy.  Also  using  a  block 
floating  point  representation  of  the  FRF ’ s  in  a 
sixteen  bit  computer  resulted  in  large  round-off 
errors.  Consequently,  the  following  procedure  was 
adopted.  First,  all  the  translational  FRF ' s  used 
in  Equation  (I8b)  were  synthesized  using  the 
computed  modal  parameters.  Residual  inertance  and 
residual  flexibility  terms  were  then  calculated 
and  added  to  the  synthesized  FRF ’ s  to  obtain 
corrected  FRF ’ s ,  resulting  in  a  very  "close"  fit 
to  the  experimental  data.  These  fully  corrected 
analytical  translational  FRF ’ s  are  very  smooth 
curves  and  contain  no  random  noise  as  do  the 
measured  FRF ’ s .  However,  they  do  contain  the 
residual  effects  of  deleted  high  frequency  modes. 
These  data  were  then  used  in  Equation  (I8b)  to 
produce  a  smooth  estimate  of  the  experimental  0/M 
FRF,  which  contains  the  residual  effects.  Figure 
6a  shows  a  Bode  plot  of  the  experimentally  mea¬ 
sured  driving  point  FRF  at  the  interface.  This  is 
typical  of  all  the  translational  FRF ’ s  measured. 
Figure  6b  shows  the  noisy  FRF  for  0/M  using 
Equation  (18b)  directly  with  the  measured  data, 
and  Figure  6c  shows  the  smoothed  estimate  of  0/M 
using  the  procedure  described  above.  The 
difference  between  Figure  6b , c  is  quite  evident 

Having  obtained  the  0/M  and  x/F  FRF ’ s  at  the 
interface,  the  last  experimental  quantities  needed 
are  the  residual  flexibilities.  To  obtain  the 
residuals,  modes  in  the  identified  frequency  range 
of  interest  were  first  used  to  synthesize  analyti¬ 
cal  FRF ■ s .  These  synthesized  FRF ’ s  were  compared 
to  the  experimental  FRF ' s  for  x/F  and  the  smoothed 
estimate  of  the  experimental  FRF  for  0/M.  Data  in 
the  frequency  range  lO-lOOHz  were  used  to  compute 
the  residual  inertance.  This  correction  accounts 
for  the  rigid  body  modes  not  included  in  the 
synthesis.  The  residual  inertance  terms  were  then 
added  to  the  synthesized  FRF ' s  to  obtain  partially 
corrected  FRF ’ s .  Finally,  the  data  between  1000- 
1500Hz  were  used  to  compute  the  residual 
flexibility.  This  procedure  worked  very  well, 
producing  a  very  good  fit  over  the  whole  frequency 
range  10-1500Hz.  Figure  7a  compares  the 
experimental  FRF  with  the  synthesized  FRF  using 
only  the  five  modes  in  the  frequency  range  of 
interest.  The  discrepancy  at  the  low  frequency 
end  is  quite  evident  and  is  due  to  neglecting  the 


Figure  6a.  Driving  Point  Frequency  Response 
Function  at  the  Interface 


Figure  6b.  0/M  Frequency  Response 

Function,  Raw  Data 


Figure  6c.  0/M  Frequency  Response 

Function,  Smoothed  Data 
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AMPLITUDE  (G/Ib)  ^  PHASE  AMPLITUDE  (G/lb) 


Figure  7a.  Comparison  of  Frequency  Response 
Functions,  Experimental  vs 
Synthesis  Using  Modes  Only 


Figure  7b.  Comparison  of  Frequency  Response 
Functions,  Experimental  vs 
Synthesis  With  Residual  Inertance 


FREQUENCY  (Hz) 

Figure  7c.  Comparison  of  Frequency  Response 
Functions,  Experimental  vs 
Synthesis  (1000-1500  Hz) 


Functions,  Experimental  vs 
Synthesis  With  Both  Residuals 
(1000-1500  Hz) 


rigid  body  modes.  Figure  7b  compares  the 
experimental  data  with  the  partially  corrected 
FRF,  i.e.,  including  the  residual  inertance. 

Figure  7c  expands  this  data  in  the  frequency  range 
from  lOOO-lSOOHz.  The  solid  line  represents  the 
experimental  data,  the  line  plotted  with  symbol 

is  the  synthesis  including  only  the  modes,  and 
the  line  plotted  with  the  symbol  ’o’  is  the 
synthesis  including  the  modes  and  the  residual 
inertance.  As  can  be  seen,  adding  the  residual 
inertance  did  not  improve  the  fit  in  this  high 
frequency  range.  Figure  7d  shows  the  final 
comparison  of  the  experimental  data  with  the 
synthesized  FRF  in  the  frequency  range  1000- 
1500Hz,  including  both  the  residual  inertance  and 
residual  flexibility.  This  clearly  shows  the 
improvement  by  adding  the  residual  flexibility. 
With  the  residual  flexibility  correction,  the 
synthesized  data  fits  the  experimental  data  ex¬ 
tremely  well  over  the  entire  frequency  range,  as 
shown  in  Figure  7e .  The  residual  flexibilities 
which  provided  the  final  corrections  to  the 
synthesized  FRF ’ s  were  then  used  as  the  residual 
terms  in  the  combined  model. 


Figure  7e .  Comparison  of  Frequency  Response 
Functions,  Experimental  vs 
Synthesis  With  Both  Residuals 
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APPLICATION  USING  MEASURED  DATA 


General  Comments 


In  this  section  results  are  presented  from  an 
application  of  the  residual  CMS  technique  using 
measured  data  for  one  subsystem.  A  combined 
exper iment a  1 /anal y t i cal  model  for  the  beam  struc¬ 
ture  was  assembled  using  a  description  of  SEIO 
that  was  obtained  entirely  from  test.  That  is, 
except  for  the  subsystem  rigid  body  modes,  every 
parameter  for  this  subsystem  was  derived  from 
measured  data,  without  the  use  of  an  analytical 
model.  The  measured  modal  frequencies,  transla¬ 
tional  and  rotational  mode  shapes  at  the  inter¬ 
face,  and  the  translational  and  rotational  resi¬ 
dual  flexibilities  at  the  interface  were  used  in 
the  coupling.  The  results  indicate  the  modeling 
accuracy  which  can  be  obtained  for  combined  models 
of  beam-type  structures  using  experimentally 
determined  elastic  modes  and  residuals. 


Figure  8.  First  and  Second  Modes 

of  Experimental  Subsystem 


Combined  Exper imental /Analvt ical  Model  Results 

Figure  8  shows  the  first  two  experimentally 
determined  elastic  modes  for  SEIO,  and  Figure  9 
shows  the  first  two  experimentally  determined 
elastic  modes  for  the  total  beam  structure.  For 
the  combined  model  cases  that  were  studied,  com¬ 
ponent  modes  to  SOOOHz  were  retained  for  both  the 
experimental  and  finite  element  subsystems.  Table 
1  compares  the  experimental  values  of  modal  fre¬ 
quency  and  mass  normalized  mode  shapes  at  the 
interface  for  SEIO  with  those  predicted  from  the 
finite  element  model  of  that  subsystem.  Percen¬ 
tage  errors  are  given  relative  to  the  reference  FE 
model.  For  subsystem  modes  less  than  lOOOHz, 
modal  frequency  errors  are  less  than  1.6%  and  mode 
shape  errors  are  less  than  5%.  For  subsystem 
modes  between  1000  and  2000Hz,  modal  frequency 
errors  are  less  than  3.4%  and  mode  shape  errors, 
including  rotat i ons .  are  less  than  16.5%,  except 
for  mode  four  which  had  a  node  point  near  the 
interface.  Considering  that  the  mode  shape 
accuracy  is  dependent  on  two  experimentally 
obtained  quantities;  i.e.,  the  modal  vectors 
estimated  from  the  modal  extraction  algorithm  and 
the  modal  mass  scaling  constant,  this  is  extremely 
good  agreement,  particularly  for  the  rotations 
Table  2  compares  the  experimental  and  finite 
element  predictions  of  residual  flexibilities  from 
the  translation/force  and  rotation/moment  FRF ’ s 
The  zero  mode  values  indicate  the  total  flexi- 


Figure  9.  First  and  Second  Modes 
of  Total  Beam  Structure 


bility  for  the  beam  at  the  interface.  The  per¬ 
centage  error  is  also  given  relative  to  the 
reference  FE  model  As  can  be  seen,  the  error  for 
the  translational  residuals  varies  from  between  3% 
to  109%,  while  the  rotational  residuals  have 
smaller  errors  These  errors  are  probably  typical 
for  estimating  residuals  The  reason  for  the 
large  errors  is  due  to  the  basic  problem  of 


TABLE  1 


Modal  Freauencv  (Hz) 

Interface  Mode 

Shapes 

Trans  1  at i on 

Rotat i on 

Mode  No . 

Anal  . 

Exp . 

%  Error 

Anal  . 

Exd  . 

%  Error 

Anal  . 

Exd  . 

%  Error 

1 

132.7 

135 

1 .7 

-25.3 

-24.4 

3.7 

3.7 

3.83 

3.5 

2 

381 

385 

1.0 

-17.5 

-17.4 

0.5 

4.4 

4.6 

4.5 

3 

651 

651 

0.0 

-14.6 

-13.9 

5.0 

5.4 

5.2 

3.7 

4 

1135 

1159 

2.1 

10.  1 

7.7 

24 

-5.3 

-4.46 

15.8 

5 

1356 

1403 

3.4 

29.0 

30.2 

4 

-17.1 

-19.93 

16.5 

Experimental  vs  Analytical  Modal  Frequencies 
and  Mode  Shape  Comparison  for  SEIO 
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PERCENT  ERROR 


TABLE  2 


Interface  Residual  Flexibilities  (XIO  ) 


No  .  of 

Translational  (gJ^ 
HH 

,  in/lb) 

Rotat 1 onal 

(Ggg,  rad/in 

lb) 

Retained 

Modes  Ai 

lal vt ical 

(FE)  Exnerimental  %  Error 

Analvtical  (FE) 

Exper iment al 

%  Error 

5 

2.5 

5.2 

108 

5.  14 

4.6 

10.5 

4 

14. 1 

19.8 

40 

9.  17 

7.5 

18.2 

3 

16.  1 

20.9 

29 

9.73 

8.5 

12.6 

2 

28.8 

60.2 

109 

11.4 

— 

1 

82. 1 

166 

102 

14.8 

— 

0 

1010 

1040 

3 

34.3 

Exper imenta 1 

vs  Analytical  Residual 

Flexibilities  for 

SEIO 

estimating  a  small  quantity  which  is  the  dif¬ 
ference  of  two  large  quantities.  Because  of  the 
relative  insensitivity  of  results  to  the  transla¬ 
tional  residuals  for  this  beam,  no  attempt  was 
made  to  obtain  more  accurate  measurements  for 
these  terms . 

Retaining  modes  to  2000Hz,  the  RK-DIAG  model 
was  used  to  couple  the  experimental  description  of 
SEIO  with  the  finite  element  model  for  SE20 . 

System  modes  were  obtained  for  the  combined  model. 
Figure  10  shows  the  the  modal  frequency  errors  and 
Msec  convergence  for  the  combined  model.  To 
permit  a  relative  comparison  of  these  errors  with 
those  of  the  sensitivity  studies,  the  reference 
finite  element  model  was  used  as  the  basis  for 
comparison.  This  is  somewhat  inconsistent  due  to 
the  fact  that  the  reference  model  did  not  exactly 
correlate  with  the  experimental  data  for  the  total 
beam,  however,  similar  trends  resulted  when  using 
the  experimental  modes  of  the  entire  beam  as  the 
basis  for  comparison. 

In  practical  applications,  accurate  values 
for  the  residual  terms  are  difficult  to  determine 
from  the  experiment.  Therefore,  the  effect  of 
neglecting  the  residuals  for  the  combined  model 
are  also  shown  in  the  Figure  10.  These  results 
indicate  that  for  a  beam  structure,  relatively 
small  error  is  introduced  when  using  the  experi¬ 
mental  data,  and  although  a  much  larger  modal 
frequency  error  is  introduced  when  neglecting  the 


residuals,  seven  of  the  nine  system  modal  fre¬ 
quency  errors  were  less  than  3%,  and  only  one  was 
greater  than  6%.  The  MSCC  convergence  is  even 
less  sensitive  to  neglecting  the  residual  flexi¬ 
bilities. 

If  recovery  of  mode  shapes  at  interior  DOF 
of  the  experimental  subsystem  are  not  of  interest, 
only  a  moderate  amount  of  data  is  required  from 
the  modal  test.  Only  the  subsystem  modal  fre¬ 
quencies  for  the  retained  modes,  the  components  of 
the  retained  mode  shape  vectors  at  the  interface 
degrees  of  freedom,  and  the  residual  flexibility 
terms  at  the  interface  are  required.  However,  if 
mode  shapes  are  desired  at  interior  points,  then 
Equation  (iSa)  may  be  used.  But  this  requires 
values  for  -  l^he  experimental  mode  shapes  at 

interior  points,  as  well  as  G  ,  the  residuals  at 
interior  points.  Because  values  for  G^^  as  well 
as  rotational  values  for  are  not  ordinarily 

obtained  from  test,  the  following  alternative 
procedure  was  used.  Only  the  translational  mode 
shape  information  at  interior  points  was  used  in 
an  approximate  back  transformation.  Specifically, 

x  =  $,  ,q,  was  used  for  the  translational  DOF 
~I  kl  k 

instead  of  the  more  correct  expression  given  in 
Equation  (15a).  For  this  calculation,  the 
experimental  data  for  was  used  for  SEIO.  The 

results  indicate  very  good  MSCC  convergence  as 
shown  in  Figure  10b. 


SOFTWISE  BENDING  MODE  NUMBER 

(FREQUENCY  >  HZ) 

Figure  10a.  Modal  Frequency  Convergence,  Combined 
Exper imental/Analyt i cal  Model 


o 

o 
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SOFTWISE  BENDING  MODE  NUMBER 
(FREQUENCY  -  HZ) 

Figure  10b  Mode  Shape  Convergence,  Combined 
Experimental/Analytical  Model 


Additional  combined  model  studies  were 
performed  utlizing  fewer  elastic  modes  and  the 
corresponding  residual  flexibilities.  Modes  to 
1000  Hz  (three  elastic  modes  for  SEIO)  and  modes 
to  300Hz  (one  elastic  mode  for  SEIO)  were 
retained,  with  conclusions  similar  to  those 
discussed  above.  The  convergence  for  both  modal 
frequencies  and  mode  shapes,  which  was  achieved 
when  using  the  experimental  data,  was  very  good. 


CONCLUSIONS 

A  combined  experimental/analytical  model  of 
a  simple  beam  structure  was  successfully  assembled 
using  a  component  mode  synthesis  technique  which 
employs  free  modes  and  residuals.  The  accuracy  of 
system  modal  frequencies  and  mode  shapes  for  the 
combined  model  are  quite  adequate  for  practical 
applications.  Only  a  moderate  amount  of  data  is 
required  from  the  modal  test  to  describe  the 
subsystem.  All  of  the  required  experimental  data, 
including  rotational  components  and  residuals, 
were  obtained  with  careful  testing  and  the  ap¬ 
plication  of  two  special  procedures  for  obtaining 
the  rotational  quantities.  The  rotational  mode 
shapes  at  the  interface  were  measured  and  compared 
to  finite  element  data  with  excellent  agreement. 

The  sensitivity  study  for  this  beam  indicated 
that  system  modal  frequency  errors  are  sensitive 
to  errors  in  the  subsystem  description  in  the 
following  order  of  importance:  errors  in  modal 
frequency,  rotational  and  translational  mode 
shapes,  rotational  residual  flexibility,  and 
lastly,  translational  residual  flexibility.  The 
translational  residual  flexibility  had  almost  no 
effect  on  the  system  modes,  but  the  rotational 
residual  flexibility  was  more  significant. 

Further,  measurement  capabilities  in  the  modern 
vibration  test  lab  comfortably  exceeds  the 
requirements  necessary  to  obtain  a  sufficiently 
accurate  subsystem  description  for  incorporation 
into  a  system  model  using  component  mode  synthesis 
techniques  employing  free  modes  and  residuals. 

Future  efforts  should  be  expended  to  verify 
the  potential  for  using  this  residual  component 
mode  synthesis  technique  to  couple  experimental/ 
analytic  models  of  complex  structures  with 
redundant  interface  conditions.  Included  should 
be  simple  consistency  checks  of  the  experimental 
residual  flexibilities,  and  orthogonality  checks 
of  the  measured  modes. 
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Abstract 

With  the  objective  of  enhancing  test- 
based  modal  synthesis  and  planning  the  devel¬ 
opment  of  test  methods,  simple  examples  were 
run  using  finite-element-based  components  to 
compare  accuracy  and  define  test  requirements 
for  the  following  approaches  to  component  mode 
synthesis:  restrained  modal  component^  resid¬ 

ual  flexibility,  mass-loaded  connect  degrees 
of  freedom,  and  rotational  connect  degrees  of 
freedom. 

1.  Introduction 

Recent  advances  in  modal  testing  methods 
and  software  (Void  and  Leuridan,  1982;  Void 
and  Rocklin,  1982;  Void,  et  al . ,  1982;  Stroud, 
et  al.,  1984;  Allemang,  et  al.,  1982;  Leuridan 
and  Kundrat,  1982)  have  reduced  the  time  and 
increased  the  accuracy  and  confidence  associ¬ 
ated  with  experimental  determination  of  modal 
properties.  This  is  particularly  true  for 
structures  which  formerly  were  considered  very 
difficult  to  test  such  as  lightweight  flight 
components  with  closely  spaced  modes  or  rocket 
motors  which  have  high  damping.  These  new 
modal  testing  techniques  motivate  consider¬ 
ation  of  new  uses  for  test  methods  in  struc¬ 
tural  design,  analysis,  and  validation. 
Typically  for  aerospace  structures,  modal 
testing  is  used  only  to  verify  analytical 
models.  The  work  reported  here  was  initiated 
to  increase  the  feasibility  of  using  modal 
testing  methods  in  the  following  two  areas: 

(1)  Experimental  component  structural 
characterization  as  an  alternative  to 
analysis  in  conceptual  or  early  de¬ 
sign  activities;  and 

(2)  Component  testing  and  component  mode 
synthesis  as  an  alternative  to  large 
scale  total  space  vehicle  testing. 

For  design  purposes,  components  of  dy¬ 
namic  systems  are  often  analytically  modeled 
in  order  to  obtain  sufficient  understanding  to 
select  a  design  concept.  For  some  components, 
the  analysis  requires  substantial  time  and 
cost  commitment  or  unacceptable  uncertainty 
because  of  the  complexity  of  the  structure. 


With  recent  new  capabilities,  component  modal 
testing,  instead  of  analysis,  may  be  the  most 
effective  way  to  obtain  a  simple  simulation  of 
the  system  dynamics.  Although  the  actual 
article  being  designed  does  not  yet  exist, 
representative  components  or  subunits  of  the 
structure  are  often  available  or  easily  fabri¬ 
cated.  As  long  as  confidence  exists  in  the 
component  mode  synthesis  techniques,  these 
test-based  component  characteristics  can  be 
assembled  into  a  simulation  of  new  design 
concepts.  The  achievement  of  design  models 
from  test  is  one  of  the  objectives  of  review¬ 
ing  component  mode  synthesis  techniques  and 
expanding  test  methods  to  include  all  data 
needed  for  system  synthesis  from  test-defined 
components. 

The  other  objective  is  to  meet  the  de¬ 
mands  of  verifying  the  structural  integrity  of 
very  large  dynamic  systems.  As  space  vehicles 
get  larger,  the  feasibility  of  testing  the 
complete  assembled  system  is  lost  due  to  the 
size  of  currently  available  test  facilities. 
If  confidence  exists  in  test-based  modal  syn¬ 
thesis  techniques,  only  the  components  of  the 
vehicle  need  to  be  tested.  Final  system  per¬ 
formance  can  be  verified  through  analysis 
using  component  mode  synthesis. 

The  structural  definition  of  components 
totally  from  test  has  been  accomplished  before 
and  used  successfully  for  design  purposes 
(Klosterman  1972).  This  past  success  has  been 
with  relatively  stiff  structures  connected 
with  flexible  elements  such  as  an  automobile 
frame  and  body  connected  with  isolation 
mounts.  For  this  situation,  components  can  be 
tested  with  free  boundaries  to  obtain  a  free- 
free  modal  data  base.  This  modal  data  is 
sufficient  to  use  in  component  mode  synthesis 
to  simulate  system  dynamic  performance. 
However,  in  the  case  of  aerospace  vehicles, 
the  components  are  typically  more  flexible  and 
connected  more  rigidly.  For  large  space 
structures,  greater  extremes  in  flexibility  of 
rigidly  connected  components  are  expected.  In 
general,  using  a  truncated  set  of  free-free 
modes  to  simulate  aerospace  systems  leads  to 
intolerable  errors  in  the  system  response 
predictions.  Typical  aerospace  vehicle  com¬ 
ponents  such  as  stages  of  missiles,  panels  of 
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a  satellite,  aircraft  components,  and  payloads 
mounted  in  the  space  shuttle  cannot  be  ac¬ 
curately  simulated  by  free-free  modal  analysis 
without  defining  a  very  large  number  of  modes 
or  some  additional  data  to  accurately  define 
the  local  flexibility  near  the  connect  loca¬ 
tions  , 

Many  methods  for  obtaining  a  more  ac¬ 
curate  component  definition  have  been  develop¬ 
ed  for  component  analytical  modeling.  The 
exercise  described  here  was  undertaken  to  help 
in  planning  the  development  of  improved  exper¬ 
imental  methods.  The  main  interest  is  in 
selecting  what  additional  measurement  methods 
should  be  developed  to  obtain  accurate  defini¬ 
tion  for  flexible  components  to  be  rigidly 
connected.  Specific  additional  measurements 
under  consideration  are  modal  restraint 
forces,  residual  flexibility,  static  stiffness 
between  connect  locations,  rotational  acceler¬ 
ations,  and  modes  of  the  component  with  mass- 
loaded  connect  locations. 

2.  Approach 

The  approach  to  evaluating  the  importance 
of  various  additional  or  different  modal  test 
measurements  was  to  solve  a  simple  system, 
representative  of  the  actual  system  of 
interest,  with  different  component  mode  syn¬ 
thesis  methods.  For  this  study,  modal  analy¬ 
sis  was  carried  out  by  finite  element 
analysis. 

The  system  synthesis  was  in  each  case 
carried  out  with  the  SDRC  SYSTAN  dynamic  an¬ 
alysis  program.  The  component  finite  element 
analysis  was  performed  using  either  SDRC 
SUPERB  or  MODEL  SOLUTION  or  MSC  NASTRAN 
programs,  all  of  which  are  interfaced  with 
SYSTAN  as  part  of  the  SDRC  I-DEAS"'  software 
package.  The  accuracy  of  the  various  methods 
was  assessed  by  comparing  the  frequencies, 
mode  shapes,  and  strain  energy  distribution  to 
a  finite  element  solution  of  the  whole  system 
with  both  components  included. 

The  structural  configuration  selected  for 
this  study  is  a  simple  representation  of  a 
flexible  satellite  supported  in  a  relatively 
rigid  cradle  structure.  The  cradle  structure 
was  represented  by  beams  and  the  satellite  by 
parabolic  shells.  This  structure  and  simpli¬ 
fied  model  are  shown  in  Figure  1. 


FIMtE  ELE'.'ENT  model 


Figure  1.  Satellite-cradle  system  used  as 
example  to  compare  methods  . 

The  various  component  synthesis  methods 
studied  were  applied  to  the  satellite  compo¬ 
nent  definition  while  the  cradle  structure  was 
always  represented  by  the  same  modal  data 
base,  which  consisted  of  twenty  modes  with 
degrees  of  freedom  to  be  connected  left  free 
during  the  modal  analysis. 

The  results  from  the  total  finite  element 
model  of  the  system  in  terms  of  frequencies 
and  strain  energy  distribution  are  given  in 
Table  1. 

Table  1.  Frequency  and  strain  energy  results 
for  first  five  system  modes  of  the  total  fi¬ 
nite  element  model. 


Mode  1 

Mode  2 

Mode  3 

Mode  4 

Mode  5 

Frequency 

(Hz) 

1.16 

1.63 

1.71 

2.15 

3.00 

Satel 1 i te 
Strai n 
Energy  {%) 

19 

67 

74 

25 

29 

Cradle 

Strai n 
Energy  {%) 

81 

33 

26 

75 

71 

Connecti on 
Strai n 
Energy  (%) 

none 

none 

none 

none 

none 

These  results  were  treated  as  the  reference 
for  evaluating  the  accuracy  of  the  other 
methods.  The  strain  energy  distributions  for 
each  mode  were  especially  valuable  for  making 
comparisons  particularly  related  to  the  ac¬ 
curacy  of  the  load  determination  for  a  compo¬ 
nent.  The  example  problem  was  selected  to 
have  a  significant  amount  of  strain  energy  in 
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the  satellite  component  so  that  changes  in  the 
methods  for  definition  of  this  component  would 
show  an  effect  in  the  system  response  predic¬ 
tions. 

The  first  form  of  component  mode  syn¬ 
thesis  tried  was  to  perform  free-free  modal 
analysis  on  the  satellite  defined  by  just  ten 
modes.  Within  the  SYSTAN  program,  a  system 
was  formed  with  these  ten  satellite  modes 
connected  with  very  stiff  translational 
springs  springs  to  the  twenty  modes  of  the 
cradle.  The  results  are  summarized  in  terms 
of  frequencies  and  strain  energy  distribution 
in  Table  2. 


Table  2.  Frequency  and  strain  energy  results 
for  first  five  system  modes  using  a  free-free 
satellite  modal  component  with  ten  modes  and 
only  translational  degree-of-freedom  connec¬ 
tions. 

Mode 

1 

Mode  2 

Mode  3 

Mode  4  Mode  5 

Frequency 

(Hz) 

1. 

27 

2.50 

3.29 

3.94 

6.11 

Satel 1 ite 
Strai n 
Energy  {%) 

1 

0 

0 

3 

0 

Cradle 
Strain 
Energy  (%) 

99 

99 

100 

97 

100 

Connection 
Strain 
Energy  (%) 

0 

1 

0 

0 

0 

The  results  in  Table  2  when  compared  with 
Table  1  illustrate  the  difficulties  which 
occur  when  free-free  testing  and  a  severely 
truncated  set  of  modes  are  used  to  define  a 
component.  Although  some  modes  are  reasonably 
close  in  frequency,  the  distribution  in  strain 
energy  is  not  at  all  accurate  and  would  lead 
to  a  very  poor  estimate  of  satellite  loads. 
The  total  finite  element  model  results  of 
Table  1  show  that,  in  modes  2  and  3  in  partic¬ 
ular,  most  of  the  strain  energy  should  be  in 
the  satellite;  yet  the  free-free  component 
definition  leads  to  zero  strain  energy  in  the 
satellite  in  these  important  modes. 

Extending  the  satellite  model  to  include 
twenty  free-free  modes  led  to  the  results  in 
Table  3. 


Table  3.  Frequency  and  strain  energy  results 
for  first  five  system  modes  using  a  free-free 
satellite  modal  component  with  twenty  modes 
and  only  translational  degree-of-freedom  con¬ 
nections, 


Mode  1  Mode  2  Mode  3  Mode  4  Mode  5 


Frequency 

(Hz) 

1.27 

2.22 

2.31 

2.49  3.56 

Satel 1 ite 
Strain 

Energy  (%) 

1 

36 

10 

8  4 

^raHTe 

Strain 

Energy  (%) 

99 

64 

90 

92  96 

Connection 

Strain 

Energy  (%) 

0 

0 

0 

0  0 

Doubling  the  number  of  satellite  component 
modes  leads  to  an  improvement  in  system  re¬ 
sponse  predictions.  However,  the  simulation 
still  does  not  provide  a  close  approximation 
of  the  total  finite  element  result  or  a  good 
representation  of  loads  in  the  satellite. 

Several  methods  for  improving  component 
mode  synthesis  over  these  results  for  a  free- 
free  modal  satellite  component  were  tried  on 
this  model.  These  candidate  methods  are  sum¬ 
marized  next. 

3,  Summary  of  Candidate  Methods 
For  Accuracy  Improvement 

In  order  to  avoid  using  an  unreasonable 
number  of  free-free  modes,  other  synthesis 
methods  are  often  used.  The  literature  in¬ 
cludes  many  different  methods  of  component 
mode  synthesis  (Benfield  and  Hruda  1971;  Craig 
and  Bampton  1968;  Craig  and  Chang  1977;  Dowell 
1972;  Hasselman  and  Kaplan  1974;  Hurty  1964, 
1971;  MacNeal  1971;  Rubin  1975)  as  well  as 
reviews  comparing  methods  (Benfield,  et  al . 
1972;  Craig  and  Chang  1976;  Hou  1969;  Engels 
and  Harchow  1981;  Rubin  1975).  Although  a 
single  review  may  recommend  a  particular 
method  which  appears  the  most  accurate,  there 
is  not  a  clear  consensus  of  one  method  over 
all  others.  The  accuracy  of  a  particular 
method  depends  in  part  on  the  problem  used  to 
test  it.  Moreover,  the  practical  difficulty 
(cost,  time,  equipment,  software,  experience) 
of  acquiring  the  information  needed  to  carry 
out  each  method  varies.  Therefore,  selecting 
a  method  for  test-based  modal  models  still 
requires  sample  problems  to  assess  the  rel¬ 
ative  practicability,  accuracy,  and  overall 
acceptability  of  the  candidate  methods. 

For  convenience  in  this  study,  the 
various  methods  were  grouped  into  four  general 
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types  defined  below.  The  first  two  groups  of 
methods  were  considered  because  they  have  been 
described  in  the  literature  as  the  most 
accurate,  particularly  for  rigid  connection  of 
flexible  components. 

3.1.  Restrained  Modal  Component 

The  methods  grouped  here  use  modal  data 
from  a  test  or  analysis  with  the  connect  de¬ 
grees  of  freedom  fixed;  that  is,  those  degrees 
of  freedom  which  will  be  used  to  connect  a 
component  to  other  components  when  the  system 
is  assembled  have  a  boundary  condition  of  zero 
displacements.  The  methods  of  Hurty  and 
Crai g-Bampton  are  the  best  known  examples  of 
this  approach.  In  general,  these  methods  are 
expected  to  be  most  accurate  when  the  final 
system  allows  the  component  of  interest  to 
have  little  motion  near  the  connect  degrees  of 
freedom.  Another  way  to  describe  this  situ¬ 
ation  is  that  flexible  component  is  rigidly 
attached  to  a  relatively  stiff  component.  The 
mass  associated  with  the  connect  degrees  of 
freedom  is  often  neglected,  while  the  local 
stiffness  is  accurately  included  with  methods 
that  take  this  general  approach. 

3.2.  Free-Free  Modal  Component  with  Residuals 

These  methods,  due  to  MacNeal  and  Rubin, 
improve  the  truncated  free-free  modal  repre¬ 
sentation  of  a  component  by  including  esti¬ 
mates  of  the  residual  effects  due  to  modes 
which  are  higher  in  frequency  than  the  cut-off 
frequency  for  including  modes  in  the  component 
representation.  In  general,  the  residual 
effects  are  obtained  by  calculating  the  compo¬ 
nent  flexibility  due  to  those  modes  to  be 
retained  and  subtracting  this  from  the  total 
flexibility  of  the  component,  which  is  obtain¬ 
ed  either  from  a  finite  element  stiffness 
matrix  or  an  experimentally  determined  fre¬ 
quency  response  function  for  the  component. 
Once  this  "residual"  flexibility  has  been 
obtained,  it  can  be  used  to  enhance  the  compo¬ 
nent  modal  stiffness  representation  before  the 
component  is  connected  into  the  system.  In 
the  Rubin  approach,  the  first-order  response 
based  on  the  residual  stiffness  is  used  fur¬ 
ther  to  estimate  the  residual  inertial  and 
damping  effects  of  higher-order  modes. 

For  the  sample  problems  reported  in  the 
literature  (Rubin  1975),  the  inclusion  of 
residuals  appears  as  accurate  as  or  even  more 
accurate  than  restrained  modal  approaches. 
For  components  from  test,  the  residual  flexi¬ 
bility  approach  is  particularly  appealing 
because  the  free-free  modal  testing  can  be 
used.  Free-free  modal  testing  with  the  in¬ 
clusion  of  residual  flexibility  has  been 
proven  to  be  feasible  (Klosterman  1972).  The 


limitation  of  the  residual  flexibility  in 
defining  a  flexible  component  to  be  rigidly 
connected  is  not  known.  If  the  stiffness  of  a 
very  localized  structural  region  near  a  con¬ 
nection  is  important  in  response  of  the  compo¬ 
nent  and  in  component  loads,  the  constrained¬ 
mode  approaches  are  likely  to  be  more  accu¬ 
rate. 

The  two  remaining  approaches  were  tried 
more  from  potential  test  feasibility  rather 
than  published  or  proven  accuracy  improve¬ 
ments. 

3.3.  Mass-Loaded  Connect  Degrees  of  Freedom 

The  limitations  of  any  free-free  modal 
approach  in  defining  the  local  flexibility  at 
connect  locations  is  the  lack  of  deformation 
in  these  areas  in  the  lower  frequency  modes. 
It  has  been  suggested  that  mass  loading  these 
boundary  degrees  of  freedom  during  the  modal 
analysis  would  force  measurable  deformation  in 
this  critical  area  in  the  first  few  component 
modes.  By  removing  the  mass  (adding  negative 
mass)  in  the  system  synthesis,  the  true  system 
could  be  simulated--perhaps  with  more  accuracy 
for  a  given  number  of  modes  than  could  be 
obtained  with  the  unaugmented  component  free- 
free  modes. 

3.4.  Rotational  Connect  Degrees  of  Freedom 

Another  approach  at  better  definition  of 
local  flexibility  at  connect  locations  is  to 
measure  rotational  degrees  of  freedom  as  well 
as  translations  during  the  modal  test.  These 
additional  degrees  of  freedom  could  potential¬ 
ly  Include  enough  added  information  to  allow  a 
more  accurate  component  definition.  (Smiley 
and  Brinkman  1984.)  Since  the  system  synthe¬ 
sis  will  remove  these  added  degrees  of 
freedom,  the  computation  time  for  the  final 
system  solution  will  not  increase  as  it  would 
for  additional  modes. 

Rotational  degrees  of  freedom  are  not 
normally  included  in  the  modal  test  because 
they  are  not  particularly  helpful  in  plotting 
and  visualizing  mode  shapes  and  because  trans¬ 
lational  accelerometers  are  the  usual  trans¬ 
ducer  used  to  record  motion  in  a  modal  test. 
However,  various  indirect  methods  for  measur¬ 
ing  rotations  have  been  developed  (Padgaonkar 
et  al ,  1975,  Brinkman  and  Smiley  1984,  Yasuda 
et  al ,  1984).  In  addition,  a  practical  rota¬ 
tional  accelerometer  may  be  available  soon,  if 
not  already. 

4.  Results  for  Candidate  Approaches  Applied 
to  Satellite-Cradle  Example 

Results  for  each  of  the  candidate  ap¬ 
proaches  are  summarized  here  for  the 
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satellite-cradle  system  shown  in  Figure  1. 
Also  included  here  is  an  explanation  of  each 
method  and  a  discussion  of  data  that  must  be 
measured  for  experimental  definition  of  a 
component  via  each  method, 

4.1.  Restrained  Modal  Component 

In  order  to  determine  the  accuracy  and 
feasibility  of  simulating  the  satellite  compo¬ 
nent  with  a  restrained  modal  approach,  a  modal 
analysis  of  the  satellite  was  performed  using 
SDRC  SUPERB  with  zero  deflections  boundary 
conditions  at  connect  degrees  of  freedom. 
These  modes  were  then  assembled  using  the 
Hurty  method  to  define  the  satellite 

component,  which  was  then  connected  to  in  the 
same  cradle  component  used  before.  (In  this 
system,  no  connectors  are  required  because  the 
connect  degrees  of  freedom  are  not  constrained 
by  the  mode  shapes.)  The  results  are  sum¬ 
marized  in  Table  4. 

Table  4.  Frequency  and  strain  energy  results 
for  first  five  system  modes  using  a  restrained 
modal  component  with  ten  satellite  modes  and 
only  translational  degree-of-freedom  connec¬ 
tion. 


Mode  1 

Mode  2 

Mode  3 

Mode  4 

Mode  5 

Frequency 

(Hz) 

1.17 

1.64 

1.71 

2.18 

3.09 

Satel 1 ite 
Strain 
Energy  (%) 

20 

68 

74 

26 

29 

Cradle 

Strai n 
Energy  (%) 

80 

32 

26 

74 

71 

Connection 
Strain 
Energy  (%) 

none 

none 

none 

none 

none 

The  comparison  of 

Table 

4  and 

Table 

1  shows 

that  the  constrained  mode  approach  provides 
very  accurate  results.  The  satellite  strain 
energy  distribution  matches  that  of  the  total 
finite  element  case. 

Although  other  constrained  mode  methods 
are  sometimes  considered  even  more  accurate, 
the  above  agreement  is  sufficient  so  that 
other  restrained  methods  were  not  treated. 

In  order  to  understand  requirements  for  a 
restrained  modal  test  for  component  mode  syn¬ 
thesis,  the  elements  required  to  formulate  the 
component  stiffness  and  mass  matrices  for 
system  assembly  are  reviewed  here. 

A  general  schematic  of  the  type  of  system 
being  considered  is  shown  in  Figure  2. 


Figure  2,  General  schematic  of  a  system  with 
a  constrained  modal  component. 


For  a  component  A,  the  mass  and  stiffness 
matrices,  [K]  and  [M],  can  be  partitioned  into 
the  following  sets  of  degrees  of  freedom: 

{Q^}  =  Connection  degrees  of  freedom  which 
were  fixed  during  the  subsystem 
analysis. 

{0  }  =  Remaining  degrees  of  freedom  in 
component  A. 


The  equations  of  motion  for  the  component  A 
can  then  be  written  as: 


Assume  that  [Mp^^]  ==  ==  0.  Inherent  in 

the  assumption  that  system  modes  are  more  like 
restrained  modes  than  free-free  modes  is  the 
assumption  that  the  degrees  of  freedom  {Q^} 
will  not  move  very  much  in  the  system; 
therefore,  their  mass  is  neglected.  In  order 
to  obtain  system  equations,  these  degrees  of 
freedom  have  zero  mass.  Rewriting  component  A 
equation  (1)  with  zero  mass  at  connect  degrees 
of  freedom  results  in  the  following  equation: 


■[<rr  - 

-IM 

1  1 

ii 

(2) 


Component  A  is  tested  with  {Q^}  =  0.  The 
result  is  a  matrix  of  mode  shape  vectors,  ['t'] 
for  which 
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r^]  =  ['k.] 

CM^^]  [V]  =  ['mO 

Let  {ri}  represent  the  modal  coordinates  and 

{F  }  the  modal  forces  such  that 
n 

{Qp  =  O]  {n} 

{F^}  =  of  {Fp 

Multiply  upper  partition  of  equation  (2)  by 
['F]^  and  use  the  above  definitions  to  obtain 
the  following  component  definition  equation: 

[NkJ  -0)2  [^f  n  f{n}|  [CF^}| 

n  ■ 

The  modal  stiffnesses  [^k^],  modal  masses 
[-m-.]>  and  mode  shape  vectors  ['F]  are  readily 
obtained  from  the  restrained  modal  test  or 
analysis,  but  the  stiffnesses, 

[Kp^],  associated  with  the  restrained  connect 
degrees  of  freedom  are  not  directly  defined  by 
a  modal  test  or  analysis.  These  additional 
stiffnesses  must  be  obtained  from  measurements 
of  modal  reaction  forces  in  the  restrained 
modal  test  and  from  static  measurements  of 
stiffnesses  between  connect  points.  This 
process  of  obtaining  these  additional  stiff¬ 
nesses  is  explained  further  in  the  following 
paragraphs. 

During  the  modal  test,  {Q^^}  =  0;  from 
equation  (3) 

m  {n}  =  {F^}  (4) 

The  matrix  [t]  is  a  matrix  of  reaction 

forces  associated  with  each  mode. 

Therefore, 

[Kj^  ['!']  =  [  {R1MR}2  . {R}"]  =  [R] 

where  {R}^  is  the  vector  of  forces  at  re¬ 
strained  degrees  of  freedom  for  a  unit  dis¬ 
placement  of  the  i^*^  mode. 

The  matrix  of  modal  reaction  forces  can 
be  measured  directly  from  modal  test  by  using 
a  force  transducer  at  the  connect  locations 
and  extracting  modal  forces  as  part  of  the 
eigenvectors  during  modal  analysis.  Thus 
equation  (3)  becomes 


[R]^ 

> 

{n}  I 

[R] 

I  {0  }l  ^ 

!IFJ 

m  J 

[ 

m  I 

I  ) 

in  which  the  only  unknown  for  definition  of 
component  A  is  the  matrix  [Kp^rn]. 

In  order  to  evaluate  [K^,^]  in  terms  of 
known  or  measurable  quantities,  rearrange 
equation  (5)  into  the  following  form: 


C-kO'' 

(,  2 

J{F^}  +  (J  [-mj  {n} 

[R]  C-k.]-' 

-K,„]  -  [R]  ['U]-‘[rF 

{Q  } 

1  m 

1 

(6) 


The  term, 

{  {F^}  +  [-mj  {n}  1  =  {F  } 

represents  the  forces  on  the  free^  degrees  of 
freedom.  For  the  static  case,  {F  }  is  equal 
to  zero.  Therefore,  from  equation  6,  the 
following  term  is  the  static  stiffness  among 
connect  degrees  of  freedom: 

[k'  ]  =  -  m  [rF 

*-  mm  mm-* 

If  the  component  restraints  are  statically 
nonredundant--that  is,  the  restraints  are  the 
minimum  required  to  prevent  rigid  body  motion- 
-then  there  is  zero  stiffness  among  the  re¬ 
straints  and 


and 

=  [R]  C'M-‘  [Rf  (8) 

In  this  special  case  the  matrix  can  be 

formed  from  the  modal  reaction  forces  and 
modal  stiffness  values  alone. 

For  most  structures,  the 

restraints  {Q  }  are  redundant,  and 

does  not  equal  zero  and  must  be  evaluated.  In 
order  to  make  this  evaluation,  consider  parti¬ 
tions  of  {Q^}  into  nonredundant  subset  {Q^} 

and  other  degrees  of  freedom  {Q^}. 
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) 


The  evaluation  of  requires  an  ad¬ 

ditional  static  analysis  or  test  for  which 
only  a  nonredundant  set  of  degrees  of  freedom 
{Q  }  is  restrained.  With  these  restraints, 
the  static  deflection  due  to  some  applied 
force  {F.}  of  the  other  {Q^}  degrees  of  free¬ 
dom  can  oe  expressed  as  the  sum  of  rigid  body 


motion  and  elastic 
component: 

deformation 

of  the 

f 1 exi bi 1 ity 

geometric 

ma J r1 x 

transformation 
+  [T]  (0,.} 

{Qf}  =  [G]  (Ffl 

(9) 

elastic 

ri  gi  d 

defornation 

body 

motion 

Also  from  static  equil 

ibrium,  the 

forces  ap- 

plied  at{Q.}  must  be 

balanced 

by  forces 

at  {F^}  at  {Q^};  therefore. 

1 

1 — 1 
— 1 

1 _ 1 

— i 

■n 

— h 

II 

(10) 

Rearranging  equations  (9)  and  (10)  and  writing 
as  a  matrix  results  in  the  following 
equations : 


[G]'‘  -[G]-‘  [T] 

.  -[T]^  [G]-‘  -[T]^  [G]-'  [T] 

_ _ / 

cr  ] 

mm 

Therefore,  the  total  matrix  has  been 

evaluated--and,  thereby,  the  total  component  A 
definition  matrix. 


{Qf}  |{F^}] 


What  must  be  measured  in  a  separate 
static  test  is  the  stiffness  matrix  [G]"^. 

Therefore,  the  following  items  must  be 
measured  in  the  modal  test:  lr~m  J,  [r 

CR]s  [G]**^,  [T].  The  first  three  items 
are  just  the  modal  mass,  stiffness,  and  mode 
shape  vectors,  which  are  obtained  from  a  modal 
test  with  the  component  clamped.  The  next 
item  [R]  is  the  matrix  of  modal  reaction 
forces  which  can  easily  be  extracted  as  part 

of  the  eigenvectors  but  requires  transducers 
to  record  the  forces  required  to  restrain  the 
structure  during  the  modal  test.  The  matrix 
[G]"^  requires  a  static  test  for  which  a  non¬ 
redundant  subset  of  the  connect  degrees  of 
freedom  is  constrained  and  the  stiffness  ma¬ 
trix  of  the  redundant  set  is  measured.  The 

matrix  [T]  is  just  a  rigid  body  transformation 
between  connect  degrees  of  freedom  which  can 


easily  be  obtained  from  the  geometry  alone. 
Therefore,  the  new  challenges  for  test  are  the 
measurement  of  restraint  forces  and  stiffness 
matrix  [G]"^. 

4.2.  Residual  Flexibility 

If  all  modes  are  retained  in  a  component 
definition,  the  modal  representation  would  be 
exact.  Therefore,  the  accuracy  of  the  trun¬ 
cated  mode  representation  can  be  improved  by 
estimating  the  residual  effects  of  the  higher 
order  modes.  Because  residual  flexibility  can 
easily  be  obtained  experimentally  to  supple¬ 
ment  the  free-free  component  definition  and 
because  the  first-order  residual  flexibility 
correction  is  readily  available  in  SYSTAN, 
NASTRAN,  and  MODAL-PLUS,  this  approach  was 
tried  next  on  the  same  sample  problem  used 
above  with  the  results  shown  in  Table  5. 

Table  5.  Frequency  and  strain  energy  results 
for  ten  free-free  satellite  modes  using  re¬ 
sidual  flexibility. 


Mode  1  Mode  2  Mode  3  Mode  4  Mode  5 


Frequency 

(Hz) 

1.16 

2.15 

2.70 

3.00 

4.82 

Satellite 
Strain 
Energy  (%) 

19 

25 

19 

31 

30 

Cradle 
Strain 
Energy  (%) 

81 

75 

81 

69 

70 

Connector 
Strain 
Energy  (%) 

none 

none 

none 

none 

none 

Although  this  set  of  natural  frequencies  shows 
closer  agreement  with  the  full  finite  element 
result  than  use  of  the  free-free  modes  alone, 
the  accuracy  in  satellite  strain  energy  dis¬ 
tribution  is  still  poor,  particularly  in  com¬ 
parison  to  the  restrained  mode  approach. 


In  order  to  better  understand  the  infor¬ 
mation  used  for  this  example,  the  calculation 
of  residual  flexibility  is  reviewed  here.  The 
dynamic  flexibility  or  frequency  response 
function  Gg^  can  be  expressed  in  terms  of  the 
modal  stiffness,  k^;  mass,  m^;  and  mode  shape 
vectors  by  the  following  summation  over  the 
modes  where  the  subscript  r  refers  to  the  r^*^ 
mode  and  the  subscripts  a  and  b  refer  to  phys¬ 
ical  degrees  of  freedom,  which  in  this  case 
will  be  connect  degrees  of  freedom. 

N  T'F.  ~  'i'T. 

■  S  •  I  (12) 


"ab 


r=i  ‘^r  r=N+l 


kT-aj^irr 
r  r 


In  this  expression,  N  is  the  number  of  re¬ 
tained  modes;  and  the  second  term  above  is 
called  the  residual  flexibility,  due  to 
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modes  truncated  in  a  simulation.  Experimen¬ 
tally  the  term  can  be  obtained  by  exciting 
the  structure  at  point  a,  measuring  the  re¬ 
sponse  at  point  b,  and  subtracting  the  first 
sum  in  equation  12,  which  can  be  evaluated 

after  the  modal  analysis  has  determined  the 
properties  of  the  first  N  modes.  Using  finite 
element  analysis,  is  approximated  assuming 
that  truncated  modes  have  only  a  stiffness 

contribution.  The  static  stiffness  contribu¬ 
tion  of  the  retained  modes  is  then  subtracted 
from  the  physical  static  stiffness  matrix  to 
obtain  a  first-order  or  static  approximation 

to  Once  an  estimate  of  the  residual 

effects  at  connect  degrees  is  obtained,  it  is 
necessary  to  include  these  in  the  component 

stiffness  and  mass  matrices. 

From  the  free-free  modal  test,  the  stiff¬ 
ness  and  mass  matrices  have  only  modal  degrees 
of  freedom.  In  order  to  add  the  residual 
effects  at  the  connect  degrees  of  freedom  and 
to  expand  the  stiffness  matrix  to  include  the 
connect  degrees  of  freedom,  the  definition  of 
residual  effects  is  rewritten  into  the  follow¬ 
ing  stiffness  matrix  form. 


r- 

f  1 

(F  } 

V 

resid 

iQci; 

,  =  - 

resi dual 
effects 


sti ffness 

where  {n}  are  the  modal  degrees  of  freedom, 
{Q^}  are  the  physical  connect  degrees  of 
freedom,  and  {F^}  are  the  forces  applied  to 
the  connect  degrees  of  freedom. 

The  physical  displacements  {Q^}  are  given 
by  the  following  equation 


test  into  the  upper  partition  of  equation 
(16).  When  this  formulation  is  included  in 
the  system  synthesis,  the  connect  degrees  of 
freedom  are  now  independent  in  the  system 
formulation,  and  no  auxiliary  connectors  are 
requi red. 

We  have  not  yet  implemented  the  second- 
order  correction  suggested  by  Rubin  (1975). 
Including  the  estimate  of  inertial  and  dissi¬ 
pative  effects  of  the  truncated  modes  should 
improve  the  accuracy  of  the  residual  flexi¬ 
bility  approach  further. 

4,3.  Mass-Loaded  Connect  Degrees  of  Freedom 

Adding  mass  to  exercise  the  local  struc¬ 
ture  near  connect  locations  was  studied  next 
as  a  potential  experimental  approach.  This 
method  consisted  of  attaching  lumped  masses  at 
connect  degrees  of  freedom  during  the  modal 
analysis.  Then,  in  the  system  synthesis,  this 
modal  component  was  attached  with  a  connector 
which  had  equivalent  negative  mass  at  the 
connect  locations.  Cases  were  tried  with  ten 
satellite  modes  run  with  the  lumped  mass  at 
each  of  the  eight  connect  locations  equal  to 
0.01,  0.1  and  1.0  times  the  mass  of  the  entire 
satellite.  No  improvements  in  accuracy  over 
the  free-free  case  of  Table  2  were  obtained. 
The  most  accurate  results  are  shown  in 
Table  6.  These  results  are  for  each  lumped 
mass  equal  to  one  tenth  the  entire  satellite 
mass. 

Table  6.  Frequency  and  strain  energy  results 
for  first  five  system  modes  using  a  free-free 
modal  component  with  ten  modes.  Mass  equal  to 
.1  times  the  mass  of  the  was  added  used  at 
connect  DOF  in  component  analysis  and  removed 
in  system  analysis. 


{Q^l  =  [-f]  {n}  +  [Z]  {F^}  (14) 

which  can  be  rearranged  to  obtain 

{Qcl  -  [^]  {n}  (15) 

Equation  (15)  is  one  of  the  equations  needed 
to  fill  out  the  matrix,  and  the  other 

can  be  obtained  by  multiplying  equation  15  by 
-[t]"**  to  obtain  an  expression  for{F^|.  The 
resulting  residual  effects  stiffness  matrix 
formulation  is  the  following: 


Mode  1 

Mode  2 

Mode  3 

Mode  4 

Mode  5 

Frequency 

(Hz) 

1.27 

2.51 

3.29 

4.12 

6.31 

Satel 1 ite 
Strai n 
Energy  (%) 

0 

0 

0 

0 

0 

Cradle 

Strai n 
Energy  {%) 

99 

100 

100 

99 

100 

Connecti on 
Strain 
Energy  {%) 

1 

0 

0 

1 

0 

[*!■  izrH*] 

-[zrn'i'i 

The  whole  stiffness  and  mass  matrix  for  the 
component  can  be  obtained  by  adding  the  free- 
free  modal  mass  and  stiffness  from  the  modal 


The  strain  energy  which  is  observed  in  the 
connectors  indicates  a  modal  insufficiency 
problem:  the  condition  that  satellite  connect 

degrees  of  freedom  and  corresponding  cradle 
connect  degrees  of  freedom  have  zero  relative 
motion  is  not  being  satisfied.  Several  cases 
were  run  with  increased  number  of  modes.  At 


160 


twenty  modes,  there  is  no  strain  energy  in  the 
connectors,  but  still  no  improvement  over  the 
twenty  mode  free-free  case  of  Table  3.  Even 
at  forty  modes,  the  results  are  still  not  as 
accurate  as  ten  modes  with  residual 
flexibility. 

4.4.  Rotational  Degrees  of  Freedom 

The  fourth  approach  tried  was  the  inclu¬ 
sion  of  rotational  degrees  of  freedom.  Again 
using  the  above  models  and  ten  free-free  modes 
of  the  satellite  the  system  synthesis  included 
stiff  translational  and  rotational  springs 
connecting  the  satellite  and  cradle  degrees  of 
freedom.  For  this  case,  the  results  are  sum¬ 
marized  in  Table  7. 

Table  7.  Frequency  and  strain  energy  results 
for  first  five  system  modes  using  a  free-free 
modal  satellite  component  with  ten  modes  and 
translational  and  rotational  degrees  of  free¬ 
dom  connected  in  system  analysis. 


Mode  1 

Mode  2 

Mode  3 

Mode  4 

Mode  5 

Frequency 

(Hz) 

4.17 

7.78 

15.12 

19.1 

32.2 

Satel 1 ite 
Strain 
Energy  (%) 

0 

0 

0 

0 

0 

Cradle 
Strain 
Energy  {%) 

99 

68 

35 

81 

1 

Connection 
Strain 
Energy  {%) 

1 

32 

65 

19 

99 

The  results  again  show  large  deviations  from 
the  total  finite  element  result.  Note  the 
strain  energy  in  the  connection  indicating 
insufficient  modes  to  satisfy  the  connection 
equations.  The  same  example  was  run  with 
twenty  satellite  modes  and  then  with  forty 
satellite  modes.  Even  for  forty  modes,  the 
connection  equations  are  not  satisfied  and  the 
results  are  not  at  all  accurate  as  shown  in 
Table  8. 


Table  8.  Frequency  and  strain  energy  results 
for  first  five  system  modes  using  a  free-free 
modal  satellite  component  with  forty  modes  and 
translational  and  rotational  degrees  of  free¬ 
dom  connected  in  a  system  analysis. 


Mode  1 

Mode  2 

Mode  3 

Mode  4 

Mode  5 

Frequency 

(Hz) 

4.04 

6.48 

7.93 

10.8 

12.6 

Satel 1 ite 
Strain 
Energy  {%) 

1 

13 

86 

16 

32 

Cradle 
Strain 
Energy  (%) 

96 

55 

13 

61 

36 

Connection 
Strain 
Energy  (%) 

3 

32 

1 

23 

32 

Even  with  four  times  the  modes,  a  satisfactory 
synthesis  cannot  be  obtained  with  rotational 
degrees  of  freedom  included. 

This  result  was  at  first  surprising  be¬ 
cause  the  addition  of  more  degrees  of  freedom 
suggests  a  more  accurate  definition  of  a  com¬ 
ponent,  Because  the  example  here  showed  a 
reduced  accuracy  with  the  addition  of 
rotations,  two  other  independent  analyses  of 
this  same  general  configuration  were  run.  One 
involved  a  cradle  component  of  1/20  the  stiff¬ 
ness  (1/20  the  bending  moment  in  the  beams), 
and  the  other  had  this  same  flexible  cradle 
but  double  the  nodes  and  elements  in  both  the 
cradle  and  satellite  components.  In  both 
additional  cases  a  decrease  in  accuracy  or  an 
increased  difficulty  in  satisfying  the  connec¬ 
ting  condition  was  obtained  with  the  addition 
of  rotational  degrees  of  freedom. 

Although  it  seems  counter  intuitive  that 
increasing  the  number  of  degrees  of  freedom 
can  reduce  the  accuracy,  the  effect  observed 
could  be  described  instead  as  increasing  the 
difficulty  in  the  synthesis  rather  than  reduc¬ 
ing  accuracy.  The  strain  energy  in  the  con¬ 
nectors  indicates  that  the  synthesis 
equations,  which  call  for  degrees  of  freedom 
on  the  satellite  to  be  fixed  to  corresponding 
ones  on  the  cradle,  are  not  satisfied  and 
therefore  the  synthesis  has  not  been  accom¬ 
plished.  With  the  addition  of  rotational 
degrees  of  freedom,  more  modes  are  required  to 
approximate  the  synthesis  constraint  equations 
before  a  valid  comparison  in  accuracy  can  be 
obtained. 


5.  Conclusions 

The  main  objective  of  this  current  effort 
was  to  determine  what  measurements  were  re¬ 
quired  to  accurately  define,  by  experimental 
modal  analysis,  a  flexible  component  for  mode 
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synthesis  of  a  system  with  rigid  connections 
and  a  configuration  similar  to  the  satellite- 
cradle  example.  In  this  example,  the  satel¬ 
lite  is  flexible  enough  to  allow  significant 
strain  energy  in  this  component. 

The  conclusion  based  on  the  work  to  date 
is  that  no  significant  improvement  over  unaug¬ 
mented  free-free  modes  can  be  expected  from 
the  inclusion  of  either  rotational  degrees  of 
freedom  or  mass  loaded  boundary  degrees  of 
freedom.  Too  many  modes  are  required  for 
either  of  these  approaches  to  even  allow  a 
valid  system  synthesis.  The  use  of  residual 
flexibility  with  free-free  modes  is  much  more 
promising  and  is  the  only  method  which  is 
immediately  feasible  experimentally.  However, 
achieving  acceptable  accuracy  for  rigidly 
connected  flexible  components  requires  more 
modes  than  the  restrained  modal  component 
approach  does. 

For  the  configuration  tried  here,  the 
restrained  modal  component  approach  was  signi¬ 
ficantly  more  accurate  than  even  the  residual 
flexibility  approach.  Therefore,  the  imple¬ 
mentation  of  a  second-order  correction  in 
residual  effects  (Rubin's  approach)  and  con¬ 
sideration  of  the  feasibility  of  measurement 
of  restrained  modes  should  be  investigated 
further. 

Another  conclusion  apparent  from  the 
examples  reported  in  the  literature  and  from 
the  execution  of  the  examples  in  this  paper  is 
that  the  relative  accuracy  of  a  method  depends 
greatly  on  the  nature  of  the  example. 
Certainly  the  relative  flexibility  of  the 
components  in  the  system  determines  the  impor¬ 
tance  of  the  local  flexibility  and  local  mass 
at  the  connect  degrees  of  freedom.  This  con¬ 
clusion  suggests  that  it  is  worthwhile  to  make 
a  very  simple  conceptual  model  which  is  repre¬ 
sentative  of  the  system  in  question  yet  small 
enough  for  a  total  finite  element  model 
check.  Once  various  methods  have  been  tried 
on  the  small  model,  the  most  accurate  feasible 
method  can  be  readily  identified. 
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A  substructure  synthesis  procedure  applicable 
to  structural  systems  containing  general  noncon¬ 
servative  terms  is  presented.  In  their  final 
form,  the  non-self-adjoint  substructure  equations 
of  motion  are  cast  in  state  vector  form  through 
the  use  of  a  variational  principle.  A  reduced- 
order  model  for  each  substructure  will  be  imple¬ 
mented  by  representing  the  substructure  as  a 
combination  of  a  small  number  of  Ritz  vectors. 
For  the  m.ethod  presented,  the  substructure  Ritz 
vectors  are  identified  as  a  truncated  set  of 
substructure  eigenmodes,  which  are  typically 
complex,  along  with  a  set  of  generalized  real 
attachment  modes.  The  formation  of  the  gener¬ 
alized  attachment  modes  does  not  require  any 
knowledge  of  the  substructure  flexible  modes; 
hence,  only  the  eigenmodes  used  explicitly  as  Ritz 
vectors  need  to  be  extracted  from  the  substructure 
eigenproblem.  An  example  problem  is  presented  to 
illustrate  the  method. 


denotes  independent  coordinate 

number  of  physical  substructure 
degrees  of  freedom 

number  of  kept  eigenmodes 

total  number  of  Ritz  vectors 
approximating  X 

-  total  number  of  Ritz  vectors 
approximating  Y 

substructure  velocity  vector 

Lagrange  multiplier  vector 

substructure  displacement  vector 

substructure  state  vector 

-  substructure  adjoint  displacement 


A  ,  B 
sys  sys 

C,  K,  M 


Nomenclature 


-  substructure  state  matrices 


-  system  block-diagonal  matrices 

-  system  state  matrices 

-  substructure  damping,  stiffness  and 
mass  matrices 


-  substructure  adjoint  state  vector 

time-varying  generalized 
coordinate 

substructure  eigenpair 
Lagrange  multiplier  vectors 
set  of  generalized  Ritz  vectors 


standard,  and  adjoint, 
transformation  matrices 

-  denotes  dependent  coordinate 

-  denotes  single  finite  element 
interface  locator  matrix 

-  generalized  interface  locator 
matrix 

-  force  vector 


0  ,  $ 
ysys  xsys 


(•)y-  (•) 


block  diagonal  matrices  of 
generalized  Ritz  vectors 

denotes  Interface  portion 

denotes  matrix  transpose 

denotes  standard  quantity 

denotes  adjoint  quantity 

denotes  substructure  a,B 


state  space  force  vector 


Introduction 


-  unit  interface  force  vector 


system  force  vector 
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Over  the  past  several  decades  a  multitude  of 
substructure  coupling  techniques  for  undamped 
structural  system.s  have  been  developed,  but 
comparatively  few  authors  have  concerned  them¬ 
selves  with  the  coupling  of  damped  systems.  It 
has  only  been  in  the  last  several  years  that 
procedures  for  treating  systems  containing  velocl- 
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ty-dependent  terms  have  been  actively  pursued. 
Several  situations  In  which  velocity-dependent 
terms  play  an  important  role  in  the  dynamics  of 
the  system  Include  those  where  Coriolis, 
aerodynamic,  and  perhaps  most  importantly,  control 
system  forces  are  present. 

Several  recent  papers  have  established 
procedures  applicable  to  damped  systems,  and  it  is 
from  these  developments  that  many  of  the  ideas  in 
the  present  paper  are  drawn, The  Chung-Cralg 
paper^  develops  a  generalized  modal  synthesis 
procedure  applicable  to  substructures  containing 
symmetric  mass,  damping,  and  stiffness  matrices. 
The  equations  of  motion  are  cast  into  state  vector 
form,  and  the  substructure  Ritz  vectors  are 
identified  as  f ree-lnterf ace  normal  modes  and 
residual  attachment  modes.  The  residual 
attachment  modes  are  formed  from  a  linear  com¬ 
bination  of  the  substructure  normal  modes  not 
employed  explicitly  as  Ritz  vectors. 

The  technique  advanced  by  Hale^  has  as  its 
basis  a  variational  principle  applicable  to 
non-self-adjoint  systems,  i.e.  those  containing 
damping  terms  or  nonsymmetries  in  the  defining 
matrices  (M,C,K).  The  variational  formulation 
used  by  Hale  results  in  an  unconditionally  nonsym- 
metric  state  vector  equation  of  motion,  along  with 
its  adjoint,  for  each  substructure.  The  substruc¬ 
ture  Ritz  vectors  employed  by  Hale  are  formed  by  a 
variant  of  subspace  iteration. 

The  present  paper  formulates  a  substructure 
coupling  procedure  which  is  applicable  to  systems 
containing  velocity-dependent  terms.  No  assump¬ 
tions  regarding  the  symmetry  of  the  defining 
matrices  are  made.  The  equations  of  motion  will 
be  derived  from  a  variational  principle  which, 
unlike  the  principle  suggested  by  Hale,  does  not 
exclude  a  S3nnmetric  formulation  of  the  substruc¬ 
ture'  state  matrices.  Free-interf ace  substructure 
state  modes  along  with  a  set  of  generalized 
attachment  modes  serve  as  the  substructure  Ritz 
vectors.  Contrary  to  the  attachment  modes  used  by 
Chung,  the  attachment  modes  used  in  the  present 
paper  do  not  require  knowledge  of  the  entire  set 
of  substructure  elgenmodes . ^ ^  Hence,  only  the 
low-frequency  eigenmodes  used  explicitly  as  Ritz 
vectors  need  to  be  extracted  from  the  substructure 
eigenproblem. 

Substructure  Equations  of  Motion 

For  the  purposes  of  this  paper,  it  will  be 
assumed  that  a  discrete  model  of  the  substructure 
is  available.  When  one  considers  the  popularity 
of  finite  element  modeling,  the  restrictions 
imposed  by  this  assumption  are  recognized  as  being 
quite  minimal. 

The  substructure  equation  of  motion,  written 
in  the  standard  second-order  form,  is 

Mx  +  Cx  +  Kx  =  F  (1) 

When  written  in  the  above  form,  the  equation  of 
motion  possesses  two  properties  worthy  of  note  at 
this  point.  Perhaps  the  most  important  property 
of  Eq.  (1)  is  that  it  does  not  conveniently  fit 
into  an  eigenproblem  format.  Additionally,  Eq, 
(1)  is  recognized  as  being  a  non-self-adjoint 
differential  equation  -  a  fact  that  complicates 
the  variational  principle  associated  with  the 
substructure  equation  of  motion.  The  reason  for 
representing  the  substructure  by  a  variational 
principle  is  the  ease  in  which  approximations  and 


constraints  can  be  applied  to  the  substructure 
displacement  field. 

It  can  be  demonstrated  that  the  differential 
adjoint  equation  corresponding  to  Eq,  (1)  is 

M^y  -  c'^y  +  K'^y  =  f*  (2) 

and  that  the  bilinear  functional  whose  Euler  equa¬ 
tions  duplicate  Eqs.  (1)  and  (2)  is 

TTi  =  /q  fy'^CMx  +  Cx  +  Kx)  -  y^f  -  f  ]  dt  (3) 

In  order  to  cast  the  substructure  equation  of 
motion,  along  with  its  adjoint,  into  a  form 
compatible  with  an  eigenproblem  format,  a  state 
vector  substitution  will  be  made.  An  obvious 
choice  for  such  a  substitution  is 

V  =  X  (4) 

The  above  equation  is  equivalent  to 

M(x  -  v)  =0  (5) 

if  the  mass  matrix  is  nonsingular,  a  condition 
assumed  in  this  paper. 

To  derive  the  state  vector  formulation  of  the 
substructure  equation  of  motion,  the  func¬ 

tional  is  modified  by  making  the  state  variable 
substitution  and  by  appending  the  constraint 

equation,  i.e.  Eq.  (5),  to  the  functional  with  a 
Lagrange  multiplier  vector.  The  modified  sub¬ 

structure  functional,  to  be  called  Hp  >  is 


’^2  "  ■'"O  +  Ci  +  Kx)  -  y^’f  -  x’’f* 

(6) 

+  w^M(x  -  v)  ]  dt 

Since  there  are  four  vectors  of  variables 
(w,y,v,x)  to  be  considered  independent  in  the 
tt2  functional,  there  will,  of  course,  be  four 
Euler  equations.  The  Euler  equations  are 

Mx  -  Mv  =  0 

(7a) 

Mv  +  Cx  +  Kx  =  f 

(7b) 

T«  T 

-M  y  -  M  w  =  0 

(7c) 

T*  T*  T  * 

-Mw-Cy+Ky  =  f 

(7d) 

These  four  equations  can  be  conveniently  repre¬ 
sented  by  the  following  two  matrix  equations 

AX  +  BX  =  F  (8a) 

and 

T.  T  * 

-AY  +  B  Y  -  F  (8b) 

where 
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Equation  (8a)  is  the  substructure  state 
vector  equation  of  motion,  and  Eq.  (8b)  is  the 
corresponding  adjoint  equation.  As  noted  in  Ref, 
(2),  the  vector  of  Lagrange  multipliers,  w  ,  plays 
the  role  of  the  adjoint  velocity  in  Eq .  (8b). 

This  fact  will  be  utilized  when  compatibility 
between  substructures  is  considered. 

It  should  be  noted  that  the  state  vector 
equation  of  motion  represented  by  Eq .  (8a)  is 

identical  to  the  equation  of  motion  employed  by 
Chung-Craig  in  Ref.  (1),  although  derived  by 
different  means.  References  (1)  and  (3),  however, 
do  not  concern  themselves  with  the  substructure 
adjoint  equation  of  motion,  since  symmetry  of  the 
defining  matrices  is  assumed  by  the  author.  The 
variational  principle  employed  herein  to  obtain 
the  state  vector  equation  of  motion  and  its 
adjoint  is  similar  to  the  procedure  used  by  Hale 
in  Ref.  (2),  but  with  an  important  difference. 
The  functional  used  in  Ref.  (2)  produces  a  state 
matrix  which  is  unconditionally  unsymmetric, 
whereas  the  tt^  functional,  given  in  Eq .  (6), 

produces  state  matrices  which  will  be  symmetric  if 
the  defining  matrices  are  S5nnm.etric  -  a  computa¬ 
tionally  favorable  situation  when  the  substructure 
Ritz  vectors  are  to  be  calculated. 


Compatibility  at  Substructure  Interfaces 


Physically,  it  is  clear  that  the  displace¬ 
ments  experienced  by  each  adjacent  substructure 
must  be  identical  at  the  common  interface.  For 
two  substructures,  a  and  8  ,  this  idea  can  be 
expressed  by 


X 

a 


(9) 


where  i  denotes  the  interface  coordinates. 

The  concept  of  a  locator  matrix  can  be  used 
to  select  out  the  interface  degrees  of  freedom 
from  the  entire  substructure  displacement  vector, 
thus  producing 

(E^x)^  =  (EjX)g  (10) 


Similarly,  the  substructure  velocities  must 
be  compatible  across  the  interface.  The  time 
derivative  of  Eq.  (10)  results  in  the  velocity 
compatibility  equation,  i.e. 

(EjV)^  =  (VL 


Equations  (10)  and  (11)  can  be  combined  into 
the  following  single  matrix  equation. 


0  ‘ 

"  V  ' 

'L 

0 

0 

h. 

lJ 

a 

0 

h. 

or,  more  compactly 


E  X 
a  a 


(12) 


(13) 


Force  compatibility  between  adjacent  sub¬ 
structures  can  be  easily  deduced  from  Newton’s 
Third  Law.  The  interface  reaction  forces  are 
equal  in  magnitude  and  opposite  in  direction,  a 
fact  represented  by  the  following  equation 


f^ 

a 


0 


(14) 


Since  the  variation  procedure  employed 
involves  adjoint  quantities,  compatibility  equa¬ 
tions  between  these  "adjoint  substructures"  need 
to  be  developed.  Although  a  physical  interpreta¬ 
tion  of  the  adjoint  equations  of  motion  is  eva¬ 
sive,  it  seems  logical  to  assume  that  the  adjoint 
compatibility  equations  will  correspond  exactly  to 
those  of  the  physical  substructures.  Hence,  the 
adjoint  compatibility  equations  are  taken  to  be 


E  Y  =  E  Y^ 

(15) 

a  a  8  8 

*i  *i 

f  +  f/  =  0 

a  8 

(16) 

Development  of  the  Coupling  Procedure 

As  in  the  development  of  the  substructure 
equations  of  motion,  a  variational  principle  will 
be  utilized  to  obtain  the  system  equation  of 
motion.^  The  interface  compatibility  conditions 
developed  previously  will  be  appended  to  the 
system  functional,  thereby  insuring  the  satisfac¬ 
tion  of  interface  constraints.  A  Ritz  approxima¬ 
tion  to  the  substructure  state  vector,  X  ,  and 
its  adjoint  vector,  Y  ,  will  be  Incorporated 
into  the  final  form  of  the  system  functional. 

Before  constructing  the  system  functional,  it 
will  prove  useful  to  write  the  substructure  state 
vector  equation  of  motion,  and  its  adjoint,  in  the 
following  form 


While  it  is  clear  that  the  substructure 
interface  velocities  are  indeed  compatible,  it  is 
not  nearly  so  obvious  whether  or  not  Eq.  (11)  must 
be  enforced  in  the  system  functional.  It  would 
appear  that  the  combination  of  Eqs.  (4)  and  (10) 
implicitly  produces  Eq,  (11).  Pragmatically,  Ref. 
(5)  has  shown  with  test  problems  that  similar 
results  occur  with  and  without  the  inclusion  of 
Eq.  (11)  in  the  system  functional.  Reference  (2) 
draws  a  similar  conclusion  based  upon  the  work 
done  by  Hughes  et  al.  in  Ref.  (6). 

Although  it  is  not  mandatory  to  append  Eq. 
(11)  to  the  system,  functional,  it  can  prove  to  be 
com.putat  i  anally  advantageous.  Inclusion  of  the 
velocity  constraint  equation  in  the  formulation 
can  provide  useful  conditioning  to  the  system 
state  matrices,  one  of  which  may  be  singular 
without  the  explicit  enforcement  of  Eq .  (11).^’^ 


AX  +  BX  =  +  F  (17a) 

and 

T.  T  *1  * 

-AY+BY  -  F+F  (17b) 

where  the  interface  reaction  forces  have  been 
separated  from  the  externally  applied  forces.  The 
substructure  functional  corresponding  to  Eqs. 
(17a)  and  (17b)  is 


11,  =  fY^(AX  +  BX)  -  y'^(f’'  +  F) 

T  *i  * 

-  X  (F  +  F  )]  dt 


(18) 


The  system  functional  will  be  composed  of 
each  substructure  functional  plus  the  appended 
constraint  equations.  Hence,  for  a  system  con- 
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taining  two  substructures,  the  system  functional 
will  be 


a  6 

TT  =  TTs  +  113 


/p  {Oj  [(EX)^  -  (EX)g]  +  O2  [(EY)^  -  (EY)g]}  dt 

where  the  appended  constraint  equations  are  those 
represented  by  Eqs.  (13)  and  (15).  Equation  (18) 
can  be  substituted  into  Eq.  (19)  to  yield 

n  =  /^{[y'^CAX  +  BX)  -  y'^’ce^  +F)  -  x'^(F*^  +  F*))^ 


+  [Y  (AX  +  BX)  -  Y  (F  +  F)  -  X  (F  +  F  )]g 
+  obCEX)  -  (EX).]  +  ab(EY)  -  (EY)  ]}  dt 

10.  p  Z  (X  p 


The  actual  form  of  the  Ritz  vectors  will  be 
discussed  after  the  system  equation  of  motion  is 
developed . 


The  System  Equation 

The  Euler  equations  of  the  approximate  system 

functional,  tt  ,  will  be  the  system  equations  of 
a 

motion  as  well  as  the  appropriate  constraint 

equations.  In  order  to  insure  statlonarity  of 

TT  ,  six  quantities  must  be  varied  -  n  ,  n  , 

y  cc  xut 

n  o  ^  D  ’  ^9  *  Accordingly,  the 

yp  xp  i  z 

approximate  system  functional  will  produce  six 
Euler  equations.  These  Euler  equations  are  easily 
shown  to  be 


($'^A'J  n  )  +  ($*^8^  ri  ) 

y  xxa  y  xxa 


When  the  terms  containing  the  interface  reaction 
forces  in  Eq.  (20)  are  examined  in  conjunction 
with  the  interface  compatibility  equations,  it 
becomes  clear  that  the  reaction  force  terms  vanish 
from  the  system  functional. 


Introduction  of  Ritz  Vectors 

In  order  to  implement  a  reduced-order  model, 
a  Ritz  vector  approximation  to  the  substructure 
generalized  displacement  vectors  (i.e.  state 
vectors  X  and  Y  )  will  be  incorporated  into 
the  system  functional.  This  Ritz  approximation 
can  be  expressed  as 


T  T  T 

=  ($  F)  -  ($  E  )  a, 

y  a  y  a  2 


T  T  T 
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3  =  1 
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.  T)  .  ^  n 

yi  yj  y  y 


(E<i>  n  )  “  (Ea>  n  )o  =  0 

xxa  X  X  B 


Clearly  the  number  of  Ritz  vectors  used  in  the 
approximation  must  not  be  larger  than  the  total 
number  of  substructure  degrees  of  freedom,  i.e. 


(E$  n  )  -  (E$  T}  ).  =  0 

y  ya  y  y  6 


N  ,  N  <  2n  (23) 

X  y 

The  approximate  system  functional  is  formed 
by  substituting  the  Ritz  approximations  into  the 
previous  expression  for  the  system  functional. 
This  new  functional  takes  the  form 


Equations  (25a)  and  (25b)  are  equivalent  to 
the  following  block-diagonal  matrix  equation 
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ya  a  xa 


^xB  J  I  \b 


r  "b 


fTT.  TT  T* 

=  /«  { (a  [AO  ri  +B0n]”n^'F“n^F) 

0  y  y  X  X  XX  y  y  x  x  a 

m  rp  ^  *T*  ^ 

+  (n  [AO  ri  +B0n]-n^F“n^F)o 
y  y  ^  X  X  XX  y  y  x  x  B 


“  T 

B 

0 

r 

a 

0 

Bo 

J 

B 

L 

0  0 
xa 


®  \b  \e 


0  0 
ya 


^"Vb^  °2 


167 


or,  more  compactly 


A,  .  0  T\ 
Dk  xsys 


^  B,  T  $  n 
ysys  bk  xsys 


If  Eq.  (32)  is  substituted  into  Eq .  (27),  and 

T 

the  result  premultiplied  by  ,  the  following 

form  of  the  system  equation  of  motion  results 


where  $  j  ^  ,  A.  ,  ,  B,,  are  simply 

ysys  xsys  ok  bk  ' 

the  block-diagonal  matrices  represented  in  Eq. 

(26).  Logically,  Eqs.  (25c)  and  (25d)  can  be 

combined  into  a  single  equation  corresponding  to 

the  adjoint  of  Eq.  (27). 

At  this  point,  the  equations  of  motion  for 
each  substructure  have  yet  to  be  coupled  in  their 
final  form.  Indeed,  the  system  equation  repre¬ 
sented  by  Eq.  (27)  is  coupled  only  by  the  unknown 
yector  of  Lagrange  multipliers,  which  can  be 
directly  related  to  the  substructure  interface 
reaction  forces.  The  system  equation  of  motion 
cannot  be  solved  until  is  in  someway  elim¬ 

inated.  The  elimination  of  a  will  be  achieved 
by  applying  the  constraint  equations  to  Eq.  (26)."^ 

Equation  (25f),  which  represents  a  constraint 
on  the  adjoint  Ritz  coordinates,  can  be  cast  in  a 
more  convenient  form  such  as 


T  T 

C  $  A^-  $  C  p  ^  + 

y  ysys  bk  xsys  x  xl 


T  T 

C  $  B,  ,  $  C  n  T 
y  ysys  bk  xsys  x  xl 


c'^’  4''’^  F  +  c'^  [-(E$  )  (£■!>  )  d  a 
y  ysys  y  y^I  y^D  2 

In  the  formulation  of  the  above  equation,  it  has 
been  implicitly  assumed  that  the  substructure  Ritz 
vectors  have  been  arranged  in  such  a  manner  as  to 
be  compatible  with  the  arrangements  in  Eq.  (29) 
and  its  complement. 

The  coefficient  of  the  term  in  Eq,  (33) 
is  seen  to  be  the  transpose  of  Eq.  (31);  thus  the 
unknown  Lagrange  m.ultiplier  vector  is  elim.inated 
from  the  system  equation  of  motion.  The  system 
equation  of  motion  can  now  be  written  in  its  final 
form,  i.e. 


[(Ey,  -  (Eyg] 


By  its  very  existence,  the  above  constraint 
equation  implies  that  not  al.l  of  the  substructure 
generalized  adjoint  coordinates  (p  ’s)  are  inde¬ 
pendent.  If  Eq,  (28)  is  partitioned  into  user- 
defined  dependent  and  independent  coordinates,  the 
following  equation  results 


A  p  +  B  p  =  F 
sys  sys  sys  sys  sys 


T  T 
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P  =  B  , 

sys  xl 


where  the  number  of  dependent  coordinates  is  equal 
to  the  number  of  constraints  to  be  enforced. 

Manipulation  of  Eq .  (29)  leads  directly  to 

the  following  transformation 


A  system  adjoint  equation  of  motion  can  be 
formed  in  a  manner  analogous  to  the  procedure  used 
to  form  Eq.  (34).  However,  unless  one  x^ishes  to 
diagonalize  Eq .  (34)  by  making  use  of  the  bi¬ 

orthogonality  property  of  the  adjoint  eigen¬ 
vectors,  it  appears  that  the  system  adjoint 
equation  of  motion  is  of  little  interest. 


The  transformation  matrix  in  the  above  equation 
X7ill  be  designated  as  C  for  brevity.  An 
important  property  of  the  ^above  transformation 
matrix,  to  be  applied  shortly,  is  the  follox\7ing 
identity , 

Naturally,  a  set  of  equations  corresponding 
to  Eqs.  (28-31)  exists  for  the  standard  substruc¬ 
ture  generalized  coordinates  (p  's).  For  example, 
the  complement  to  Eq.  (30)  can  Se  written  as 


C 

X 


(32) 


Component  Ritz  Vectors 

Throughout  the  evolution  of  substructure 
coupling  techniques,  the  formation  and  selection 
of  component  Ritz  vectors  has  been  a  topic  of  much 
investigation,  and  justifiably  so.  The  less 
computational  effort  spent  defining  the  component 
Ritz  vectors,  the  ’’cheaper"  the  overall  coupling 
process.  The  vast  majority  of  substructure 
coupling  techniques  employ  a  truncated  set  of 
component  modes  along  with  a  set  of  static  dis¬ 
placement  vectors  as  the  component  Ritz  vectors, 
hence  the  term  "component  mode  synthesis."  This 
is  not  to  say  that  alternate  methods  of  defining 
substructure  Ritz  vectors  don’t  exist,  for  they 
do.  Hale  and  Meirovltch  have  advocated  the  use  of 
so-called  "admissible  vectors,"  which  have  ranged 
in  sophistication  from  finite  element  shape 
functions  to  variants  of  subspace  iteration 


generated  vectors . ^ ® ^ ^ ^  Unfortunately,  a 
comparison  between  the  different  types  of  Ritz 
vectors  which  takes  into  account  system  accuracy 
versus  computational  cost  has  yet  to  be  under¬ 
taken. 

For  the  coupling  procedure  being  developed,  a 
truncated  set  of  substructure  modes  augmented  by  a 
set  of  generalized  attachment  modes  will  be 
employed  as  the  set  of  substructure  Ritz  vectors. 
There  are  two  primary  reasons  for  choosing  this 
particular  combination  of  Ritz  vectors  -  first, 
the  relative  ease  of  obtaining  these  types  of  Ritz 
vectors,  and  second,  the  proven  accuracy  of 
methods  employing  normal  and  attachment  modes  for 
undamped  systems.^ 

The  only  requirements  that  the  Ritz  vectors 
must  satisfy  are  that  they  be  independent  and  that 
they  satisfy  the  geometric  boundary  conditions  of 
the  substructure.  This  being  the  case,  there  is 
nothing  to  preclude  choosing  the  two  classes  of 
Ritz  vectors,  standard  and  adjoint,  to  be  identi¬ 
cal^,  i.e. 


-  $  (36) 

y 

The  computational  effort  saved  by  implementing  the 
above  equation  can  be  quite  substantial  when  large 
systems  are  considered. 


Substructure  Modes 

The  term  "substructure  mode"  will  apply  to 
the  eigenvectors  of  the  substructure  state  vector 
equation.  These  f ree-inte^f ace  modes  are  obtained 
by  substituting  X  =  jJj  e  into  the  homogeneous 
form,  of  Eq.  (8a),  i.e. 

X  A  jp  +  B  \fj  =  0  (37) 

X  X 


substructure  elgenproblem,  since  the  attachment 
modes  are  formed  as  a  combination  of  the  substruc¬ 
ture  modes  not  kept  explicitly  as  Ritz  vectors. 
The  solution  of  the  entire  substructure  elgen¬ 
problem  may  prove  to  be  an  enormous  occupational 
burden  if  the  substructure  contains  a  large  number 
of  degrees  of  freedom;  therefore,  an  alternate 
method  of  defining  the  attachment  modes  is  desir¬ 
able. 

In  a  manner  paralleling  the  traditional 
definition  of  an  attachment  mode,  this  paper  will 
consider  a  generalized  standard  attachment  mode  to 
be  the  pseudo-static  response  of  the  substructure 
to  a  unit  load  applied  at  the  interface.  This 
idea  can  be  represented  by  the  following  equation 


B 


A 


(38) 


The  fact  that  F  can  have  only  one  non-zero 
element  makes  it  Aear  is  simply  ajj^olumn  of 

the  generalized  flexibility  matrix,  B  .  The 
block-diagonal  nature  of  B  indicates  that  the 
upper  n  elements  in  the  state  vector  represent 
velocity  coordinates. 

It  can  be  shown  that  if  and  i/;  are 

X  v 

normalized  such  that 


then 
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IX  ly 
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(40) 


1=0,  +1 
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where  n,  is  the  number  of  substructure  modes 
kept  explicitly  as  Ritz  vectors.^  The  residual 
flexibility  matrix  can  be  defined  from  Eq.  (40)  as 


Equation  (37)  is  recognized  as  a  generalized 
elgenproblem,  and  can  be  readily  solved  by  a 
number  of  algorithms.  Generally  the  eigenvectors 
obtained  from  Eq.  (37)  are  complex,  and  commonly 
come  in  complex  conjugate  pairs. 

As  stated  previously,  the  reduced-order 
system  model  will  utilize  a  number  of  the  sub¬ 
structure  modes  as  Ritz  vectors.  Typically,  the 
low  frequency  modes  are  considered  the  most 
significant  to  the  system  dynamics,  and  are 
therefore  used  as  Ritz  vectors.  The  high  frequen¬ 
cy  modes  are  usually  not  employed  as  Ritz  vectors, 
therefore  eliminating  the  need  for  their  calcu¬ 
lation. 


Attachment  Modes 


Intuitively,  it  is  clear  that  if  only  a 
portion  of  the  substructure  modes  are  utilized  as 
Ritz  vectors,  then  the  substructure  has  lost  the 
flexibility  of  the  discarded  modes.  The  so-called 
attachment  modes  represent  an  attempt  to  regain  a 
significant  portion  of  the  flexibility  lost  due  to 
the  modal  truncation. 

A  number  of  papers  have  dealt  with  attachment 
modes  for  undamped  systems,  and  Ref.  (7)  offers  a 
review  of  these.  Chung  has  developed  a  procedure 
for  forming  a  type  of  attachment  mode  for  damped 
systems  which  results  in  excellent  system  accu¬ 
racies.^*^  However,  the  attachment  modes  devel¬ 
oped  by  Chung  require  the  solution  of  the  entire 
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(42) 


Generalized  residual  attachment  modes  can  be 
defined  as  the  columns  of  the  above  residual 
flexibility  matrix,  as  was  done  for  the  gener¬ 
alized  standard  attachment  modes.  It  is  clear 
from  Eq.  (42)  that  the  computation  of  residual 
attachment  modes  requires  at  least  the  calculation* 
of  the  first  n^  adjoint  eigenvectors  -  a 
situation  that  was  avoided  previously. 

For  substructures  _;jossessing  rigid-body 
modes,  it  is  clear  that  B  does  not  exist,  thus 
invalidating  Eqs.  (38)  and  (42).  A  simple,  yet 
effective,  method  of  defining  attachment  modes  for 
unrestrained  substructures  is  to  constrain  the 
substructure  at  user-defined  degrees  of  freedom.^ 
The  degrees  of  freedom  are  chosen  such  that 
rigid-body  motion  is  prevented,  thus  allowing 
equations  similar  to  Eq.  (38)  or  (42)  to  be 
written. 
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Due  to  the  potentially  large  computational 
costs  associated  with  the  formation  of  the 
generalized  residual  attachment  modes,  it  is  felt 
that  the  computationally  "cheap”  generalized 
standard  attachment  modes  provide  the  most  advan¬ 
tageous  method  of  reintroducing  the  flexibility 
lost  in  the  modal  truncation. 

Since  some  of  the  substructure  Ritz  vectors 
are  complex,  it  is  clear  that  the  system  state 
matrices  will  be  complex,  as  can  be  seen  from  Eqs. 
(35a)  and  (35b).  Naturally,  the  system 
eigenprob^em  wilj  also  be  complex,  and  will  be  of 
order  n  +  n  if  an  attachment  mode  is  cal¬ 
culated  for  eacn  interface  degree  of  freedom  and 
if  all  displacement  and  velocity  constraints  are 
explicitly  enforced. 


Example  Problem 


Substructure  6 


Figure  1-36  DOF  Pin-Jointed  Truss 


As  an  example  of  the  substructure  coupling 
method  presented  in  this  paper,  the  truss  struc¬ 
ture  shown  in  Fig.  1  will  be  analyzed.  The  entire 
system  contains  36  physical  degrees  of  freedom, 
which  corresponds  to  72  state  variables.  The 
horizontal  members  of  the  truss  have  nonsymmetric 
damping  matrices  associated  with  them,  and  are  of 
the  form 

[C]®  =  .05  rc]®  and  [C]®  =  .075  fC]® 

a  6 

where 


The  nature  of  this  problem  permits  an  assessment 
to  be  made  of  the  ability  of  the  coupling  proce¬ 
dure  to  deal  with  such  potential  problems  as 
nonsymmetric,  nonproportional  damping  and  rigid- 
body  modes  simultaneously.  The  substructure  Ritz 
vectors  are  accounted  for  below. 


Substructure  a: 

18 

complex  flexible 
modes 

6 

real  rigid-body 
modes 

4 

real  attachment 
modes 

Substructure  3: 

14 

complex  flexible 
modes 

4 

real  attachment 
modes 

Since  there  are  4  interface  degrees  of  freedom, 
the  approximate  system  eigenproblem  is  of  order 
38.  A  comparison  between  the  exact  and  the 
approximate  system  eigenvalues  =  a  +  i^^) 

is  given  in  Table  1.  As  Table  ]  indicates,  the 
coupling  procedure  provides  8  pairs  of  complex 
conjugate  system  eigenvalues  that  have  a  maximum 
error  of  less  than  4%  in  the  damping  coefficient. 
The  oscillatory  portion  of  the  eigenvector  is  seen 
to  be  quite  accurate  for  all  eigenvalue  pairs 
shown , 

Summar}^ 

A  substructure  coupling  procedure  that  is 
applicable  to  system.s  containing  nonproportional, 
even  nonsymmetric,  damping  terms  has  been  pre¬ 
sented  in  this  paper.  A  state  vector  formulation 
of  the  equation  of  motion  is  arrived  at  through  a 
variational  principle  which  recognizes  the  non- 
self-adj ointness  of  the  equations  of  motion.  The 
combination  of  substructure  generalized  eigenmodes 
and  attachment  modes  serving  as  the  substructure 
Ritz  vectors  appears  to  represent  the  dynamics  of 
the  low-frequency  system  modes  quite  well. 
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Eigenvalue 

Exact 

Approximate 

a 

“d 

Number 

a 

"d 

a 

%  Error 

%  Error 

1 

-.852E*3 

.209E0 

-.825E-3 

.210E0 

-3.266 

.524 

2 

-,874E-2 

.195E0 

-.883E-2 

.196E0 

.993 

.580 

3 

-.695E-3 

,151E0 

-.678E-3 

.152E0 

-2.480 

.634 

4 

-.622E-3 

.951E-1 

-.621E-3 

.952E-1 

-.239 

.034 

5 

-.726E-2 

.646E-1 

-.729E-2 

.651E-1 

.430 

.743 

6 

-.499E-3 

.421E-1 

-.498E-3 

.422E-1 

-.197 

.105 

7 

-.112E-3 

.853E-2 

-.112E-3 

.853E-2 

.026 

.004 

8 

-.127E-2 

.262E0 

-.128E-2 

.265E0 

.939 

1.275 
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-.556E-2 

.304E0 

-.650E-2 

.308E0 

16.861 

1.338 

10 

-.234E-2 

.320E0 

-.156E-2 

.327E0 

-33,258 

2.293 

11 

-.934E-2 

.323E0 

-.935E-2 

.329E0 

.128 

2.080 

12 

-.108E-2 

.365E0 

-.inE-2 

.369EO 

2.728 

.993 

13 

-.735E-2 

.381E0 

-.845E-2 

.395E0 

14.921 

3.638 

Table  1  -  Comparison  of  Exact  and  Approximate  System  Eigenvalues  for  Example  Problem. 
All  eigenvalues  shown  are  one  of  a  pair  of  complex  conjugates. 
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Abstract 

A  flex-base  drive  method  has  been  developed  for  analysis  of 
linear  transient  loads.  Results  of  an  analysis  are  presented,  and  in¬ 
vestigations  needed  for  implementation  of  this  method  for  Space 
Shuttle  payload  transient  load  are  discussed.  Two  payload  con¬ 
figurations  of  the  orbiter  landing  model  were  analyzed  by  both  the 
proposed  and  conventional  methods.  The  first  configuration  con¬ 
tained  only  one  payload,  the  second  three  payloads.  Results  show 
that  the  method  can  be  substituted  for  the  current  coupled  loads 
analysis  method  for  certain  types  of  payload.  The  flex -base  drive 
method  involves  time  integration  of  the  payload  equations  of  mo¬ 
tion  and  the  simultaneous  calculation  of  the  interface  reaction 
forces  without  structurally  coupling  the  orbiter.  It  enables  a 
payload  design  organization  to  perform  a  design/loads  analysis  cy¬ 
cle  independently  with  minimal  information  from  the  Space  Shut¬ 
tle  orbiter,  while  still  adequately  predicting  the  effects  of  or- 
biter/payload  dynamic  interaction.  This  method  has  a  great  ad¬ 
vantage  over  the  conventional  linear  transient  loads  analysis  when 
the  analysis  involves  determination  of  payload  configuration  and 
frequent  changes  of  payload  structure. 

1.  Introduction 

While  each  Space  Transportation  System  (STS)  flight  is  being 
prepared,  payloads  are  being  designed  and  analyzed.  Severe  struc¬ 
tural  dynamic  environments  are  expected  during  lift-off  and  land¬ 
ing  of  the  Space  Shuttle  orbiter.  The  analysis  of  linear  transient 
loads  is  performed  for  verification  analysis  of  the  structural  loads. 
The  Space  Shuttle  system  is  subjected  to  transient  loads  that  repre¬ 
sent  propulsive  forces,  aerodynamic  forces,  acoustic  forces,  etc. 
The  system  substructures  such  as  a  Space  Shuttle  orbiter,  one  ex¬ 
ternal  tank,  two  solid  rocket  boosters,  and  payloads  are 
represented  in  terms  of  stiffness,  damping,  and  mass  matrices 
called  mathematical  models.  The  matrix  size  of  each  substructure 
mathematical  model  is  reduced  and  coupled  by  substructure  modal 
synthesis.!  The  system  equations  of  motion  are  decoupled  by 
eigenanalysis  and  modally  truncated.  The  decoupled  equations  of 
motion  are  time-integrated,  and  dynamic  responses  are  calculated 
to  assess  orbiter  and  payload  structural  integrity.  Considerable 
time  and  cost  are  required  to  integrate  the  composite  models  and 
response  analysis.  This  is  because  (1)  the  model  is  very  large  and 
(2)  typically  each  payload  is  developed  and  designed  by  a  different 
organization  and  then  integrated  with  the  Space  Shuttle  orbiter  by 
still  another  organization.  Since  the  mathematical  models  of 
payloads  are  based  on  payload  structural  design,  the 
design/analysis  is  an  iterative  process.  Whenever  a  design  change 
occurs,  all  costly  and  time-consuming  analysis  processes  are 
repeated  in  the  present  loads  analysis  procedure.  Thus,  methods  of 
analyzing  transient  loads  have  been  sought  that  separate  the 
payload  analysis  from  the  orbiter  to  the  maximum  and  eliminate 
the  need  for  repetition  of  similar  processes  in  the  analysis. 

When  a  design  change  in  the  minor  structure  (payload)  is 
small,  the  perturbation  technique  can  be  applied  for  the  transient 
loads  analysis  of  the  system  structure.^  In  this  technique,  a  tran¬ 
sient  loads  analysis  solution  of  the  original  structure  is  used  in  con¬ 
junction  with  slightly  modified  system  mass  and  stiffness  matrices. 
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When  the  payload  supports  are  statically  determined  in  a  launch 
vehicle,  the  reaction  forces  on  the  payloads  from  the  launch  vehi¬ 
cle  can  be  expressed  with  payload  mass  and  accelerations  at  the 
payload/launch  vehicle  interfaces.  Taking  account  of  this,  Payne 
computed  the  Fourier  coefficients  of  interface  accelerations 
without  coupling  the  payloads  and  launch  vehicle. 3  The  launch 
vehicle  and  payload  eigenvalues  and  eigenvectors  are  used  for 
computation  of  the  transfer  function  from  the  Fourier  coefficients 
of  external  forces.  Trubert  and  Salama  developed  a  method  called 
the  Generalized  Modal  Shock  Spectra  Method  for  payloads  that 
are  supported  in  a  statically  determinant  manner  in  a  launch  vehi¬ 
cle  When  the  stiffness  and  mass  matrices  are  reduced  in  size  with 
the  Craig-Bampton  method,  the  reduced  stiffness  and  mass 
matrices  become  nearly  orthogonal,  except  for  the  degrees  of 
freedom  pertinent  to  the  interface^.  Engels  et  al.  applied  this  to  the 
transient  loads  analysis  of  the  Space  Shuttle  structure  without  per¬ 
forming  an  eigenanalysis  of  the  payloads  and  Shuttle-coupled 
structure. 6  Chen  et  al.  decomposed  the  response  of  the  system 
structure  into  (a)  the  response  of  the  launch  vehicle  and  deter- 
minantly  supported  payload  and  (b)  the  response  arising  from  the 
elastic  coupling  of  them. 7  The  equation  of  motion  for  the  coupled 
structure  is  rewritten  for  the  latter  response,  with  the  former 
response  being  considered  as  an  applied  load  to  this  equation. 

As  discussed  by  Chen  et  al,,  applications  and  advantages  of 
these  methods  are  limited  to  special  conditions  because  of  the 
assumptions  used  in  their  development. 8  The  analysis  methods 
have  been  sought  to  accommodate  all  the  following  needs  of  the 
Space  Shuttle  payload  dynamic  loads  analysis: 

1 .  To  simplify  the  analytical  process,  thus  providing  results 
in  a  timely  manner  due  to  minimal  interaction  between 
the  various  payload  design  organizations. 

2.  To  enable  a  payload  design  organization  to  perform  a 
design/load  analysis  cycle  independently  while  adequate¬ 
ly  predicting  the  effects  of  orbiter  and  payload  dynamic 
interaction. 

3.  To  minimize  repetition  of  analytic  processes  so  that 
payload  structural  design  changes  can  be  evaluated  in  a 
timely  manner  with  the  minimum  possible  expense. 

It  appears  that  no  one  method  among  those  discussed  can  ac¬ 
commodate  even  one  of  the  needs  of  the  Space  Shuttle  payload 
dynamic  loads  analysis  method. 

The  method  proposed  in  this  paper  is  aimed  at  the  third  item. 
The  analysis  by  the  proposed  method  requires  the  following 
information: 

1 .  The  eigenvalues  of  the  orbiter  and  payloads 

2.  The  interface  partitioned  free-free  modes  of  the  orbiter 
and  payloads 

3.  The  displacement  and  velocity  time  histories  of  the 
empty  orbiter  at  the  interface 


4.  The  initial  values  of  accelerations  at  the  empty  orbiter  in¬ 
terface  degree  of  freedom. 

When  Space  Shuttle  and  payload-coupled  systems  are 
analyzed,  analysis  results  can  be  converted  to  satisfy  the  aforemen¬ 
tioned  requirements. 

The  method  involves  solving  the  payload  equations  of  motion 
and  simultaneously  calculating  the  orbiter  and  payload  reaction 
forces.  The  influence  of  the  applied  forces  and  orbiter  structure  on 
the  payload  dynamic  response  is  accounted  for  through  the 
displacements  and  velocities  of  the  empty  orbiter  at  the  interface. 
The  reaction  forces  on  payloads  from  the  orbiter  are  treated  as  ex¬ 
ternal  forces  during  the  time  integration  of  the  payload  equations 
of  motion  in  a  time  incremental  form.  The  equilibrium  and  com¬ 
patibility  conditions  at  the  orbiter  and  payload  interfaces  deter¬ 
mine  reaction  forces  while  accounting  for  orbiter  and  payload 
structural  properties. 

Generally,  response  of  a  linear  structure  is  expressed  as  the 
sum  of  the  free  and  forced  vibration  responses.  Response  of  the 
substructure  is  also  expressed  as  the  sum  of  the  free  and  forced 
vibration  responses  by  the  reaction  and  applied  forces.  The  reac¬ 
tion  forces  acting  during  a  sufficiently  small  time  interval  are  inter¬ 
polated  by  using  known  values  at  the  beginning  of  the  interval  and 
the  unknown  values  at  the  end  of  the  interval.  The  response  by 
reaction  forces  during  this  interval  consists  of  responses  pertinent 
to  known  and  unknown  reaction  forces.  From  the  equilibrium  and 
compatibility  conditions  at  the  interface  of  the  orbiter  and 
payload,  the  unknown  reaction  forces  can  be  solved  and  expressed 
as  a  function  of  orbiter  and  payload  structural  properties,  the 
response  to  known  reaction  forces,  and  the  free  and  forced  vibra¬ 
tion  responses  by  applied  forces.  With  the  calculated  reaction 
forces  and  the  applied  forces  acting  on  the  orbiter,  the  response  at 
the  end  of  the  interval  is  calculated,  and  time  integration  advances 
to  the  next  time  step. 


2.  Formulation  of  Flex-Base  Drive  Method 


Presently,  several  payload  structures  are  coupled  to  a  Space 
Shuttle  structural  model  to  construct  a  system  equation  of  motion 
for  analysis  of  transient  loads.  The  system  equation  is  decoupled 
by  eigenanalysis,  and  then  decoupled  equations  of  motion  are 
time-integrated.  The  method  presented  here  does  not  involve 
structural  coupling  of  payloads  and  an  orbiter.  Instead,  the  equa¬ 
tions  of  motion  for  payloads  are  solved  by  calculating  reaction 
forces  from  the  orbiter  structure.  The  reaction  forces  are 
calculated  so  that  compatibility  and  equilibrium  are  satisfied  at  the 
payload  and  orbiter  interfaces.  The  displacement  and  velocity 
compatibilty  in  the  least-square  sense  is  used  in  formulation  of 
equations  to  calculate  the  reaction  forces. 

In  this  section,  development  of  the  flex  base  drive  method  for 
the  Space  Shuttle  orbiter  and  payload  transient  loads  analysis  will 
be  summarized.  The  response  of  a  substructure  at  time  t  +  dt  is  ex¬ 
pressed  as  the  sum  of  responses  due  to  the  forced  vibration  during 
the  time  interval  t  and  t  +  dt,  and  the  free  vibration  from  time  t. 
The  forces  acting  on  the  substructure  are  decomposed  into  exter¬ 
nally  applied  forces,  F(t),  and  reaction  forces,  R(t),  from  adjacent 
substructures.  The  response  at  time  t  +  dt  due  to  the  free  vibration 
can  be  decomposed  into  those  associated  with  external  forces  and 
reaction  forces.  Thus,  the  response  such  as  displacement,  velocity, 
and  acceleration  at  the  interface  are  written  in  the  form 

gfat  +  dt  =  Jtt  +  dtGbb(t  +  dt-z)R(z)dz  + 

+  +  Gb(t  +  dt-z)  F  (z)  dz  +  Ag  + 

(1) 


The  first  term  represents  the  interface  response  by  the  reaction 
forces,  where  matrix  G^b  (z)  is  a  matrix  of  the  interface  parti¬ 
tioned  impulse  response  of  the  substructure.  The  second  term 
represents  the  response  of  substructure  vibration  from  time  t  with 
the  initial  values  (displacements  and  velocities)  of  time  t  which 
were  activated  solely  by  the  reaction  forces  up  to  time  t  from  the 
beginning  of  the  analysis.  The  third  represents  the  response  of 
forced  vibration  by  the  applied  forces  during  the  time  interal.  The 
fourth  term  represents  the  response  of  free  vibration  with  the  ini¬ 
tial  displacements  and  velocities  activated  by  the  applied  forces. 
The  sum  of  third  and  fourth  terms  represents  the  interface 
response  of  the  substructure  caused  solely  by  the  applied  forces. 
The  sum  of  first  two  terms  represents  the  interface  response  caused 
solely  by  the  reaction  forces.  The  reaction  forces,  R(z),  on  the 
substructure  are  calculated  from  compatibility  and  equilibrium  at 
all  substructure  interfaces,  while  the  applied  forces  are  known  dur¬ 
ing  the  time  interval.  The  reaction  forces  during  the  interval  must 
be  calculated  before  the  payload  equations  of  motion  are  in¬ 
tegrated  if  a  system  equation  of  motion  is  not  formulated.  For  this 
purpose  the  reaction  forces  during  the  time  interval  t  and  t  +  dt  are 
linearly  interpolated  with  known  values,  R^  at  the  beginning  of 
the  interval  and  unknown  values,  Rt  +  dt^  at  the  end  of  the  inter¬ 
val,  i.e. 

R  (z)  =  (1  - z/dt)  Rt  +  z/dt  Rt  +  dt  (2) 

Introducing  the  interpolation  of  reaction  forces  into  equation  (1), 
performing  the  time  integration  and  rearranging  the  terms  result  in 
the  form  for  the  interface  displacement  at  time  t  +  dt: 

Ubt  +  d  =  Abb  Rt  +  libb  Rybt  +  d+  '^yb*^dt 


where 


b^  ^Ms  a  vector  of  interface  displacements  at  time  t  +  dt  by 
the  applied  forces  and  b^  ^Ms  a  vector  of  free  vibration 
displacements  by  the  reaction  forces.  Matrices  A  bb  §  bb 
obtained  from  the  corresponding  integrations  in  equation  (1).  The 
similar  expression  for  the  interface  velocity  U  b^  +  is  derived; 
i.e. 


where 

A,^^^t  +  dt 

is  the  velocity  associated  with  the  applied  forces  and 
bt  +  dt  is  tbe  free  vibration  velocity  associated  with  the  inter¬ 
face  reaction  forces.  Vectors  Ay  +  dt  ^^d  Ay  t  +  dt^  which  are 
associated  with  the  applied  forces,  can  be  calculated  independently 
for  the  orbiter.  Reaction  forces  R  b^  are  assumed  known  from  the 
previous  time  interval.  Free  vibration  displacement  ^y  b^  and 
velocity  bt  are  time-integrated  by  using  the  displacement 
and  velocity  at  time  t.  Thus,  the  displacement  and  velocity  at  time 
t  +  dt  can  be  integrated  if  reaction  forces  R  b^  time  t  +  dt  are 
known.  The  transient  loads  analysis  can  advance  to  the  next  time 
step  if  the  reaction  forces,  displacement,  and  velocity  at  the  end  of 
the  time  interval  are  used  as  those  at  the  beginning  of  the  next  time 
interval.  Both  displacement  and  velocity  compatibilities  are  used 
for  calculation  of  reaction  forces  at  time  t  +  dt.  The  reaction  forces 
at  the  very  beginning  of  the  analysis  are  calculated  through  the 
displacement  compatibility  and  equilibrium  conditions. 


3.  The  Calculation  of  Interface  Reaction  Forces 


For  convenience  of  the  formulation,  consider  one  payload,  S, 
to  be  mounted  in  the  bay  of  the  Space  Shuttle  orbiter,  O.  The 
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displacements  and  velocities  of  structures  O  and  S  are  continuous 
across  the  interface.  The  reaction  forces  are  the  same  in  magnitude 
and  opposite  in  direction.  Superscripts  o  and  s  are  assigned  to 
equations  (3)  and  (4)  to  indicate  quantities  to  be  pertinent  to  struc¬ 
tures  O  and  S,  respectively.  There  is  one  unknown  reaction  force 
at  each  interface  degree  of  freedom  and  there  are  two  compatibili¬ 
ty  conditions  to  be  constrained.  Therefore,  the  compatibilities  are 
forced  by  a  means  of  the  least  square.  Now,  the  problem  is  to  seek 
the  reaction  forces  which  minimize  function  W  defined 

by 

w  =  (Oybt  +  dt_syj,t  +  dt)2 

+  (OUijt  +  dt  _sy^^t  +  dt)2 

(5) 

Introducting  equations  (3)  and  (4)  into  equation  (5),  taking 
derivatives  of  W  with  respect  to  R  equating  the  resulting 

equations  zero  and  rearranging  the  terms  result  in  the  form 

HbbSb‘  +  '“  =  l.bbR‘  +  JbbDU  +  KbbDU 

(6) 

where 

Hbb  =  (°Bbb  +  ®Bbb)'^(OBbb  +  *Bbb) 

+  (°Bbb  +  ^Bbb)T'(°Bbb  +  ^Bbb) 

Lbb  =  (°Bbb  +  ^Bbb)^  (°Abb  +  ®Abb) 

+  (°Bbb  +  'Bbb)^  {°Abb  +  ®Abb) 

J  bb  =  (°Bbb  +  ®Bbb)T 
K  =  (°Bbb  +  ®Bbb)T' 

DU  =  o(Ry  b^ + b^ + 

DU  -  0(^yb^  +  ^t)  +  0(Ay^t  +  dt) 

-  b^  -  ^("^y  b^ 

Free  vibration  displacements  and  ^(^yb^"^^^)  and 

velocities  °(^yb^'^^^)  and  ^(^Ub^"*"^^),  which  are  associated 
with  reaction  forces,  are  calculated  from  displacements  and 
velocities  at  the  beginning  of  the  time  interval.  Displacements 
+  and  ^(^yb^"*"^^)  and  velocities  0(Ay^t  +  dt)  ^nd 
^(^yb^  which  are  associated  with  the  applied  forces,  are  ob¬ 
tained  from  the  time  integration  of  the  Space  Shuttle  empty  orbiter 
equation  of  motion  subjected  to  the  applied  forces  only.  Thus,  the 
right-hand  side  of  equation  (5)  can  be  solved  for  the  reaction 
forces  at  the  end  of  the  interval. 

4.  Analysis 

The  STS-7  landing  Space  Shuttle  orbiter  and  payload  models 
are  used  in  conjunction  with  a  landing  forcing  function  in  the  flex- 
base  drive  method  of  analysis.  The  Space  Shuttle  orbiter  consists 
of  many  substructures:  two  wings,  a  vertical  tail,  a  cabin,  a 
fuselage,  and  bridges  that  support  payload  structures  in  the  orbiter 
bay  (Fig.  1),  Each  substructure  is  modeled  by  a  very  large  number 
of  finite  elements.  The  Guyan  method  is  used  for  the  substantial 
reduction  of  substructure  degrees  of  freedom  of  the  finite  element 
models. 9  The  orbiter  landing  dynamic  model  is  developed  by  syn¬ 


thesizing  the  reduced  finite  element  models.  The  model  is  describ¬ 
ed  by  1044  physical  degrees  of  freedom.  The  mass  description  is 
contained  in  Fig.  1. 

Three  STS-7  payload  models  are  used  in  the  analysis:  OSTA-2, 
PAM-D/Telesat-F,  and  PAM-D/PALAPA-Bl .  In  the  STS-7  load 
verification  analysis,  SPAS-01  and  four  GAS  beams  are  included, 
in  addition  to  the  aforementioned  payloads.  The  models  were 
generated  for  the  STS-7  loads  verification  analysis  and 
documented  by  Chao  et  al.lO 

The  OSTA-2  original  stiffness  and  mass  matrices  were 
generated  by  NASTRAN  and  truncated  first  by  the  Guyan  and 
then  Craig-Bampton  methods  down  to  21  degrees  of  freedom. 9, 5 
The  model  is  characterized  by  seven  attach  degrees  of  freedom  and 
16  modal  coordinates  associated  with  cantilever  modes  of  frequen¬ 
cies  up  to  72.93  Hz.  The  PAM-D/Telesat-F  and  PAM-D/- 
PALAPA-Bl  models  were  provided  by  the  Hughes  Aircraft  Com¬ 
pany  Space  and  Communications  Group,  El  Segundo,  California. 
Both  models  consist  of  70  degrees  of  freedom,  and  their  stiffness 
and  mass  matrices  are  labeled  by  seven  attach  degrees  of  freedom 
and  63  modal  coordinates  associated  with  cantilever  modes  of  fre¬ 
quencies  up  to  about  60  Hz.  All  three  payloads  are  supported  at 
seven  degrees  of  freedom  with  the  orbiter.  The  descriptions  of 
these  support  degrees  of  freedom  are  right-hand  forward  bridge 
fitting  X-DOF  (RH  FWD  X),  right-hand  forward  bridge  fitting 
Z-DOF  (RH  FWD  Z),  right-hand  after  bridge  fitting  Z-DOF  (RH 
AFT  Z),  left-hand  forward  bridge  fitting  X-DOF  (LH  FWD  X), 
left-hand  forward  bridge  fitting  Z-DOF  (LH  FWD  Z),  left-hand 
after  bridge  fitting  Z-DOF  (LH  AFT  Z)  and  keel  bridge  fitting 
Y-DOF  (KEEL  Y).  They  are  illustrated  in  Fig.  2. 

The  model  used  in  calculation  of  the  landing  forcing  function 
consists  of  complex  nonlinear  representations  of  the  main  landing 
gear  attached  to  the  orbiter  plus  STS-7  cargo  elements. 
Aerodynamic  forces  and  an  active  control  system  are  included.  No 
cross  wind  is  included.  The  vehicle  is  considered  to  be  in 
aerodynamic  trim  at  the  moment  of  main  gear  impact.  The  low 
horizontal  speed  of  153  knots  and  high  sink  speed  of  9.6  feet  per 
second  were  considered.  The  angle  of  attack  is  17.12  degrees. 


STS-7  CARGO  CONFIGURATION  MASS  AND  C.G. 


PAYLOAD  CENTER  OF 
GRAVITY  (IN.) 

I  PAYLOAD 

PAYLOAD 

X  CG 

YCG 

2CG 

WEIGHT  (LB) 

SPAS-01 

OSTA-2 

899.94 

994.725 

0.53 

-3.552 

399.97 

413.705 

4000 

4717.82 

TELESAT-F 

PALAPA-B1 

1096.174 

1241.674 

2.372 

2.372 

378.797 

378.797 

9803.42 

9803.42 

COMBINED 

PAYLOADS 

1101.92 

1.13 

387.60 

28324.66 

COORDINATES  GIVEN  IN  THE  ORBITER  COORDINATE  SYSTEM 


Fig.  I  STS-7  payload  configuration. 
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OSTA2 

PAM-D/TELESAT-F 

PAW 

-D/PALAPA-B1  1 

DESCRIPTION 

NODE 

X 

Y 

z 

NODE 

X 

Y 

z 

NODE 

X 

Y 

Z 

RH  FWD  X 

1333 

990.33 

94 

414 

1341 

1057.20 

94 

414 

1361 

1202,73 

94 

414 

RH  FWD  Z 

1333 

990.33 

94 

414 

1341 

1057.20 

94 

414 

1361 

1202.73 

94 

414 

RH  AFTZ 

1369 

1017.37 

94 

414 

1348 

1135.87 

94 

414 

1368 

1281.40 

94 

414 

LH  FWD  X 

1433 

990.33 

94 

414 

1441 

1057.20 

94 

414 

1461 

1202.73 

94 

414 

LH  FWD  Z 

1433 

990.33 

-94 

414 

1441 

1057.20 

-94 

414 

1461 

1202.73 

94 

414 

LH  AFTZ 

1469 

1017.89 

94 

414 

1448 

1135.87 

-94 

414 

1468 

1281.40 

-94 

414 

KEEL  Y 

1477 

1002.13 

0 

305 

1479 

1061.31 

0 

305 

1485 

1206.67 

0 

305 

Fig.  2  STS-7 payload  attach  point  definition. 


First,  the  landing  forcing  function  is  used  to  analyze  the  empty 
landing  orbiter  model  without  coupling  any  payload  in  its  bay. 
The  orbiter  stiffness  and  mass  matrices  are  reduced  by  the  Rubin- 
MacNeal  method  down  to  277  degrees  of  freedom.  11>12  The 
reduced  matrices  of  the  orbiter  are  characterized  by  27  attach 
degrees  of  freedom  and  250  modal  coordinates  associated  with 
free-free  modes  of  frequencies  up  to  54  Hz.  The  free-free  mode 
eigenvectors  and  eigenvalues  are  calculated  from  the  empty  orbiter 
reduced  stiffness  and  mass  matrices.  The  empty  orbiter  equation 
of  motion  is  decoupled  by  transforming  it  into  the  modal  coor¬ 
dinate  system.  Decoupled  equations  of  motion  are  time-integrated 
for  197  modal  coordinates  of  frequency  up  to  40  Hz.  The  time  in¬ 
crement  used  for  integration  is  0.001  seconds,  which  is  the  same 
time  increment  used  in  the  landing  payload  loads  verification 
analysis. 

When  proportional  damping  is  used  for  orbiter  and  payload 
structures,  the  damping  matrix  in  the  orbiter  and  payload-coupled 
system  equation  becomes  nonproportional.  Thus,  the  assumption 
of  proportional  damping  in  the  present  loads  verification  analysis 
is  an  approximation  of  the  coupled  damping  matrix.  The  flex-base 
drive  method  calculates  solutions  for  the  orbiter  and  payload  pro¬ 
portional  damping.  No  damping  is  included  in  the  present  analysis 
so  that  assumptions  concerning  structural  damping  do  not  obscure 
the  comparison  of  results  by  the  present  and  conventional 
methods.  Displacements,  velocities,  and  accelerations  are 
calculated  at  21  attach  degrees  of  freedom  from  solved  modal 
coordinates.  The  empty  orbiter  displacement,  velocity,  and  ac¬ 
celeration  time  histories  are  used  in  the  flex-base  drive  analysis  to 
account  for  the  influence  of  applied  forces  through  the  orbiter  to 
payloads. 

The  stiffness  and  mass  matrices  of  OSTA-2,  PAM-D/Telesat- 
F  and  PAM-D/PALAPA-Bl  models  are  reduced  to  the  Craig- 
Bampton  forms  6  of  21,70,  and  70  degrees  of  freedom,  respective¬ 
ly.  The  free-free  mode  eigenvectors  and  eigenvalues  of  these  three 
payload  models  are  calculated.  No  damping  is  considered  for 
payloads  for  the  same  reason  as  that  for  the  empty  orbiter.  With 
the  payload  free-free  modes  eigenvectors  and  eigenvalues,  the 
responses  of  the  empty  orbiter  at  the  interface  degree  of  freedom, 
and  interface  partitioned  empty  orbiter  eigenvectors  and  eigen¬ 
values,  the  flex-base  drive  method  is  ready  for  payload  transient 
loads  analyses. 

First,  the  Telesat  model  is  considered.  Ten  different  combina¬ 
tions  are  chosen  for  selection  of  orbiter  and  Telesat  free-free 
modes.  The  numbers  of  orbiter  modes  are  192  (up  to  40  Hz)  and 
231  (up  to  50  Hz)  and  those  of  Telesat  modes  are  32  (up  to  40  Hz), 
46  (up  to  45  Hz),  55  (up  to  50  Hz),  63  (up  to  63  Hz),  and  70  (all). 
The  equations  of  motion  for  Telesat  models  represented  with  five 


different  numbers  of  free-free  modes  are  time-integrated.  The 
displacement,  velocity,  and  acceleration  time  histories  at  the  emp¬ 
ty  orbiter  and  Telesat  interface  are  supplied  to  the  equations.  Or¬ 
biter  flexibility  is  accounted  for  by  the  interface  partitioned  orbiter 
free-free  modes  and  associated  eigenvalues.  Calculations  of  the 
Telesat  displacements,  velocities,  and  accelerations  at  the  interface 
use  32  Telesat  free-free  modes.  The  interface  acceleration  max¬ 
imum  and  minimum  values  are  tabulated  in  Table  1  for  all  com¬ 
binations.  The  columns  and  rows  of  the  table  represent  the  fre¬ 
quencies  of  Telesat  and  orbiter  modes,  respectively,  used  in  the 
analysis.  Table  2  gives  the  interface  displacement,  velocity,  and  ac- 
cleration  minimum  and  maximum  values  from  the  analysis  results 
with  use  of  Telesat  and  orbiter  modes  of  frequencies  up  to  40  Hz. 
Figures  3  through  5  present  plots  of  displacement,  velocity,  and 
acceleration  time  histories  of  about  0.6  seconds  for  the  analysis 
with  up  to  40-Hz  frequency  free-free  modes  of  both  orbiter  and 
Telesat.  A  time  segment  of  0.6  seconds  is  chosen  out  of  2  seconds 
so  that  the  maximum  and  minimum  interface  responses  are  inclu¬ 
ded  in  the  figures. 

Next,  the  equation  of  motions  for  three  payloads  are  solved: 
OSTA-2,  Telesat,  and  PALAPA.  The  empty  orbiter  structure  is 
modeled  with  empty  orbiter  free-free  modes  of  frequencies  up  to 
40  Hz.  The  19,  32,  and  32  modes  of  frequencies  up  to  about  40  Hz 
are  used  for  OSTA-2,  Telesat,  and  PALAPA  payload’s  models, 
respectively.  The  empty  orbiter  interface  displacements,  velocities, 
and  accelerations  are  calculated,  with  empty  orbiter  free-free 
modes  of  frequencies  up  to  40  Hz  used.  No  damping  is  considered. 
The  payload  interface  displacement,  velocities,  and  accelerations 
are  calculated  by  using  each  payload  modes  of  frequencies  up  to  40 
Hz.  The  Z-direction  acceleration  time  histories  of  the  forward 
bridge  fitting  are  plotted  in  Fig.  6  by  solid  lines.  The  maximum  and 
minimum  values  of  displacements,  velocities,  and  accelerations  at 
the  Telesat  interface  are  tabulated  in  Table  2. 

For  comparison,  the  PAM-D/Telesat-F  alone  and  then  the 
OSTA-2,  PAM-D/Telesat-F  and  PAM-D/PALAPA-Bl  models 
are  analyzed  by  the  conventional  transient  loads  analysis  method. 
Two  system  equations  of  motion  are  constructed  by  coupling  the 
277  degrees  of  freedom  of  the  empty  orbiter  model  with  the 
Telesat  Craig  Bampton  model  and  with  the  OSTA-2,  Telesat,  and 
PALAPA  Craig  Bampton  models.  No  damping  is  considered. 
Each  equation  of  motion  is  decoupled  by  transforming  it  into 
modal  coordinates  and  time-integrated.  A  value  of  0.001  second  is 
used  for  the  time  increment.  The  displacements,  velocities,  and  ac¬ 
celerations  at  the  interfaces  are  calculated,  with  220  (up  to  40  Hz) 
system  free-free  modes  used  for  the  Telesat-only  structure  and  268 
(up  to  40  Hz)  modes  for  the  three-payload  system  structure.  The 
displacement,  velocity,  and  acceleration  time  histories  are  plotted 
by  dotted  lines  in  Figs.  3  through  5  for  single  payload  and  Fig.  6 
for  triple  payloads  for  corresponding  time  histories  by  the  flex- 
base  drive  method.  Also  the  maximum  and  minimum  values  of 
displacements,  velocities,  and  accelerations  are  tabulated  in  Tables 
1  and  2,  respectively,  for  one  and  three-payload  structures.  Table  3 
gives  absolute  maximum  accelerations  from  Tables  1  and  2  and 
percent  differences  between  those  by  the  flex-base  drive  and  con¬ 
ventional  methods. 

5.  Discussion  and  Conclusion 

The  present  analysis  has  three  objectives.  The  first  is  to  find 
possible  applicable  areas  of  the  flex-base  drive  method  to  Space 
Shuttle  payloads  transient  loads  analysis.  The  second  is  to  have  an 
understanding  of  the  attainable  accuracy  of  the  present  method. 
The  third  is  to  define  future  works  needed  for  the  completion  of 
the  present  method. 

When  all  substructure  free-free  modes  are  included  in  the 
analysis  by  the  present  and  conventional  methods,  the  solutions  by 


Table  1.  Telesat/orbiter  interface  responses  by  flex-base  drive  method  and 
conventional  coupled  loads  analysis  method  (in. /sec) 


Three-Payload  Analysis 

One-Payload  Analysis 

Telesat/Orbiter 

Flex-Base  Drive 

Coupled  Analysis 

Flex-Base  Drive 

Coupled  Analysis 

Min/Max  (ips) 

Min/Max  (ips) 

Min/Max  (ips) 

Min/Max  (ips) 

Interface  Response 

Displacement 

Right-hand  Forward  X 

-17.3/0.0048 

-17.3/0.0046 

-18.8/0.0038 

-18.8/0.0041 

Right-hand  Forward  Z 

0.458/155 

0.453/155 

0.52/166 

0.52/166 

Right-hand  Aft  Z 

0.371/156 

0.368/156 

0.43/168 

0.43/168 

Left-hand  Forward  X 

-17.3/0.0059 

-17.3/0.0062 

-18.8/0.0052 

-18.8/0.0060 

Left-hand  Forward  Z 

0.458/155 

0.452/155 

0.52/167 

0.52/167 

Left-hand  Aft  Z 

0.369/156 

0.368/156 

0.43/168 

0.43/168 

Keel  Y 

-0.22/0.00069 

-0.20/0.00088 

-0.19/0.001 

-0.19/0.001 

Velocity 

Right-hand  Forward  X 

-43.3/0 

-46.2/0 

-47.9/0 

-48.5/0 

Right-hand  Forward  Z 

0/393 

0/393 

0/418 

0/419 

Right-hand  Aft  Z 

0/391 

0/388 

0/418 

0/419 

Left-hand  Forward  X 

-43.4/0 

-46.1/0 

-48.4/0 

-48.9/0 

Left-hand  Forward  Z 

0/395 

0/395 

0/419 

0/421 

Left-hand  Aft  Z 

0/393 

0/390 

0/420 

0/421 

Keel  Y 

-1.25/1.97 

-1.58/0.95 

-1.23/0.11 

1.07/0.52 

Acceleration 

Right-hand  Forward  X 

-477/220 

-538/387 

-569/269 

-588/289 

Right-hand  Forward  Z 

-1148/2130 

-1279/2299 

-1153/2243 

-1243/2275 

Right-hand  Aft  Z 

-780/1714 

-1152/1954 

-1060/1834 

-1124/1940 

Left-hand  Forward  X 

-475/212 

-528/288 

-572/278 

-602/304 

Left-hand  Forward  Z 

-1216/2135 

-1336/2316 

-1184/2241 

-1305/2304 

Left-hand  Aft  Z 

-869/1723 

-779/2029 

-1119/1834 

-1232/1972 

Keel  Y 

-50/65 

-108/136 

-53/68 

-69/83 

Table  2.  Effects  of  mode  truncation  (no  damping,  DT  =  0.001:  one-payload  configuration)  (inch/sec2) 


Empty 

Orbiter 

Retained 

Modes 

(Hz) 

PAM-D/Telesat  Payload  Retained  Modes  (Hz) 

40 

45 

50 

60 

All 

Telesat 

Interface 

Min/Max 

Min/Max 

Min/Max 

Min/Max 

Min/Max 

RH  Forward  X 

-569/270 

-564/2713 

-561/260 

-645/396 

-679/372 

RH  Forward  Z 

-1154/2243 

-1166/2201 

-1146/2161 

-  1298/2084 

-922/1903 

RH  Aft  Z 

-1060/1834 

-  1065/1839 

-986/1783 

-827/1758 

-956/1873 

40 

LH  Forward  X 

-572/279 

-559/325 

-648/360 

-724/692 

-780/463 

LH  Forward  Z 

-1184/2241 

-1171/2253 

-1220/2193 

-1652/1943 

-1072/1794 

LH  Aft  Z 

-1119/1832 

-1152/1827 

-1035/1714 

-829/1764 

-  964/2034 

Keel  Y 

-53/68 

-70/75 

-70/83 

-146/182 

-131/142 

RH  Forward  X 

-568/287 

-561/270 

-565/264 

-598/379 

-678/372 

RH  Forward  Z 

-1141/2240 

-1175/220 

-1155/2162 

-962/1877 

-923/1903 

RH  Aft  Z 

-1045/1832 

-1054/1841 

-990/1780 

-928/1844 

-956/1873 

50 

LH  Forward  X 

-570/278 

-551/318 

-655/375 

-784/509 

-780/463 

LH  Forward  Z 

-1179/2234 

-1176/225 

-1234/2191 

-  1833/1808 

-1072/1794 

LH  Aft  Z 

-1119/1824 

-1154/1820 

-1047/1705 

-1899/1998 

-964/2034 

Keel  Y 

-54/61 

-72/70 

1  -77/73 

-118/133 

-131/142 

Interface 

acceleration  calculations  used 

Telesat  free-free  modes  of  frequencies 

up  to  40  Hz. 
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INPUT  RESPONSE-40  Hz,  ORB-40  Hz,  P/L-40  Hz,  OUTPUT^O  Hz 
BRIDGE  FITTING,  RIGHT-HAND  SIDE,  Z  TELESAT 


INPUT  RESPONSE-40  Hz,  ORB-40  Hz,  P/LS-40  Hz,  OUTPUT-40  Hz 
BRIDGE  FITTING,  RIGHT-HAND  SIDE,  Z  TELESAT 


qV, - ^ ^ ^ - 1 - ^ ^ - • 
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SECONDS 

Fig.  4  Telesat  interface  velocity 
(single-payload  configuration) . 

both  methods  coincide.  For  a  modal  transient  loads  analysis  of  a 
complex  Space  Shuttle  structure  with  payloads  in  the  orbiter  bay, 
the  matrices  of  payload  and  orbiter  mathematical  models  are 
reduced  with  component  modal  analysis  and  coupled  to  construct 
a  system  equation  of  motion.  The  system  equation  of  motion  is 
decoupled  by  eigenanalysis,  and  higher  modes  are  truncated  out 
for  the  transient  loads  analysis.  A  solution  by  the  present  method 
never  coincides  with  the  one  by  the  conventional  method  if  trun¬ 
cated  system  modes  are  used.  Generally,  it  is  impossible  to  find 
substructure  modes  representing  the  system  truncated  modes  if 
substructure  modes  to  be  included  are  weighted  equally.  When 
higher  system  modes  are  truncated  out,  it  is  assumed  that  forces 
transmitted  through  the  substructure  interface  are  the  linear  com¬ 
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0  0.1  0.2  0.3  0.4  0.5  0.6  0.7 

SECONDS 

Fig.  6  Telesat  interface  acceleration 
(triple-payload  configuration). 

bination  of  forces  associated  with  retained  lower  frequency 
modes.  The  present  method  can  only  approximate  reaction  forces 
as  the  linear  combination  of  forces  associated  with  substructure 
modes.  Thus,  a  reaction  force  calculated  by  the  present  method  is 
an  approximation  of  those  calculated  by  the  conventional  method 
using  modal  truncation.  This  problem  seems  to  be  associated  with 
any  type  of  transient  loads  analysis  method  that  foregoes  the 
coupling  of  substructure  equations  of  motion. 

In  the  present  analysis,  both  empty  orbiter  and  payload  free- 
free  modes  are  truncated.  The  solutions  are  compared  to  those  ob¬ 
tained  by  the  conventional  method  and  it  appears  that  the  solu¬ 
tions  obtained  by  using  up  to  40  Hz  frequency  free-free  modes  for 
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Table  3.  Telesat  interface  acceleration  percent  difference 
[LB4461  (Main  Gear  Contact)  Landing  Analysis; 
Damping  =  0,  2  Seconds  With  DT  =  0.001]  (%,  in,/sec2) 


Telesat 

Interface 

Three-Payload  Analysis 

Three-Payload  Analysis 

One-Payload  Analysis 

One-Payload  Analysis 

Flex-Base  Drive 
Absolute 

Maximum 

Coupled 

Absolute 

Maximum 

Percent 

Difference 

Flex-Based  Drive 
Absolute 

Maximum 

Coupled 

Absolute 

Maximum 

Percent 

Difference 

Right-hand  Forward  X 

477 

538 

11.0 

569 

588 

3.0 

Right-hand  Forward  Z 

2130 

2299 

7.4 

2243 

2275 

1.4 

Right-hand  Aft  Z 

1714 

1954 

12.2 

1834 

1940 

5.5 

Left-hand  Forward  X 

475 

528 

10.0 

572 

602 

5.0 

Left-hand  Forward  Z 

2135 

2316 

7.8 

2241 

2304 

2.7 

Left-hand  Aft  Z 

1723 

2029 

15.0 

1834 

1972 

7.0 

Keel  Y 

65 

136 

52.0 

68 

83 

18.0 

Coupled  =  conventional  coupled  loads  analysis  method 


Percent  Difference  =  lg£H.P'ed)-(FJex-Base  Drive)  ^ 


both  the  payload  and  orbiter  agree  best  with  those  by  the  conven¬ 
tional  method  (Tables  1  and  2).  The  more  modes  included  in  the 
analysis  by  the  present  method,  the  more  flexibility  is  involved  in 
the  analysis.  It  is  understood  that  an  analysis  using  more  orbiter 
and  payload  modes  could  better  account  for  the  orbiter  and 
payload  dynamic  interaction.  However,  the  solutions  with  fewer 
modes  compare  better  with  the  coupled  solutions.  This  suggests 
that  more  investigation  should  be  done  to  find  a  better  combina¬ 
tion  of  orbiter  and  payload  free-free  modes  in  the  flex-base  drive 
method  analysis.  A  method  to  calculate  payload  responses  should 
also  be  sought,  along  with  calculating  the  empty  orbiter  responses. 
In  the  present  analysis,  payload  responses  are  calculated  by  using 
frequency  modes  up  to  40  Hz  and  compared  with  a  coupled 
analysis  result  also  calculated  by  using  system  modes  up  to  40  Hz, 
even  though  higher  orbiter  and  payload  modes  are  involved.  A 
better  understanding  should  be  developed  for  the  payload  and  or¬ 
biter  higher  modes  participation  in  dynamic  interaction.  This 
understanding  may  lead  to  a  better  choice  of  the  empty  orbiter 
responses  and  combination  of  orbiter  and  payload  free-free 
modes. 

The  compatibilities  of  displacements  and  velocities  are  im¬ 
plemented  in  the  least  square  sense  during  each  time  increment  for 
calculation  of  the  reaction  forces.  As  long  as  the  compatibilities 
are  satisfied  at  the  end  of  the  time  increment,  the  distribution  of 
reaction  forces  during  the  time  increment  is  not  questioned, 
although  linear  distribution  is  assumed.  Thus,  the  instantaneous 
values  of  reaction  forces  may  lack  accuracy.  The  calculation  of  ac¬ 
celerations  involves  this  possibly  inaccurate  instantaneous  reaction 
force.  Therefore,  other  methods  should  be  investigated  for 
calculating  accelerations,  such  as  a  method  to  take  time  derivatives 
of  velocity,  thus  avoiding  the  direct  participation  of  instantaneous 
reaction  forces. 

The  differences  between  Z-direction  accelerations  at  the 
Telesat/orbiter  interface  by  the  present  and  conventional  methods 
are  about  15  percent,  those  for  the  X  direction  are  1 1  percent,  and 
for  the  Y  direction  are  50  percent.  It  should  be  noted  that  the 
magnitudes  of  Y-direction  responses  are  very  small  and  well  within 
the  magnitude  differences  between  Z-direction  responses.  The 
landing  forcing  function  generates  an  almost  symmetric  response 
about  the  X  axis,  and,  therefore,  the  Y-direction  response  is  very 


small  compared  with  the  X-  and  Z-direction  responses.  From  the 
nature  of  the  Space  Shuttle  orbiter  structure,  the  X-direction 
response  is  minimally  influenced  by  the  introduction  of  payloads 
in  its  orbiter  bay  when  modes  are  truncated  after  40  Hz.  The 
Z-direction  accelerations  at  orbiter  bridges  are  significantly  in¬ 
fluenced  by  payload  structures  and  are  large.  The  large  response 
values  are  associated  with  about  12-Hz  resonance  vibration.  The 
empty  orbiter  accelerations  are  approximated  well  with  sinusoidal 
curves  having  many  peaks  and  valleys.  Because  of  the  nature  of 
the  forcing  function  LB4461,  landing  response  is  primarily  ac¬ 
tivated  by  the  resonance  of  orbiter  modes  by  the  forcing  function. 
Different  from  impact  response,  the  resonance  response  is  highly 
sensitive  to  a  slight  difference  in  mathematical  models.  The  con¬ 
ventional  coupled  loads  analysis  generates  significantly  different 
responses  (20  to  30  percent)  when  slight  differences  are  introduced 
in  orbiter  mathematical  models,  even  though  the  identical  payload 
models  are  used.  The  orbiter  and  payload  mathematical  models 
used  in  the  present  analysis  are  significantly  different  due  to  modal 
truncations  compared  with  the  slight  orbiter  model  differences  in 
the  conventional  method.  The  differences  between  responses  ob¬ 
tained  by  the  present  and  conventional  methods  appear  small  com¬ 
pared  with  the  differences  in  the  responses  of  slightly  different 
mathematical  models  by  the  conventional  coupled  loads  analysis 
method. 

The  orbiter  and  payload  dynamic  interaction  is  included  in  the 
analysis  by  the  flex-base  drive  method.  When  a  payload  mass  and 
stiffness  distribution,  and  its  location  in  the  orbiter  bay  is  selected, 
the  payload  responses  should  reflect  different  mass  and  stiffness 
distributions  and  payload  and  orbiter  interactions  at  different 
locations.  The  more  different  payload  mass  and  stiffness  distribu¬ 
tions  and  locations  that  are  analyzed,  the  more  favorable  design 
and  location  of  the  payload.  The  conventional  coupled  loads 
analysis  method  is  too  expensive  to  analyze  many  different 
payload  designs  and  orbiter  bay  locations.  This  is  because  expen¬ 
sive  calculations  of  system  eigenvectors  and  eigenvalues  and 
generalized  forces  are  repeated  whenever  the  payload  structure 
and  orbiter  bay  location  change.  The  present  method  avoids  these 
repeated  expensive  calculations,  also  saving  computation  time. 
This  is  an  area  potentially  benefitted  from  the  introduction  of  the 
flex-base  drive  method  to  the  Space  Shuttle  payload  transient 
loads  analysis. 
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The  flex-base  drive  method  for  Space  Shuttle  payload  tran¬ 
sient  loads  analysis  has  been  developed  and  demonstrated  with 
STS-7  payloads  and  comparing  the  results  with  the  conventional 
coupled  loads  analysis  method.  Though  more  work  is  needed  for 
the  completion  of  the  method,  results  of  the  analysis  show  a  great 
potential  for  Space  Shuttle  payload  transient  loads  analysis.  The 
advantages  of  this  method  are  where  following  needs  arise: 

1 .  Frequent  changes  of  payload  design 

2.  Determination  of  the  mass  and  stiffness  distribution  of 
payload  structures 

3.  Selection  of  payload  locations  in  the  orbiter  bay 

4.  Last-minute  changes  of  payload  configurations 
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Abstract 

A  technique  is  presented  for  generating  the 
transient  response  of  a  launch  vehicle  during  sep¬ 
aration  from  its  support  structure.  The  method 
utilizes  a  complete  dynamic  model  of  the  launch 
vehicle  and  support  structure,  with  no  limitations 
on  the  number  of  interface  degrees  of  freedom. 
Changes  occurring  in  the  structural  math  model  dur¬ 
ing  the  point -by-point  separation  are  accounted 
for  by  introducing  terms  to  the  right-hand-side 
of  the  equations  of  motion.  This  allows  the  ana¬ 
lyst  to  employ  a  single  set  of  system  modes  to 
simulate  the  vehicles  transition  from  the  con¬ 
strained  to  the  free-free  configuration. 


Nomenclature 

X  vehicle  discrete  displacement  vector. 

V 

X  support  discrete  displacement  vector, 

s 

X  vehicle  discrete  acceleration  vector. 

V 

X  support  discrete  acceleration  vector. 

F  vehicle  discrete  force  vector. 

V 

F  support  discrete  force  vector, 

R  .  interface  reactions. 

I/F 

M  vehicle  discrete  mass  matrix. 

V 

M  support  discrete  mass  matrix, 

s 

K  vehicle  discrete  stiffness  matrix. 

V 

support  discrete  stiffness  matrix. 

Q  generalized  displacement  vector. 

Q  generalized  acceleration  vector. 

0)  system  natural  frequencies, 

(J)  system  modes  ♦ 

I  identity  matrix. 

LTM  load  transformation  matrix. 


Introduct ion 

For  the  structural  analyst,  whose  job  it  is 
to  simulate  the  dynamic  response  of  launch  vehic¬ 
les,  a  clear  understanding  of  the  separation  pro¬ 
cess  is  essential.  During  a  typical  liftoff  se¬ 
quence  the  vehicle  is  subjected  to  a  variety  of 
external  excitations,  including:  Engine  thrust, 
guidance  control  forces,  ignition  over  pressure, 
and  gusting  winds.  However,  a  good  deal  of  the 
dynamic  activity  occurring  at  liftoff  is  a  result 
of  the  vehicle’s  abrupt  separation  from  its  sup¬ 
port  structure.  This  is  due,  in  part,  to  a  re¬ 
distribution  of  the  internal  structural  energy  as 
support  of  the  vehicle  shifts  from  the  launch 
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mount  attach  points  to  the  thrust  structure  of  the 
booster.  In  addition,  its  sudden  release  from  a 
constrained  configuration  -  resulting  from  such 
things  as  structural  misalignment,  cryogenic 
shrinkage,  element  pre-loads,  or  base  bending 
moment  -  produces  additional  excitation  of  the 
vehicle.  These  factors  combine  to  form  a  dif¬ 
ficult  problem  for  the  dynamic  analyst .  One 
whose  complexities  require  thorough  examination  to 
insure  a  realistic  simulation. 

The  principal  obsticle  to  overcome  in  an 
analysis  of  this  nature  is  accommodating  the  mul¬ 
tiple  changes  occurring  at  the  boundary  or  inter¬ 
face  of  the  vehicle  and  its  support  structure 
during  separation.  A  traditional  approach  -  using 
a  set  of  normal  modes  to  decouple  the  equations  of 
motion  -  is  hampered  as  each  intermediate  config¬ 
uration  would  require  a  unique  set  of  normal  modes. 
Also,  the  use  of  load  transformation  matrices, 
which  often  contain  elements  of  the  structure’s 
flexibility  matrix,  would  be  restricted  because 
each  new  configuration  has  a  unique  flexibility, 
requiring  re-inversion  of  the  discrete  stiffness 
matrix . 

Faced  with  these  choices  the  analyst  might 
opt  for  a  direct  numerical  integration  of  the 
discrete  equations  of  motion.  This  would  allow 
for  a  straightforward  modification  of  the  struc¬ 
tural  math  model  as  changes  at  the  boundary  occur¬ 
red.  However,  as  is  normally  the  case,  direct 
numerical  integration  of  large  multiple  degree  of 
freedom  systems  is  costly  and  usually  beyond  the 
means  of  those  with  limited  computational  re¬ 
sources  . 

Past  attempts  at  simulating  a  launch  vehicle’s 
liftoff  have  involved  simplifications  of  the 
structural  math  model.  One  approach  employed  a 
simple  static  reduction  transformation  to  cut  ^ 
down  the  number  of  boundary  degrees  of  freedom  . 
This  reduced  the  number  of  intermediate  configura¬ 
tions  and  simplified  the  separation  simulation. 
However,  this  process  altered  the  true  character¬ 
istics  of  the  structure  and  made  for  a  crude  and 
abnormally  abrupt  release.  Another  approach 
treated  t^e^vehicle ’ s  launch  mount  as  a  rigid 
structure^’  ,  Here  a  complete  description  of  the 
boundary  was  preserved  but  at  the  expense  of  the 
support  structure’s  dynamic  properties. 

Presented  in  this  paper  is  a  technique  that 
enables  the  analyst  to  simulate  the  dynamic  sep¬ 
aration  of  a  launch  vehicle  from  its  support 
structure.  The  method  is  rigorous  in  that  it 
employes  a  complete  dynamic  model  of  the  vehicle 
and  its  launch  mount,  with  no  unusual  simplifi¬ 
cations  of  the  interface.  No  limitations  are 
placed  on  the  number  of  boundary  degrees  of  free¬ 
dom,  or  on  the  complexity  of  the  restraining  me¬ 
chanism.  The  approach  utilizes  a  single  set  of 
normal  modes  and  interface  load  transformations 
matrices  to  simulate  the  vehicle's  transition  from 
the  constrained  to  free-free  condition,  accounting 
for  each  intermediate  configuration  along  the  way. 
In  general,  the  technique  is  easy  to  implement  and 
should  prove  useful  to  those  working  with  launch 
vehicles . 
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Analytical  Development 

The  objective  of  the  dynamic  liftoff  simula¬ 
tion  is  to  generate  reactions  between  the  vehicle 
and  its  support  structure,  for  all  coupled  and 
partially  coupled  configurations.  Later,  these 
reactions  are  combined  with  those  forces  originally 
applied  to  the  vehicle  to  form  a  complete  dynamic 
environment  for  the  vehicle  as  a  free-free  struc¬ 
ture  (see  figure  1).  The  resulting  free-free 
equations  of  motion  are  easily  written  as 


+ 


(1) 


not  uncommon  and  easily  achieved  through  selected 
modeling  techniques. 


VEHICLE 

SUPPORT 


(2) 


Proceeding  in  the  normal  fashion  the  associated 
eigenvalue  problem  is  solved  to  obtain  the  identies 


(3) 


where  F  is  a  vector  of  externally  applied  forces 
and  Rj- /p  3  vector  of  the  pre-determined  interface 
reactions , 

This  feature  of  the  liftoff  simulation,  often 
referred  to  as  a  parallel  analysis,  is  not  new.  For 
years  it  has  been,  and  continues  to  be,  a  practical 
technique  for  defining  the  time  dependent  forces 
acting  on  a  launch  vehicle  during  liftoff.  The 
difficulty  with  this  method  has  been  the  generation 
of  interface  reactions  as  the  structure  transitions 
through  the  many  intermediate  configurations  of 
separation.  What  follows  is  a  scheme  that  minimizes 
this  difficulty. 
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Incorporating  equations  (3)  through  (5)  into 
equation  (2)  yields  a  diagonal  equation  of  motion 
in  generalized  coordinates 
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Separation  Equations  of  Motion 

The  generation  of  interface  reactions  begins 
with  a  single  set  of  normal  modes,  and  associated 
interface  load  transformation  matrices,  for  the 
fully  coupled  launch  vehicle/support  structure 
configuration.  This  allows  for  a  simple  closed- 
form  solution  of  the  equations  of  motion  during 
the  period  in  which  no  separation  has  occurred. 
Equations  (2)  and  (6)  illustrate  graphically  the 
coupled  equations  of  motion,  in  discrete  and 
generalized  coordinates  respectively,  of  a  vehicle 
and  its  support.  Notice,  in  equation  (2),  that 
coupling  between  the  two  structures  occurs  in  the 
stiffness  matrix  only.  This  form  of  coupling  is 


Equations  of  this  type  are  easily  solved  in  closed- 
form  for  Q  and  *Q.  Likewise  the  interface  reac¬ 
tions  can  be  computed  using  any  of  a  number  of  well 
established  techniques.  These  can  be  summerized 
with  the  general  expression 

where  G .  is  a  vector  function  of  the  discrete 
force  and  the  generalized  displacements  and 
accelerations , 

As  separation  begins,  changes  occurring  in 
the  equations  of  motion  are  accounted  for,  not  by 


Figure  1,  Parallel  Analysis. 
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altering  the  original  mass  and  stiffness  matrices, 
but  by  introducing  terms  that  reflect  these  changes 
to  the  right-hand-side  of  the  equations.  Equations 
(8)  through  (10)  illustrate  how  different  con¬ 
figurations  of  separation  -  in  this  case  the  com¬ 
pletely  separated  configuration  -  are  simulated. 


Substituting  equations  (3)  through  (5)  into  equa¬ 
tion  (10)  yields  an  equation  whose  left-hand-side 
is  diagonalized  and  whose  right-hand-side  con¬ 
tains  the  dependent  variable. 
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In  this  form,  the  analyst  forgoes  a  closed-form 
solution  and  must  revert  to  some  type  of  numerical 
integration.  As  before  the  interface  reactions  are 
given  by  the  general  expression 


Discussion  and  Conclusion 


A  technique  was  presented  which  allows  the 
analyst  to  generate  the  transient  response  of  a 
launch  vehicle  during  its  point-by-point  sep¬ 
aration  from  its  support  structure.  The  method 
required  no  unusual  simplifications  of  the  inter¬ 
face,  placed  no  restrictions  on  the  number  of 
interface  degrees  of  freedom,  and  made  no  com¬ 
promise  of  the  structure’s  dynamical  properties. 
Changes  occurring  in  the  structural  math  model 
were  accounted  for  by  introducing  terms  to  the 
right-hand-side  of  the  equations  of  motion, 
requiring  a  numerical  integration.  However, 
this  is  a  minor  shortcoming  when  compared  with 
the  task  of  generating  eigensolut ions  for  a 
multitude  of  configurations,  simply  for  the  sake 
of  the  closed-form  solution.  In  addition, 
dynamic  analyses  of  this  type  usually  employ  a 
truncated  set  of  normal  modes.  Numerical  integra¬ 
tion  of  this  small  set  of  generalized  equations, 
with  diagonal  coefficient  matrices,  is  by  far 
easier  than  a  direct  integration  of  a  large  set 
of  discrete  equations  with  their  fully  populated 
coefficient  matrices. 
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Abstract 


This  paper  discusses  the  thermoelastic 
damping  and  the  electromagneto-elastic  damping  of 
vibrating  solids.  It  is  found  that  the  former  is 
dependent  on  structure,  boundary  conditions  and 
structural  geometry  and  that  the  latter  has 
certain  anologies  to  therraoelas tic  damping  within 
an  elastic  body.  Some  design  conditions  are 
discussed  for  controlling  damping  in  typical 
configurations.  Finally,  the  influence  of  thermal 
damping  on  aeroelastic  stability  is  investigated. 


Nomenclature 


a 


]V^u 


k 


V 


(a.) 

r-  ^ 


o 


1P^22 

1  »^2 

ij 

k  m 


1.^2 


H 


AU 

U„ 

W 

W 


a 

a^,a^,a, 
a 


‘2»  3 


Plate  length  in  x-direction 
Fourier  coefficients 
Vector  potential 

Electromagneto-elastic  coupling  vectors 
Magnification  factors 
Constant-strain  specific  heat  (unit 
mass ) 

Plate  flexural  rigidity,  Eh^/12(l-v^) 

Dilatation,  e 

Young’s  modulus 

Function  defined  in  Eq.  (2-5) 

Represent  external  forces 
Shell  thickness 

Perturbation  in  magnetic  field,  h  -  H 
Constant  reference  magnetic  field 
Imaginary  unit,  /-I 
Thermal ^conductivity 
Eh/(l-v^) 

Bending  strains  (Ref  (13)) 
Characteristic  length 
Dimensions  along  coordinates 

Maxwell  stress  tensor,  Eq.  (3-15(c)) 
Mach  number 

Quantities  defined  in  Eqs.  (2-11), 
(4-4(b)) 

Radii  of  shell  curvatures  in  ci2»“2 
coordinates 

Quantity  defined  in  Eq.  (3-17) 

Time  coordinate 

Total  stress  tensor,  a . .+  m. . 
Temperature  disturbance, ^ (T-T^) 

Constant  reference  absolute  temperature 

Displacement  field  vector 

Strain  energy 

Energy  dissipated 

Fluid  velocity 

Deflection  of  shell  in  a«-coordinate 
Normal  modes  (with  subscripts) 

Velocity  of  longitudinal  wave 
Orthogonal  curvilinear  coordinates 
Linear  thermal  coefficient  of  expansion 
Velocity  of  transverse  wave 
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Dimensionless  mass  ratio,  p^a/ph 
Eigenvalues,  Eq.  (3-7(a)) 

Quantity  defined  in  Eq .  (2-2) 

Logarithmic  decrement  (with  subscripts J 
Delta  function 

Kronecker  delta  2 

Thermal  relaxation  strength,  T  a^E/pc 
Electromagneto-elastic  coupling 
constants 

Mechanical  strain  tensor 
Damping  loss  factors  (with  ^u^scripts) 
Debye  formula,  A[wt/(1  -  w  t  )j 
Quantity  defined  in  Eq.  (2-14) 
Dimensionless  constants  (  ”=  1) 

Magnetic  permeability 
Poisson's  ratio 
Magnetic  viscosity,  1 /op  ^ 

Dimensionless  quantity  (with  subscripts) 
Factor  defined  by  Eq,  (2-22) 

Material  density 

Fluid  density 

Electric  conductivity 

Mechanical  stress  tensor  ^  ^ 

Dimensionless  time,  pc 

Scalar  potential 

Normal  modes  (with  subscripts) 

Dimensionless  quantity  (with  subscripts) 

Frequency 

Characteristic  frequency 
Half-power  bandwidth,  ^^’^2 
Vector  Nabla  operator 
Property  of  k-th  vibration  mode 
Maximum  value  of  (...) 

Time  derivative,  3 /9 t 


1.  Introduction 


Material  damping  arises  from  several  physical 
sources,  and  it  is  therefore  difficult  to  predict 
accurately.  Nevertheless,  reasonably  accurate 
damping  information  is  often  required  to  design  a 
system  properly  for  dynamic  loadings.  There 
exists  considerable  literature  on  both  analytical 
and  experimental  aspects  of  the  subject.  Lazan^^^ 
and  Nowick  and  Berry^  '  provide  useful  summaries 
of  what  was  known  up  to  their  dates  of 
publication.  The  author  has  found,  however, 
relatively  few  fundamental  theoretical  studies  of 
internal  energy  dissipation  (or  material  damping). 

The  inherent  dissipation  in  monolithic  solids 
tends  to  be  small  compared  to  the  damping 
furnished  artificially  by  dashpots,  constrained 
viscoelastic  layers  or  interconnections,  joints 
and  bearings.  This  is  believed  to  explain  why  the 
role  of  material  damping  is  frequently  omitted  or 
underplayed  in  the  extensive  literature  on  damping 
analysis  and  active  control  of  Large  Space  Struc¬ 
tures  (LSS).  Several  authors  (e.g.,  Gerarter,^^^ 
Ashley^  O  have  given  some  consideration  to  the 
possibly  important  role  of  material  damping  on  the 
stabilization  of  structures.  Reference  4  observed 
that  a  tiny  amount  of  structural  damping  is  useful 
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for  meeting  the  control  system  requirements  of  LSS 
like  telescopes  and  antennas  in  space. 

In  order  to  analyze  the  internal  energy 
dissipation  of  a  given  structure,  one  should  take 
into  account  all  possible  damping  mechanisms, 
depending  upon  the  specific  material.  In 
practical  cases,  however,  one  or  two  mechanisms 
generally  predominate,  the  others  being 
comparatively  negligible. 


adaptability  plates  and  beams  are  easily  recovered 
from  the  results  obtained  by  solving  Eqs.  (2-1) 
and  (2-3)  for  shallow  shells-  Equation  (2-3)  is 
the  heat  conduction  equation,  in  which  the 
influence  of  the  curvatures  of  shell  on  thermal 
flux  is  neglected.  One  notes  that  the  two 
governing  equations  include  small  coupling  terms 
between  elas tomechanical  and  thermodynamic 
behaviors  which  give  rise  to  the  damping  of  the 
vibration. 


In  1938  Zener^^^  predicted  that  therraoelas tic 
damping  (simply  thermal  damping)  of  monolithic 
crystalline  solids  is  often  much  greater  than  that 
due  to  all  other  mechanisms.  Experiments  of 
Bennewitz  and  Rotger^^^  confirmed  that  his 
predictions  are  accurate.  Thermal  damping  is 
almost  universal.  But,  under  certain  conditions 
with  high  electromagnetic  (EM)  field,  the  electro” 
magneto-elastic  damping  (simply  electromagnetic 
damping)  is  even  of  a  larger  order  of  magnitude. 

2.  Thermal  Damping  Analysis 


The  general  theory  of  shallow  shells  usually 
assumes  as  above  the  normal  stress  On-:,  is 
negligible  along  with  shear  strains 
Under  this  assumption,  the  reduced 
the  strain-displacement  relations^ ^ 
approximately  give  the  dilatational  part  of  the 
displacement  field  (simply  dilatation)  in  the  form 


e  and 
Hooke 
3) 


.  1  23* 

e  s  law  and 


e 


®11  ®22  *^33 


“3^1” 


a  AT 
t 


(2-4) 


2.1  BacV:ground 

Zener^^’^^  was  apparently  the  first  to  point 
out  that  the  energy  dissipation  in  vibrating 
metals  must  be  sought  in  stress  inhomogeneities, 
giving  rise  to  temperature  gradients  and  hence  to 
local  thermal  currents  which  increase  the 
entropy.  Biot^  ^  discussed  irreversible  thermo¬ 
dynamics  in  vibrating  systems  and  applied  a 
generalized  coordinate  method  to  the  calculation 
of  internal  energy  dissipation.  Tasi  and 
Herrmann^  >  investigated  a  crystal  plate  by 

means  of  a  variational  principle.  Chadwick^^^\ 
in  1962,  showed  that  his  results  from  normal  mode 
analysis^agree  with  Zener’s  theory^^^.  Later, 
Alblas^  developed  a  general  theory  of  energy 
dissipation  in  a  three-dimensional  finite  body. 

2.2  Basic  Formulation 


The  two  governing  equations  of  the  linearized 
coupled  thermoelas to-dynamics  are  given 


a^ATa^da2+  Fw  +  phw 


F,  (2-1) 


and 
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Here  V  ^  is  the  Laplacian  operator  for  in¬ 
plane  jrthogonal  curvilinear  coordinates  (aj^,a2) 
and  V  is  for  (a^jO^jO^),  where  is 

normal  to  the  in-plane  coordinates  (a.ja^)*  F  is 
the  external  force  and  the  other  symbols  are 
defined  in  nomenclature. 


Equation  (2-1)  is  the  equation  of  transverse 
motion,  which  is  believed  sufficiently  accurate  to 
estimate  quickly  the  effects  of  curvature  in 
relatively  sliallow  shells.  Equations  for  plates 
and  beams  are  readily  recovered  by  forcing  the 
radii  of  shell  curvatures,  ^2~  ” 

Poisson’s  ratio,  v  =  0.  Because  of  this 


From  the  physics  of  the  situation  and  the 
forms  of  Eqs.  (2-3)  and  (2-4),  a  logical 
approximation  to  the  elas tomechanical  coupling 
would  seem  to  be 


a^AT(ai,a2,ct3,t)  ~  f  (a2)V  ^w(a  ^  ,02*  t)  , 
which  reduces  Eqs.  (2-1)  and  (2-3)  into  the 
D(l+in^)  V^w+Fw+phw 


r  4 

V^W 

pc  A 
f  4-  V 

das 

\  k  /V^w  J 

k(l-v) 

where 

=  Real  part 


of 
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■S(l-v) 
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T  a  E 
o  t 


®  1  *  [77 


1-Hv  1 

rr-v)(i-2v)J 


^  1 


(2-5) 
forms : 
(2-6) 


=  0  , 
(2-7) 

(2-8) 


One  notes  that  only  the  imaginary  part  of  the 
integration  in  Eq.  (2-8)  is  taken  because  of  its 
contribution  to  the  damping  of  vibration.  The 
modified  equation  of  motion  (2-6)  now  contains  the 
complex  plate  flexural  rigidity  D(l+iri  ).  9  is 

approximately  equal  to  unity  because  always  the 
thermal  relaxation  strength  A  <<  . 


In  order  to  investigate  free  vibration,  one 
assumes  harmonic  motion  in  the  form 


w 


00 

=  I 
mn 


C  W  e 
mn  mn 


io)  t 


k  k 


(2-9) 


(Indices  mn  are  replaced  by  k  for  convenience) 
Here  is  the  amplification  factor  of  the  k-th 
normal  mode,  W^,  which  satisfies  the  following 
equations : 


+  (r  -  =  0 


(2-10) 
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//  W^W^dA  =  .  (2-11) 

A 

where  dA  =  da^da2  is  the  plate  area  element  and 
6^  is  the  Kronecker  delta.  It  is  convenient  to 
expand  Fourier  series,  following  the 

lead  of  Zener^^^, 


damping  loss  factor,  as  follows: 


l+u 

3 

< 

■“k' 

I 

I 

■  l-v  - 

la.  2  2 

1-hjj,  T 

-  w,  - 

k 

k 

(2-15) 


f(a^)  -  Z  a  sin(2p+l)  - -  , 

p=0  ^  h 


(2-12) 


which  satisfies  insulated  boundary  conditions  at 
the  upper  and  lower  shell  surfaces.  These  are 
appropriate  to  the  vacuum  of  space,  and  one 
assumes  no  energy  loss  due  to  heat  convection  and 
radiation.  Substituting  Eqs.  (2-9),  (2-12)  into 
Eq.  (2-7)  and  using  the  orthogonality  property  of 
Fourier  series,  one  may  solve  for  the  coefficients 
Up  of  Eq .  (2-12)  to  find  that  a  «  a^  for 
p  >  I.  Therefore  a  one-term  approximation  is 
acceptable  with  an  error  typically  <  l.C%: 

7Ta~ 

-  ,  (2-13) 

h 

where 
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"  T 


f(a3)  = 


+  if^]  sin 


4h 
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W  T 
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l-v 

4h 

WT 
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l-v 

,.22 
1  +  W  T 

2-4  Forced  Vibration 

Consider  the  vibration  forced  by^  a_ 
concentrated  load  acting  at  point  (a,, 03).  In 

terras  of  modal  modes  governed  by  Eq,  (2-10),  Eq . 
(2-6)  can  be  written 


K  K, 


*=  Pq'S  (a^-ap6 

Using  again  the  orthogonality  property  of 

Eq.  (2-11),  one  finds  the  amplification  factors 

C|^,  as  follows:  _  _ 

r 2  2,  ^  , — 7-2 — r~TT 

As  an  estimate  of  damping,  the  half -power 
bandwidth  Aw  =  ^^”^2  readily  obtained  from 

the  raagnif icatlon  factor  C^.  Then  one  measure  of 
damping  for  the  k-th  mode  of  vibration  is  simply 


Here  we^used  the  approximations  9^1  and 
0[(h/L)  ]  =  0  for  the  shallow  shells,  t  is  the 
characteristic  time,  which  controlled  by  the 
choice  of  material,  specimen  shape  and  size, 
defined  by 

,2 

pc  h 


Substituting  Eq .  (2-13)  into  Eqs.  (2-8)  gives 

(2-14) 


^  96  f  l+v  N 

TT 
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1  +  W  T 
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IT 

(2-17) 


which  proved  Identical  to  the  logarithmic 
decrement,  Eq.  (2-15). 

Another  classical  measure  of  damping  is  the 
loss  factor  q ,  defined  as  the  ratio  of  energy 
dissipated  in  unit  volume  per  radian  of 
oscillation  to  the  maximum  strain  energy  per  unit 
volume,  that  is 


n  = 


AU 

*2inr“ 


(2-18) 


Here  the  square-bracketed  portion  of  Eq.  (2-14)  is 
called  the  Debye  formula, 

2-3  Free  Vibration 

Consider  free  vibration  with  forcing  F  =  0 
and  assume  harmonic  motion,  Eq.  (2-9).  Then, 
using  the  orthogonality  property  of  Eq .  (2-11), 
the  equation  of  motion  can  be  reduced  in  the  form 

ph(w^-w^)  +  in^(r-phw^)  »  0  , 

which  gives  the  complex  circular  frequency.  For 
small  n^,  the  k-th  mode  of  vibration  is  found 
approximately  to  be 


1 

7  'It 


where 


-2  2  r 

0,  =  w, - — 

k  k  p  h 


One  measure  of  f ree-oscillat ion  decay  is  the 
logarithmic  decrement,  which  yields  the  modal 


Here 


AU 


""^7/  Jl 

"^ihi 


+  o  22^  22  ^ 


(2-19) 


22^22^  dwt  da^dA 


(2-20) 


In  Eqs.  (2-19)  and  (2-20)  approximations  have  been 
made  consistent  with  the  foregoing  derivations. 
Since  limitations  prevent  reproducing  detail  of  a 
consistent  analysis,  which  leads  to  the  expression 
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(2-21) 


(2-22) 


where  K^i  and  K22  are  bending  strains. In  any 
practical  examples,  n  >  1  since  v  <  0.5.  However, 
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one  notes  that  H  =  1  for  the  structures 
vibrating  one-dimens ionally  like  beam-plates.  For 
the  simply  supported  structures,  considered  in 
this  paper,  FI  has  the  general  form: 


'vhere  is  the  magnitude  of  C^,  Eq .  (2-1 6-). 
and  L2  are  the  full  dimensions  of  a  structure 
along  tl^e  coordinates  a  ^  and  02,  respectively. 


preliminary,  Fig.  1  and  study  of  and  Eq .  (2-16) 
demonstrate  that  factor  II  is  nearly  independent 
of  circular  frequency  and  structural  thickness. 
These  factors  are  clearly  important  for  the  part 
of  of  Eq.  (2-14).  Figure  2  shov;s  that  loss 

factor  increases  at  very  low  frequencies  and 
decreases  at  high  frequencies  as  the  thickness 
increases.  It  also  demonstrates  that  loss  factor 
is  almost  proportional  to  the  reference  absolute 
temperature . 

From  earlier  development,  for  a  given 
material  and  structure,  and  11  can  be 

represented  by 


Investigation  of  magnification  factor  shows 
ciiat  the  k-th  normal  mode  predominates  when  the 
circular  frequency  oj  is  near  the  k-th  natural 
frequency  uj,  .  Then  one  can  use  the  approxi- 
ma  t ion 


1  +  w  T 


TT  \ 


(UJ  W^), 


(2-24) 


where  the  u ^  (or  H^^)  for  simply  supported 
structures  are  given  by 


The  k-th  modal  loss  factors  for  simply 
supported  structures,  without  further 
approximation,  are  readily  obtained  from 
Eq.  (2-21)  in  the  form: 


1  +  03  T 

k. 


7T 


(03=03^) 


2-5  Discussion 


(2-26) 


Equations  (2-15),  (2-17)  and  (2-26)  provide 
measures  of  modal  damping  at  frequencies  near 
natural  frequencies.  For  structures  vibrating 
one-dimensionally ,  such  as  beams  and  beam-plates, 
th.ese  equations  give  exactly  identical  results  as 
the  case  of  mass-spring-dashpot  system.  In 
^ieneral,  however,  there  exists  no  unique 
expression  suitable  as  a  measure  of  damping,  even 
at  a  natural  frequency.  One  may  therefore  ask 
•wl'iich.  measure  of  damping  is  the  most  meaningful 
and  accurate.  The  author  has  concluded  tliat 
question  has  no  definitive  answer.  As  Jones 
observed,  this  ambiguity  is  really  not  a  serious 
problem.  When  comparing  different  materials  and 
configurations,  one  must  simply  employ  consistent, 
clearly-defined  measures.  As  far  as  small  damping 
is  concerned,  every  measure  must  provide  the  same 
useful  information.  For  tliis  reason,  the  author 
'nas  adopted  the  loss  factor  n  as  a  vehicle  for 
further  investigations. 


How  to  maximize  the  loss  factor  seems  to  be 
the  most  interesting  issue  for  damping  analysis, 
‘laximi za t ion  of  damping  is  not  a  simple  matter, 
because  of  the  complicated  characteristics  of 
vibration  problem.  Figures  1  through  4  have  been 
calculated  to  illustrate  factors,  R,  and  loss 
"accors,  n,  for  simply  supported  structures  with 
same  surface  areas  (i.e.,  =  1^2  =  2m).  As  a 


^  *=  n  (L^  ,L^m,  n ) 

Then  it  is  obvious  t^at  pp  has  its  maximum  value 
at  frequency  03  =  i  ,  which  is  called  the  Debye 
peak.  The  thickness  for  maximum  is  readily 

obtained  from 

h  TT  J  .  (2-27' 

1  P  C^U3 


FREQUENCY  [Hz] 


Fig.  I  Frequency  dependence  of  the  factor, 

n,  for  simply  supported  structures  vs. 
frequency  ’ 


FREQUENCY  [Hz] 

Fig.  2  Temperature  and  thickness  dependence  of 
the  loss  factor  n,  for  a  simply 
supported ■ plate  vs.  frequency  (h^). 
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Fig.  3  Fanel-curvature  dependence  of  the  loss 
factor  n ,  for  simply  supported 
structures  vs.  frequency  (H^). 
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Since  ^  ^  iti  general,  the  modal  loss 

factor  of  a  plate  tends  to  be  larger  than  that  of 
a  shell.  Figures  1  and  3  show  that  plates  do 
indeed  have  the  largest  damping,  followed  by 
panels,  cylinders,  beam-plates  and  simple  beams. 
The  damping  of  a  panel  gets  closer  to  that  of  a 
plate  as  it  gets  flatter.  Also  the  damping  of  a 
curved  panel  gets  closer  to  that  of  cylinder  as  it 
approaches  the  shape  of  the  cylinder  (Fig.  3).  It 
is  also  found  that  the  damping  of  a  barrel-shaped 
shell  is  larger  than  that  of  a  cylinder,  but  again 
it  gets  closer  to  the  other  as  the  radius  of 
barrel  curvature  increases.  Figure  4  shows  the 
influence  of  boundary  conditions.  Simply 
supported  plates  show  higher  damping  than 
partially-clamped  plates. 

Without  observation  of  what  is  really 
happening  inside  the  material,  it  seems  to  be  very 
difficult  to  clarify  the  foregoing  results  with  a 
reasonable  physical  interpretation.  From  the  heat 
conduction  Eq.  (2-3),  however,  one  can  conclude 
that  the  structure  will  experience  higher  damping 
when  the  rate  of  dilatation  gets  larger.  When  the 
geometry  and  boundary  conditions  for  a  particular 
structure  are  likely  to  increase  the  rate  of 
dilatation,  the  structure  will  achieve  great 
damping.  Constraints  on  a  structure  seem  to 
prevent  increasing  the  rate  of  dilatation  with 
increasing  natural  frequency.  Curved  and  clamped 
structures  have  more  constraints  than  flat  and 
simply  supported  structures. 


Electromagnetic  Damping  Analysis 


Background 


Electromagneto-solid  mechanics  deals  with  the 
effects  of  an  EM  field  on  the  elastic  deformations 
of  a  solid  body.  In  order  to  avoid  an  excessively 
long  bibliography,  the  reader  is  referred  to  the 
articles  by  Brown, Pao^^^^  and  Grot.^^°^ 


Fig.  4  Boundary  condition  dependence  of  the 

modal  Loss  factor,  n,  for  a  plate  at 
the  first  five  fundamental  natural 
frequencies  (H^). 


Since  damping  plays  its  most  important  role  at 
frequencies  near  natural  frequencies,  it  is 
valuable  to  maximize  the  modal  factor  IT  of  Eq . 
(2-25).  An  optimal  combination  of  geometry  and 

mode  of  vibration  for  the  maximum  value  of  IT 
c  j  L  mn 

IS  round  to  be 


(2-28) 


Equations  (2-27)  and  (2-28)  will  be  useful  for 
designers  who  wish  to  maximize  the  damping  of 
vibration  of  the  sort  considered  here. 

Consider  the  modal  loss  factors  of  the  plates 
and  shells  which  are  made  of  same  material.  At  a 
natural  frequency,  when  the  same  dimensions  (bp 
b^)  and  mode  (m,n)  are  selected  for  the  plate  and 
shell,  it  follows  that 

9 

n  0)  1  +  cij“T 

s  _  _s  _ p_ 

r,  uj  1  +  UJ  T 

P  P  S 


There  are  two  main  reasons,  in  the  author's 
judgment,  why  until  recently  there  existed 
relatively  few  applications  of  magneto-elasticity. 
First,  EM  effects  were  not  a  significant 
industrial  problem  at  least  until  the  appearance 
of  very  powerful  magnets.  Secondly,  continuum 
mechanics  cannot  avoid  to  resort  to  complicated 
formulations  for  predicting  the  internal  forces  in 
a  magnetized  body. 

On  the  other  hand,  industrial  activity  could 
not  avoid  dealing  with  instruments  working  in  a 
strong  EM  field.  Alers  and  Fleury^^  ^  recogni.zed 
experimentally  in  1963  that  the  influence  of 
magneto-elastic  interactions  is  cons iderable  in 
many  such  situations.  Moon^  ^  and  Paria^  ‘ 
discussed  many  practical  applications  of  magneto¬ 
solid  mechanics. 

Even  though  there  exists  an  extensive 
literature  on  the  subject,  very  few  studies  of 
internal  energy  dissipation  due  to  EM  field  are 
known.  Zener^^-^  is  believed  to  be  the  first  who 
predicted  energy  dissipation  by  eddy  currents  In 
vibrating  ferromagnetic  metals.  Chadwick^ 
investigated  the  effect  of  a  static  magnetic  field 
on  wave  motion  in  a  conducting  solid.  Subse¬ 
quently,  Smith  and  Herrmann^  ^  discussed  the 
effect  of  a  type  of  magnetic  damping  upon  the 
stability  of  some  circulatory  elastic  systems. 
Nayfeh  and  Nasser^  ^  examined  the  influence  of 
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small  thermoe las Cic  and  magneto-elastic  couplings 
on  the  propagation  of  plane  electromagneto-elastic 
waves  through  an  infinite  isotropic  medium. 

In  this  paper,  the  author  investigates  the 
electromagnetic  damping  due  to  electric  conduction 
currents  within  a  homogeneous,  isotropic  and 
electromagnetlcally  linear  conducting  elastic 
body.  The  underlying  theory  is  linear  magneto- 
elas  t  ici  tv^  j  ,  ^ 


3-2  Basic  Formulation 

A  complete  set  of  equations  of  the  linear 
:nagnetO“elas  ticity  is  given 


These  three  equations  govern  longitudinal  (P-), 
transverse  (S-)  and  EM  waves.  P  and  S  waves  are 
coupled  to  the  EM  wave. 

Modal  analysis  is  useful  for  the  solution  of 
Eqs.  (3-5)  in  the  form: 

(t)(j,t)  =  <j>°  4^^(r)e^^^  (a) 

n 


h(r,c)  =  E 

~  ^  n 


A(r,t)  =  E  A° 

~  ~  n  ~n 


with  the  harmonic  excitation  given  by 


V  X  (u  X  11  ) 


F(r,c)  =  E  F  4-  (r)e' 
~  n  n  ~ 


(b)  (3-6) 


Wliere  u  is  the  displacement  field  and  J}  is  a 
small  perturbation  in  a  constant  reference 
magnetic  field  H  .  =  l/ap^  is  the  magnetic 

viscosity,  where  o  is  electric  conductivity  and 
u  is  Che  magnetic  permeability.  Application  of 
vector  identities  and  properties  of  Maxwell's 
equations  into  Eqs.  (3-1)  yields  the  equations  as 
f ol  lows : 


Here  ^  is  a  collective  symbol  for  tlie  coordi¬ 
nates  x,y,z,  and  (|)^,  _h°,  are  constant 

magnification  factors.  The  eigenfunctions  of  ‘I 
corresponding  eigenvalues  X  are  determined  bv^ 


V^i|j  +  X^  \|;  =0  on  V 

n  n  n 


'  -Q  =  0 

J  ^  dV  =  5 
m^  n  mn 


(b)  (3-7) 


'h- —  h-C  (V*u)-C  x(Vxu)+V(u*C  )=0 


-'here  and  C  are  Che  elec  tromagnetic-elas  tic 


coupling  vectors  defined  by 


Parabolic  Eq.  (3-2(b))  contains  three  types  of 
coupling  terms:  dilataCional,  rotational  and 
gradient  parts.  In  the  case  of  the  heat 
conduction  equation,  one  sees  by  comparison  that 
only  a  dilataCional  part  exists. 


where  n  is  the  unit  outward  vector  normal  to 
surface  S.  Even  Chough  the  boundary  conditions 
(3-7(b))  do  not  embrace  all  possible  realistic 
conditions  at  bounding  surf aces , ^ ^  the 
corresponding  solutions  should  provide  an 
acceptable  basis  for  the  analytical  study  of 
electromagnetic  damping.  Introducing  assumed 
solutions  into  Eqs.  (3-5),  one  may  obtain 

iah'^  -  10^),))°  +  h°  •  C,  =  F  (a) 


-  aj^)A°  -  h°  X  =  0 
n  ~n  ~n  ~H 


(b)  (3-S) 


+  iwX^C  X  A^  -  imX^C  =  0  (c) 
n  v^^~n  rr-u  ~n  n~u  n 


To  simplify  Che  analysis  without  losing 
generality,  one  assumes  Chat  the  gradient  part  can 
be  rendered  negligible  by  applying  a  properly 
oriented  magnetic  field.  That  is, 

7(u  • C  )  =  0  (3-3) 


Here  F  is  usually  prespecified.  When  a  constant 
magnetic  field  is  applied  in  such  a  way  that 

^  ^^Ul’  Eqs.  (3-8)  are  reductni 

to  a  two-by-two  matrix  equation  witl'i  unknown 

variables  h°  =  (h  , ,h  „,0) 
nl  n2 


hMth  the  assumpcioq . .  Eq .  (3-3),  one  introduces  tl^e 
Helmholtz  Cheorem^^  ^ 


3-3  Free  Vibration 


u-7(p+VxA  (3- 

Assuming  f  =  7F  and  inserting  Eq .  (3-4)  into 
(3-2),  one  finds  the  equations  as  follows: 

a^vA  -  h  •  +  F  =  i  (a) 


3^V-A  +  h  X  C.j 


(b)  (3-5) 


-  h  -  tA  1  +  C  ,  X  V^A  -  CjU  =  0  (c) 


P.t  F„  =  0  in  order  to  study  free  vibration 
at  a  natural  frequency  m  .  Then  Eqs.  (3-8) 

yield  two  algebraic  equations,  as  follows: 

’^n2~  ^^n2^n2  "  '’n2^^'^2^^n2  ^kn2  °  ° 

Here  and  ^2  ^^^*6  elec  t  romagne  to-elas  t  ic 

coupling  constants  with  standing  P  and  S  waves, 
respectively.  The  new  notations  are  defined  as 
follows : 
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The  result  shows  that  only  the  dilatation 
contributes  to  the  damping  of  forced  vibration. 


•k  ■)<: 

where  ^i,  uj ^  are  characteristic  frequencies  and 
the  others  are  non-dimensional  quantities.  When 
^  algebraic  equations  for 

uncoupled  elastic  P  and  S  waves  are  recovered- 


It  is  intersting  to  find  that  each  of  the 
algebraic  equations  (3-9)  has  a  form  identical  to 
that  for  the  thermal  damping  of  an  elastic  body, 
solved  by  Chadwick . ^ ^ ^ ^  This  implies  that 
electromagnetic  damping  is  analogous  to  thermal 
damping.  With  the  help  of  Chadwick’s  solutions 
obtained  for  tlie  same  type  of  algebraic  equation, 
the  modal  damping  loss  factor  can  be  obtained  from 


6  . 
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c 
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ni 


1  +  C 


2 

ni 


(i  =  l,2) 


(3-10) 


2 

where  higher  terms  0(e.)  are  neglected.  Since 
^1  ^  ^2*  standing  S  waves  are  seen  to  have  larger 
damping  than  standing  P  waves. 


As  an  example,  consider  an  infinite  plate 
wit!)  uniform  thickness  h.  To  obtain  maximum 
dampings  for  P  and  S  waves,  the  thicknesses  can  be 
sliown  to  be 


V  TI 

h^  =  (2n+l)  — 
h^  =  (2n+l)  — 


for  the  P  wave 


for  the  S  wave 


Therefore  the  standing  P  wave  requires  larger 
thickness  than  the  standing  S  wave  to  achieve  peak 
damping . 


3-4  Forced  Vibration 


It  is  convenient  to  introduce  a  new  notation, 
defined  by 


0) 

—  =  X 


For  the  forced  vibration  Eqs.  (3-8)  can  readily  be 
solved  for  ^  ,  A  and  h^.  Without  reproducing 
complicated  calcufa t ions ^  one  finds  the  real  parts 
of  solutions  as  follows: 


u  =  Z  [4>  cos  o)  t  IVi^ 
n 

h  =  £  [h  °cos  ojt  -  h^,.  sin  a)t]4)  , 

~  ~nR  ~nl  n 

n 

whe  re 


-nR 


c., 

rr-!! 


.  2  2 


,  4^  2,,  2  2,  2  2 

(Cn^TC  )(X  -C„)  - 


(3-11) 

(3-12) 


Equation  (2-18)  will  be  adopted  as  a  measure 
of  electromagnetic  damping  in  forced  vibration. 

In  the  present  case,  the  energies  U  and  AU  are 
given  in  the  form 


-jf'  ■ 


V  0 


m .  ,  .dw  t  dV 

ij 


(3-13) 


(3-14) 


Note  that  t^j  is  the  total  stress,  which  is  the 
sum  of  mechanical  stress  and  linearized  Maxwell 


hj  ='’ij  +  "ij 


(a) 


°ij  ^  -(l^)(l-2v)t^^^lj  +  (b)(3-13) 

“ij  =  +  Hoi’  ^  > 

It  is  obvious  that  the  mechanical  stress  does  not 
contribute  to  the  energy  dissipation.  Thus  only 
the  Maxwell  stress  is  considered  in  Eq.  (3-14)/ 

It  can  be  shown,  by  using  the  assumption  (3-3), 
that  the  round  bracketed  part  of  itij^  •  also  dos  not 
contribute  to  the  energy  dissipation.  A  sub¬ 
stantial  series  of  calculations,  with  application 
of  the  orthogonality  property  (3-7(c)),  leads  to 


n  ^  e  R  £  P 


m  4  2 

^  X 


(3-16) 


Here 


R  = 


e  ^  dV 
max 


;  [e"  +  (-P 

J  V  1-v 


|(eT  -  e^)]  T 

ij  max 


(3-17) 


In  Eqs. 


P  satisfies  the  Parseval 
properties'""^.  The  perturbation  of  EM  field 
generated  in  a  solid  body  is  likely  to  be  so  small 
that  its  contribution  to  R  is  neglected.  Equation 
(3-16)  is  exactly  analog(j>us  to  the  key  results  of 
Zener^  ^  and  Chadwick^^^^  which  are  for  thermo¬ 
elastic  damping.  Zener  worked  out  a  number  of 
simple  cases  in  which  he  estimated  the  values  of 


Pj^.  It  is  found  that 
m  >  1 


P  =  1  and  <<  1  for 


by 


Equation  (3-16)  can  then  be  approximated 
2 


n 


n  =  CR 


(3-18) 


which  has  the  maximum  value  eR/2  when  x  =4" 

The  modal  loss  factor  at  a  natural  frequency'^’ 

X  C  is  found  to  be 
n 


tR 


1  +  c 


(3-19) 


This  result  agrees  with  *^^2^^  apart  from  factor 
R(~l),  n  has  the  maximum  value  eR/2  wliun 

5=1. 
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Modal  damping  loss  factor,  defined  by  the 
half-power  bandwidth,  is  found  from  the 
magnification  factor  of  Eq .  (3-li(a))  in  the 

forra;  " 


^  _  Ax 


a) 

n 


G  - 


n 


1  +  C 


2 

n 


which  is  exactly  the  same  as  Eq.  (3-10)  with  index 
i  =  2  and  Eq .  (3-19)  with  R  1 . 


For  the  n-th  mode  of  vibration,  Eq .  (4-3) 
be  reduced  to  the  form 


K  -  iy 


2 

M  -2  2 

K  -  (1+in  )K''  =  0 

ir-1  ^  ^ 


(4-5) 


where  K.  and  are  reduced  frequency  defined  by 


K 
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w  a 
n 


a 

00 


The  general  expression  for  electromagnetic 
damping  shows  that  it  takes  the  form  of  the  Debye 
formula  and  that  it  is  proportional  to  the  square 
of  the  magnitude  of  the  reference  EM  field. 
Therefore  the  contribution  of  electromagnetic 
damping  to  total  material  damping  will  be 
considerable  in  high  fields. 

4.  Thermal  Damping  Effects  on  the  Aeroelastic 
Stability  of  Beam-Plat~^ 


4-1  Analysis 


Consider  a  simply  supported  or  damped  beam- 
plate  vibrating  one  dimensionally.  Dowell’s 
equation  of  aeroelastic  equilibrium^ ^  is 
modified  into  the  form 

'  "  M  F 

D(l+iri  )  — j-  +  ph  w  +  Ap  +  Ap  =  0  (4-1) 

8x 

This  now  includes  a  tliermal  damping  source  n  , 
Familiar  aerodynamic  theory  will  be  directly 
applied  as  given  by: 


which  is  the  unsteady  aerodynamic  pressure  due  to 
plate  motion  in  supersonic  flow  (M  >  1)  and  low 
frequency.  Ap  in  Eq ,  (4-1)  is  the  external 
aerodynamic  pressure  independent  of  plate  motion. 


3w  lh-2  _ 

^  5^1  U 


9  w 
5T 


(4-2) 


Application  of  modal  analysis  and  the 
assumption  of  harmonic  motion  lead  to  a 
characteristic  equation  in  matrix  form: 


|M  [u)  -(1+iq  )w^]6  -p  U  ^  I 
n  t  n  mn  »  mn 


(4-3) 


dere  the  following  relations  have  been  used: 
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and  Y  is  the  non-dimensional  mass  ratio.  The 
roots  of  characteristic  Eq .  (4-5)  determine  the 
stability  of  the  beam-plate.  The  stability 
boundaries  are  at  M  =  /1~  when  n  =0  and 
M3=  /T  -  (K  /4y)q^  when  q  0.  ^This  result 
implies  that  energy  dissipation  due  to  thermal 
damping  is  helpful  for  stability,  by  the  order 
0(n  ).  It  is  also  found  that  divergence 
instability  and  thermal  damping  cannot  coexist.  A 
divergence  boundary  is  determined  by  the 
equation 

yM^(MD“2)  +  “1  =  0  (4-6) 

Typical  results  are  shown  in  Fig.  5. 


Fig.  5  Instability  of  Single  Mode  (N’=l) 
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4-3  Case  II:  Multiple  Mode  (N-2) 


Flutter  may  also  occur  as  a  result  of 
coupling  between  modes.  This  normally  is  observed 
at  high  supersonic  Mach  numbers  (M  >  /T  ),  where 
Eq ,  (4-3)  can  be  approximately  written 

K^-(l+lri^)(K^+K2)K^+(l+iri^)K^j:^+X^$^  =  0  ,  (4-7) 

where 
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Flutter  boundaries  are  given  analytically  as 
follows : 


4y4)^fl^  + 

m;  =  IV  ^ 


(K^-K^)(M 

■ (K^+R^) 

.16Mpy4)^ 
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2-1 


-1)  =  0 


(4-9) 


(4-10) 


Figure  6  shows  the  effects  of  thermal  damping  on 
the  flutter  of  coupled  multiple  modes.  These 
results  again  demonstrate  that  thermal  damping  is 
favorable  for  stability,  by  the  order  of  O(n^). 


with  a  the  plate  length  in  the  streamwise  x- 
direction.  One  may  replace  q  j.  with  its  maximum 
value,  independent  of  frequency  to  simplify  the 
analysis  without  compromising  the  main  objective 
of  the  study. 

4-2  Case  I:  Single  Mode  (N=I) 


Fig.  6  Instability  of  Coupled  Multiple  Modes 
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Abstract 

The  implementation  of  a  state  feedback  con¬ 
troller  for  a  class  of  underdamped  distributed 
parameter  systems  (DPS)  possessing  classical 
normal  modes  is  studied.  In  this  control  scheme, 
a  continuous  system  in  time  and  space  is  reduced 
and  decoupled  into  a  sufficiently  large  but 
finite  system  described  by  its  time  dependent 
harmonic  or  modal  amplitudes.  This  model  is  then 
divided  into  two  parts,  the  controlled  and  the 
residual  (uncontrolled)  subsystems.  For  the 
controlled  subsystem,  controllability  and  observ¬ 
ability  conditions  are  derived.  It  is  demon¬ 
strated  that,  in  theory,  only  one  actuator  and 
one  sensor  are  required  for  controllability  and 
observability.  In  this  case,  these  control¬ 
lability  and  observability  conditions  are 
expressed  simply  as  functions  of  eigenfunctions 
and  eigenvalues  of  the  DPS.  The  authors  note 
that  these  results  on  controllability  and  observ¬ 
ability  are  consistent  with  the  results  on  more 
restricted  models  obtained  by  previous  investiga¬ 
tors.  Upper  bounds  for  the  residual  modal  ampli¬ 
tudes  of  the  DPS  have  been  derived.  These  bounds 
show  that  the  control  spillover  does  not  desta¬ 
bilize  the  residual  subsystem. 

1 ,  Introduction 

One  method  of  vibration  control  of  DPS  is  to 
reduce  the  system  into  a  set  of  decoupled  modal 
equations.  From  this  set  of  equations,  a  number 
of  vibration  modes  that  have  been  determined  to 
be  undesirable  is  selected  for  control.  These 
modes  are  called  the  controlled  modes,  while  the 
rest  of  the  uncontrolled  modes  are  termed  the 
residual  modes.  According  to  modern  control 
theory,  if  the  controlled  system  satisfies  con¬ 
trollability  and  observability  conditions,  then  a 
controller  can  be  designed  for  manipulation  of 
the  eigenvalues  of  the  system.  In  other  words, 
the  controller  can  add  damping  and  prescribe 
"natural  frequencies"  to  the  controlled  system. 
However,  the  control  force  and  the  unfiltered 
sensor  output  couple  the  residual  modes  with  the 
controlled  modes  of  the  system,  creating  pheno¬ 
menons  known  as  control  spillover  and  observation 
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spillover.  The  control  spillover  effect  has  been 
shown  to  cause  instabilities  in  undamped  sys- 
Recognizing  the  fact  that  all  systems 
have  some  structural  damping,  this  paper  intends 
to  show  that  the  control  spillover  cannot  create 
instability  in  the  residual  modes  of  the  under¬ 
damped  DPS.  Since  most  of  the  engineering  prob¬ 
lems  need  concern  for  the  first  several  modes  of 
vibration,  a  low  bandpass  filter  is  recommended 
to  filter  out  the  higher  modes  thereby  elimina¬ 
ting  observation  spillover. 

The  other  approach  to  active  vibration  con¬ 
trol  of  DPS  relies  on  the  so  called  modal  fil¬ 
ters,  which  can  be  designed  to  extract  the  modal 
information  from  the  sensors  data  with  minimal 
residual  modal  contaminations.  The  concept  is 
based  on  distributed  actuators  and  sensors.  In 
practice,  though,  a  sufficiently  large  number  of 
point  actuators  and  sensors  are  to  be  employed. 
The  rationale  behind  this  approach  is  the  concern 
for  the  destabilizing  effect  of  the  control  and 
observation  spillover  on  undamped  syst ems^^“^^ , 

In  this  study,  the  controllability  and 
observability  conditions  of  the  controlled  system 
are  demonstrated  to  be  guaranteed  by  one  actuator 
and  one  sensor.  They  are  also  shown  to  be  depen¬ 
dent  on  the  locations  of  the  point  actuators  and 
sensors  as  well  as  the  eigenvalues  of  the  system. 
Although  these  conditions  are  derived  in  a  manner 
different  from  [1]  and  [5],  they  can  still  be 
applied  to  the  undamped  systems  of  [1]  and  [5]. 
The  use  of  controllability  and  observability 
norms  here  follows  analogously  to  those  found  in 
[5]  . 

Bounds  on  the  residual  modal  solutions  have 
been  derived  in  a  straight  forward  manner  from  a 
well  known  closed  form  solution.  These  bounds 
may  be  used  for  estimating  the  residual  system 
response  due  to  excitations  from  initial  condi¬ 
tions  and  from  control  spillover. 

The  distributed  parameter  systems  discussed 
here  is  described  by  the  following ^ : 

u^^(x,t)  +  L2[u^(x,t)]  +  L2[u(x,t)]  -  F(x,t)  in 

B[u(x)]  =0  on  (1.1) 

where  the  assumptions  and  notations  are: 

a.  (O^  indicates  partial  differentiation  of 

(•)  with  respect  to  the  time,  t; 


Copyright  ©  American  Institute  of  Aeronautics  and 
Astronautics,  Inc.,  1984.  All  rights  reserved. 


192 


b,  fi  is  a  boundedf  open  region  in  R^,  n=l,2,  or 
3  with  boundary  0Q  ; 

c.  Lj  and  L2  are  linear  spatial  differential 
operators  of  order  n^,  n2.  respectively,  and 
are  self-adjoint*  on  the  domain  D(L)=  {u(',t) 
8  L2(Q)  such  that  all  partial  derivatives 
with  respect  to  x  of  order  up  to  and  includ¬ 
ing  k  are  in  L»(Q)  where  k=max(2ni,n2)  and 
B[u(x)]=0  for  X  e  BQ,  for  all  t^0}% 

d.  Lj  and  L2  commute  on  D(L)  ;  are  positive 

definite  operators  on  D(L)  and  each  has  a 
compact  resolvent*, 

e.  4L2-LJ  is  positive  definite  on  D(L)  ensuring 
that  all  the  modes  are  underdamped^. 

f,  B  is  a  linear  spatial  operator  (and  may  be  a 
differential  operator  of  order  up  to 
max(ni,n2)-l)  which  reflects  time  independent 
boundary  conditions. 

g,  F(x,t)  is  an  applied  force  distribution. 

Note  that  the  system  described  above  is  more 
general  than  the  one  considered  in  [1]  which 
requires  Lj  to  be  expressible  as  2CL2' 

(C  denotes  damping  ratio). 

The  applied  force  distribution  is  obtained  from  n 
point  force  actuators.  The  force  distribution 
may  be  written  as 

n 

F(x,t)  =  5  5(i-x.)f.(t)  (1.2) 


where  8(x-Xi)  denotes  the  Dirac  delta  function, 
X£  is  the  position  vector  of  the  ith  point  force 
actuator,  fi(t)  is  the  ith  actuator  force  ampli¬ 
tude  . 

Following  from  assumption  (d),  system  (1.1)  has 

solution  of  the  form 
e 

u(x,t)  =  ^  n  (t)l).  (x)  (1.3) 
k=l 

where  ii;(x)  is  a  complete  set  of  real  orthonormal 
functions  which  satisfies  the  boundary  conditions 
specified  on  BQ, 

In  theory,  e  is  taken  to  be  at  infinity  but  in 
practice,  e  is  taken  to  be  a  sufficiently  large 
number.  Clearly,  e  should  be  chosen  such  at 
u(x,t)  can  be  faithfully  represented  by  the  trun¬ 
cated  series  with  acceptable  errors. 

Substituting  (1.3)  into  (1.1)  and  making  use  of 
the  orthonormality  property  of  the  eigenfunctions 
and  noting  that  (1.3)  is  uniformly  convergent  due 
to  Li»L2  having  compact  resolvent,  we  get 

u(t)  +  [A^^’]i(t)  +  [A^*hs(t)  =  [B]f(t)  (1.4) 


[A^*^]  =  diagtXj*^  ... 

u(t)  =  [u  (t),  ...  ,u  (t)]"^ 
—  1  e 

f(t)  =  [fj(t) . 

and 


e  n 


We  note  that  the  left  side  of  (1.4)  becomes 
decoupled  under  our  assumption  (d)  (i.e., 

L2L2=L2Li)  stated  earlier. 


In  general,  there  are  p  point  sensors  that  feed 
back  both  position  and  velocity  information.  The 
point  sensors  described  above  may  be  composed  of 
collocation  of  both  position  and  velocity  sensors 
or  may  be  a  combined  unit  that  can  produce  infor¬ 
mation  for  position  and  velocity.  The  sensor 
equation  can  be  written  as 

y(t)  =  [Clu(x,t)  +  [D]u^(x,t)  (1.5) 
where 


[C]  =  diag[c,8(x-^- ) ,  ...  ,c  8(x-^  )] 

°  1  “  1  p  p 

[D]  =  diag[d,8(x-z, ) ,  ...  ,d  8(x-z  )] 

1  1  p  p 

y(t)  =  [yj(t).  ...  ,yp(t)] 

Note  that  6(x-^£)  is  a  Dirac  delta  function 
denoting  the  location  of  the  ith  sensor  at  z.j. 

Substitution  of  (1.3)  into  (15)  yields 

y(t)  -  [C][E]u(t)  +  ED][E]u(t)  (1.6) 


where 


[C]  =  diagEc^, 

[D]  =  diagEd]^, 
and 


ti(zi)  . 


EE] 


.Cpl 

.dp] 


We  partition  the  large  but  truncated  system  into 
controlled  and  residual  modal  states,  y(t)  and 
w(t)  respectively.  We  have 


V(t)  =  tu^(t)  Ujj(t)]^ 

w(t)  =  [^(t) 


(1.7a) 

(1.7b) 


where 


[A<^>] 


diagEk 


(M 

1  ' 


*  ^1>^2  necessarily  even  numbers. 


The  subscripts  N  and  R  will  now  be  used  to  denote 
controlled  and  residual  parts  of  the  large,  trun¬ 
cated  system  respectively. 

We  now  rewrite  (1.4)  and  (1.6)  in  the  following 
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first  order  form. 


v(t)  =  [A^]v(t)  +  [Bj^]f(t) 

w(t)  =  [Aj^]w(t)  +  [B^]f(t) 

z(t)  =  tCj^3y(t)  +  [Cj^]:w(t) 

where  the  system  coefficient  matrices  are: 


(1.8) 

(1.9) 

(1.10) 


"  [0] 

ty 

[0]  [Ir]  1 

.-'4  ] 

( 2 ) 

[Ar]  = 

(2) 

]- 

b^R  ] 

-[A<  ]]J 

WJ  l-tVJ 

[Cj^]=  [[C][Ej^]  [D][E^]]  [Cg]=  [[C][Eg]  [D][Ejj]] 

with  the  appropriate  partitions, 

[0]  1  ,,,  r[A^*>]  [0]  1 


(^)  1  (2)  to] 

[a'  >]=  [A<  ]]  = 

[0]  [A^  ']  [0]  [A^ 


[E]=  [[Ej^]  [Ejj]] 


We  define  the  term  [C^lwjt)  to  be  observation 
spillover  and  the  term  [Bj^]f(t)  to  be  control 
spillover  (see  Fig.  1). 

The  following  control  law  is  used  for  the  subsys¬ 
tem  [A^] 

f(t)  =  [G]v(t)  (1.11) 

where  [G]  is  the  control  gain  matrix. 

If  the  modal  states,  v(t),  are  estimated  by  an 
asymptotic  observer,  then  (1.11)  takes  the  fol¬ 
lowing  form 

f(t)  =  [G]y(t)  (1.12) 

where  y(t)  are  the  states  estimated  by  the  obser¬ 
ver. 

The  combined  controller-observer  system  can  be 
described  by 

v(t)  =  [Aj^]y(t)  +  [Bj^][G]y(t)  (1.13) 

y(t)=([^]-[K3  [Cj^3)i(t)+[Bj^][G]i(t)+[K]  [Cj^]y(t)  . 
y(o)  =  0 

Note  that  [K3  is  the  gain  matrix  for  the  obser¬ 
ver. 

The  error  between  the  actual  and  estimated  states 
is  defined  by 

^(t)  =  y(t)  -  y(t) 

Substituting  (1.14)  into  (1.13),  we  have 
y(t)=([A^]+[Bj^][G])y(t)-[B^][G]e(t)  (1.15a) 

1( t)=(  [Aj^]-[K]  [Cj^]  )^(t )  ,  ^(o)  =  v(o)  (1.15b) 

Or,  equivalently,  (1.15)  can  be  written  as 


"[A]+[B^][G]  -[B][G] 

z(t)  =  ^  ^  ^  z(t)  (1.16) 

[0]  [A^]-[K][Cj^] 

where  ^(t)  -  [y^(t)  e^(t)3 

Since  (1.16)  is  in  block  triangular  form,  the 
associated  eigenvalues  are  simply  those  of  the 
controller,  tAj,]_+[B  ]  [G]  ,  and  those  of  the  obser¬ 
ver.  [A  3-LKJIc  Furth  ermore,  the  modes  of 

controlfer  and  observer  do  not  interact.  There¬ 
fore,  the  controller  and  the  observer  can  be 
designed  independently.  This  property  is  called 
the  separation  property. 

To  write  (1.16)  in  a  more  compact  form,  we  let 


I  [0] 

then  (1.16)  becomes 
^(t)  =  [A^]z(t) 


[A^]-[K][C^] 


(1.17) 


2 .  Control lab il i tv  and  Observability  Conditions 

2.1  Modal  Matrix  of  [A  1 
n 

We  first  examine  (1.4)  with  the  removal  of 
the  forcing  term  [B]f(t).  Eqn.  (1.4)  is  now 
rewritten  as  follows  (with  concern  only  for  the 
controlled  modal  amplitudes). 

+  =0  (2.1) 

Again,  the  subscript  N  denotes  the  controlled 
part  of  ^1.4)  and  (2.1)  is  equivalent  to  (1.8) 
without  [Bj^]f(t),  i.e. 

y(t)  =  [Aj^]y(t)  (2.2) 

The  scalar  form  of  (2.1)  is 
..  (1)  (2) 

Uj(t)+X^  u^(t)+X^  ^i^^^  ^  ^  (i=l,,.,,n)  (2.3) 

To  solve  the  above  equation,  one  assumes  the 
solution  of  the  form 

n^(t)  =  q  (2.4) 

Substituting  (2.4)  into  (2.3),  get 
,  ( ^)  (2) 

(s^  +  ^  ^i  ^  (2,5) 

The  nontrivial  solution  of  2.5  is  obtained  by 
using  the  quadratic  formula, 

Sj*Sj  +  l  =  ±  /(X^  ^)  -  4X^  0)/2  (2.6) 


Since  system  (1.1)  is  underdamped,  the  Sj,  and 
Sj+j  are  always  complex  conjugates  of  each  other, 
therefore  sj  ^  sj  +  i,  i.e.  each  pair  of  adjacent 
roots  are  distinct. 

We  now  claim  that  the  following  transformation, 
[T],  is  a  modal  matrix  of  [A  ],  The  reason  for 
this  particular  choice  of  [Tj  will  enable  us  to 
simplify  controllability  and  observability  condi- 
tions  of 
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■  1  1  0  0  ... 
0  0  11 
0  0 


IT]  = 


0 


0 

1 

0 


0 

1 

0 


(2.7) 


0  0  0  0 


*2n-l  ®2n 


Since  sj  and  S2»  S3  and  S4,  ...  ,  and  S2n-i  and 
S2n  sre  pairs  with  distinct  elements,  one  can 
easily  see  that  [T]  has  a  complete  set  of  linear¬ 
ly  independent  eigenvectors.  In  other  words, 
[Tl”^  exists.  The  inverse  of  [T]  takes  the  fol¬ 
lowing  form: 


S2 

-  0 

S2-S1 


-1 

0  — _  0  0 

S2-S1 


“SI 

-  0 

S2-S1 


1 

-  0 

S2"S1 


[T]“^=l 


S4 

0  - 

S4“S3 


-1 

0  - 

S4-S3 


•  -S3 


1 


!  S4-S3 

0  S2n 

22n-S2n-l 


S4-S3 

-1 

0  - 

.  S2n-S2n-1 


-S2n-1  •  1 

0  0  -  0  0  - 

S2n-S2n-1  S2n“S2n-l 

(2.8) 

One  can  easily  verify  that  IT] [T]”^  yields  [I], 
the  identity  matrix.  Therefore  (2.7)  and  (2.8) 
are  truly  inverse  of  each  other. 


Now,  to  establish  that  [T]  is  a  modal  matrix 
of  [Sjj] ,  we  will  show  that 

[T]"^[Aj^[T]  =  [D]  (2.9) 

where  [Z>]  is  a  diagonal  matrix  with  the  eigen¬ 
values  s,,s^,  ...  ,s^  of  lA^]  on  the  diagonal  of 
[D],  ^  ^  ^ 


By  actually  carrying  out  the  calculation  of  the 
left  side  of  (2.9),  we  find  that 


[T]  ^Aj^][T]  = 


V®1 


0 


^2n-1^2n  ^2n-l 
®2ii"®2n-l 


(2.10) 


Eqn  (2.10)  can  further  be  simplified  to 


[T] 


[A^]  [T]  = 


0 


’'2n 


(2.11) 


The  above  is  identically  equal  to  [Z^j ._  Our  claim 
that  [T]  is  the  modal  matrix  of  tA^^]  is  now 
justified. 


2  .2  Controllability 


We  define  our  controlled  system  with  the 
forcing  term  [Bj^]f(t)  by  the  following 

y(t)=  [Aj^]v(t)  +  [Bj^]f(t)  (2.12) 

y(t)  =  [Cj^]v(t)  (2.13) 

The  observation  spillover,  [Cj^]w(t),  is  presumed 
to  be  eliminated  by  means  of  a  prefilter  such  as 
a  low  bandpass  filter. 

- 1 

With  the  aid  of  [T]  and  [T]  ,  we  perform  sim¬ 

ilarity  transformation  of  (2.12)  and  (2.13). 
Letting  y(  t )  =  ET]y ( t ) ,  and  premultiplying  (2.12) 


with  [T] ,  we  have 

v(t)  =  [T]"''[Aj^][T]y(t)  +  [Tl'^^lB^lKt)  (2.14) 

y(t)  =  [Cj^l[Tli(t)  (2.15) 

Using  (2.9).  we  may  write  (2.14)  and  (2.15)  as 
i(t)  =  [Z)]y(t)  +  [B]f(t)  (2.16) 

y(t)  -  [C];(t)  (2.17) 

where  [B] ^ETj^'^EBj^]  and  ECj^EC^^IETl 


Since  the  elements  of  W\  are  distinct,  one  may 
use  the  corollary  on  p.420  of  E5]  for  investigat¬ 
ing  the  controllability  condition.  For  the 
reader's  convenience,  we  restate  the  corollary 
here : 


If  EZ^]  is  a  diagonal  matrix,  partitition  EB]  into 
rows  thus 
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[B]  = 


(2.18) 


(2.23) 


Ji 


then  the  necessary  and  sufficient  conditions  for 
controllability  are 


I  Ib^l  I  >  0  i=l,  < . .  ,2n  (2.19) 

where  11*11  denotes  a  norm. 


Observe  that  if  [B  lisa  vector  and  each  its 
rows  is  non-zero,  then  each  row  of  [T]  B  is 
non-zero,  therefore  satisfying  (2.19).  We  con¬ 
clude,  based  on  the  above  observation,  that  the 
minimum  number  of  actuators  required  for  control¬ 
lability  is  one  actuator.  This  conclusion  is 
similar  to  those  comments  made  in  [1]  and  [5]  for 
undamped  systems  with  distinct  eigenvalues.  We 
now  go  one  step  further  to  express  the  control¬ 
lability  conditions  in  terms  of  eigenfunctions 
and  eigenvalues  of  the  distributed  parameter 
system  (1.1). 


Recall  that  (with  one  actuator) 


Sn 


% 


0 

0 

b 

i  (x., ) 

_  n  _ 

_  n  ”1  _ 

Multiplying  out  (2,20)  and  (2.8),  yields 


(2.20) 


1 

i-H 

(x^) / ( s^-s^) 

tl(xi)/(s2-si) 

'’2n-l 

-*^(xi)/(s2„-S2„_i) 

_’’2ii 

4^(xi)/(s2„-S2j,_i) 

(2.21) 


Noting  again  that  the  complex  conjugate  poles  s. 
and  s.  j  are  distinct  due  to  the  underdampinj 
condition  of  (1.1),  B  will  always  be  a  bounded 
vector. 


The  controllability  condition,  as  expressed  by 
(2.19)  is  now  reduced  to 

lib, II  =  I  U).(x,)/(S-  -s,  .  ,)ll  >  0  (2.22) 

1  1  -1  2j  2j-l 

i=l ,1,2,2,  ...  , n,n 
j  =  l,2,3,  ...  ,2n 

We  summarize  the  above  results  in  the  following 
theorem. 


Thm.  3.1  -  For  one  actuator,  the  system  ([Z)3,B) 
is  controllable  if  and  only  if 


c.=  lU,  (x,)/(s,  .-s,  .  ,)ll  >  0  , 

j  1-1  2j  2j-l 

i=l , 1,2,2,  ...  ,  n, n 
j=l,2,3,  ...  ,2n 

One  clearly  sees  that  if  the  actuator  is  located 
at  a  node  of  a  controlled  mode,  then  the  system 
will  be  rendered  uncontrollable. 

Observe  that  the  modes  associated  with  com¬ 
plex  conjugate  poles  have  the  same  controllabil¬ 
ity  norm  (which  is  of  no  surprise).  The  control¬ 
lability  norm  provides  us  a  way  to  measure  the 
degree  of  controllability  for  that  particular 
mode.  It  follows  that  one  can  maximize  the  con¬ 
trollability  of  the  controlled  system  by  optimiz¬ 
ing  the  plcement  of  the  actuator.  Similar  com¬ 
ments  can  also  be  found  in  [53.  We  note  that 
these  norms  are  not  invariant  as  the  system 
undergoes  similarity  transformation.  Therefore, 
these  norms  are  meaningful  only  when  one  compares 
them  to  those  of  their  own  transformed  system  or 
to  others  which  has  undergone  the  same  similarity 
transformations. 


2 .3  Observab il i tv 

Here,  results  similar  to  those  derived  in 
the  controllability  sectio^n  are  also  obtained  for 
the  observability  of  ( [  ,  [  Cj^3 ) ,  The  output 

matrix  [C3  and  the  modal  matrix  [T3  are  parti¬ 
tioned  as  follows: 

[C3  -  [EC][Ej^3  [D3[Ej^33  [T3  (2.24) 

and 


[T3  = 


-[Til]  ^^12^ 


(2.25) 


where  dim([T..])  =  nxn. 
ij 

Furthermore,  we  note  that  has  a  "1"  in 
each  of  its  columns  and  [T2j^  eigenvalue, 
Sj,  in  every  solumn.  The  rest  of  the  elements  in 
[T3  consists  of  zeroes. 


Letting  [P3  =  [C3[Ej^3  and  [R3  =[D3  [Ejs^3  ,  and  using 
(2.25),  we  may  simplify  (2.24)  into  the  following 
form, 

[C3=[[P3  [T^^3+[R3  [T^^]  [P3  ^ 

Denoting  the  j  th  column  of  [C]  as  C.,  we  state 
the  following  theorem.  ^ 

Thm  2,2  -  The  system  ([/)], [C3)  is  observable  if 
and  only  if 

0.  =  lie. II  ,  j=l,  ...  ,2n  (2.27) 

J  J 

Proof:  Direct  application  of  the  Jordan-form 
controllability  theorem  on  p.l91  of 
ref.  7. 
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Corollary  2,2.1  -  For  one  position  sensor  with 
unit  gain  and  no  velocity 
sensor,  i.e.,  C=1  and  D=0, 

([/?],[€])  is  observable  if  and 
only  if 

e.  =  llil.(2,)ll  >  0  ,  i=l.l . n,n 

J  *  ^  (2.28) 

j=l.  ...  .2n 


w(t)  =  [Ajj]w(t)+[Bg][G]ty(t)+e(t)]  (3.2) 

or  (3.2)  can  be  written  equivalently  as 
w(t)+[Al  ^lw(t)+[Ap  ^  ]  w(  t)=[Bp]  [G]  [y{t  )+^(  t )  ] 

R  ^  ^  (3.3) 

Noting  that  the  left  side  of  (3.3)  is  decoupled, 
we  write  any  one  of  its  equations  as 


Proof:  For  this  case,  [C]  is  a  row  vector 

expressed  as  [C]  =[43^(^l)  ,(Jl(^l) , 

(J2(zi)  »  •••  *  ^1^ '^n^^l^^  • 

Application  of  Thm  2.2 

Corollary  2.2,2  -  For  one  velocity  sensor  with 
unit  gain  and  no  position 
sensor,  i.e.  C=0  and  D=1 ,  {{D] , 
[C])  is  observable  if  and  only 
if 

=  IlsJi(zi)ll  >  0  ,  i-1,1,  ...  ,n,n 

(2.29) 

j=l,  ,2n 

Proof:  Here,  [C]  =  [  s  i  d  i  (  zx)  ,  S2(l  i  (^1 )  » 

'  S4^2(^l^ '  •••  »a2n-ivn(.zi) . 

®2n^n^-£l^^*  Application  of  Thm  2.2 


u  (t)+x^^’4  (t)+X^*^n  (t)  =  F,(t)  ,  (3.4) 

r  r  r  r  r  r 

r=n+l,n+2,  ...  ,  ® 


where  F  (t)is  a  linear  combination  of  elements  of 
y(t)  anS  ^(t). 

Using  one  actuator,  F  (t)  can  be  expressed  as 
follows . 


4n 


F  (t)=  5  c  .f  .( t)=t  (x-)  (g- V.,  ( t)+g^v^  ( t)  +  .  . . 

r  j4i  J  J  rill  22 


(3.5) 


^«2n'^2n 1  ®  1  ^ ■'«2®2  ^ ■'«2n®2n ’ 


where  the  are  the  gain  constants  of  the 

controller. 


From  corollaries  2.2.1  and  2.2.2,  we  conclude 
that  only  one  sensor  (position  or^velocity)  is 
needed  for  observability  of  (IP],[C]),  provided 
the  sensor  is  appropriately  placed. 

These  corollaries  indicate  to  us  that  ^j's  should 
be  chosen  to  be  away  from  the  nodes  of  the  con¬ 
trolled  modes.  Again  the  observability  norm,  Oj, 
gives  us  a  quantitative  way  of  computing  the 
relative  degree  of  observability  provided  that 
one  is  comparing  norms  with  the  same  similarity 
transformations.  One  may  deduce  that,  as  for 
controllability,  the  appropriate  placement  of  the 
sensor  can  enhance  the  observability  of  the  con¬ 
trolled  modes  by  maximizing  the  observability 
norms. 

Since  similarity  transformations  preserve  con¬ 
trollability  and  observability  properties,  we  say 
that  the  above  controllability  and  observability 
theorems  and  corollaries  also  apply  to  the  con¬ 
trolled  system  ( [Aj^] , [Bj^] , [Cj^] ). 

3 .  Bounds  on  Solutions  of  Residual  Modes 

With  the  aid  of  modal  decomposition,  solu¬ 
tions  are  obtained  for  the  controller-observer 
system  (1.17).  Using  these  results,  we  derive  a 
closed  form  solution  for  the  subsystem  with  the 
residual  modes.  From  the  solution,  a  convenient 
bound  is  then  selected. 


The  solution  the  controller-observer  system 
(1.17)  can  be  written  as 


z(t) 


4n 


X.t 
e  ^ 


z 


"y(o)' 

v(o) 


(3.1) 


where  a.'s  ar^  the  modal  participation  coeffi¬ 
cients,  and  X.  and  are  the  eigenvalues  and 
eigenvectors  of^  the  controller-observer  system, 
respectively.  The  residual  modal  system  is 


Clearly,  when  i vanishes  (i.e.  the  location 
of  the  actuator^is  a  node  of  the  ith  mode),  (3.4) 
is  then  reduced  to  a  homogeneous  equation.  In 
other  words,  the  control  spillover  does  not  af¬ 
fect  this  particular  residual  mode. 

One  can  write  down  the  general  solution  for 
(3.4).  (For  lightly  damped  structures,  the 
damped  frequency  can  be  taken  to  be  equal  to  the 
corresponding  undamped  frequency  with  sufficient 
accuracy. ) 


u  (t)  =  e 
r 


-P-t  ,n  (o)+p  u  (o)  , 

-  sinw  t+u  (o)cos(i)  tl 

L  «  r  r  r  J 


4n  t 


(3.6) 


+  ^  f  q.f. 
j^i  J  j  j 


(r)  e 


-P^(t-T) 

sinw  (t-T)dt 
r 


(1) 

where  p  -  X  /2 
^r  r 


and 


«  =  /x 

r  r 


(M 


The  time  dependent  term,  f  .(t),  takes  the  fol¬ 
lowing  form,  ^ 


-a  .t  -a.t 

e  ^  or  e  sin((o .  t-t .) 

J  J 


(3.7) 


where  (Ij  is  a  phase  angle  and  oj  and  wj  are 
positive  real  numbers  prescribed  by  the 
controller-observer  system. 


Since 

-Ojt  -pr(t-T) 
e  e  >1 


-Ojt  -pj.(t-T) 

e  e  sin((DjT-tj)  sinWj(t-T) 

or  (3.8) 

-Ojt  -Pi.(t-T) 

e  e  sinwj.(t-r) 


then  the  integral  of  the  above  functions  will 
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also  have  the  same  relationship.  Integrating  the 
larger  function  above,  yields 


-  -a.T  (t-x) 
j  e  ^  e  ^  dT=g^.  (t)“ 


A  bound  for  u  (t)  is 
r 


(P  “O  .)  t 
r  j 


ePr*(p  -a. 

r  j 


~  if  p 


t  e 


-P,t 


-p-t 


4n 


u^  (t) 
max 


"^r  V 

=  e  .  ..  g  . 


(t) 


r  J 
(3.9) 


if  P  =a. 
r  J 


(3.10) 


where  {  [u^(o) +p^u^(o)  ]  2/o)J+(u^(o) )  ^} 


From  inspection,  (3,10)  is  stable  for  all  t. 
This  implies  that  the  control  spillover  cannot 
create  instability  in  the  residual  system.  Fur¬ 
thermore,  (3,10)  represents  one  method  by  which 
we  can  estimate  the  peah  response  of  some  resi¬ 
dual  modes. 


3 , 1  Illustrative  Example 

This  example  is  intended  to  demonstrate  the 
design  procedure  for  the  vibration  control  of  a 
distributed  parameter  system.  Meanwhile,  an 
effort  is  made  to  apply  the  important  results 
obtained  in  this  paper.  Let  us  consider  the 
longitudinal  vibration  of  a  clamped  uniform  rod 
with  external  damping.  The  dynamics  of  the 
linear  model  can  be  written  as 


u^^(x.t)  +  u^(x,t) 


d ^u(x, t) 
dx2 


F(x.t) 


(4.1) 


for  xe(0,l)=Q  and  t>0 

where  u(x,t)  is  the  axial  displacement  of  the 
rod . 


will  assure  us  the  controllability  and  observ¬ 
ability  of  ( [Z?]  ,  [  B]  ,  [C]  or  equivalently  ([A^^^], 
[Bj^] ,  [Cj^I ) .  This  will  be  checked  by  the  traai- 
tional  method  of  inspecting  the  rank  of  control- 
labili^  matrix  and  observability  matrix  of 

A  low  bandpass  filter  is  chosen  to  filter  out  the 
higher  frequencies  from  the  sensor  output  so  that 
observation  spillover  is  eliminated. 

Note  that  all  of  the  assumptions  stated  for  (1.1) 
are  satisfied. 

The  DPS  has  the  following  solution, 

u(x,t)  =  ^  u^(t)<J(x)  (4.5) 

where  ^^(x)  are  defined  in  (4.2)  and  ^^.(t)  are 
the  modal  amplitudes. 

Substituting  (4.5)  into  (4.1)  and  using  the 
orthonormality  property  of  i^(r)»  yields 

iij^(t)+u^(t)+(kJT)^Uj^(t)=(  sin5kjr/8)f(t)  ,  (4.6) 


k=l,2,3,  ... 


It  can  be  easily  checked  that  the  unforced  equa¬ 
tion  has  underdamped  frequencies.  For  conveni¬ 
ence,  we  control  the  first  mode  (i.e.  k=l)  by 
using  one  actuator  and  one  sensor*,  (4.6)  is  writ¬ 
ten  into  an  equivalent  state  space  representa¬ 
tion.  Again,  letting  v(t)  =  [uj^(t)  u^(t)]  , 

i(t)  =  [\Jy(t)  +  [Bj^IKt)  (4.7) 

where 

"0  Ol  _  "  0  " 

-7:2  1  1,31 


Since  the  rod  is  clamped  on  both  ends,  the  boun¬ 
dary  conditions  are 

u(o, t)  =  u(l, t)  =0 

The  eigenfunctions  for  this  model  are 

♦^(x)  =  /2  sinknx  ,  k=l,2,3,  ...  (4.2) 


The  accompanying  sensor  equation  is, 

y(t)  =  [Cj^]y(t)  (4.8) 

where  [C  ]=[0.541  0.541]  with  C=1  and  D=0  in 

(1.6)  ^ 

Note:/~2  sin^  =1.31  and/^  =0.541 


and  note  that  ^re  normalized  such  that 

1 

j  ilj^(x)t^(x)dx  =  1  .  k=1.2,3,  ...  (4.3) 

o 

The  rod  is  controlled  by  one  actuator  whose  loca¬ 
tion  is  chosen  to  be  at  x=(5/8)  so  that  Thm  2.1 
is  satisfied. 


From  (4.7)  we  can  calculate  the  controllability 
matrix,  [C] 


[c]  =  [[B^]  :  =  1.31 


0 

1 


1 

-1 


(4.9) 


By  inspection,  [C]  _exists  which  implies  our 
controlled  system  ( [Aj^]  .  [ B^^]  ,  [Cj^]  is  control¬ 
lable. 


F(x.t)  =  6(x-5/8)f(t)  (4.4) 

The  rod  is  measured  by  a  position  sensor  selected 
to  be  located  at  z=(l/8).  This  particular  choice 
of  location  satisfies  Corollary  2.2.1. 

Now,  the  placement  of  the  sensor  and  actuator 


We  can  also  calculate  the 

[0] 


[0]  =[[C^]  :  = 


observabil  ity 


0.541 


1  1 
-7T2  0 


matrix. 


(4.10) 


Also,  by  inspection,  [0]  exists.  Therefore, 
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the  system  ( [Aj^] , [B^^]  )  is  observable. 

The  above  results  are  expected  since  we  have  put 
our  sensor  and  actuator  away  from  the  node  of  the 
first  mode. 

Since  we  have  guaranteed  the  controllability  and 
observability  of  the  system  described  by  (4.7) 
and  (4.8).  we  can  now  proceed  to  design  the 
active  controller.  A  direct  pole  placement  tech¬ 
nique  is  used  for  designing  the  asymptotic  obser¬ 
ver  and  controller.  The  algorithm  used  for  cal¬ 
culating  the  controller  gains  can  be  found  on 
p.275  of  [7].  The  method  for  calculating  the 
observer  can  be  derived  analogously,  the  poles 
selected  for  the  controller  and  observer  are  -2, 
-3,  and  -4,  -5,  respectively. 

The  gains  calculated  for  the  controller  are 

G  =  [2.96  -3.06]  (4.11) 

The  gains  calculated  for  the  observer  are 

K  =  [-0.400  15.2]  (4.12) 


And  from  (3.5),  we  may  write  Vt)  “ 

F2(t)=(-1)  [gjVj^(t)  +82^2 ^ 

where  g^'s  are  elements  of  the  gain  vector  G. 


Putting  the  appropriate  values  into  (4.20)  and 
simplifying,  get 

FjCt)  =  136e"^*-656e"^*+779e"^*-260e"®* 


After  calculating  the  needed  constants  for  (3.10) 
and  substituting,  we  have 


.  ,  -l/2t,  „  -1.5t  -2.5t 

(t)=e  {-2.3(e  -l)+6.6(e  -1) 

^  -3  5t  -45 

-5.6(e  ^•^M)+1.46(e  -1)} 


For  t=0  ,  this  bounds  estimates  that  the  peak 
response  of  the  second  mode  will  gain  no  more 
than  16%  of  the  initial  amplitude  of  the  first 
mode.  This  bound  value  is  also  true  for  the  rest 
of  the  residual  modes,  since  the  other  modes  have 
the  same  degree  of  damping. 


The  combined  controller-observer  system  is  then 
assembled.  It  is  simple  exercise  to  find  that 
the  eigenvalues  of  this  combined  system  are  in¬ 
deed  -2,  -3,  -4,  and  -5.  This  confirms  that  our 
gains  of  the  controller  and  observer  are  calcu¬ 
lated  correctly. 

If  there  is  an  initial  axial  displacement  to  the 
rod  such  that  only  the  first  vibration  mode  gain 
an  unit  amplitude. 

2j(0)  =  [u^(0)  0^(0)]'^=  [1  1]’'  (4.13) 

Or, 

z(0)  =[111  1]^  (4.14) 

Using  (4.14)  and  the  inverted  modal  matrix  from 
the  controller-observer  system,  we  may  compute  a. 
yielding 

a  =  [-15  54  -57  19]  (4.15) 

The  solution  for  the  combined  controller  system 
is, 

Zj(t)=Uj(t)=  -15e"^*+54e”^*-57e"^Vl9e"^*  (4.16) 

Z2(t)=nj(t)=30e"^*-162e"^‘+228e“'’*-95e"®*  (4.17) 

Z3(t)=ej(t)=6.43e"'^*^-5.42e”^*  (4.18) 

z^(t)=ej(t)=  -22.3e“'‘*+23.2e“**  (4.19) 

Simple  calculation  shows  us  that  for  t=0^,  the 
above  set  of  equations  will  give  us  back  our 
stated  initial  conditions  within  acceptable  round 
off  error. 

We  will  only  calculate  the  residual  solution  for 
the  second  mode.  The  forcing  function  for  the 
equation  of  the  second  mode  is  obtained  as  fol¬ 
lows  . 


3  .2  Conclusions 

The  results  from  this  study  suggest  that  the 
considered  control  scheme  is  a  viable  alternative 
in  the  field  of  vibration  control.  One  clear 
advantage  of  this  method  is  that  you  can  theoret¬ 
ically  control  many  vibration  modes  with  one 
actuator  and  one  displacement/ veloc i ty  sensor. 
Insight  is  gained  from  the  controllability  and 
observability  conditions,  which  are  expressed 
explicitly  as  a  function  of  the  eigenvalues  and 
eigenfunctions  of  the  distributed  parameter  sys¬ 
tem.  For  example,  these  conditions  reinforce 
one's  intuition  for  the  appropriate  placement  of 
the  actuators  and  sensors.  Although  the  derived 
bounds  for  the  residual  modal  solutions  are  con¬ 
servative,  nevertheless,  they  offer  us  a  way  to 
estimate  the  degradation  of  the  controlled  system 
response  from  the  residual  modes. 
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Abstract 


This  paper  deals  with  the  dynamic  analog  of 
the  higher-order  shear  deformation  plate  theory 
developed  by  the  senior  author.  The  theory  is 
based  on  a  displacement  field  in  which  the  inplane 
displacements  are  expanded  as  cubic  functions  of 
the  thickness  coordinate  and  the  transverse 
deflection  is  assumed  to  be  constant  through  the 
thickness.  The  additional  dependent  unkowns 
introduced  with  the  quadratic  and  cubic  terms  of 
the  thickness  coordinate  are  eliminated  by 
requiring  the  transverse  shear  stresses  to  vanish 
on  the  bounding  planes  of  the  plate.  The  theory 
accounts  for  the  parabolic  distribution  of  the 
transverse  shear  stresses,  and  hence  no  shear 
correction  coefficients  are  required. 

Nomenclature 


a,b 

planeform  dimensions  of  the 
plate 

laminate  stiffnesses 

Young's  moduli  in  material 

directions  1  and  2,  respectively 

612,613,623 

shear  moduli  in  1-2,  1-3,  and 

2-3  planes,  respectively 

II  (1  =1,2, ...,7; 

\  inertias  defined  in  Eq.  (6) 

stress  resultants  defined  in  Eq. 
(7) 

q 

distributed  transverse  load 

u,v,w 

displacement  of  a  point  in  the 
midplane  of  the  laminate 

(a  =  1,2) 

finite-element  interpolation 

functions 

rotations  of  normals  to  the 
midplane  about  the  y  and  x  axes, 
respecti vely. 

I.  Introduction 

Due  to  the  high  ratio  of  inplane  modulus  to 
transverse  shear  modulus,  the  shear  deformation 
effects  are  more  pronounced  in  the  composite 
laminates  subjected  to  transverse  loads  than  in 
the  isotropic  plates  under  similar  loading.  The 
classical  plate  theory  (CPT),  in  which  the 
Ki rchhoff-Love  assumption  that  normals  to  the  mid¬ 
surface  before  deformation  remain  straight  and 
normal  to  the  mid-surface  after  deformation  is 
used,  is  not  adequate  for  the  dynamic  analysis  of 


moderately  thick  laminates  (unless  the  dynamic 
excitations  are  within  the  low  frequency  range). 

Many  refined  theories  have  been  introduced  to 
account  for  the  transverse  shear  strains.  The 
extension  of  the  Mindlin  plate  theory  for 
isotropic  plates  to  laminated  anisotropic  plates 
(see  Whitney  and  Pagano^  provides  a  first-order 
correction  to  the  classical  plate  theory.  In  this 
theory  the  transverse  shear  strains  are  constant 
through  the  thickness,  and  hence  shear  correction 
coefficients  are  used  to  estimate  the  transverse 
shear  stiffnesses.  It  is  known  that  the  true 
distribution  of  transverse  shear  stresses  is 
approximately  parabolic  through  the  thickness  of 
the  plate.  To  account  for  higher-order  variations 
of  the  transverse  shear  stresses,  other  higher- 
order  theories  have  been  also  proposed^ ,  These 
theories  are  based  on  expansions  of  the 

displacements  (about  the  midplane  displacements) 
in  terms  of  the  thickness  coordinate.  A 

shortcoming  of  these  theories  is  that  with  each 
power  of  the  thickness  coordinate  an  additional 
dependent  unknown  is  introduced.  For  certain 
order  expansions,  it  is  possible  to  express  the 
new  dependent  unknowns  in  terms  of  those  in  the 
first-order  theory  by  imposing  constraints  on  the 
stress  field.  For  example,  for  the  cubic 
expansion  of  the  inplane  displacements  and  zeroth 
expansion  of  the  transverse  displacement,  we  have 
a  total  of  nine  dependent  unknowns  (compared  to 
the  five  in  the  first-order  theory).  The 

additional  four  dependent  variables  can  be 
eliminaed  by  requiring  the  transverse  shear 
stresses  to  vanish  at  the  top  and  bottom  inplanes 
of  the  laminate.  Such  a  theory  was  presented  by 
Levinson^  for  isotropic  plates  and  by  Reddy^  for 
laminated  plates.  The  present  study  deals  with 
the  dynamic  analysis  of  laminated  plates  using  the 
higher-order  theory. 

II.  A  Review  of  the  Equations 

Consider  a  rectangular  laminate  with 
planeform  dimensions  a  and  b  and  thickness  h.  The 
coordinate  system  is  taken  such  that  the  x-y  plane 
coincides  with  the  mid-plane  of  the  plate,  and  the 
z-axis  is  perpendicular  to  that  plane.  The  plate 
is  composed  of  perfectly  bonded  orthotropic  layers 
with  the  principal  material  axes  of  each  layer 
oriented  arbitrarily  with  respect  to  the  plate 
axes . 


Following  the  developments  presented  by 
Reddy^,  the  equations  of  motion  for  the  higher- 
order  theory  can  be  shown  to  be  of  the  form. 


Ni  ■*’  -  I,u  +  Io(i> 

l,x  6,y  1  2^x 


3h 


2  4  ,x 


(1) 
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^6,x  '^2,y  "  h''  ^  ^2'‘'y  '  3^2  U'^.y 


Ql,x^<52.y-;2(Rl,x^^2,y) 


+  -V  f  P,  +2P,  +P,  ) 

,,2  '■  l,xx  6,xy  2,yy^ 


=  ^  ^7(«,xx"«,yy^  A  ^4  (^x"^y) 


^^^5  (^x.x  "^yj 


can  be  used  to  determine  the  exact  spatial 

variation  of  the  solution,  provided  that  the 

spatial  and  time  variations  of  the  generalized 
displacements  can  be  separated.  In  the  present 
study  we  assume  that  the  loads  applied  are  such 
that  the  spatial  and  time  variations  can  be 

separated. 

The  following  two  types  (which  differ  from 

each  other  in  the  form  of  the  inplane 
displacements)  of  boundary  conditions  permit  the 
construction  of  the  Navier  type  solution: 


u(x,0)  =  u(x,b)  =  v{0,y)  =  v(a,y)  =  0 

N2(x,0)  =  N2(x,b)  =  N^CO.y)  =  N3(a,y)  =  0 


Ml  +  M, 
1  ,x  6 


-  Q,  +  — i  R,  -  — — ^  fp^  "*■  P(:  } 
,y  1  ^2  1  31^2  l,x  6,y 


=  ^2^^  ^3‘^x  -  ^  ^5«.x 


M.  +  M„  -  Q,  +  -4  Ro  -  (Pfi  V  +  Po 

6,x  2,y  ^^2  ^2  2  3^2  6,x  2,y> 


=  ^2''  +  ^3^  ■  3^2  ^5'",y 


u(0,y)  =  u(a,y)  =  v(x,0)  =  v{x,b)  =  0 
Ng(0,y)  =  Ng(a,y)  =  Ng{x,0)  =  Ng(x,b)  =  0 

w(x,0)  =  w(x,b)  =  w(0,y)  =  w(a,y)  =  0  1 


P2(x,0)  =  P2(x,b)  =  Pj(0,y)  =  Pj(a,y)  =  Olfor  both 

^S“l  and 

M2(x,0)  =  M2(x,b)  =  M^CO.y)  =  M^(a,y)  =  0  S-2 

^^^(x.O)  =  (i.^(x,b)  =43,(0,y)  =  4<y(a,y)  =  0^  (8) 

For  the  above  boundary  conditions,  the  exact 
spatial  variations  of  the  displacements  can  be 
determined  for  laminates  with  two  sets  of  plate 
stiffnesses . 


T  =  T  _  ^  I  I  =  I _ —  I 

2  '2  3h2  4  ’  5  I5  3g2  b 


I3  =  I3  -  —  I5  +  —  I7 
P  3h2  ^  ' 


,  and  are  the  stress  resultants, 


(N. ,M. ,P.)  =J  a. (I,z,z3  )dz  (i  =1,2,6) 
^  ^  -h/2  ^ 


(QijQo)  / 


*16  " 

*26 

CQ 

II 

■  ^26 

II 

Q 

11 

^26  ■ 

Ei6  = 

Epe 

=  Ei6 

"  ^26 

=  ^16  = 

^26  " 

*45  " 

^^45 

"  E45 

=  0 

*16  = 

*26 

=  Ell 

"  ^16  = 

^26  " 

Ell  = 

Ei2 

=  Ei6 

"  ^26 

=  Ei6  = 

^26  " 

II 

LO 

°45 

=  E45 

-  0 

These 

two 

sets 

of  conditions  are 

0  >  and  SS- 


0  >  and  SS-2 
)  (9) 


general  cross-ply  and  antisymmetric  angle-ply 
laminates,  respectively. 

Following  the  Navier  solution  procedure,  we 
assume  the  following  form  of  solution,  which 
satisfy  the  boundary  conditions  in  eq.  (8). 


(R.,RJ  =  /  [cy.,o,]z  dz 

^  ^  -h/2  ^  ^ 


u  =  Z  ^  ^mn 
m=l  n  =  l 


S-1  (10a) 


III.  Exact  Spatial  Variation  of  the  Solution 

As  discussed  in  Reference  4,  the  Navier  type 
solution  for  simply  supported  cross-ply  and 
antisymmetric  angle-ply  plates  subjected  to  static 
transverse  loads  can  be  obtained.  Similar  results 
are  also  valid  for  the  determination  of  the 
natural  frequencies.  In  the  case  of  plates 
subjected  to  transient  loads,  the  Navier  method 


Z  E  V  sin  ax  cos  By  cos  wt 
T  1  mn  ^ 

m=l  n  =  l 


u  =  Z  2  sin  ax  cos  py  cos  wt 

mn 

m-l  n=l 


Z  Z  V  cos  ax  Sin  By  cos  wt 
m=l  n=l 


S-2  (11a) 
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00  cx> 

w  =  2  Z  sin  ax  sin  py  cos  wt 

m~ !  n-l 


^  ^  ^mn  ^os  ax  sin  py  cos  wt  (10b, 11b) 

m=1  n=l 


00  00 

(j;  =  Z  Z  Y  sin  ax  COS  By  cos  cot 

y  mn 

m- 1  n-l 


where  a  =  —  and  p  =  r—,  and  m,  n  are  integers, 
a  D 

In  addition,  we  assume  that  the  transverse 
load  can  be  expanded  in  the  double  Fourier  series. 


q(x,y,t)  =  Z  S  sin  ax  sin  py  cos  cot  (12) 

m=l  n=l  "" 


and  its  derivatives  be  continuous  across  the 
interelement  boundary;  hence,  the  Hermit  cubic 
interpolation  functions  for  w  are  used  in  the 
present  model. 

Substituting  Eq.  (14)  into  Eqs.  (l)-(7),  we 
obtain  the  element  equations 

CM®](a®}  +  CK®](a®}  =  (f®}  (15) 

where  [M®]  and  [K®]  denote  the  element^  mass  and 
stiffness  matrices,  respectively,  and  {F  }  denotes 
the  element  force  vector  that  contains  both 
applied  and  reactive  loads  of  the  element  (see 
Reddy  ^).  Equation  (15)  should  be  approximated, 
like  Eq.  (13),  to  determine  the  vector  of  nodal 
values,  {a}  ,  at  time  t  =  nAt.  The  Newmark  direct 
integration^  scheme  is  used  to  approximate  Eq. 

(15). 


V.  Numerical  Results  for  Some  Sample  Problems 


Substitution  of  Eqs.  (10)  and  (12)  or  (11) 
and  (12)  into  Eq.  (l)-(7),  gives 


[M](a}  +  [S]{a} 


(13) 


where  [M]  and  [S]  are  the  mass  and  stiffness 
matrices.  Equation  (13)  can  be  solved  for  {a}  at 
time  t  =  nAt,  where  At  is  the  time  step,  using  a 
time-approximation  scheme.  Here  we  used  the 
Newmark  direct  integration  scheme. 


IV.  Finite  Element  Model 


Here  the  exact  and  finite  element  solutions 
of  laminated  plates  predicted  by  the  higher-order 
shear  deformation  theory  (HSDT)  are  presented  and 
compared  with  the  results  obtained  using  the  first 
order  shear  deformation  theory  (FSDT)  and  the 
classical  plate  theory  (CRT).  The  effects  of 
transverse  shear  deformation,  material  anisotropy 
and  coupling  between  stretching  and  bending  on  the 
deflections  are  investigated.  The  finite  element 
model  developed  herein  is  validated  by  comparing 
the  results  with  the  exact  solutions.  Once  the 
accuracy  of  the  finite  element  model  has  been 
verified,  analysis  of  general  laminates  with 
arbitrary  edge  conditions  are  conducted.  All  of 
the  computations  were  carried  on  an  IBM  3081 
processor  with  double  precision  arithmatic. 


In  the  interest  of  solving  more  general 
problems  than  those  permitted  by  the  Navier 
procedure,  we  construct  a  finite  element  model  of 
Eqs.  (l)-(7).  Over  a  typical  finite  element  we 
assume  (see  Reddy^  for  details)  that  the 
displacements  are  interpolated  by  expressions 


u(x,y,t) 

v(x,y,t) 

w(x,y,t) 


=  T.  U.(t)<})](x,y) 
i=l  ^  ^ 


=  2  V.(t)<j)|(x,y) 

i=l  ^  ^ 


m  n 

=  T  W.(t)4.^(x,y) 
i=l  ’  ^ 


=  S  X.(t)(t)](x,y) 
i  =1  ’  ^ 


(|'y(x,y,t) 


z  Y  (t)(t)](x.y) 
i=l 


(14) 


and  (j).  and  4).  are  the  interpolation  functions. 
For  simplicity,  the  same  shape  functions  are  used 
for  the  inplane  displacements  and  the  two 
rotations.  The  variational  formulation  of  Eqs. 
(l)-(7)  requires  that  the  transverse  deflection 


In  all  laminate  problems  considered,  the 
following  material  parameters  are  used: 

E^/E^  =  25,  ^23^^2  "  ^12  " 

It  is  assumed  further  that  0^2  =^13  and 

vi2  =  vi3  and  p  =  1.  For  the  analysis  based  on 

the  FSDT,  shear  correction  coefficient  of 

2  2  5 

^  ^  T  are  used.  Also,  the  initial 

l  c  D 

conditions  were  assumed  to  be  zero. 

1 •  Simply  supported  rectangular  isotropic  plate 
under  uniformly  distributed  load  at  the 
central  square  area  (see  Fig.  IJ. 

This  problem  was  solved  by  Reisman  and  Lee^ 
analytically  using  the  three-dimensional 

elasticity  theory.  The  plate  dimensions  and 
material  properties  ae  shown  in  Fig.  1.  The  plots 
of  the  nondimensional  center  deflection  (w  = 
wEah/qb^  versus  time  for  the  higher-order  theory, 
the  first-order  theory  and  the  classical  theory 
are  presented  in  Fig.  1.  Both  the  first-order  and 
the  higher-order  theories  are  found  to  be  in 
excellent  agreement  with  the  analytical 
solution^.  For  this  isotropic  plate  problem, 
there  is  no  significant  difference  between  the 
solutions  predicted  by  the  first-order  theory  and 
the  higher-order  theory,  and  therefore  cannot  be 
distinguished  in  the  graph.  Also,  the  finite 
element  solution  is  in  excellent  agreement  with 
the  exact  solution.  The  effect  of  shear 
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deformation  on  the  deflection  is  significant  even 
for  the  isotropic  case. 


Fig.  1  Nondimensionalized  center  deflection 

versus  time  for  an  isotropic  rectangular 
plate  under  uniform  load  at  the  center 
square  area  [v  =  .3,  At  =  0.1 ) 


2.  Two-layer  cross-ply  [Q°/9Q°]  plate  under 
sinusoidal  load. 

Figure  2  contains  plots  of  the  center 
deflection  versus  time  for  simply  supported  square 
plates  under  sinusoidally  distributed  transverse 
loads.  The  first  order  theory  slightly  over¬ 
estimates  the  deflection  and  underestimates 
stresses  (see  Fig.  3)  compared  to  the  higher-order 
theory.  The  finite  element  solution  is  in  good 
agreement  with  the  exact  solution.  Once  again,  we 
note  that  the  neglect  of  shear  deformation  in  CRT 
causes  it  to  underpredict  both  displacements  and 
stresses . 

3.  Two-layer  angle-ply  [45°/-45°]  square  laminate 
under  sinusoidal  load. 

Figures  4  and  5  contain  plots  of  center 
deflection  vs.  time  and  stress  vs,  time, 
respectively,  for  two-layer  antisymmetric  angle- 
ply  plates.  The  effect  of  shear  coupling  (B-jg, 
B25  ^  0  for  this  case)  on  the  deflection  and 
stress  is  clear  from  a  comparison  of  the  plots  in 
Figs.  2  and  3  with  those  in  Figs.  4  and  5.  The 
shear  coupling  causes  increase  in  the  center 
deflection  and  stress.  Once  again  we  note  that 
the  first-order  theory  overpredicts  deflection  and 
underpredicts  stress. 

V.  Summary  and  Conclusions 

The  higher-order  (cubic  in  the  thickness 
coordinate)  shear  deformation  theory  developed  by 
Reddy  is  used  to  determine  the  transient  response 
of  laminated  plates.  The  theory  accounts  for  the 
parabolic  distribution  of  the  transverse  shear 
stresses  and  principal  and  coupled  rotatory 
inertias.  The  major  features  of  the  present 
theory  are:  no  shear  correction  coefficients  are 
used;  the  same  dependent  unknowns  as  in  the  first- 
order  shear  deformation  theory  are  present  in  the 


Fig.  2  Comparison  of  the  central  deflections 
obatined  using  various  plate  theories 
for  two- layer  cross- ply  laminates: 
[0'"/90°],  a/h=5,  At=5psec,,  sinusoidal 
distribution  of  the  transverse  load 


Fig.  3  Comparison  of  the  central  normal  stress 
obtained  by  various  theories  for  two- 
layer  cross-ply  laminates  (see  Fig.  2) 


higher-order  theory.  The  exact  spatial  variation 
of  the  solution  for  simply  supported  rectangular 
plates  with  cross-ply  and  antisymmetric  angle-ply 
laminations  are  presented.  A  displacement  finite 
element  model  of  the  theory  is  also  developed, 

A  comparison  of  the  center  deflections  and 
stresses  obtained  by  the  first-order  theory  and 
the  higher-order  theory  for  antisymmetric  cross- 

ply  and  angle-ply  laminates  show  that  the  first- 
order  theory  overpredicts  deflections  and 

underpredicts  stresses.  The  accuracy  of  the 
present  theory  when  compared  to  the  three- 

dimensional  elasticity  theory  is  established  for 
static  bending  case  earlier  by  the  senior 

author^.  On  the  basis  of  this,  the  transient 
response  results  obtained  using  the  present  theory 
are  believed  to  be  more  close  to  the  true  response 
than  those  of  the  first-order  theory. 
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Fig.  4  Comparison  of  the  central  deflection  vs. 
time  plots  obtained  using  various  plate 
theories  for  two-layer  antisymmetric 
angle-ply  plates:  [45°/-45°],  a/h  =  5, 
t  =  5  sec.,  sinusoidal  distribution  of 
the  transverse  load. 


Fig.  5  Comparison  of  the  central  normal  stress 
versus  time  obtained  by  various  plate 
theories  (see  Fig.  4) 
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Abstract 

A  method  is  presented  for  vibration  and 
buckling  analysis  of  arbitrary  lattice  structures 
having  repetitive  geometry  in  any  combination  of 
coordinate  directions.  The  approach  is  based  on 
exact  member  theory  for  representing  the  stiffness 
of  an  individual  member  subject  to  axial  load,  and 
in  the  case  of  vibration,  undergoing  harmonic 
oscillation.  The  method  is  an  extension  of  previous 
work  that  was  limited  to  specific  geometries.  The 
resulting  eigenvalue  problem  is  of  the  size  associ¬ 
ated  with  the  repeating  element  of  the  structure. 

A  computer  program  has  been  developed  incorporating 
the  theory  and  results  are  given  for  vibration  of 
rectangular  platforms  and  a  large  antenna  structure 
having  rotational  symmetry.  Buckling  and  vibration 
results  for  cable-stiffened  rings  are  also  given. 

Nomencl ature 

Ap  terms  in  member  stiffness  matrix 

ap 

bp  (-l)P 

Cj  cos  ej 

Cb  ri/L 

C  defined  by  equation  (A14) 

Dq  displacement  vector  of  fundamental  repeating 

el ement 

displacement  vector  of  node  on  axis  of 
rotational  symmetry 

Dj  displacement  vector  of  jth  repeating  element 

EA  axial  rigidity  of  a  member 

EA-p  EA^  times  total  number  of  cables  in  cable- 
stiffened  ring 

El  bending  rigidity  of  member 

f  frequency  in  Hz 

H  depth  of  truss 

bay  index  for  jth  repeating  element  in  the 
kth  coordinate  direction 

Jq  number  of  eigenvalues  exceeded  if  all  nodes 

are  clamped 

*Principal  Scientist,  Structural  Dynamics  Branch, 
Structures  and  Dynamics  Division.  Associate 
Fellow  AIAA 

§Professor  of  Civil  Engineering,  Department  of 
Civil  Engineering  and  Building  Technology 


kpq  submatrices  of  stiffness  matrix  of  an 
individual  member 

Kq  assembled  global  stiffness  matrix  that 
multipl  ies  Dq 

global  stiffness  that  couples  Dg  and  0^ 
defined  by  equation  (A12) 

Kg  global  stiffness  matrix  that  multiplies  Dg 
defined  by  equation  (A9) 

Kj  global  stiffness  matrix  that  couples  Dq  and  Dj 

K^q  global  stiffness  submatrix  for  a  member 

connecting  Dg  and  Dj 

L  member  length 

m  mass  per  unit  length  of  member 

N|^  number  of  bays  in  the  kth  coordinate  direction 
for  which  mode  is  repetitive 

n[<  index  for  harmonic  response  in  kth  coordinate 
direction,  without  subscript  refers  to  0 
di rection 

Pq  compressive  force  in  ring 

r  radial  coordinate  or  radius  of  ring 

TQ  radius  of  hub 

r^  radial  coordinate  of  node  1 

Sj  sin  Sj 

Sb  (zi  -  Za)/L 

T,  T'  transformation  matrices 

W  submatrix  contained  in  T 

Zg,zi  axial  coordinate  of  nodes  a  and  1 

0  circumferential  coordinate 

Sj  circumferential  coordinate  of  node  j 

p  radius  of  gyration 

fj  defined  by  equation  (2) 

w  circular  frequency 


This  paper  is  declared  a  work  of  the  U.S. 
Government  and  therefore  is  in  the  public  domain. 
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Subscri pts 
c  cable 

p,q  denotes  partitioning  of  member  stiffness 
matrix  or  a  general  integer 

r  ri  ng 

Superscripts 

H  Hermitian  transpose  of  a  matrix 

T  transpose  of  a  matrix 

Introduction 

Large  lattice  structures,  such  as  booms, 
antennas,  and  platforms  proposed  for  future  space 
applications,  have  many  members  and  joints  that 
result  in  very  large  and  expensive  analysis 
problems  if  the  complete  structure  is  modeled  in 
detail.  However,  these  configurations  may  have  only 
a  few  different  member  types  and  a  structural 
arrangement  that  has  repetitive  geometry.  The 
analysis  of  such  structures  is  greatly  facilitated 
and  a  considerable  savings  in  computer  time  is  made 
by  using  techniques  which  take  advantage  of  the 
periodic  nature  of  the  structure.  Such  an  analysis 
for  vibration  and  buckling  of  a  certain  class  of 
periodic  configurations  by  Andersonl>2  demonstrated 
that  accurate  results  could  be  obtained  for  very 
large  systems  with  a  simple  and  rapid  analysis. 

The  use  of  exact  member  theory,  and  an  algorithm  for 
determining  eigenvalues  that  assured  that  no  modes 
were  omitted,  were  significant  factors  in  achieving 
accurate  results.  In  the  present  paper,  this 
analysis  has  been  extended  to  include  any  lattice 
structure  having  repetitive  geometry  and  loading. 

The  repeating  element  may  have  an  arbitrary  number 
and  arrangement  of  nodes.  For  structures  having 
rotational  symmetry,  there  may  be  nodes  along  the 
axis  of  symmetry  which  are  accounted  for  in  the 
theory.  A  description  of  the  theory  and  results 
for  several  example  problems  are  given. 

Theory 

Equilibrium  at  the  nodes  of  a  repeating 
element  is  written  in  terms  of  displacements 
as  follows 

KqDo  +  I  KjDj  =  0  (1) 

j 

where  Kq,  Kj  are  transcendental  stiffness  matrices 
derived  from  exact  member  theory  using  the  exact 
solution  of  the  linear  beam-column  equation.  These 
stiffnesses,  sometimes  referred  to  as  stability 
functions  for  buckling  problems  and  dynamic 
stiffness  matrices  for  vibration  problems  are 
summarized  for  space  frame  members  by  Andersonl*^. 
The  displacement  vector,  Dq  is  for  all  the  nodes 
of  the  basic  repeating  element,  and  the  Dj  are 
the  displacement  vectors  of  other  repeating  elements 
connected  to  the  basic  repeating  element.  There 
is  no  restriction  on  the  number  or  arrangement  of 
the  nodes  in  the  basic  repeating  element.  Because 
the  stiffnesses  are  based  on  exact  member  theory, 
the  effect  of  member  axial  load,  mass,  and  frequency 
are  implicitly  accounted  for  in  the  elements  of  Kq 
and  Kj.  The  key  step  for  the  repetitive  analysis 
is  to  relate  Dj  to  Dq  as  follows 


d]  =  Dq  exp[2i7T(niji/Ni  +  0202/^2  +n3j3/N3)] 

(2) 

=  Dq  exp(i(l)j) 

where  j^  is  the  number  of  bays  in  the  kth 
coordinate  direction  by  which  the  repeating  element 
must  be  incremented  to  reach  the  jth  repeating 
element,  and  is  the  number  of  bays  in  the  kth 
coordinate  direction  for  which  the  mode  is 
repetitive.  Note  the  structure  may  be  repetitive 
in  any  combination  of  the  three  coordinate 
directions  and  that  indexing  the  repeating  element 
by  N)^  bays  in  each  coordinate  direction  generates 
the  complete  structure  that  is  analyzed.  For  <j>j 
not  an  integer  multiple  of  tt,  the  stiffness 
matrix  is  complex  and  its  eigenvalues  correspond 
to  pairs  of  structural  modes.  For  rotational 
structures,  cylindrical  coordinates  are  used  and 
the  structure  repeats  in  the  0  direction  and 
could  also  repeat  in  the  axial  direction.  To 
ensure  that  all  possible  modes  are  considered,  it 
is  neccessary  to  consider  separately  the  following 
integer  values  of  nj^ 

nk=  0,  ±1,  ±2,  .  ±integer(  Nk/2)  (3) 

It  is  only  necessary  to  consider  combinations  of  n;^ 
that  produce  different  absolute  values  of  (^)j  since 
changing  the  sign  of  <t)j  only  changes  the  stiffness 
matrix  to  its  complex  conjugate  which  has  the  same 
eigenvalues.  Thus  if  a  structure  is  repetitive  in 
only  one  coordinate  direction,  only  positive  values 
of  n^  are  required.  For  structures  repetitive  in 
two  directions,  values  of  nj^  need  to  be  taken  in 
the  combination  p  t  q.  However  for  many  strucures 
having  the  proper  symmetry,  the  eigenvalue  for  p  -  q 
will  be  the  same  as  for  p  +  q.  The  above  theory, 
which  is  a  generalization  of  the  analysis  by 
Andersonl*2^  been  implemented  by  modifying 
an  existing  general  space  frame  buckling  and 
vibration  analysis  program  (BUNVIS)  by  Banerjee 
and  Williams^.  The  program  determines  vibration 
frequencies  or  buckling  loads  and  can  include  the 
effects  of  transverse  shear  and  rotary  inertia  in 
individual  members.  To  adapt  the  program  to  include 
repetitive  structures,  the  member  stiffnesses  (Kj) 
that  couple  one  repeating  element  to  another  are 
multiplied  by  exp(i4)j)  prior  to  assembly 
resulting  in  a  complex  Hermitian  global  stiffness 
matrix  governing  Dq  to  give 

KDq  =  0  (4) 

In  the  modified  computer  program,  the  matrix  K  is 
declared  complex  and  the  original  coding  in  BUNVIS 
for  determining  eigenvalues  is  essentially 
unchanged.  A  brief  description  of  the  eigenvalue 
analysis  used  is  given  in  the  Appendix.  In  the 
case  of  cylindrical  coordinates,  the  equations 
correspond  to  those  of  MacNeal  et  al.^  or  Thomas^ 
for  structures  having  cyclic  symmetry,  except  that 
in  references  4  and  5,  conventional  finite  element 
stiffness  and  mass  matrices  were  used  rather  than 
stiffness  matrices  based  on  exact  member  theory. 
MacNeal  et  al.^  developed  the  real  form  of  the 
equations  and  limited  their  results  to  connections 
only  between  adjacent  repeating  elements.  Thomas^ 
however,  pointed  out  that  no  additional  complexity 
results  from  connections  to  any  other  repeating 
element.  Many  structures  having  cyclic  symmetry 
also  have  nodes  along  the  axis  that  are  not 
repeated.  The  theory  accounting  for  such  cases  is 
given  in  the  Appendix. 
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Results 


The  results  given  by  Anderson^s^  were 
primarily  for  vibration  and  buckling  of  simple 
beam  and  ring  structures  where  the  repeating  element 
has  only  one  node.  The  present  theory  and  computer 
program  duplicate  all  of  those  results  exactly. 

For  structures  that  are  repetitive  in  rectangular 
coordinate  directions,  results  for  modes  that  repeat 
at  various  wavelengths  may  not  satisfy  desired 
boundary  conditions.  For  such  cases,  modes  with 
wavelengths  small  compared  to  the  size  of  the 
structure  may  still  provide  useful  information. 

For  example,  a  buckling  load  may  be  associated 
with  a  short  wavelength  mode.  If  simply  supported 
boundary  conditions  are  desired,  the  repetitive  mode 
solution  satisfies  these  boundary  conditions  exactly 
for  many  structures  and  loadings.  A  very  useful 
application  of  the  theory  is  to  structures  having 
rotational  symmetry  where  the  mode  must  be  repetitive 
in  the  0  direction  and  results  are  obtained  without 
approximation.  Examples  of  the  application  of  the 
theory  are  given  in  the  following  sections. 


Hexagagonal  Frame 


Belvin^  analyzed  and  performed  vibration  tests 
on  a  number  of  cable-stiffened  frames  which  have 
repetitive  geometry  in  the  0  direction.  Comparison 
of  these  results  with  those  from  the  present  method 
illustrates  how  all  the  eigenvalues  of  a  complete 
structure  can  be  obtained.  The  radial  rib  platform 
from  Belvin^  is  shown  in  figure  1  and  consists 
of  6  radial  beams  emanating  from  the  center  and 
connected  at  the  outer  ends  by  tensioned  cables. 

When  the  repeating  element  shown  in  the  upper  left 
corner  of  figure  1  is  rotated  6  times  about  the 
central  node  in  increments  of  60°,  the  complete 
hexagonal  frame  is  generated.  Vibration  modes  must 
be  repetitive  over  6  bays  so  N2  =  6  and  according 
to  equation  (3),  it  is  necessary  to  consider 
harmonics  n  from  0  to  3  inclusive.  The 
configuration  was  analyzed  as  a  free-free  structure. 
Several  of  the  lower  elastic  modes  and  associated 
frequencies  for  inplane  vibration  are  shown  in 
figure  1.  The  solutions  for  n  =  T  and  2  correspond 
to  two  independent  vibration  modes  which  are  taken 
as  the  real  and  imaginary  mode  shapes  determined 
from  the  complex  eigenvalue  problem.  The  mode 
shapes  shown  are  from  the  present  analysis  and  the 
beam  dominated  modes  agree  well  with  those  presented 


n  =  l  f  =  28.6  (28.7)  n  =  l  28.6  (28.7)  n  =  0  f  =  29.5 

Figure  1.  -  Vibration  modes  and  frequencies  of 
cable-stiffened  hexagonal  frame.  Values  in 
parenthesis  from  Belvin^. 


by  Belvin^.  The  exact  modes  were  obtained  from  the 
deflections  of  the  two  nodes  used  in  the  repeating 
element  along  with  equation  (2)  and  the  solutions 
of  the  member  differential  equations.  The  complete 
frame  was  also  analyzed  with  BUNVIS  and  the  results 
obtained  were  identical  to  those  shown  in  figure 
1.  The  finite  element  results  of  Belvin^  for 
the  complete  configuration  used  many  nodes  in  each 
bending  member  but  no  interior  nodes  for  the  cable 
so  that  cable  frequencies  were  not  obtained.  The 
only  difference  in  the  results  of  the  two  analyses 
for  the  beam  dominated  modes  are  those  for  which 
some  observable  cable  motion  is  present.  For  each 
of  the  two  cable  modes  shown  in  figure  1,  five 
additional  modes  were  found  at  the  same  or  nearly 
the  same  frequency  for  the  harmonics  n  =  1  to  3. 

Hexahedral  Truss  Platform 


Vibration  of  a  simply  supported  rectangular 
hexahedral  truss  platform  of  the  type  shown  in 
figure  2  was  considered  by  Noor  et  al.^  using  a 
continuum  and  a  complete  finite  element  analysis. 

The  truss  configuration  has  members  oriented  at  ±45° 
and  at  0°-90°  in  both  surfaces  with  the  pattern 
repeating  in  an  offset  manner.  Members  with 
different  cross-sectional  areas  were  used  in  the 
two  surfaces  as  well  as  in  the  core  that  connects 
the  two  surfaces.  Because  of  the  symmetry  of  the 
configuration,  the  eigenvalues  for  the  harmonic 
response  ,  n2  are  the  same  as  those  for  n^,  -n2. 

It  can  be  shown  that  the  modes  for  these  two 
solutions  can  be  combined  to  satisfy  simply 
supported  boundary  conditions  at  intervals  of  one 
half  the  distance  over  which  the  mode  is  repetitive. 
Thus,  modes  that  repeat  over  16  bays  in  both 
directions  then  give  results  for  a  structure  simply 
supported  over  a  span  of  8  bays  in  each  direction. 
Only  the  8  bays  analyzed  in  the  complete  model  are 
shown  in  figure  2  along  with  the  nodes  which  are 
simply  supported.  Because  the  figure  was  generated 
from  the  repeating  element,  members  that  may  be 
missing  from  an  edge  node  do  appear  at  the  opposite 
edge.  The  complete  model  has  162  nodes  while  only 
a  four  noded  repeating  element  is  required  in  the 
present  analysis  as  shown  in  figure  2.  A  comparison 
of  the  results  from  the  present  theory  with  the 
finite  element  results  using  the  complete  model  is 
given  in  table  1.  The  subscripts  on  f  denote  the 
number  of  half  waves  in  each  direction  for  the 
vibration  mode.  The  analysis  gave  fpq  =  fqp 
as  expected  for  a  square  symmetric  configuration 


Figure  2.  -  Simply  supported  hexahedral  truss 
pi  atform. 
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Table  1.  Frequencies  of  hexahedral  truss  calculated 
from  complete  model  and  repetitive  model 


Frequency,  Hz  1 

mode 

Noor^ 

present 

theory 

rod 

el ements 

rigi  d 
joints 

pinned 

joints 

Ui 

4.50 

4.57 

4.44 

^12 

7.73 

7.78 

7.43 

f22 

10.08 

10.04 

9.44 

^3 

11.22 

11.15 

10.37 

^01 

12.84 

12.99 

12.02 

^23 

13.06 

12.86 

11.74 

^4 

14.66 

14.42 

12.91 

^33 

15.58 

15.18 

13.37 

f24 

16.18 

15.80 

13.79 

^15 

17.82 

17.60 

14.91 

^34 

18.32 

17.77 

14.77 

so  only  one  frequency  value  is  shown.  The  finite 
element  model  used  a  linear  stiffness  and  mass 
matrix  derived  by  representing  each  member  by  a 
single  rod  element  without  bending  stiffness.  In 
the  repetitive  analysis,  the  bending  members  used 
have  moment  of  inertias  which  give  H/p  =30  for 
each  of  the  three  different  area  truss  members, 
where  H  is  the  depth  of  the  truss  and  p  is  the 
member  radius  of  gyration.  The  results  for  pinned 
joints  were  obtained  by  modifying  the  stiffness 
matrix  of  the  individual  members  by  conventional 
techniques  to  set  all  end  moments  to  zero.  The 
comparison  is  quite  good,  especially  for  the  lower 
modes,  but  there  is  a  tendency  for  the  results 
from  the  complete  model,  using  the  linear  eigenvalue 
analysis,  to  be  high  at  the  higher  modes.  The 
pin-ended  frequency  for  the  longest  member  is 
about  17.8  Hz  and  the  clamped  frequency  is  about 
40.3  Hz.  The  results  for  pinned  joints  are  in 
close  agreement  with  the  others  for  the  lower 
modes,  but  the  higher  modes  are  appreciably  affected 
by  the  nearness  of  the  pin-ended  member  frequencies. 
A  mode  with  a  zero  subscript  will  not  in  general 
satisfy  simply-supported  boundary  conditions. 
However,  the  second  eigenvalue  of  the  foi  mode  is 
given  in  table  1  because  the  displacements  were 
parallel  to  the  truss  surfaces,  hence  satisfying 
the  simply-supported  boundary  condition. 


Figure  4.  -  Four  lowest  frequencies  of  100m  antenna 
structure. 

Antenna  Structure 

The  capability  to  analyze  a  complex  structure 
is  illustrated  by  the  vibration  analysis  of  the 
parabolic  dish  antenna  structure  shown  in  figure  3 
and  first  analyzed  by  McDaniel  and  Chang°.  The 
repeating  element  has  14  nodes.  The  original 
analysis  modeled  the  members  as  rod  elements.  The 
present  analysis  used  tubular  members  that  matched 
the  area  of  the  rod  elements  by  adjusting  the 
radius  and  thickness  of  the  individual  members. 

The  radius  to  thickness  ratio  of  different  size 
members  was  held  constant  for  each  analysis. 

Several  calculations  were  made  for  various  size 
members.  The  first  four  frequencies  are  plotted 
in  figure  4  as  a  function  of  the  surface  member 
radius  and  are  compared  with  previous  results. 

Three  sets  of  results  are  shown  from  the  present 
analysis.  Besides  the  results  from  direct 
application  of  the  theory,  results  are  given  for 
pin  joints  with  distributed  and  lumped  mass  at  a 
radius  of  20  cm.  The  lumped  mass  results  were 
obtained  by  reducing  the  member  mass  to  essentially 
zero,  and  placing  the  appropriate  concentrated 
mass  at  each  joint.  For  small  radii,  the  individual 
members  vibrate  at  frequencies  below  the  frequencies 
of  the  antenna  modeled  with  rod  elements.  As  the 
member  radius  increases,  these  modes  become 
sufficiently  high  that  the  overall  dish  modes 
appear  at  frequencies  about  10  percent  higher 
than  that  found  previously.  There  appears  to  be 
some  discrepancy  in  the  present  model  as  developed 
from  the  information  provided  in  reference  8  and 
the  actual  model  analyzed  by  McDaniel  and  Chang^. 

To  check  the  present  modeling,  an  independent 
analysis  of  the  complete  structure  was  made  using 


Figure  3.  -  100m  diameter  parabolic  dish  antenna 
structure. 
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Figure  5.  -  Cable-stiffened  ring. 


Figure  6.  -  Cable-stiffened  ring  with  bicycle  spoke 
1  ad  ng. 

the  EAL^  computer  program  and  data  derived  from 
reference  8,  These  results  were  essentially 
identical  to  those  from  the  repetitive  analysis 
for  the  larger  radius  members  with  pinned  joints. 

Cable  Stiffened  Ring 


Buckling  and  vibration  of  the  cable  stiffened 
ring  shown  in  figure  5  was  analyzed  by  Andersonl*^^ 
However,  in  that  analysis,  the  attachment  at  the 
mast  had  to  be  considered  clamped  which  is  correct 
only  for  the  higher  harmonics  (n  >  1,  see  Appendix). 
The  present  analysis  can  include  the  mast  but 
results  in  an  essentially  zero  torsion  frequency 
in  addition  to  the  rigid  body  torsion  mode  for 
the  configuration  of  figure  5.  This  problem  can 
be  eliminated  by  using  cables  arranged  like  bicycle 
wheel  spokes,  as  shown  in  figure  6.  This  model 
demonstrates  two  of  the  unique  capabilities  of  the 
analysis:  (1)  the  ability  to  connect  a  member 
between  elements  that  are  not  adjacent,  and  (2) 
the  treatment  of  a  central  member.  For  this  case, 
the  8  coordinate  at  the  hub  is  plus  or  minus  80® 
from  the  ring  attachment  which  provides  torsional 
stiffness  to  the  structure.  The  hub  itself  (shown 
in  detail  in  figure  6)  is  modeled  with  bending 
members  of  the  same  cross-sectional  properties  as 
the  ring  members.  The  variation  of  the  square  of 
the  lowest  frequency  with  compressive  ring  force, 
pQ,  produced  by  cable  tension  is  shown  in  figure 
7.  Nondimensi onal  parameters  are  used  that  make 
results  essentially  independent  of  number  of  cables. 


Figure  7.-  Frequency  of  cable-stiffened  ring  as  a 
function  of  preload. 


Figure  8.  -  Buckling  mode  of  cable-stiffened  ring 
with  bicycle  lacing. 

The  definition  of  all  the  parameters  used  can  be 
found  in  the  nomenclature.  The  solid  curve  is  for 
50  pairs  of  centrally  directed  cables  ignoring  any 
zero  frequencies.  The  results  for  the  36-cable 
bicycle  wheel  lacing  are  shown  as  the  dashed  curve. 
In  the  left  portion  of  figure  7,  cable  modes  control 
and  the  results  for  both  models  coincide.  At 
higher  loadings,  the  frequencies  of  the  ring  modes 
for  the  bicycle  arrangement  are  somewhat  lower 
than  for  the  centrally  directed  cables.  This  is 
attributed  to  flexibility  of  the  members  in  the 
vicinity  of  the  hub.  When  the  lowest  frequency 
goes  to  zero,  the  ring  buckles.  For  the  bicycle 
arrangement,  the  mode  has  4  waves  around  the 
circumference  as  shown  in  figure  8. 

The  radius  of  the  hub  was  sufficient  to  drive 
the  torsion  frequency  above  the  fundamental 
frequency  shown  in  figure  7.  Additional 
calculations  have  shown  that  even  a  much  smaller 
hub  is  adequate.  In  an  actual  design,  requirements 
for  torsional  stiffness  or  strength  probably  would 
control . 


Concluding  Remarks 


A  method  is  developed  to  determine,  without 
approximation,  vibration  or  buckling  eigenvalues 
for  lattice  structures  having  repetitive  geometry 
and  having  modes  that  also  are  repetitive.  The 
method  involves  nodes  of  only  one  repeating  element 
and  uses  stiffness  matrices  that  are  based  on 
exact  solutions  to  the  beam-column  equations.  Thus 
accurate  values  can  be  obtained  for  all  eigenvalues 
without  introduction  of  nodes  between  points  of 
connection.  For  structures  that  are  repetitive  in 
rectangular  coordinate  directions  and  having  the 
proper  symmetry,  the  solution  corresponds  to 
boundary  conditions  of  simple  support  over  a  length 
one  half  of  the  length  over  which  the  mode  is 
assumed  to  be  repetitive.  Such  a  solution  is 
useful  for  other  boundary  conditions  if  the  response 
wavelengths  of  interest  are  small  with  respect  to 
the  size  of  the  structure.  For  structures  having 
rotational  symmetry,  such  as  large  antenna 
configurations  proposed  for  space,  the  mode  must 
be  repetitive  around  the  circumference;  thus,  the 
method  gives  results  that  are  identical  to  an 
analysis  of  the  complete  structure.  Such 
configurations  often  have  a  central  mast  that  is 
connected  to  all  the  repetitive  segments.  The 
necessary  equations  to  treat  this  case  are  also 


210 


developed. 


A  computer  program  has  been  developed 
incorporating  the  repetitive  analysis  features  and 
results  have  been  obtained  for  several  platform, 
ring  and  antenna  configurations.  Comparison  of 
these  results  with  previous  analyses  of  the  complete 
structures  generally  showed  good  agreement  for  the 
lower  modes.  For  higher  modes,  conventional  finite 
element  analysis  results  tend  to  be  unconservative 
and  thus  are  higher  than  those  obtained  using 
stiffness  matrices  based  on  the  exact  solution  of 
the  beam-column  equations.  For  problems  having 
many  identical  elements,  the  savings  in  computer 
time  and  storage  can  be  very  large  compared  to 
methods  which  analyze  the  complete  structure. 


Appendix 


Stiffness  matrices  when  node  is  on  axis  of 
rotational  symmetry 


Consider  N  identical  members  which  connect  a 
node  on  the  axis  of  rotational  symmetry  to  nodes 
which  have  identical  axial  coordinates  and  are 
uniformly  spaced  in  the  6  direction  as  shown  in 
figure  9.  In  the  analysis  of  the  complete 
structure,  that  set  of  members  would  contribute  to 
the  global  stiffness  matrix  as  follows 


J _ 

Ki2 

... 

kN  ^ 
Ki2 

K2I 

K^2 

0 

Dl 

^21 

0 

K22 

... 

D2 

L  ’^21 

K22  J 

Dfi. 

where 

N 

l-  l 

j=i 


The  displacement  vector  corresponding  to  each  row 
in  equation  (Al)  is  also  shown.  The  are 
6x6  submatrices  resulting  from  transformation  of 


the  local  member  stiffness  matrices.  For  mode 
shapes  that  are  repetitive  in  the  6  direction,  Dj 
may  be  related  to  as  in  equation  (2)  by 

Dj  =  exp(2i7rn( j-l)/N)  (A2) 

The  first  row  of  the  matrix  of  (Al)  times  the 
corresponding  displacement  vector  can  then  be 
written  as 

I  Dg  +  exp(2iTin(j-l)/N)]  (A3) 

or 

Ka  Da  +  Ki  Di  {A4) 

The  matrices  Kg  and  can  be  determined  as  follows. 
The  member  stiffness  matrix  in  local  coordinates 
can  be  expressed  as  the  four  6x6  submatrices 


A^  0  0  0  apAy  0 

0  A2  0  bpA3  0  0 

0  0  A3  0  0  0 

kpq  =  (A5) 

0  bqAs  0  A4  0  0 

aqAy  0  0  0  A5 

0  0  0  0  0 

where 

ap  = 

bp  =  (-l)P 

The  matrix  (A5)  is  written  assuming  that  the  nodal 
displacement  vector  is  given  in  the  order  of  three 
displacements  followed  by  three  rotations  in  a 
right  handed  coordinate  system  and  that  the  member 
is  aligned  along  the  third  local  coordinate 
direction.  The  terms  Ap  are  in  general  different 
for  the  four  submatrices.  For  a  nonvibrating 
member  without  axial  load,  they  are  equal  to  the 
conventional  finite  element  stiffness  terms.  The 
member  global  stiffness  matrix  can  be  obtained 
using  the  transformation  matrices  T  and  T‘ . 


Figure  9.  -  Central  node  on  2  axis  connected  to 
several  repetitive  nodes. 


where  r^,  e^,  zi  are  the  coordinates  of  the  first 
repetitive  node  and  Zg  is  the  axial  coordinate  of 
the  central  node.  The  transformation  of  equation 
(A7)  assumes  that  one  of  the  principal  axis  of 
inertia  lies  in  a  meridional  plane.  The  real 
symmetric  matrix  Kg  can  be  obtained  as 

Kg  =  I  Kii  =  I  jT  kii  T  (A9) 

The  nonzero  terms  in  the  upper  triangle  are 

Kjd,!)  =  Ka(2,2)  =  (A^  +  AgS^^  + 

Ka(l,5)  =  -Ka(2,4)  =  (Ay  +  A8)sbN/2 

KgOd)  =  (AgCb^  +  A3Sb2)N  (AlO) 

Ka(4.4)  =  Ka(5,5)  =  (A4  +  AgS^^  +AgCb2)N/2 

Ka(6,6)  =  (A5Cb2  +A6Sb2)N 

The  terms  Ap  in  equation  (AlO)  come  from  the  kxi 
matrix  and  use  has  been  made  of  the  relations 

I  cos^  =  I  sin^  0-:  =  N/2 

J  J 

I  cos  Ojsin  6j  =  0  (All) 

I  cos  6j  =  I  sin  =  0 


Ki(2,l<)  =  iKi(l,k) 

k  =  1,  2,  ...  6 

Ki(5,k)  =  iKi{4,k) 
where 

C  =  (cos  ex  -  i  sin  0x) 6xnN/2 

6pq  =  1  p  =  q  (A14) 

6pq  =  0  p  q 

The  terms  Ap  in  equation  (A13)  come  from  the  kx2 
matrix  and  the  following  relationships  have  been 
used 

I  cos  0jexp(2i  tt(  j-l)n/N)  =  C 
I  sin  ejexp(2i'iT( j-1  )n/N)  =  iC  (A15) 

I  exp(2iTT( j-l)n/N)  =  SqhN 
The  matrix  defined  as 

K^2  =  (T'  I<22  T'  (A16) 

Since  T‘  is  not  a  function  of  0j , 

K^2  =  K^2 


The  matrix  Kx  is  obtained  as 
Kx  =  I  K^2  exp(2iTTn( j-l)/N) 

=  I  k^2  exp(2i  7Tn(  j-l)/N) 


(A12) 


If  succeeding  vcms  of  equation  (Al),  starting  at 
the  second  row,  are  multiplied  by  exp (>2i  TTn( j-1) /N) 
and  summed,  the  result  is 

K^Dg  + 


The  nonzero  elements  are 

Ki(l,l)  =  C(A2Sb2  +  A3Cb2) 

Ki(l,2)  =  -CiAi 

Ki(l,3)  =  C(-A2  +  A3)cbSb 

Ki(l,4)  =  CiAySb 

Ki(l,5)  =  CAgSb 

Ki(l,6)  =  -CiAycb 

Ki(3,l)  =  (-A2  +  A3)cbSbN6on 

d(3,3)  =  {A2Cb2  +  A3Sb2)N6o^ 

Ki{3,5)  =  -AsCbN^On 

Ki(4.1)  =  CiAgSb 

Ki(4,2)  =  CAySb 

Ki(4,3)  =  -CiAsCb 

Ki(4,4)  =  C{A5Sb2  +  AgCb^) 

Ki(4,5)  =  -CiA4 
Ki(4,6)  =  C(-A5  +  A6)cbSb 
Ki{6,2)  =  -AyCbNSon 

Ki(6,4)  =  {-A5  +  A6)cbSbN«0n 

Ki(6,6)  =  (A5Cg2  +  Ag  Sg2)N6o^ 


where  the  superscript  H  denotes  Hermitian  transpose. 
Thus  the  matrix  coefficient  of  Dx  is  the  same  as 
that  obtained  by  considering  only  one  member  and 
multiplying  the  result  by  N.  In  the  analysis  of  the 
complete  structure,  all  stiffness  matrices  involving 
members  not  connected  to  a  central  node  are 
multiplied  by  N  to  be  compatible  with  equations 
(A9)  and  (A12)  .  For  members  that  lie  along  the 
axis,  the  stiffness  matrices  are  generated  in  the 
usual  way  without  multiplication  by  N. 

Ei  genval ue  analysis 

Vibration  or  buckling  eigenvalues  are  determined  in 
BUNVIS  by  the  theory  described  by  Williams  and 
Wittrickl^.  j^e  theory  involves  reducing  the 
stiffness  matrix  for  some  trial  value  of  the 
(A13)  eigenvalue  by  Gaussian  elimination  and  determining 
the  sign  count  which  is  the  number  of  negative 
signs  on  the  leading  diagonal.  The  number  of 
eigenvalues  exceeded  is  the  sign  count  plus  Jq* 
the  number  of  eigenvalues  exceeded  by  individual 
members  if  their  ends  were  clamped.  An  iterative 
procedure  is  used  to  converge  to  the  desired 
eigenvalue.  The  procedure  is  equally  valid  for 
the  complex  matrix  of  the  repetitive  analysis, 
recognizing  that  eigenvalues  occur  in  pairs  except 
for  the  special  cases  when  the  matrix  is  real. 

These  procedures  must  be  modified  somewhat  to 
account  for  a  central  node.  Examination  of  the 
matrix  Kx  shows  that  for  n  =  0  only  the  3*"^  and 
6th  pows  are  nonzero,  corresponding  to  axial 
displacement  and  torsion  about  the  axis.  For  this 
case  the  other  degrees  of  freedom  are  suppressed 
and  only  the  contribution  to  Jq  from  the  axial 
and  torsion  modes  of  members  along  the  axis  are 
counted.  For  n  =  1,  rows  3  and  6  of  Kx  are 
zero.  Therefore  the  corresponding  displacements 
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are  suppressed.  In  addition,  the  contribution  to 
the  sign  count  and  Jg  must  reflect  the  fact  that 
the  displacement  vector  is  a  combination  of  vectors 
Dq  which  are  not  periodic,  and  vectors  Dj  that  are 
periodic  around  the  circumference.  This  can  be 
accomplished  by  restricting  motion  of  all  nodes 
along  the  axis  to  one  plane  only  (suppressing 
displacements  corresponding  to  rows  2  and  4  of 
for  example)  and  multiplying  by  one  half.  In 
addition  the  stiffness  matrix  for  any  member  along 
the  axis  must  be  multiplied  by  one  half. 
Contributions  to  Jg  from  members  along  the  axis 
are  from  bending  only  and  are  counted  singly  (for 
the  theory  to  apply,  the  central  members  must  have 
equal  principle  moments  of  inertia  and  ordinarily 
the  contributions  to  Jg  for  such  a  member  is  in 
multiples  of  two).  This  procedure  effectively 
weights  the  contribution  of  the  central  nodes  by 
one  half  compared  to  other  nodes  so  that  final 
eigenvalues  may  be  considered  as  occuring  in  pairs 
as  for  structures  without  central  nodes  and  having 
rotational  symmetry.  For  n  >  1,  =  0  and  the 

central  node  displacements  do  not  couple  with 
exterior  node  displacements.  In  this  case  all 
degrees  of  freedom  of  the  central  node  are 
suppressed  and  no  contribution  to  Jg  from  a  member 
along  the  axis  is  made. 
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Abstract 


A  new  theory  for  the  in-plane  dynamic  behavior 
of  shear-deformable  ring-type  structures,  i.e., 
curved  beams  and  complete  rings,  is  presented.  In 
classical  thin -ring  theory,  transverse  shear  defor¬ 
mation  is  neglected  altogether,  while  in  Bresse- 
Timoshenko-type  ring  theory,  the  shear  strain  is 
assumed  to  be  distributed  uniformly  through  the 
thickness  with  a  shear  correction  factor  determined 
in  an  ad  hoc  fashion.  The  thick  ring  problem  has 
also  been  treated  using  two-  and  three-dimensional 
elasticity  theory,  but  these  solutions  involve  ex¬ 
tensive  computation.  The  present  theory  is  an 
advancement  over  Bresse-Timoshenko  theory  in  that 
it  satisfies  the  physical  requirements  of  zero 
shear  strain  at  the  inner  and  outer  ring  surfaces. 
Its  accuracy  lies  betxvreen  that  of  the  shear- 
correction  and  elasticity  methods  and  yet  it  in¬ 
volves  no  more  effort  than  the  former  method. 
Finally,  it  is  emphasized  that  transverse  shear 
effects  are  much  more  significant  for  composite 
materials  than  for  homogeneous  materials  of  the  same 
geometric  configuration  and  in  the  same  vibration 
mode. 

Nomenclature 


stretching  stiffness  constant 
bending-stretching  stiffness  constants 
extensional  shear  stiffness  constant 
bending  stiffness  constant 
Young's  modulus 

bending  shear  stiffness  constant 
shear  modulus 
coefficient  matrix 
ring  depth 

mass  moments  of  inertia 
rotatory  inertias 

coefficient  matrix 
circumferential  bending  moment 
mode  number 

circumferential  normal  force 
externally  distributed  loading 
circumferential  shear  force 
midsurface  radius 
radial  dimensional  variable 
shear  stiffness  constant 
rotational  shear  stiffness  constant 
time 

circumferential  displacement 
radial  displacement 

circumferential  dimensional  variable 

(=  R0) 

radial  position  measured  from  mid¬ 
surface 

angular  displacement  (1st  order) 
angular  displacement  (2nd  order) 
normal  strain 
shear  strain 


*Perkinson  Professor  of  Engineering,  Associate 
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K  midsurface  curvature 

n  modal  constant 

0  angular  dimensional  variable 

4)  angular  displacement  (3rd  order) 

p  material  density 

a  normal  stress 

T  shear  stress 

Q  modal  frequency 

Introduction 

Because  of  the  varied  use  of  ring  elements  in 
the  machines  and  structures  of  our  present-day 
world,  the  necessary  models  and  applied  mathematics 
must  be  developed  as  design  tools.  Ring  structures 
such  as  flywheel  rims,  shell  and  cylinder  rims, 
casings  for  load  rings  and  vibration  and  pressure 
transducers,  and  others  are  common  examples  of  this 
important  class  of  structures.  Furthermore,  the 
increasing  use  of  more  fiber  reinforced  composite 
materials  in  ring  structures  is  prompting  the  need 
for  an  accurate  description  of  transverse  shear 
strain  in  ring  analysis. 

The  classical  thin-ring  theory  of  Hoppe^  is 
very  inaccurate  when  applied  to  thick  homogeneous 
rings  and  composite-material  rings  in  which  trans¬ 
verse  shear  effects  are  of  significant  magnitude. 

The  work  of  Bresse^  (and  similarly  Timoshenko  for 
straight  beams^)  is  an  improvement  which  includes  a 
uniform  distribution  of  transverse  shear  strain 
through  the  thickness.  However,  the  physical  re¬ 
quirement  of  rings  requires  that  the  shear  strains 
vanish  at  the  free  surfaces,  namely  the  intrados 
and  extrados.  In  fact,  the  actual  shear-strain  dis¬ 
tribution  through  the  thickness  of  a  ring  structure 
is  a  somewhat  distorted  parabola.  To  correct  the 
poor  shear  description,  the  Bresse-Timoshenko  theory 
uses  a  shear  correction  factor  which  must  be  deter¬ 
mined  independently  of  the  ring  analysis.  Mindlin 
and  Deresiewicz^  and  Cowper^  have  suggested  various 
methods  for  determining  this  shear  correction 
factor. 

To  avoid  the  inaccuracies  of  the  shear- 
correction  analysis,  some  investigators  have 
modeled  ring  structures  using  two-  and  three- 
dimensional  elasticity  theory^ This  approach  is, 
of  course,  quite  accurate,  but  at  the  same  time 
quite  laborious.  Levinson^  has  recently  proposed  a 
new,  straight  beam  theory  which  allows  for  a  more 
realistic  shear  strain  distribution.  However,  this 
and  analogous  earlier  plate  theories  by 
Ambartsumyan^,  Reissner^^,  and  Schmidt^ ^  were  de¬ 
rived  for  macroscopically  homogeneous  materials 
only.  Levinson's  plate  theory has  been  extended 
to  include  laminated  plates  by  Murthy^^  and  Bert^^. 
However,  Levinson's  theory  cannot  be  directly  ex¬ 
tended  to  ring  structures,  since  for  such  a  geo¬ 
metry,  it  does  not  satisfy  the  physical  conditions 
of  zero  shear  strain  at  the  inner  and  outer  sur¬ 
faces  . 

The  new  theory  reported  in  this  paper  is 
motivated  by  the  need  for  a  realistic  shear  strain 
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distribution  and  the  requirement  to  satisfy  the  zero 
shear  strain  conditions.  Following  Levinson,  the 
circumferential  displacement  will  contain  the  same 
terms  plus  those  necessary  to  apply  the  surface 
boundary  conditions.  The  new  theory  is  also  of  the 
nature  of  a  first-order  approximation  in  the  sense 
that  the  terms  involving  (h/R)^  in  the  expanded  cir¬ 
cumferential  displacement  field  are  neglected.  The 
accuracy  of  this  new  theory  is  greater  than  the 
classical  and  shear-correction  theories,  yet  is  much 
more  practical  than  an  elasticity  analysis  in  the 
amount  of  effort  required  to  arrive  at  a  satisfac¬ 
tory  engineering  solution.  An  additional  motiva¬ 
tion  for  this  new  theory  is  the  increasing  use  and 
importance  of  fiber-reinforced  composite  construc¬ 
tion  rings.  The  transverse  shear  effects  of  com¬ 
posite  rings  are  much  more  pronounced  because  of  the 
relatively  low  shear  modulus  of  such  materials.  For 
this  reason,  designers  need  an  analysis  method  which 
offers  an  accurate  description  of  the  shear  effects 
and  at  the  same  time  requires  only  modest  computa¬ 
tional  effort. 

Bert^^  recently  applied  this  notion  to  the 
development  of  a  new  static-ring  theory.  The  pre¬ 
sent  paper  presents  the  dynamic  analysis  counter¬ 
part  for  shear-deformable  ring  structures. 


Using  equations  (1)  through  (3) ,  the  stress-strain 
relation  for  the  element  dx  can  be  written. 

^0  =  =  E{w/R  +  v,y  +  za,y 

+  (4a) 


T  =  X  =  Gy  =  G{w,  -  v/R  +  a(l-z/R) 

9z  yz  yz  y 

+  3(2z-z^/R)  +  (j)(3z^  -  z^/R)  }  (4b) 


Since  the  shear  stress  must  vanish  at  the  inner  and 
outer  surfaces  of  the  ring  {t  (y,  +  h/2)  =  0}, 
equation  (4b)  leads  to 


w,^  -  v/R  4-  a(l-h/2R)  +  3(h-h^/4R) 
+  c{)(3h2/4  -hVSR)  -  0 
w,^  -  v/R  +  a(l  +  h/2R)  +  3(-h-h^/4R) 
+  c|)(3h^/4  +  hV8R)  -  0  . 


(5) 


Equations  (5)  can  be  solved  to  isolate  3  and  cj) 
leaving , 


Theoretical  Development 

The  displacement  field  considered  is  shown  in 
Fig.  1,  where  the  circumferential  displacement  is 

V(0,z,t)  =  v(e,t)  +  za(6,t)  +  z^3(0,t) 

+  z3(f)(0,t)  ,  (1 

and  the  radial  displacement  is 

W(9,z,t)  =  w(0,t)  .  (2 

Then  the  linear  strain-displacement  relations  can 
be  written 


=  w/R  +  v,^ 

e  =  W,  =0 


3  =  -  (l/6R)(w,  -v/R -2a) 

^  (( 

(j)  =  -  (4/3h^)  (w,^  -  v/R  + a)  , 

where  h^/8R^  is  neglected  compared  to  unity.  Now 
the  normal  and  shear  strains  £„  and  Yy2  be 
written  in  terms  of  the  circumferential,  radial, 
and  angular  deflections  of  the  middle  surface  v,  w, 
and  a,  respectively. 

From  the  theory  of  elasticity,  the  dynamic 
equations  of  motion  neglecting  body  forces  can  be 
written  in  polar  coordinates  (R+z,0)  as  follows. 
The  circumferential  equation  of  motion  is 

"ez.z  +  (°9,e 

and  the  radial  equation  is 


Yo  =  Y  =  W,  -  V/R  +  V, 

0z  'yz  y  z 


^ez,e  +  + 


Equation  (7)  can  be  integrated  over  z  to  obtain  an 
equation  for  the  normal  force,  N,  per  unit  width 
for  any  arbitrary  point  within  the  ring. 

h/2  h/2 

I  {(R+z)t  +  ft  +  }dz  =  [  p(R+z) 

J  0z,z  0,6  6z  ) 

-h/2  -h/2 

•  {v,^^  +  za,^^  +  z23,^^  +  z3(f),^^}dz  (9) 

Similarly,  multiplying  equation  (7)  by  z  and  inte¬ 
grating  from  z  =  -h/2  to  z  =  h/2,  yields  an  equa¬ 
tion  from  which  is  obtained  a  description  of  the 
unit  moment  for  any  arbitrary  point. 


Fig.  1  Coordinates  and  generalized  forces. 
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:{(R+z)t.  +a  o  +  2t  }dz  =  pz(R+z) 

GzjZ  6,0  ez  J 

-h/2 


pz(l  +  z/R){l  +  z2/5j^2  +42V3h^R}dz 


pz(l  +  z/R){z  +  z^/3R“  4z^/3h^ }dz 


The  shear  force,  Q,  per  unit  width  results  from 
integrating  equation  (8)  over  z. 


{(1/R)Tq^^0+  (l  +  z/R)c:r^z'^ 


(1/R)a0}dz  = 


p  (1  4- z/R)w,^^dz  (11) 


From  Fig.  1  the  stress  resultants  (N,q)  and  stress 
couple  (M)  are  defined  as 


(N,M)  E  (l,z)a.dz  ;  Q  =  t  dz  (12) 

D  bz 


Completing  the  integrations  in  equations  (9) 
through  (11)  and  using  equations  (6)  and  the  defi¬ 
nitions  in  equations  (12)  results  in  three  equa¬ 
tions  of  motion  involving  v,  w,  and  a. 


N’y  +  Q/R=  V-tt  +  V’tt-V’ytt 

^'’y-'^  =  V’tt  +  V’tt- V’ytt  • 


Q,  -  N/R  =  I  w,  ^  -  P. 

o  tt  1 


where  P,  is  the  external  distributed  loading. 
Equations  (13)  are  written  in  this  form  recognizing 
that 

’y  R  30  ’  ’y  R  36  ’  ^’y  R  30 


The  inertial  terms  in  equations  (13)  are  derived 
from  the  right  side  of  equations  (9)  through  (11) . 


J  =  pz (1 +  z/R) {z^/6R + Az ^/3h^ }dz 

6 


The  force  and  moment  definitions  in  equations  (12) 
can  be  expanded  using  the  stress-strain  relation¬ 
ships  of  equations  (4) ,  resulting  in  descriptions 
of  the  normal  and  shear  force  and  couple  with 
respect  to  the  midplane  normal  and  shear  strain  and 
curvature ; 


A  B’  s' 


B  D  K 


Q  =  Sy  -  S^a 


=  v,^  +  w/R  (midsurface  normal  strain) 

K  =  (midsurface  curvature) 

=  w,^-v/R+a  (midsurface  shear  strain) 


The  stiffness  terms  in  equations  (15)  are  defined 
as  follows: 


(A,B)  =  J  (l,z)E  dz 

-h/2 

h/2 

(B',D)  =  I  (l,z){E(z  +  z2/2R)}dz 


Iq  =  P (1  +  z/R) dz  , 


(C,F)  =  (1,z){E(z^/6R+ 4z^/3h^)  }dz 


p (1 + z/R) {1 +  z^/6R^ +  4z^/3h^R}dz  , 


G{1  -  z/3R+  z^(1/6r2  -  4/h2) 


+  AzVdh^Rldz 


p(1  +  z/R){z  +  z^/3R-  4z^/3h^}dz 


n/  z 

S’  =  G(z^/2R^)dz  . 


p (1  +  z/R) {z^/6R  +  4z  ^/3h^ }dz 


Returning  to  equations  (13) ,  these  relationships 
can  now  be  expanded  and  terms  collected  in  v,  w, 
and  a. 
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Ae°,  +B’k,  -Cy®,  +  (1/R)  (Sy°  -  S 'a) 

y  y  yy 


with  coefficients  containing  terms  in 


B£°,  +Dk,  -Fy°,  -  (SY°-S'a)  -I  V.  ^ 

y  y  yy  4  tt 

-To  +  ‘Jy-'W 

5  ’tt  6  ,ytt 


Sy  ,  -s'a,  -  (l/R)(Ae  +B'k-Cy  ,  ) 

y  y  y 

-  I„w,  =  -  P. 
0  tt  1 


Substituting  the  definitions  of  e°,  y°,  and  k  and 
rearranging  terms  leads  to  the  following  set  of 
simultaneous  equations. 


hi  h2  ha 
hi  ha  ha 

^31  ^32  hs 


The  coefficients  of  matrix  {L}  are  defined  as 
follows  where  dy  and  dt  are  differential  operators 
acting  on  the  variable  terms  v,  a,  and  w  such  that 


hi  h2  h3 

hi  ha  h3 

hi  h2  h3 


The  terms  of  {H}  are, 
H, ,  =  ~  q^CAR+C 


q2(AR+C)  “  (S/R)  + 


ha  "  ■  (i/R)(s-s')  + 

=  -  n(A+s)  -  n^CR  +  nn^j^R 

hi  °  +  +  s  + 

H22  =  -  tho-F)  -  (s-s')  +  n2j^ 

ha  =  -  n(B-SR)  -  n^FR  + 

=  “  ri(S  +  A+C/R) 

=  n(S  -  s'  -  B'/R+C/R) 

=  -  ti2(sr+C)  -  (A/R)+n2i^R 


dy  =  d/dy 


dt  =  d/dt  . 


=  (AR+C)dy2  -  S/R- I^Rdt^ 

Lia  =  (B'  -C)dy2+(l/R)(S-S')  -J2dt2 
^13  “  (A+S)dy-CRdy3  +  J2Rdydt2 
L2j^  =  (BR+F)dy2  +  S-I^Rdt2 
L22  =  (D-F)dy2-  (S-S’)  -  J^dt2 
L23  =  (B-SR)dy-FRdy2  +  JgRdydt2 
=  -  (S  +  A+C/R)dy 
1^2  =  (S-S’  -  B’/R+C/R)dy 
L^a  =  (SR  +  C)dy2 -A/R-I^Rdt2 


When  dv/dt  =  da/dt  =  dw/dt  =  0,  equations  (17) 
reduce  to  the  static  case  as  described  in  the  work 
by  Bert^^. 

In  order  to  calculate  the  natural  or  free 
modes  of  vibration  for  any  ring,  solutions  for  v, 
a,  and  w  will  be  assumed  which  are  continuous  over 
the  circumference  of  the  ring,  i.e., 

v/R  =  V  sin  ny  cos  Qt 

a  =  o^sinny  cos  Qt  (18] 

w/R  =  w  cos  qy  cos  fit 

where  q  =  m/R,  m  =  mode  number,  and  =  frequency 
in  rad ians/ second . 

Substituting  equations  (18)  into  equations 
(17)  and  setting  =  0  (free  vibration)  yields  a 
simultaneous  set  of  equations  for  v,  and  w 


If  arbitrary  values  of  v,  0^,  and  w  are  considered, 
a  nontrivial  solution  for  equations  (19)  exists 
only  if  the  determinant  of  matrix  {H}  equals  zero. 

As  a  special  reduced  case,  mode  m  =  0 
(breathing  mode)  is  considered.  In  this  case, 
matrix  {H}  reduces  to 


1/R(S  -  S') 

S  +  -(S-S')  +Q^J^ 


-A/R+fi^I^R 


The  determinant,  {H},  is  simplified  and  the  lowest 
real  root  is. 


(f22)j^  =  A/r2Iq 


=  (1/R)  /e7F 


Since  the  zeroth  mode  has  no  shear  action  present, 
this  should  agree  exactly  with  the  classic  solution 
for  thin  rings.  From  reference  (16),  page  454,  the 
classic  equation  for  pure  extensional  vibration  of 
a  thin  ring  is 

a  =  (l/R)  {l  +  m2)  /e7^  }  , 

=  (1/R)  (for  Di  =  0)  . 

Discussion 

The  present  analysis  has  been  used  to  reduce 
the  two-dimensional  equilibrium  equations  (7,8)  to 
a  set  of  simultaneous  equations  (19)  involving  the 
normalized  displacements  v,  and  w.  This 
technique  is  an  improvement  over  the  shear- 
correction  theory  by  including  a  nonlinear  shear 
strain  distribution  which  allows  the  shear  strain 
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to  vanish  at  the  inner  and  outer  ring  surfaces.  In 
order  to  predict  the  modal  frequencies  for  a  given 
ring,  the  determinant  of  {H}  is  simply  set  to  zero, 
resulting  in  a  cubic  equation  in  9?-.  The  lowest 
real  root  of  this  characteristic  equation  is  the 
natural  frequency  for  the  given  mode.  The  coeffi¬ 
cients  of  matrix  {H}  combine  geometric  properties 
relating  bending,  stretching,  shear,  and  coupled 
actions  as  well  as  mass  and  rotatory  inertial 
effects . 

The  present  theory  can  be  applied  to  shear- 
deformable  rings  of  any  cross-sectional  shape  or 
any  material  construction.  However,  the  advantages 
of  a  more  accurate  nonlinear  shear  strain  descrip¬ 
tion  should  be  more  obvious  when  considering  lami¬ 
nated  rings  made  of  composite  materials.  The  low 
shear  modulus  of  polymer-matrix  composite  materials 
greatly  enhances  the  shear  action  in  composite 
parts.  As  a  result,  composite-material  rings  of 
relatively  thin  laminates  (h/R  0.1)  can  exhibit 
appreciable  shear  effects.  The  terms  in  the  co¬ 
efficient  matrix  {H}  are  readily  determined  by 
piecewise  integration  through  each  layer  of  the 
laminate . 

Application 

The  present  theory  can  now  be  applied  to  the 
case  of  a  thick  steel  ring  for  which  experimental 
data  by  Kuhl^”  have  been  published  by  Kirkhope^®. 

The  ring  under  consideration  has  a  rectangular 
cross  section  as  shovm  in  Fig.  2.  The  appendix 
shows  the  calculated  values  of  the  coefficients 
involved  in  matrix  {H}  for  the  given  geometry  and 
material  properties.  Table  1  shows  the  results  of 
the  present  theory  and  the  experimental  and  theoreti¬ 
cal  results  published  by  Kirkhope^^. 

Table  2  shows  the  calculated  and  experimental 
results  for  a  similar  ring  of  rectangular  cross 
section  where  R  =  1.282  in.  and  h  =  0.967  in. 

Again,  the  comparative  data  are  from  Kirkhope^®. 


Fig.  2.  Rectangular  ring  cross  section  h/R=  0.479. 


Table  1  In-plane  modes  of  a  rectangular  cross-section  ring,  h/R  =  0.479 


Mode  No. 

m 

Experimental 

Freq  (Hz) 

Classical 

Thin 

Present 

Theory 

Kirkhope  Approximation 
Equation  (2)  of  Ref.  (18) 
Freq  (Hz)  %  Error 

Freq  (Hz)  / 

1  Error 

Freq  (Hz) 

%  Error 

2 

7,635 

8,371 

10 

7,378 

-3.4 

7,257 

-5.0 

3 

19,060 

23,675 

24 

18,517 

-2.8 

19,122 

0.3 

4 

32,150 

45,396 

41 

31,338 

-2.5 

32,529 

1.2 

5 

46,050 

73,415 

59 

44,910 

-2.5 

46,614 

1.2 

6 

60,400 

107,699 

78 

58,815 

-2.6 

60,857 

0.8 

7 

74,200 

148,234 

100 

72,820 

-1.9 

75,045 

1.1 

8 

88,000 

195,014 

122 

86,833 

-1.3 

89,104 

1.3 
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Table  2  In- 

-plane  modes  of 

a  rectangular  cross- 

section  ring, 

h/R  =  0.750 

Mode  No. 

m 

Experimental 

Freq  (Hz) 

Classical 

Freq  (H2) 

Thin 

%  Error 

Present 

Freq  (Hz) 

Theory 

%  Error 

Kirkhope  Approximation 
Equation  (2)  of  Ref.  (18) 
Freq  (Hz)  %  Error 

2 

12,070 

14,538 

20 

11,211 

-7.1 

11,563 

-4.2 

3 

28,650 

41,119 

44 

26,088 

-8.9 

27,077 

-5.5 

4 

44,750 

78,841 

76 

41,815 

-6.6 

43,257 

-3.3 

5 

60,200 

127,503 

112 

57,661 

-4.2 

59,268 

-1.6 

6 

73,900 

187,044 

153 

73,387 

-0.7 

74,971 

1.5 

7 

86,300 

257,443 

198 

88,952 

3.1 

90,394 

4.7 

8 

97,950 

338,688 

246 

104,356 

6.5 

105,593 

7.8 

Summary 

The  classical  thin-ring  theory  is  very  in¬ 
accurate  when  applied  to  thick  homogeneous  rings. 

The  shear-correction  theory  is  an  improvement; 
however,  it  still  cannot  satisfy  the  physical  re¬ 
quirement  of  rings,  namely  that  the  shear  strains 
vanish  at  the  free  surfaces.  The  actual  shear 
strain  distribution  is  far  from  the  uniform  dis¬ 
tribution  allowed  by  the  shear-correction  theory. 

The  present  theory  provides  a  more  realistic  shear 
strain  description  while  satisfying  the  surface 
boundary  requirements.  For  the  case  shown  in 
Table  1,  the  present  theory  predicts  very  well 
(less  than  5%  error)  the  lower  natural  frequencies 
for  a  homogeneous  thick  ring.  The  amount  of  effort 
is  limited  to  calculating  the  coefficients  of  matrix 
{H}  and  finding  the  lowest  real  root  of  the  cubic 
equation  in  resulting  from  setting  the  deter¬ 
minate  |h|  equal  to  zero.  This  is  clearly  much 
less  effort  than  that  required  of  a  two-dimensional 
elasticity  solution.  In  contrast  to  a  shear- 
correction  type  analysis,  the  separate  calculation 
of  a  shear-correction  factor  is  not  required  and 
thus  the  associated  inaccuracies  are  not  present. 

The  increasing  use  and  importance  of  fiber- 
reinforced  composite  rings  provides  another  incen¬ 
tive  for  the  present  theory.  The  advantages  of  a 
more  accurate  nonlinear  description  of  the  shear 
strain  in  rings  should  be  more  obvious  when  con¬ 
sidering  laminated  composite-material  rings  since 
the  transverse  shear  effects  of  composite  rings  are 
much  more  pronounced.  Therefore,  the  present 
theory  should  provide  a  new  and  valuable  tool  for 
the  design  and  analysis  of  composite  rings,  offer¬ 
ing  a  more  accurate  description  of  the  shear 
effects  and  at  the  same  time  requiring  a  manageable 
effort . 
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The  ring  under  consideration  in  Table  1  and 
shown  in  Fig.  2  has  a  rectangular  cross  section 
with  the  following  geometric  dimensions  and  mate¬ 
rial  properties. 


h  =  0.685  in 
R  =  1.430  in 
E  =  30  X  10^  psi 
G  -  11.9  X  10^  psi 
p  =  7.33  X  10“^  Ib-sec^/in^ 


The  stiffness  and  inertial  terms  included  in  the 
coefficients  of  matrix  {H}  can  be  calculated  from 
equations  (14)  and  (16).  They  are: 

A  =  2.055  x  10^  Ib/in 
B  =  0 

B'  -  2.8096  x  10^  lb 
C  =  9.3654  X  10"+  lb 
D  =  8.0355  X  10^  in -lb 
F  =  1.6071  X  10^  in-lb 
S  -  5.4603  X  10^  Ib/in 
S’  =  7.7929  X  10^  Ib/in 
Iq  -  5.0211  X  10“''  Ib-sec^/in^ 

=  5.0563  X  lO”''  Ib-sec^/in- 
=  1.556  X  10  ^  Ib-sec^/in^ 

=  5.034  X  10  ^  Ib-sec^/in^ 

I.  =  1.6554  X  10“^  Ib-sec^/in^ 

=  1.5932  X  10  Ib-sec^/in 
=  4.0393  X  lO"^  Ib-sec^/in 

D 


220 


DYNAMIC  ANALYSIS  OF  MULTIPLE  SUPPORT  STRUCTURES  84-0981 

USING  THE  IMPULSE  FUNCTION  APPROACH 

S.  Ramamurthy ,  D.  Bhargava, 

B.  Niyogi,  and  N.  A.  Muni 
Stone  8c  Webster  Engineering  Corporation 
Cherry  Hill,  NJ  08034 


Abstract 


Piping  or  other  subsystems,  attached  to  a  larger 
structure  that  is  subjected  to  any  dynamic  load¬ 
ing,  will  have  different  acceleration  time  his¬ 
tories  (TH)  at  the  attachment  points.  Where  there 
are  many  dynamic  load  cases,  analysis  of  the  sub¬ 
systems  becomes  very  expensive.  This  paper  pre¬ 
sents  an  economical  method  of  obtaining  the 
response  of  a  subsystem,  when  subjected  to  differ¬ 
ing  TH  at  the  support  attachment  points.  This 
method  combines  transfer  functions  (TF)  of  the 
subsystem  and  the  Fourier  transform  (FT)  of  the 
input  TH  to  obtain  the  output  response  in  the  fre¬ 
quency  domain.  By  combining  individual  responses 
due  to  distinct  loadings  at  each  support  point 
obtained  from  the  inverse  FT,  the  final  response 
for  any  specific  load  case  can  be  obtained.  An 
example  is  presented  to  illustrate  the  accuracy  of 
this  method. 

Introduction 

The  subsystems,  and  their  parent  containment 
structures  in  Boiling  Water  Reactor  (BWR)  nuclear 
power  plants,  are  subjected  to  transient  hydro- 
dynamic  loads  resulting  from  safety  relief  valve 
(SRV)  blowdown  and  loss-of-coolant-accident  (LOCA) 
events.  Each  event  consists  of  several  load 
cases.  For  each  load  case,  the  subsystems  are 
excited  by  multiple,  distinctly  different,  support 
time  histories  (TH) ,  For  the  dynamic  analysis  an 
adapted  model  (Figure  1)  is  created  by  adding  very 
stiff  springs  to  the  mathematical  model  (Figure  2) 
of  the  structure.  The  input  forcing  functions  for 
the  adapted  model  are  derived  from  the  original  TH 
multiplied  by  the  spring  stiffnesses. 
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Repetition  of  this  time-consuming  dynamic  analysis 
for  each  load  case  is  expensive.  An  alternative 
method  reduces  computer  time  and  cost  by  combining 
the  time-domain  and  frequency-domain  analyses,® 
This  mixed-domain  analysis  exploits  the  common 
spatial  distribution  of  the  input  time  histories 
of  several  load  cases.  However,  the  multiple  sup¬ 
port  excitation  problems  do  not  have  common  spa¬ 
tial  distributions.  The  method  outlined  in  this 
paper  extends  the  mixed-domain  analysis  to  systems 
excited  by  multiple  and  distinct  support  time  his¬ 
tories  while  using  a  novel  approach  to  solve  mul¬ 
tiple  support  excitation  problems. 


Fig,  2  Mathematical  Model  of  the  Main  Support 
Piping  System 

The  proposed  method,  employing  an  impulse  function 
TH  (Figure  3),  generates  as  many  transfer  func¬ 
tions  as  there  are  distinct  support  THs .  The  FT 
of  the  impulse  function  TH  is  presented  in 
Figure  4.  One  distinct  TH  means  that  the  direc¬ 
tion  and  magnitude  of  these  histories  should  be 
the  same  even  though  it  may  excite  the  structure 
at  many  support  points  simultaneously.  Develop¬ 
ment  and  use  of  the  individual  transfer  functions 
to  obtain  the  combined  response  are  described  in 
the  method  of  analysis. 

A  numerical  example  is  given  and  a  comparison  of 
the  results  of  the  computations  using  impulse 
function  and  conventional  single-step  analyses  to 
illustrate  the  accuracy  of  the  proposed  method  is 
discussed.  The  cost  saving  of  the  proposed  method 
is  stated  and  future  work  is  discussed  in  the  con¬ 
clusion. 


TIME  (SEC) 

Fig.  3  Impulse  Function  Time  History 


Fig.  4  Fourier  Transformation  for  Triangular 
Impulse  Function 


Method  of  Analysis 


Dynamic  Analysis  of  the  Adapted  Model 

The  adapted  model  results  from  adding  springs  with 
an  arbitrary  stiffness  of  10^^  Ib/ft  (Kgp)  to  the 
supports  that  will  be  excited.^  The  number  of 
added  springs  (Figure  5)  will  be  equal  to  the  num¬ 
ber  of  directions  in  which  acceleration  time  his¬ 
tories  are  input.  Therefore,  this  model  consists 
of  the  elements  in  the  earlier  mathematical  model 
plus  the  added  springs.  This  adapted  model  is 
analyzed  with  forces  applied  to  each  node  having 
the  arbitrary  spring  and  a  small  mass  (Figure  1). 
The  magnitude  of  the  forces  equal  10^^  times  sup¬ 
port  acceleration  time  history. 

The  proposed  method  will  have  a  pseudo  force  time 
history  equal  to  Kgp  times  xs  where  ‘xs  equals  sup¬ 
port  acceleration  time  history.  This  approach  is 
very  helpful  as  acceleration  time  histories  are 
readily  available. 

However,  the  required  actual  acceleration  response 
time  history  corresponds  to  the  available 
displacement  response  time  history  of  the  adapted 
model  obtained  from  the  dynamic  analysis  discussed 
later. 


The  decomposition  of  the  dynamic  analysis  of  a 
multiple  distinct  excitation  problem  into  multiple 
simple  dynamic  analysis  problems.  The  simple 
analyses,  discussed  in  the  following  section,  will 
have  only  one  distinct  input  time  history  (the 
same  time  history  can  be  applied  at  several 
points).  The  solution  of  each  of  these  single 
time  history  dynamic  analyses  via  impulse  func¬ 
tions  also  follows. 
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PIPING 


Fig.  5  Adaptation  of  Supports 


Decomposition  of  Multiple  Input  Analysis 

The  equation  of  motion  relating  to  the  multiple 
DOF  system  with  viscous  damping  is  stated  as  fol¬ 
lows  :  ^ 

[M]  {x  (t)}+  [C]  {  x(t)}+  [K]{x(t)]={f(t)}  (1) 

Where  [M]  and  [C]  and  [K]  are  the  mass  damping  and 
stiffness  matrices,  respectively,  of  the  adapted 
mathematical  model;  x(t)  is  a  generalized  response 
function  TH  vector,  and  x(t)  and  x(t)  denote  first 
and  second  derivatives  of  x(t),  respectively  and 
{f(t)}  is  a  loading  TH  vector  that  can  be  ex¬ 
pressed  as  a  sum  of  distinct  time  history  (in  a 
case  with  four  distinct  time  histories)  vectors  as 
follows : 

{f(t)}=  {ail  fi(t)  +  {a2]f2(t) 

=  {as}  faCt)  +  {a^}  f^Ct)  (2) 

f  ° 

where  {ai}  =  /  ^ 

U 


A  vector  consisting  of  "I's"  and  "O’s",  and  fi(t) 
is  applied  at  DOF  corresponding  to  "I's"  appearing 
in  vector  {ax). 

The  same  holds  true  between  {32!  and  f2(t),  {33} 
and  f3(t),  and  between  {34}  and  f4(t). 
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Thus  Equation  1  is  written: 

[M]{x,(t)}-  [C]{x.(t)}+[Kl{x.(t)}  =  {a.  }  f,(t)  (3) 

Here  i  =  1,2,3,  and  4  and 

{xi(t)}  +  {x2(t)}  +  {x3(t)}  +  {x4(t)}  =  {x(t)}  (4) 

Thus,  the  solution  of  the  equation  for  the  sub¬ 
scripts  i  =  1,2, 3, 4  can  be  obtained  and  summed  as 
shown  in  Equation  4  to  obtain  the  final  response 
x(t). 

Each  of  these  individual  analyses  can  be  carried 
out  using  mixed  domain  analysis,  which  is  sum¬ 
marized  here. 


Mixed  Domain  Analysis  to  Obtain  Response 
Function  Using  INVTRAN^ 

From  the  STFi(u)j),  and  the  FT  of  any  input  forcing 
function  TH,  f^Ct),  the  response  function  PR^Cuij), 
in  terms  of  frequency  parameter  lUj  ,  is  obtained 
from: 

PR.(ui.)  =  STF.(u).)  PF.(w.)  (11) 

i  j  ij  ij 

Where  PFi(ujj)  is  the  FT  of  the  corresponding 
actual  input  forcing  function  TH,  one  PR^(u)j)  is 
computed  for  all  discrete  values  of  u)j .  The 
inverse  FT  provides  the  response  TH,  |x^(t)}. 

Numerical  Example 


Mixed  Domain  Analysis  Using  Impulse 
Function  Approach 

Transfer  Function  Related  to  ith  Subproblem 
The  subproblem  of  Equation  3  is  stated  as  follows: 
[M]{x.(t)}  +  [C]  {x,(t)}+ [K]{x.(t)}  =  {a.}  f.(t)  (5) 


Fourier  transform  (FT)  of  f^(t),  F^(tu) 

=  Jf-Ct)}  (6) 

Defining  [H(u))]  =  [-uj^[M]  +  iuj[C]  +[K])"^  (7) 

{STF^(u))}  =  [H(u))]{a^]  where  u)  is  the 
frequency  parameter, 

{x^(uj)}  can  be  obtained  thus:  (8) 

{x.(a))}  =  {STF.(uj)]  F.(u))  (9) 

An  inverse  FT  of  {x^(uj)}  yields  (x^(t)}  (10) 


Solving  Equation  3  for  i  =  1,2, 3, 4  in  the  case  of 
four  distinct  time  histories  {x(t)}  can  be 
obtained  as  shown  in  Equation  4. 

Transfer  Function  Using  Impulse  Function 

Defining  U)j  as  the  discrete  value  of  the  frequency 
that  falls  within  the  range  of  frequencies  charac¬ 
terizing  the  structural  system,  the  following 
procedure  obtains  STF^  (wj )  from  the  time  domain 
direct  integration  analysis  with  impulse  function. 

1.  Perform  a  direct  integration  dynamic 
analysis  with  STARDYNE  using  the  impulse 
function  TH  (Figure  3)  to  obtain  re¬ 
sponse  THs."^  The  FT  of  the  impulse 
function  TH,  denoted  as  SF(tUj),  shows  a 
wide  range  of  input  frequencies  of  the 
structural  system. 

2.  Using  TRANFUN,  the  determined  response 
TH  due  to  impulse  input  TH  is  run 
through  an  FT  procedure  to  obtain  a 
function  denoted  as  SR^  (u)j )  ,  and  the 
transfer  function  STFj^(u)-j  is  then  ob- 
tained  as  STFj{ujp=SR.  (ujj  )/SF(u)j  )  .  « 


Mathematical  Model  Description 

The  mathematical  model  (Figure  2)  is  a  typical 
main  steam  piping  layout  of  a  power  plant.  The 
pipe  is  supported  at  various  points  along  its 
route.  To  illustrate  the  proposed  method,  two 
sets  of  acceleration  time  histories  acting  in  x^ 
and  X2  directions  will  be  input  at  Support 
Nodes  84,  87,67,  56,  and  57,  (Group  A  nodes). 
Another  two  sets  of  acceleration  time  histories 
acting  along  x^  and  x^  directions  will  be  input  at 
Support  Nodes  50,  70,  and  71  (Group  B  nodes). 

Thus,  there  are  four  distinct  input  time  histories. 

Adapted  Model 

There  are  two  distinct  time  histories  that  will  be 
applied  at  Group  A  nodes.  Consequently,  two 
springs  with  stiffness  =  Kgp  will  be  added  at  each 
of  these  nodes.  In  the  same  manner,  two  springs 
will  be  introduced  in  each  nodal  support  of 
Group  B. 

Input  Time  Histories 

The  input  acceleration  time  histories  are  typical 
response  time  histories  of  SRV  discharge  loading 
of  a  BWR  nuclear  power  plant  reactor  containment. 
The  applied  time  histories  (Figures  6a,  6b,  6c, 
and  6d)  are  1.98  second  duration,  and  for  the 
dynamic  analysis,  an  integration  time  step  of 
0.001  second  will  be  used. 


TIME  (SECONDS) 

Fig.  6a  Input  Acceleration  Time  History: 
Node  Group  A  XI  Direction 
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Conventional  Analysis 


TIME  (SECONDS) 

Fig.  6b  Input  Acceleration  Time  History: 
Node  Group  A  X2  Direction 
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TIME  (SECONDS) 

Fig.  6c  Input  Acceleration  Time  History: 
Node  Group  B  XI  Direction 


Using  the  input  time  histories  (described  pre¬ 
viously)  that  are  applied  at  Group  A  and  Group  B 
nodes  of  the  adapted  model,  the  conventional  time 
history  analysis  was  performed.  A  flow  chart  of 
this  analysis  is  provided  as  Figure  7.  From  the 
response  acceleration  time  history  at  Node  401  the 
amplified  response  spectra  (ARS)  were  obtained."^ 
The  ARS  (Figure  8)  were  obtained  for  2  percent 
oscillator  damping. 


P1 


Fig.  7  Flow  Chart  for  Conventional  Analysis 


Mixed  Domain  Analysis  for  Multiple  Input 
Time  History 


Using  the  same  adapted  model  the  conventional  time 
history  analysis  is  performed  four  times  with 
impulse  TH  as  input  (Figure  9).  From  these 
responses  the  transfer  functions  (TFs)  for 
responses  at  selected  locations  can  be  obtained 
using  TRANFUN,  (This  information  can  be  used  for 
any  combination  of  input  excitations  that  would 
result  in  significant  savings  in  the  subsequent 
analysis . ) 
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TIME  (SECONDS) 

Fig.  6d  Input  Acceleration  Time  History: 
Node  Group  B  X2  Direction 


With  these  TFs,  the  actual  responses  can  be 
obtained  using  INVTRAN.  After  adding  their 
responses,  the  ARS  were  obtained  for  2  percent 
oscillator  damping.  The  ARS  results  are  presented 
in  Figure  10. 

Validation 


Comparison  of  the  two  plots  (Figures  8  and  10) 
shows  that  the  results  from  these  alternative 
approaches  are  indistinguishable. 

Economy  of  Proposed  Method 

For  a  single  load  case,  the  computational  effort 
required  for  both  methods  is  comparable.  For 
additional  load  cases,  the  incremental  effort  re¬ 
quired  to  obtain  individual  responses  using 
INVTRAN,  which  uses  fast  Fourier  transform 
techniques,  is  far  less  than  the  total  re- 
analysis.^  Further  analysis  for  any  additions  or 
changes  in  support  excitation  will  be  more 
economical  than  the  total  re-analysis  required  by 
the  conventional  analysis. 
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Fig.  8  XI  Direction  ARS,  Conventional  Analysis 


Fig.  9  Flow  Chart  for  Mixed  Domain  Analysis 


Fig.  10  XI  Direction  ARS,  Mixed  Domain  Analysis 


Conclusion 

The  adapted  model  with  acceleration  forcing  func¬ 
tion  as  input  is  a  viable  approach  to  solving  the 
multiple  support  excitation  problem.  The  adapted 
model  can  be  solved  economically  by  mixed  domain 
analysis  with  impulse  function. 

Future  work  will  examine  the  reduction  in  computa¬ 
tional  effort  with  shorter  duration  impulse 
function  dynamic  analyses  for  longer  duration 
input  loads.®  The  computational  aspects  on  the 
addition  of  responses  in  the  frequency  domain 
before  the  inverse  FT  (Equation  9)  stage  also  will 
be  studied. 
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CONTROL  OF  AEROELASTIC  INSTABILITIES  THROUGH  ELASTIC  CROSS-COUPLING 
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Abstract 


This  study  examines  the  effects  of  directional 
stiffness  upon  the  flutter  and  divergence  behavior 
of  swept  and  unswept  wings.  An  idealized  aero- 
elastic  model  is  developed  for  this  purpose.  A 
stiffness  cross-coupling  parameter  is  defined  and 
then  used  to  develop  guidelines  for  flutter  and 
divergence  enhancement.  Results  indicate  that  it 
may  be  possible  to  preclude  flutter  by  a  judicious 
choice  of  stiffness  cross-coupling.  It  appears 
that  this  type  of  passive  flutter  prevention  is 
more  difficult  when  applied  to  swept  back  wings. 
However,  it  is  shown  that  combinations  of  direc¬ 
tional  stiffness  orientation  and  inertia  balancing 
may  lead  to  flutter  and  divergence  free  surfaces. 


Introduction 

The  use  of  directional  stiffness  or  "elastic" 
cross-coupling  to  favorably  affect  aircraft  per¬ 
formance  is  commonly  known  as  aeroelastic  tailor¬ 
ing.  A  significant  number  of  papers  devoted  to 
tailoring  studies  of  a  wide  variety  of  aircraft 
configurations  have  appeared  during  the  past  dec¬ 
ade.  A  review  of  the  literature  suggests  that  it 
may  be  possible  to  develop  some  general  guidelines 
and  conclusions  related  to  the  use  of  tailoring  to 
improve  flutter  and  divergence  characteristics  of 
lifting  surfaces. 

This  paper  will  identify  several  features  of 
structural  tailoring  for  aeroelastic  stability 
improvement.  An  analytical  model  that  has  many  of 
the  characteristics  requisite  for  an  aeroelastic 
stability  study,  with  tailoring  included,  is  de¬ 
scribed.  With  this  model,  the  potential  for  de¬ 
sign  improvement,  and  more  importantly,  the  limi¬ 
tations  of  structural  tailoring  for  stability  en¬ 
hancement  will  be  explored  and  discussed.  In  ad¬ 
dition,  the  relationships  that  exist  among  non- 
dimensional  system  parameters  that  influence 
classical  flutter  and  divergence  will  be  identi¬ 
fied  and  discussed.  The  end  result  will  be  a 
better  understanding  of  the  design  option  that 
aeroelastic  tailoring  represents. 


Background 

A  laminated  composite  material  can  be  de¬ 
signed  or  tailored  to  match  design  requirements. 
As  a  result  there  are  an  unlimited  number  of 
possible  configurations  that  one  may  encounter. 

In  the  case  of  beam-like  wings,  several  authors 
have  suggested  categorizing  laminated  wings 
through  the  use  of  characteristic  parameters  that 
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arise  in  the  analysis  of  laminated  wings  [1,  2,  3]. 
Use  of  these  parameters  allows  the  study  of  aero¬ 
elastic  characteristics  of  laminated  wings  indepen¬ 
dent  of  actual  laminate  geometry.  For  instance,  if 
wing  deformation  is  to  be  characterized  as  beam¬ 
like,  the  relationship  between:  bending  curvature 
along  a  reference  axis;  nose-up  twist  about  that 
same  axis;  and,  the  resultant  cross-sectional 
bending  and  twisting  moments,  M  and  T  respectively, 
can  be  written  as: 


where  h"  represents  curvature  while  a'  is  twist 
rate.  The  parameter  K  may  be  positive  or  negative; 
it  establishes  the  magnitude  of  bend/twist  coupling 
[4].  Strain  energy  considerations  require  that  the 
cross-sectional  stiffness  matrix  in  Eqn.  1  be  posi¬ 
tive  definite.  This  establishes  bounds  on  K. 

2 

<  El  GJ  (or  <  1)  (2) 

Therefore,  three  variables  can  be  used  to  charac¬ 
terize  laminated  beam  stiffness;  these  are: 

GJ  (or  El)  ,  R  =  GJ/EI  ,  ip  =  K/v^m  (3) 

where 

-1  <  <  1  (4) 

The  three  variables  in  Eqn.  3  are  functions  of 
laminate  geometry  with  respect  to  a  spanwise  ref¬ 
erence  axis.  If  a  laminate  is  reoriented  or  other¬ 
wise  changed,  changes  in  all  three  parameters 
result.  This  makes  it  difficult  to  discern  the 
relative  importance  of  each  parameter  in  the  tailor¬ 
ing  process  if,  for  instance,  a  ply  angle  is  chosen 
as  a  design  variable. 

Austin,  ^  [3]  also  present  a  method  of 

computing  the  coefficients  necessary  to  define  the 
cross-sectional  stiffnesses  in  Eqn.  1.  Reference 
3  includes  a  study  of  wing  flutter  and  divergence 
in  which  the  stiffness  ratio  R  is  fixed,  while  a 
ratio  equivalent  to  K/EI  is  varied.  Their  results 
indicate  that  high  flutter  speeds  and  low  diver¬ 
gence  speeds  exist  when  K/EI  is  positive. 

In  Reference  5,  Weisshaar  and  Foist  examined 
the  effects  of  ply  orientation  upon  flutter  and 
divergence  of  swept  and  unswept  wings.  Their 
results  are  based  upon  an  ad  hoc  example.  Since 
both  R  and  ijj  change  as  ply  angle  changes,  one  is 
unsure  about  which  parameter  is  responsible  for 
changes  in  flutter  and  divergence  speeds.  Because 
of  this,  an  example,  presented  in  Reference  6,  was 
chosen  to  illustrate  the  effects  of  independent 
variations  of  R  and  ip.  This  result  is  of  suffi¬ 
cient  interest  to  be  reproduced  in  Figure  1  of  this 
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study. 


Fig.  1  “  Flutter  and  divergence  speeds,  as  a  func¬ 
tion  of  the  nondimensional  parameter 
for  three  values  of  R  =  GJ/EI. 

Figure  1  shows  the  effects,  on  flutter  and 
divergence,  of  changing  the  bend/twist  cross¬ 
coupling  parameter,  ijj,  while  holding  R  =  GJ/EI  ^ 
fixed.  For  this  example  GJ  is  fixed  while  El  is 
allowed  to  assume  three  different  values.  The 
uniform  planform  wing  is  unswept  and  has  an  aspect 
ratio  of  12.8.  Both  El  and  GJ  are  constant  along 
the  span.  Figure  1  shows  that  bend/twist  cross¬ 
coupling  affects  flutter  and  divergence  in  an 
opposite  manner.  This  figure  also  shows  that, 
beyond  certain  values  of  flutter  does  not  appear 
because  of  modal  decoupling.  These  results  were 
sufficiently  interesting  to  warrant  a  closer  look 
at  the  mechanism  for  modal  decoupling  and  the 
potential  for  flutter  elimination.  To  do  so,  a 
simple  model  was  developed  for  the  present  study 
to  investigate  and  to  illustrate  the  effects  of 
bend/twist  coupling  on  divergence  and  flutter  and 
to  see  if  correlations  between  the  results  of  the 
present  study  and  previous  archival  studies  could 
be  found.  It  is  to  this  model  and  to  this  invest¬ 
igation  that  attention  now  turns. 


Aeroelastic  Model  Development 

The  most  important  feature  of  aeroelastic 
tailoring  is  the  treatment  of  directional  stiff¬ 
ness  as  an  independent  design  variable  to  control 
aeroelastic  behavior.  There  are  a  number  of  ana¬ 
lytical  models  and  procedures  available  to  assist 
one  in  tailoring  studies.  These  procedures  range 
from  highly  sophisticated  theoretical  models  suit¬ 
able  for  detailed  design  evaluation  to  those  with 
considerably  less  complexity.  A  sometimes  deli¬ 
cate  balance  exists  between  the  quantitative  vali¬ 
dity  of  the  numbers  one  can  generate  and  the  qual¬ 
itative  understanding  that  comes  from  an  examin¬ 
ation  of  the  results.  It  would  be  desirable  to 
have  a  model  possessing  both  accuracy  and  ease  of 
interpretation.  Such  is  not  the  case  in 


aeroelastic  work.  As  a  result,  to  understand  the 
innermost  workings  of  that  portion  of  aeroelastic 
tailoring  that  relies  upon  directional  stiffness,  or 
stiffness  cross-coupling,  we  will  develop  an  analy¬ 
tical  model  in  which  parameter  groupings  clearly 
appear.  This  model  will  have  the  characteristic 
that  numeric  manipulation  is  simplistic  and  can  be 
delayed  until  the  last  possible  moment.  As  a  re¬ 
sult,  some  accuracy  is  sacrificed,  but  interpretive 
benefits  are  present  and  outweigh  this  cost. 

When  one  reviews  the  history  of  aeroelastic 
studies,  the  progression  in  the  sophistication  of 
theoretical  models  is  readily  apparent.  Also  ap¬ 
parent  is  the  reliance  upon  experience  gained  from 
simple  models  to  explain  and  to  understand,  in  a 
qualitative  fashion,  the  results  and  trends  present 
in  wind  tunnel  tests  and  in  sophisticated  mathema¬ 
tical  analysis.  The  workhorse  of  all  simplistic 
math  models  is,  of  course,  the  2-dimensional, 

"typical  section"  (see,  for  instance.  Ref.  6).  This 
model  traces  its  origins  to  the  1930's;  it  is  still 
used  extensively,  both  in  educational  pursuits  and 
in  serious,  sophisticated  research  efforts  such  as 
the  study  of  transonic  aeroelasticity.  The  advan¬ 
tages  of  such  a  model  are  twofold.  Algebraic  ex¬ 
pressions  for  the  equations  of  motion  of  such  a 
system  reveal  a  great  deal  about  inertial  and  aero¬ 
dynamic  interaction.  For  certain  assumptions  or 
restrictions,  closed-form  solutions  for  flutter  and 
divergence  speeds  may  be  found.  Equally  important 
is  the  extensive  experience  that  enables  one  to  tell 
when  the  2-D  results  are  likely  to  be  valid  and 
when  they  are  not. 

The  present  study  seeks  to  examine  the  inter¬ 
action  among  such  variables  as  wing  sweep,  direc¬ 
tional  stiffness  and  inertia.  Consider  the  ideal¬ 
ized  lifting  surface  shown  in  Figure  2.  This  sur¬ 
face  is  rigid  and  has  its  mass  uniformly  distri¬ 
buted  along  the  span.  The  reference  axis  for  de¬ 
termining  the  equations  of  motion  is  swept  at  an 
angle.  A,  to  the  free  stream.  The  offset  of  the 
line  of  aerodynamic  centers  (located  at  the  1/4 
chord)  and  the  reference  axis  is  denoted  as  e, 
while  the  offset  of  the  line  of  centers  of  mass  and 

the  reference  axis  is  denoted  as  x  ;  this  latter 

a 

coordinate  is  positive  when  the  sectional  centers 
of  mass  are  located  aft  of  the  reference  axis. 

The  chordwise  dimension  c  and  spanwise  dimension  b 
determine  the  planform  ar^  S  =  be  and  the  struc¬ 
tural  aspect  ratio  b/c  =  AR. 

To  model  the  influence  of  aerodynamic  forces 
upon  the  stability  of  this  system,  a  simplified 
aerodynamic  model  was  chosen.  As  a  result,  this 
model  contains  many  of  the  parameters  present  in 
any  study  of  inertial -structural -aerodynamic  inter¬ 
actions.  To  formulate  the  aerodynamic  model,  loads 
on  2-D  strips  perpendicular  to  the  y-ax1s  in  Figure 
2  were  used  to  compute  moments  about  the  x  and  y- 
axes  at  the  pivot,  in  terms  of  e  and  The  effects 
of  the  wake  and  damping  were  neglected  in  the  de¬ 
velopment.  Neglect  of  damping  is  not  serious, 
provided  that  the  mass  ratio  of  the  wing/fluid 
combination  is  large,  implying  that  the  fluid  den¬ 
sity  is  low  in  comparison  to  that  of  the  wing.  The 
neglect  of  the  unsteady  nature  of  the  flow  is  po¬ 
tentially  more  serious.  However,  since  the  pre¬ 
sent  study  will  focus  on  the  ability  of  the  direc¬ 
tional  stiffness  to  decouple  motion,  the  results 
should  still  be  valid  in  a  qualitative  sense. 
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(8) 


Fig.  2:  Idealized  semi-rigid  swept  wing. 

This  quasi-steady  approximation  provides 
loads  (moments  and  M.)  on  the  wing  due  to  6 

0  9 

and  (f)  motion  as  follows: 


The  co-ordinate  locates  the  spanwise  center  of 
pressure. 


Next,  the  equations  of  motion  for  free  vibra¬ 
tion  of  this  semi-rigid  swept  wing  were  developed 
by  deriving  mass  and  stiffness  matrices  for  the 
wing.  In  terms  of  9  and  the  stiffness  matrix 
is  written  as 


[K] 


(6) 


The  expressions  for  the  K..  elements  are  given  in 

'  J 

the  Appendix  to  this  paper.  The  term  K12  cannot 

exceed  the  geometric  mean  value  of  the  primary 
stiffness  terms  K-j-j  and  K22*  This  must  be  true 

if  the  stiffness  matrix  is  to  be  positive  defin¬ 
ite. 


The  determinant  of  the  stiffness  matrix  may 
be  written  as  follows: 


A  -  K^iK22 


Ki^K22 


The  condition  that  this  stiffness  matrix  be  posi¬ 
tive  definite  results  in  the  following  require¬ 
ment: 


1  ^22 

A  nondimensional  stiffness  cross-coupling  para¬ 
meter  is  now  defined  as  follows: 


(-1  <  ^  <  1) 


The  minus  sign  is  included  in  Eqn.  9  so  that  posi¬ 
tive  ^  values  indicate  that  upward  "bending"  {+^) 
is  accompanied  by  nose-up  "twist"  (+e).  Thus, 
positive  values  of  will  lead  to  a  so-called  "wash- 
in"  wing  (bend  up/twist  up)  while  negative  values 
lead  to  a  "wash-out"  (bend  up/twist  down)  wing. 

In  addition  to  the  definition  of  an  addi¬ 
tional  stiffness  parameter  is  defined  as: 


This  parameter  is  similar  to  the  ratio  of  torsional 
stiffness  to  bending  stiffness  in  an  actual  wing 
cross-section. 


The  three  variables,  (which  represents 

torsional  stiffness),  R  and  i}j  now  describe  the 
stiffness  characteristics  of  the  model  in  the  same 
manner  as  those  for  beam-like  wings  constructed  of 
composite  materials.  While  these  latter  parameters 
are  controlled  by  ply  orientation  and  laminate  con¬ 
struction  instead  of  structural  sweep  and  springs, 
nevertheless,  an  obvious  analogy  exists  between 
this  model  and  an  actual  structure  with  tailoring 
present. 

If  the  spring  values  and  Kg  in  Figure  2  are 

fixed  while  y  is  changed,  the  values  of  K-ji,  K^^ 

and  K-J2  change  simultaneously.  However,  what  we 

wish  to  accomplish  in  the  present  study  is  to  exam¬ 
ine  the  effects  of  changes  in  R  and  Tp  independ¬ 
ently.  Thus,  both  y  and  the  combination  K.^  and 

Kg  are  changed  to  preserve  values  of  certain  stiff¬ 
ness  parameters.  Thus,  we  will  not  be  concerned  as 
to  the  actual  values  of  Kj,  Kg  and  y;  we  merely 

point  out  that  this  configuration  is  possible  and 
has  a  physical  interpretation. 

The  inertia  matrix,  also  presented  in  the 
Appendix,  is  coupled  because  of  the  use  of  a  ref¬ 
erence  axis  that  does  not  coincide  with  the  line  of 
centers  of  mass.  The  matrix  contains  elements 

M,  .. 
ij 

Despite  efforts  to  keep  the  aeroelastic  model 
simple,  the  resulting  equations  of  motion  are  quite 
complicated.  The  dimensional  equations  of  motion 
involve  the  inertia,  structural  stiffness  and  aero¬ 
dynamic  stiffness  matrices  discussed  above.  As  a 
final  step  in  equation  development,  these  equations 
were  nondimensional ized,  with  the  result  that  a 
number  of  characteristic  aeroelastic,  inertial  and 
structural  parameters  appear.  Definitions  of  these 
terms  appear  in  the  Appendix.  With  motion  assumed 
to  be  of  the  form: 
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The  equations  of  motion  for  vibration  in  the  air- 

stream  are:  _ 

o  o  “X  AR  .  ^  -V 

(s-2[_p_]  .-JLfel 

2r  -  ? 

Ot  )  \  1  A  \ 
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2r^  /R  3r^  ^ 
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features  of  aeroelastic  tailoring  are  discernable 
if  one  adopts  this  perspective.  Two  zeroes  occur 
in  Eqn.  18;  these  are  found  from  the  equation 


As  may  be  verified  from  the  expressions  in  the 
Appendix,  the  coefficient  g  has  a  term  that  is  pro¬ 
portional  to  The  poles  of  this  system  are 
found  by  setting  the  denominator  of  Eqn.  18  equal 
to  zero.  The  result  is 

-2  ^  b±.^5-Aa.f  (20) 
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In  Eqn.  12, 


=  S^/cOp  (13) 

where  a  reference  frequency,  is  defined  as: 

^p  ^  ^11^^11 

(see  the  Appendix  for  the  definition  of  M-j-j). 

The  reduced  velocity,  V,  is  defined  as: 


The  frequency  determinant  of  this  system  has 
the  form 


-4  -2 

as^  -  bs^ 


-2->2  -2 
dV^s^  +  f  +  V^g  =  0 


where  the  normal  component  of  velocity  is 


V  =  VcosA 
n 


Equation  17  is  quadratic  in  s  ,  The  lengthy  ex¬ 
pressions  for  the  coefficients  of  this  quadratic 
(a,  b,  d,  f,  g),  are  functions  of  the  para¬ 
meters  that  appear  in  Eqn.  12  and  are  given  in  the 
Appendix. 

Equation  16  can  be  rearranged  and  written  as 
follows: 

=  (18) 
as^-bsSf 

In  this  form,  the  aeroelastic  system  can  be  made 
to  resemble  a  system  with  feedback  control  (see, 
for  instance  Refs.  7,  8).  Expressed  in  the 
form  shown  in  Eqn.  18,  the  square  of  reduced  nor- 
-2 

mal  velocity,  V  ,  resembles  a  feedback  gain  whose 

-2 

value  determines  the  values  of  s  .  Equations  for 
feedback  control  parameters  such  as  open  loop 
poles  and  zeroes  can  be  identified  by  inspection 
of  Eqn.  18. 

Although  one  need  not  resort  to  the  complexi¬ 
ties  of  control  theory  to  solve  this  simple  sta¬ 
bility  problem,  nevertheless,  some  interesting 


An  examination  of  the  coefficients  a,  b  and  f  shows 
that  they  are  independent  of  airspeed  but  depend 
_2 

upon  i|;.  In  addition,  s  must  be  less  than  zero. 
These  poles  correspond  to  the  system  natural  fre¬ 
quencies  at  zero  airspeed. 

One  may  therefore  view  the  problem  of  aero¬ 
elastic  tailoring  as  a  passive  feedback  control 
problem.  The  structural  parameter  ip  may  be  used 
to  modify  both  the  location  of  poles  and  zeroes  of 
the  system.  Thus,  the  stability  of  the  wing  may  be 
controlled  to  some  extent  by  ip.  In  addition,  there 
are  similarities  between  the  objectives  of  both 
active  control,  the  "plant"  is  modified  through 
the  use  of  control  laws,  sensors,  and  already 
existing  control  surfaces.  Aeroelastic  tailoring, 
while  passive  in  the  sense  that  no  internal  energy 
source  is  used,  also  uses  a  form  of  control  law  to 
modify  the  behavior  of  the  flexible  system.  It 
does  so  by  using  the  flexible  lifting  surface  as 
both  sensor  and  actuator;  the  "control  law"  is 
embedded  within  the  structure  in  the  form  of 
constitutive  relations  that  govern  the  deformation 
of  the  surface  under  applied  loads.  In  this  case, 
ip  acts  as  a  gain  that  may  be  set  either  by  judi¬ 
cious  design  or  by  accident. 

The  simplicity  of  the  present  equations  does 
not  warrant  the  complexity  of  control  theory  to 
solve  the  dynamic  stability  problem.  Instead,  let 
us  assume  that  motion  is  harmonic,  so  that 


In  this  case,  the  characteristic  equation  becomes 
+  (b+V^d)Q^  +  (f+V^g)  =  0  (22) 

n 

Equation  (22)  provides  a  relationship  between  Q 

-2  -2  2 
and  that  may  be  used  to  plot  V  versus  Q  ,  and 

vice  versa.  The  frequency  ratio,  Q,  is  determined 
from  the  following  relationship. 


=  -(b+7^d)  ±  Vfb+V^d)^  -  4a(f+V^g) 


Thus,  frequency  is  a  function  of  airspeed.  With 
damping  excluded,  stability  is,  at  best,  neutral. 
However,  flutter  occurs  when  the  two  natural  fre¬ 
quencies  of  this  system  coalesce  or  merge  [9]. 
This  occurs  if  the  term  in  the  radical  in  Eqn.  23 
equals  zero.  The  condition  for  the  onset  of 
flutter  thus  becomes 

(b  +  V^d)2  =  4a(f  +  V^g) 


(24) 


d^(cos^A) 


The  sweep  angle,  A,  the  stiffness  ratio,  R,  and  the 
(25)  cross-coupling  parameter,  ip,  are  independent  vari¬ 
ables  for  this  illustration. 


Eqn.  25  expresses  the  relationship  between  the  air 
speed  at  frequency  coalescence  and  the  aerodynamic, 
structural  and  inertial  parameters  of  the  system. 
Two  speeds  result  from  the  computation  suggested  in 
Eqn.  25.  Motion  is  unstable  between  these  speeds. 
The  lower  speed  is  the  flutter  speed.  The  higher 
speed  given  in  Eqn.  25  provides  the  speed  at  which 
the  system  regains  stability;  at  this  speed,  the 
natural  frequencies  are  again  real.  This  upper 
speed  seldom  is  a  physical  reality. 

An  interesting  feature  of  Eqn.  25  is  that  the 
predicted  flutter  speed  can  become  complex  under 
two  conditions.  The  first  condition  occurs  if  the 
radical  becomes  negative  as  previously  discussed. 
The  second  condition  occurs  if  the  coefficient  of 
_2 

in  the  equation  that  results  when  Eqn.  24  is 

expanded  is  positive  (see,  for  instance.  Ref.  6, 
pp.  269-274).  The  onset  of  this  event  is  when 

db  =  2ag  (26) 

A  complex  value  of  V  implies  that  flutter  is 
impossible.  An  examination  of  the  terms  contained 
within  the  radical  shov/s  that  this  term  is  a  quad¬ 
ratic  in  the  cross-coupling  parameter,  ip.  Thus, 
in  theory,  two  values  of  ^p  exist  that  lead  to  the 
merging  of  the  upper  and  lower  flutter  boundaries. 

Returning  to  Eqn.  22,  we  see  that  divergence 
will  occur  when 

=  -f/g  (27) 

since,  at  this  velocity,  a  frequency  becomes  zero. 

At  speeds  in  excess  of  =  -f/g»  a  root  of  Eqn.  22 

is  imaginary,  implying  that  the  system  is  exponen¬ 
tially  divergent  in  time.  Note  that  both  f  and  g 
are  functions  of  ip. 

The  expressions  that  have  been  presented  are 
still  quite  complicated.  However,  at  this  point, 
a  model  has  been  developed  to  allow  the  examination 
of  the  effects  of  stiffness  cross-coupling  upon 
dynamic  and  static  instability  of  a  swept  wing 
aeroelastic  model.  At  this  point  it  would  be  wise 
to  exercise  the  model  via  a  set  of  parameter  vari¬ 
ations  to  demonstrate  some  important  features  of 
tailoring  and  then  attempt  to  interpret  results. 

We  now  turn  our  attention  to  a  set  of  examples. 


Appl i cations 

To  provide  further  insight  into  the  tailoring 
process,  an  example  will  be  discussed.  The  para¬ 
meters  for  this  example  are  as  follows: 


I  e  =  0.10 

y  =  0.50 

X  =  0.10 
a 

=  0.25 

C,  =  4.0/radian 

y  =  10.0 

a 

b/c=  M  =  4.0 

First,  let  us  examine  a  case  in  which  the  wing 
is  unswept.  For  this  case,  three  values  of  R  were 
chosen;  then,  values  of  ^  ranging  from  -1  to  +1 
were  input  into  the  equations  for  flutter  and 
divergence.  The  results  are  shown  in  Figure  3. 
Dashed  lines  represent  the  locus  of  divergence 
speeds  versus  ^p.  Note  that  these  speeds,  shown  in 
nondimens ional  form  in  Figure  3,  decline  rapidly 
when  if)  increases  from  zero.  Furthermore,  this 
decline  is  more  pronounced  when  the  stiffness 
ratio,  R,  is  large. 

Equation  27  provides  the  equation  for  diver¬ 
gence  speed.  It  can  be  shown  that  this  speed  will 
become  infinite  when  \p  is  less  than  the  value 
given  by  the  equation: 

=  (28) 
^e  tanA-y  AR) 

Note  the  dependence  of  ij^^  on  R  and  A. 

In  all  cases  shown  in  Figure  3,  the  flutter 
speed  is  relatively  low  when  ip  is  negative;  there 
is  a  value  of  ip,  above  which  flutter  does  not 
occur.  This  unique  value  of  cross-coupling  is  de¬ 
noted  as  ^p^^,  Where  flutter  is  concerned,  a  de¬ 
crease  in  the  stiffness  ratio  R  results  in  lower 
flutter  speeds  if  all  other  parameters  remain 
fixed. 

Sweeping  the  wing  aft  15°  causes  somewhat 
different  flutter  and  divergence  behavior.  As 
shown  in  Figure  4,  aft  sweep. of  the  wing  15°  causes 
a  rightward  shift  of  the  divergence  speeds  as  com¬ 
pared  to  those  shown  in  Figure  3.  In  addition, 
Figure  4  indicates  that  a  larger  value  of  i|j^^  is 

necessary  to  eliminate  flutter  from  this  config¬ 
uration.  An  additional  feature  of  the  flutter  and 
divergence  behavior,  also  present  in  Figure  3,  but 
more  visible  in  Figure  4,  is  the  fact  that  the 
flutter  speed  curves  and  the  divergence  curves  have 
a  common  point  for  each  value  of  R.  However,  the 
curves  of  flutter  speed  and  divergence  speed  do 
not  cross. 

Figure  5  shows  flutter  and  divergence  results 
for  a  wing  sweepback  angle  of  30°.  This  figure  is 
included  to  illustrate  the  fact  that  elastic 
cross-coupling  may  be  unable  to  eliminate  flutter 
if  R  is  large  and  the  wing  is  swept  back.  Even 
when  R  is  small,  large  values  of  ip  are  necessary 
to  preclude  flutter.  In  addition,  a  comparison 
of  the  divergence  behavior  versus  ^  in  Figures  3 
and  5  shows  that  the  relative  positions  of  the 
dashed  curves,  as  a  function  of  R,  has  been  re¬ 
versed  because  of  sweepback.  With  moderate  sweep- 
back,  a  low  value  of  R  is  disadvantageous  for  di¬ 
vergence  prevention. 

Figures  6  and  7  illustrate  the  effects  of 
forward  sweep  upon  tailoring  for  stability  enhance¬ 
ment.  In  Figure  6,  it  is  seen  that,  unlike  the 
unswept  wing,  relatively  large  negative  values  of 
ip  are  necessary  to  preclude  divergence  of  a  for¬ 
ward  swept  wing.  This  is  particularly  so  if  R  is 
large.  This  latter  difficulty  is  indicative  of  the 
fact  that  tailoring  relies  upon  bend/twist 


Table  1  -  Wing  parameters 


Figure  3  -  Nondimensional  flutter  and 
divergence  speeds  for  three 


Figure  4  -  Nondimensional  flutter  and  diver¬ 
gence  speeds  for  a  15°  sweptback 
wing;  three  values  of  R. 


Figure  5  -  Nondimensional  flutter  and  diver¬ 
gence  speeds  for  a  30°  sweptback 
wing. 


Figure  6  -  Nondimensional  flutter  and  diver¬ 
gence  speeds  for  a  15°  sweptfor- 
ward  wing. 


Figure  7  -  Nondimensional  flutter  and  diver¬ 
gence  speeds  for  a  30°  sweptfor- 
ward  wing. 


and  sweep  angle.  A,  necessary  to 
prevent  flutter  (solid  lines)  or 
divergence  (dashed  line)  for 
several  values  of  static  (inertia) 
unbalance,  x  . 
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interaction.  Bending  deformation  is  responsible 
for  the  low  divergence  speeds  of  forv;ard  swept 
wings.  These  speeds  can  be  raised  if  the  wing  can 
be  tailored  to  twist  down  (and  thus  relieve  the 
load)  when  the  wing  bends  upward.  This  interaction 
will  be  increasingly  difficult  to  achieve  if  the 
torsional  stiffness  becomes  large  in  comparison  to 
the  bending  stiffness.  (R  is  large).  A  similar 
observation  was  made  by  Niblett  [2]  in  RAE  studies 
of  forward  swept  wing  flutter  and  divergence. 

Figure  7  reinforces  the  conclusions  about  the 
potential  difficulties  involved  in  divergence  en¬ 
hancement.  In  this  case,  the  sweep  angle  is 
A  =  “30°;  note  that  it  is  now  impossible  to  elimin¬ 
ate  divergence  at  any  value  of  ^  when  R  =  3.5.  On 
the  other  hand,  flutter  is  nonexistent  when  R  =  3.5 

Although  the  results  presented  are  based  upon 
an  analytical  model  with  rather  extreme  assump¬ 
tions,  one  cannot  help  but  notice  qualitative 
agreement  between  previous,  more  sophisticated, 
studies  and  the  present  results.  A  comparison  of 
Figures  1  and  3  shows  that  they  are  qualitatively 
similar.  An  important  difference  is  that  no  upper 
bound  on  the  flutter  region  is  present  in  Figure  1; 
in  addition,  the  flutter  speed  boundary  penetrates 
the  divergence  boundary  in  Figure  1.  A  close 
inspection  of  the  present  equations  will  convince 
the  reader  (after  an  exhaustive  algebraic  exercise) 
that  the  flutter  and  divergence  curves  can  never 
cross. 

In  addition,  although  the  results  in  Figure  1 
are  based  upon  an  analysis  that  retains  the  first 
nine  normal  modes  in  an  unsteady  aerodynamic 
model,  nevertheless,  the  flutter  event  is  decidedly 
a  binary  event.  The  present  model  is  restricted  to 
binary  flutter.  Flutter  can  (and  does)  appear 
through  coupling  between  and  among  other  modes  in 
real-life  situations.  Nevertheless,  the  present 
model  seems  attractive  and  surprisingly  demonstra¬ 
tive,  all  things  considered. 

The  fact  that  our  model  predicts  the  possi¬ 
bility  of  both  divergence  and  flutter  elimination 
at  certain  values  of  ip  is  of  potential  importance. 

A  closed-form  algebraic  solution  for  the  values  of 
ip  necessary  to  merge  the  upper  and  lower  flutter 
boundaries  can  be  determined  from  Eqn.  25.  These 
values  of  \p  are  denoted  as  ip^^;  they  are  functions 

of  wing  sweep  angle.  A,  static  unbalance,  x  ,  and 

other  problem  parameters. 

The  most  interesting  combination  of  parameters 
for  tailoring  is  the  group  containing  a  and  x  . 
As  a  result,  a  study  was  conducted  with  R  =  0.3  ^ 
and  the  parameters  in  Table  1  held  fixed,  with  the 
exception  of  x  which  was  allowed  to  take  on  dif¬ 
ferent  values.^  With  the  values  x  =  -0.20,  -0.10, 

ot 

0.0,  0.10,  0.20,  combinations  of  ip  and  A  for  which 
flutter  vanishes  were  determined.  In  addition, 
combinations  of  jp  and  A  for  which  divergence 
vanishes  were  also  determined.  Note  that  diver¬ 
gence  is  not  a  function  of  x  .  The  results  of 

a 

this  study  are  shown  in  Figure  8. 

In  Figure  8,  the  dashed  line  indicates  the 
boundary  between  regions  in  which  divergence  is 
possible  and  impossible.  Combinations  of  ^p  and  A 
lying  below  this  line  are  those  for  which 


divergence  is  impossible.  Note  the  interesting 
tradeoff  between  wing  sweep  and  structural  cross¬ 
coupling,  To  eliminate  divergence  with  Tp  equal 
to  zero,  we  must  sweep  the  wing  back  9.45°.  If  the 
wing  is  unswept,  divergence  can  be  eliminated  if 
p  <  -0.0913.  This  illustrates,  at  least  concep¬ 
tually,  the  aeroelastic  tradeoff  between  sweep  and 
structural  cross-coupling  for  stability  enhancement. 

For  flutter,  the  situation  is  somewhat  differ¬ 
ent.  Combinations  of  p  and  A  lying  above  the  solid 
lines  in  Figure  8  represent  those  which  provide  a 

flutter  free  design.  For  instance,  with  x  =  0.20 

a 

and  =  0,  a  forward  sweep  angle  of  19.35°  is 
necessary  to  eliminate  flutter.  If  wing  sweep  is 
not  permitted,  then  a  value  of  p  equal  to  0.137 
will  accomplish  the  same  purpose. 

Since  aft  c.g.  placement  has  an  adverse  effect 
on  flutter,  reducing  the  value  of  x  also  leads  to 

ot 

reduced  requirements  for  structural  cross-coupling, 
as  indicated  in  Figure  8.  Notice  that,  with 
x^  =  0,  any  amount  of  forward  sweep  eliminates 

flutter.  This  is  due  to  the  reasonably  well-known, 
but  often  overlooked,  fact  that  wing  wash-out  due 
to  aft  sweep  causes  a  disadvantageous  situation 
for  flutter  while  the  wash-in  tendency  of  a  for¬ 
ward  swept  wing  causes  a  reverse  effect.  However, 
because  of  the  change  in  the  effective  C,  due  to 

sweep,  these  effects  are  moderated. 


Negative  mass  offset  results  in  unusual, 
yet_interesting ,  behavior  of  the  flutter  boundary. 

If  X  =  -0.10,  then  the  locus  of  sectional  centers 

a 

of  mass  lies  on  the  locus  of  aerodynamic  centers 
(AC).  It  is  well-known  that  a  quasi -static  anal¬ 
ysis  will  predict  an  infinite  flutter  speed  in 
such  a  case.  This  behavior  is  observed  when  one 
examines  Figure  8  for  =  0,  A  =  0.  However,  if 
p  is  decreased,  while  A  is  fixed  at  zero,  flutter 
will  reappear.  This  once  more  confirms  the  obser¬ 
vation  that  wash-out  behavior,  whatever  its  source, 
is  disadvantageous  for  flutter. 


The  flutter  boundaries  for  x  =  0,  -0.10  and 

a 

-0.20  each  consist  of  both  a  curved  line  and  a 
straight  line  segment.  The  intersection  point  of 
these  segments  occurs  at  the  divergence  boundary; 
at  this  point  both  flutter  and  divergence  are  im¬ 
possible  for  certain  A,  x  combinations.  This 

point  is  given  by  the  relationship 
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where  A^^p  is  that  value  of  A  for  which  flutter  and 

divergence  disappear  simultaneously.  The  value  of 
p  for  this  simultaneous  disappearance  is  found  by 
substituting  Eqn.  29  into  Eqn.  28.  Note  that  Aj^p 

is  not  a  function  of  R. 

For  certain  values  of  static  unbalance.  Figure 
8  shows  that  there  exists  a  region  in  which  the 
wing  can  be  tailored  to  be  both  divergence  and 
flutter  free  beyond  a  certain  sweep  angle.  Unless 
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the  static  unbalance  is  negative,  this  region  is 
likely  to  only  involve  aft  sweep. 

Two  solutions  for  exist.  In  all  cases 

examined  to  date,  the  second  value  of  has  been 

found  to  occur  at  a  value  either  outside  the  region 

occur  when  the  coefficient 

of  the  term  is  negative.  Thus,  no  upper  bound 

to  the  flutter  free  region  was  encountered.  How¬ 
ever,  given  the  complexity  of  the  equations,  such 
cases  cannot  be  ruled  out  entirely. 

As  a  final  example,  consider  the  case  for 
for  which  the  parameters  in  Table  1  are  fixed,  but 
with  R  =  0.1,  0.3,  1,  2,  3.  In  this  case,  inter¬ 
est  will  be  focused  upon  combinations  of  and  A 
necessary  to  preclude  flutter  or  divergence. 

Figure  9  shows  the  effects  of  R  upon  the 
value  the  value  of  cross-coupling  below  which 

divergence  is  not  possible.  Notice  that,  if  R  is 
small  and  ij;  =  0,  then  rather  large  values  of  aft 
sweep  are  necessary  to  preclude  divergence.  If 
torsional  stiffness  K-ji  is  fixed,  then  small  R 

values  occur  when  bending  stiffness  large. 

In  such  cases,  the  well-known  load  attenuating 
effect  of  swept  wing  bending  will  be  minimal.  On 
the  other  hand,  without  wing  sweep,  divergence  can 
never  be  eliminated  without  some  elastic  coupling, 
no  matter  how  large  the  ratio  R  becomes.  To  see 
this,  notice  that  the  curve  for  R  =  3  lies  close 
to,  but  not  on,  the  origin  of  Figure  9.  From 
Figure  9,  it  appears  that  divergence  of  forward 
swept  wings  may  be  difficult  (or  even  impossible) 
to  prevent  if  R  is  large.  For  aft  swept  wings, 
the  reverse  is  true. 

Figure  10  shows  the  effects  of  R  upon  ability 
to  control  flutter  of  swept  wings  through  stiff¬ 
ness  cross-coupling.  These  curves  indicate  that 
the  flutter  speed  of  a  sweptforward  wing  is  easily 
controlled  by  structural  cross-coupling  if  ^  is 
allowed  to  be  positive.  In  the  sweptback  region, 
large  positive  values  of  4^  are  necessary  to  pre¬ 
clude  flutter,  especially  when  R  is  large. 


The  Mechanism  For  Aeroelastic  Control 

There  are  a  number  of  approaches  to  explain¬ 
ing  the  results  presented  in  this  paper.  The 
behavior  of  the  two  system  natural  frequencies  as 
airspeed  increases  might  be  examined  to  attempt 
to  show  why  frequency  merging  is  precluded.  Or, 
the  interplay  between  inertial  cross-coupling, 
as  exemplified  by  x^,  and  elastic  cross-coupling, 

in  the  form  of  ip/ZR  might  be  scrutinized.  In  both 
cases,  the  emphasis  would  be  upon  "structural 
coupling"  and  its  interaction  with  "inertial 
coupling."  Such  an  approach  is  coordinate  depen¬ 
dent.  On  the  other  hand.  Crisp  [10]  presents  the 
viewpoint  that  the  prevention  or  elimination  of 
flutter  (divergence  should  be  thought  of  as  a 
special  case)  can  be  regarded  as  a  problem  in^ 
aerodynamic  balancing  rather  than  mass  balancing 
or  stiffness  balancing.  Whether  this  aerodynamic 
balancing  is  done  by  means  of  inertial  or  struc¬ 
tural  stiffness  redistribution,  the  result  is  the 
same.  With  this  approach,  eigenfunctions  (mode 


Figure  9  -  Combinations  of  ip  and  A  for 

which  divergence  does  not  occur. 
Divergence  cannot  occur  in  the 
region  below  each  curve. 


SWEEP  ANGLE,  A 


Figure  10  -  Values  of  ip  and  A  for  which 
flutter  speed  is  precluded. 
Flutter  will  not  occur  in  the 
region  above  each  curve. 
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shapes)  assume  particular  importance,  since  these 
mode  shapes  (together  with  reduced  frequency) 
determine  the  motion  dependent  air  forces  that  act 
upon  the  structure. 

Biot  and  Arnold  [11]  present  a  similar  view¬ 
point  in  a  paper  that  pre-dates  that  of  Crisp. 
Reference  11  points  out  the  importance  of  the 
position  of  the  node  line  of  a  normal  mode  (they 
discuss  a  two-degree-of-freedom,  typical  section) 
with  respect  to  the  3/4  chord  point  on  the  cross- 
section.  It  is  noted  that  the  closer  a  node  line 
position  lies  to  the  3/4  chord  point,  the  lower 
the  flutter  speed. 

Reference  3  discusses  that  influence  of  la¬ 
minate  ply  orientation  upon  node  line  position. 

In  terms  of  the  cross-coupling  parameter,  it  is 
shown  that  such  a  parameter  exerts  substantial 
control  over  the  position  of  node  lines.  For  the 
present  model,  if  4^  is  positive,  the  node  line  for 
the  first  mode  (usually  a  "bending"  mode)  origi¬ 
nates  at  the  x-y  origin  of  Figure  2  and  sweeps 
aft,  nearly  parallel  to  the  root  chord.  On  the 
other  hand,  a  positive  value  of  4;  will  cause  the 
node  line  associated  with  the  "torsion"  mode  to 
sweep  slightly  forward  (of  the  order  of  2-4°)  of 
the  y-axis  in  Figure  2.  This  behavior  is  similar 
to  that  encountered  when  the  sectional  centers  of 
gravity  are  placed  forward  of  the  reference  axis. 
Therefore,  if  aft  placement  of  the  sectional  c.g. 
leads  to  node  lines  that,  in  turn,  lead  to  lower 
flutter  speeds  due  to  a  node  line  shift  aft  of 
the  reference  axis,  positive  elastic  cross-coupl¬ 
ing  can  reposition  the  node  line  forward,  away 
from  the  3/4  chord  line  "danger  zone."  Thus, 
positive  elastic  cross-coupling  (bend  up/twist  up) 
is  equivalent  to  forward  mass  balancing  as  regards 
its  effect  on  node  line  position  and  flutter 
speed.  A  forward  rotation  of  the  structural  axis 
in  Figure  2  leads  to  negative  values  of  4j.  Such 
values  have  been  shown  to  enhance  divergence  per¬ 
formance.  Such  rotations  can  place  the  principal 
stiffness  direction  ahead  of  the  aerodynamic 
center.  Thus,  the  offset  between  the  line  of 
aerodynamic  centers  and  the  structural  axis  is 
effectively  decreased.  Conversely,  the  distances 
between  the  sectional  centers  of  mass  and  the 
stiffness  axis  is  effectively  increased  by  nega¬ 
tive  4,  thus  leading  to  lowered  flutter  speeds. 


Conclusion 

The  reader  is  again  reminded  about  the  lim¬ 
itations  imposed  upon  this  study  by  the  model 
restrictions  and  assumptions,  as  previously  de¬ 
tailed.  Despite  these  limitations,  the  authors 
have  developed  and  illustrated  the  use  of  an 
aeroelastic  tailoring  model  that  contains  mech¬ 
anical  features  essential  to  the  study  and  under¬ 
standing  of  tailoring  for  stability  enhancement. 

In  doing  so,  a  combination  of  features,  previously 
observed  in  other  more  sophisticated  studies,  to¬ 
gether  with  new  results  have  been  demonstrated 
with  this  idealization. 

An  interesting  aspect  of  aeroelastic  tail¬ 
oring  shown  in  these  studies  is  the  required 
trade-off,  or  compromise,  between  flutter  speed 
and  divergence  speed.  The  objective  of  increas¬ 
ed  flutter  speed  leads  to  a  wash-in  (bend-up/ 
twist-up)  condition  that  is  undesirable  for  di¬ 
vergence.  Conversely,  an  increase  in  the  diver¬ 


gence  speed  due  to  a  structural  wash-out  (bend-up/ 
twist-down)  condition  are  likely  to  lower  the 
flutter  speed.  The  inclusion  of  wing  sweep  and 
stiffness  cross-coupling  as  design  variables  leads 
to  further  trade-offs  between  aerodynamic  sweep 
and  structural  sweep.  The  present  model  indicates 
that  forward  sweep  of  the  wing  will  raise  the 
flutter  speed  and  lower  the  divergence  speed.  The 
use  of  tailoring  to  increase  the  wing  wash-out  can 
achieve  a  harmonious  balance  between  the  flutter 
and  divergence  speeds.  The  same  is  true  of  the 
sweptback  wing. 

For  aeroelastic  stability  purposes,  stiffness 
cross-coupling,  as  given  by  4,  has  been  shown  to 
be  aeroelastically  analogous  to  fore  or  aft  sweep, 
because  of  the  similarities  between  the  induced 
wash-in/wash-out  behavior.  In  addition,  because 
this  effect  depends  upon  the  interaction  between 
bending  and  torsional  deformation,  the  ratio  of 
torsional  to  bending  stiffness  is  an  important 
parameter  in  the  analysis.  From  an  aeroelastic 
optimization  standpoint,  one  must  be  careful  then 
that  the  objective  of  increasing  the  flutter  speed 
does  not  decrease  the  fixed-root  divergence  speed 
to  the  extent  that  an  attitude  instability  is 
triggered  similar  to  that  suffered  by  forward 
swept  wings  (see  Ref.  5). 

The  most  interesting  feature  of  this  study  is 
the  theoretical  finding  that  both  flutter  and  di¬ 
vergence  can  be  precluded  for  certain  circum¬ 
stances.  The  ability  of  directional  stiffness  to 
modify  the  vibration  characteristics  to  the  extent 
that  the  system  is  uncoupled  or  "balanced"  aero¬ 
dynamical  ly  is  a  feature  worthy  of  further  atten¬ 
tion  by  designers  and  researchers  alike. 

References 

1.  Austin,  F.,  Hadcock,  R.,  Hutchings,  D.,  Sharp, 
D.,  Tang,  S.  and  Viaters,  C.,  "Aeroelastic 
Tailoring  of  Advanced  Composite  Lifting  Sur¬ 
faces  in  Preliminary  Design,"  Proceedings  of 
the  AIAA/ASME/SAE  17th  Structures,  Structural 
Dynamics  and  Materials  Conference,  King  of 
Prussia,  Penn.,  May  1976,  pp.  69-79. 

2.  Niblett,  Ll.T.,  "Divergence  and  Flutter  of 
Swept-Forward  Wings  with  Cross-Flexibilities," 
Royal  Aircraft  Establishment  TR  80047,  April 
1980. 

3.  Weisshaar,  T.A.  and  Foist,  B.L.,  "Vibration 
and  Flutter  of  Advanced  Composite  Lifting 
Surfaces,"  AIAA  Paper  No.  CP-83-0961,  Proceed¬ 
ings  of  the  24th  Structures,  Structural  Dy¬ 
namics  and  Materials  Conference,  Lake  Tahoe, 
Nevada,  May  1983,  pp.  498-508. 

4.  Weisshaar,  T.A.,  "Divergence  of  Forward  Swept 
Composite  Wings,"  Journal  of  Aircraft,  Vol .  17, 
No.  6,  June  1980,  pp.  442-448. 

5.  Weisshaar,  T.A.  and  Foist,  B.L.,  "Aeroelastic 
Tailoring  of  Aircraft  Subject  to  Body  Freedom 
Flutter,"  AFWAL-TR-31 23,  Air  Force  Wright 
Aeronautical  Laboratories,  Wright-Patterson 
Air  Force  Base,  Ohio,  November  1983. 

6.  Bispl inghoff ,  R.L.  and  Ashley,  H.,  Principles 
of  Aeroelasticity ,  Dover  Publications,  1975. 

7.  Reinfurth,  M.H.  and  Swift,  F.W.  ,  "A  New  Ap¬ 
proach  to  the  Explanation  of  the  Flutter  Mech- 
anism,"  AIAA  Symposium  on  Structural  Dynamics 


234 


and  Aeroelastici ty,  Boston,  1965,  pp.  1-9. 

8.  Horikawa,  H.  and  Dowell,  E.H.,  "An  Elementary 
Explanation  of  the  Flutter  Mechanism  with  Ac¬ 
tive  Feedback  Controls,"  Journal  of  Aircraft, 
April  1979,  pp.  225-232. 

9.  Hermann,  G.,  "Dynamics  and  Stability  of  Mechan¬ 
ical  Systems  with  Follower  Forces,"  NASA  CR- 
1782,  Nov.  1971. 

10.  Crisp,  J.D.C.,  "The  Equation  of  Energy  Balance 
for  Fluttering  Systems  with  Some  Applications 
in  the  Supersonic  Regime,"  Journal  of  the 
Aerospace  Sciences,  November  1959,  pp.  703- 
716,  738. 

11.  Biot,  M.A.  and  Arnold,  L.,  "Low-Speed  Flutter 
and  Its  Physical  Interpretation,"  Journal  of 
the  Aeronautical  Sciences,  April  1948,  pp. 
232-236. 

Appendix 

The  equations  of  motion  for  free  vibration  of 

the  semi-rigid  swept  wing  model  are  written  as: 


*  tv  j  • 


(1,j  =  1,2) 

In  terms  of  the  rotational  spring  constants  Ke  and 
K(j)  measured  along  the  axes  shown  in  Figure  2,  the 
K^.j  terms  in  Eqn.  A-1  are 

=  KqCOS^Y  +  K.sin^Y  (A-2) 


Ki2  =  (K^  -  KQ)sinY  cosy 
2  2 

Koo  =  KpSin  Y  +  ^.cos  y 


In  addition,  the  mass  ratio,  y,  is 
y  =  m/7rpb(c/2)^ 


(A-13) 


The  frequency  determinant  that  results  from 
the  equations  of  motion  is  expressed  in  Eqns.  16 
and  22  in  terms  of  constants  a,  b,  d,  f,  g.  Note 
that  b  in  Eqn.  16  and  the  ensuing  equations  does 
not  refer  to  the  swept  span  dimension  in  Figure  2. 

In  terms  of  the  nondimensional  parameters  in 
the  problem,  the  expressions  for  a,  b,  d,  f,  g  are: 


R  AR^ 

r  — 2  -2' 

4r^  -  3x 

a  a 

12r^ 

a 

-2 

L  fa  . 

-  1  + 

R  AR^ 

oir2 

(A-15) 


d  =  -Rm  [y  tanA-^+^(etanA-yAR)]  (A-16) 
?  -7 

where  5=0.  /ir  yr 

L  Ot 

a 

f  =  1  - 

g  =  CE-S"  +  RyAR  tanA+  t()yFr(etanA  yAR)]  (A-1 7) 

Note  that  "a"  is  always  positive.  The  combination 

f  is  positive  unless  divergence  has  occurred. 

If  d  +  g  is  positive  and  divergence  has  not 
occurred,  then  flutter  cannot  occur. 
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The  inertia  terms  are: 
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where  m  is  the  total  mass  of  the  wing  and  ro  is  the 
radius  of  gyration  of  the  wing  about  the  line  of 
centers  of  mass  of  the  wing.  The  factor  of  3  in 
Eqn.  A-7  reflects  the  fact  that  the  mass  distribu¬ 
tion  is  uniform  along  the  span.  The  terms  in  the 
matrix  A^j  have  been  given  in  Eqn.  5.  Note  that 
the  expression  for  moments  in  Eqn.  5  must  be  trans¬ 
ferred  to  the  left-hand  side  of  Eqn.  A-1  to  obtain 
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U 

The  nondimensionalization  of  Eqn.  A-1  results 
in  the  definition  of  several  nondimensional  parame¬ 
ters,  some  of  which  have^  been  defined  previously. 
Parameters  with  a  bar  (  )  indicate  nondimensional¬ 
ization  with  respect  to  either  the  chord  dimension, 
c,  or  the  span,  b.  These  parameters  are 


X  =  X  /c 
a  a 


AR  =  b/c 

y  =  y,p/t 

e  =  e/c 


(A-8) 

(A-9) 

(A-10) 

(A-ll) 

(A-12) 
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Abstract 


Principal  axes  provide  the  usual  reference 
in  maneuvering  and  dynamic  response  analyses  of 
flexible  vehicles.  Attached  or  structural  axes 
have  also  been  used  because  the  flexibility 
characteristics  of  the  structure  are  only  deter¬ 
mined  for  a  restrained  structure.  If  the  struc¬ 
tural  axes  are  employed,  a  relationship  is 
required  for  the  orientations  of  the  structural 
axes  relative  to  the  principal  axes,  since  the 
equations  of  motion  determine  the  orientations  of 
the  principal  axes.  If  this  relationship  is  not 
considered,  as  it  has  not  been  in  a  number  of 
publications,  the  solution  to  the  equations  of 
motion  of  the  structural  axes  is  not  invariant 
with  the  choice  of  support  configuration  used  in 
the  calculation  of  the  structural  flexibility 
influence  coefficients,  and  is  therefore  incor¬ 
rect.  This  relationship  and  the  correct  equa¬ 
tions  of  motion  for  the  structural  axes  are 
presented,  and  the  correctness  of  the  formulation 
is  demonstrated  numerically  in  studies  of  longi¬ 
tudinal  maneuvering  of  an  example  forward-swept 
wing  airplane  at  constant  forward  velocity.  The 
basic  derivations  assume  quasi-steady  equilibrium 
of  the  structure  during  the  motion,  but  this 
assumption  is  later  relaxed  by  the  addition  of 
vibration  modes  and  aerodynamic  lag  functions  in 
an  application  of  the  mode  acceleration  method  of 
dynamic  response  analysis.  Although  the  paper 
assumes  constant  airspeed  in  the  basic  develop¬ 
ments,  it  concludes  with  discussions  of  aeroelas- 
tic  speed  derivatives  and  aeroelastic  effects  on 
drag. 

Nomenclature 

A  =  deflection  amplification  factor 
a  =  flexibility;  af  is  free-body  flexibility 

ag  =  amplitude  of  motion  of  support  reference 
point 

ap  =  amplitude  of  vibration  mode 

ao  =  airfoil  two-dimensional  lift  curve  slope 

B  =  aerodynamic  amplification  factor 

Bg  =  equivalent  viscous  damping 

b  =  reference  span 

b^*jl^  =  coefficient  in  exponential  approximation 

to  aerodynamic  lag  function 
C  =  generalized  aerodynamic  force  coeffi¬ 

cient;  Cp  is  static  value  for  vibration 

modes;  Cf  is  first  order  damping  value 
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for  vibration  modes;  C-j  is  inertial 
value;  Cq  is  angular  rate  value;  is 
incidence  and  control  surface  value; 

is  incidence  rate  value;  Cq  is  initial 
value 

experimental  control  point  force  coeffi¬ 
cient 

aerodynamic  influence  coefficient  for 
transient  lift  deficiency 

complex  oscillatory  aerodynamic  influence 
coefficient 

aerodynamic  damping  influence  coefficient 

aerodynamic  inertial  influence  coeffi¬ 
cient 

static  aerodynamic  influence  coefficient 
aerodynamic  pitching  moment  coefficient 
aerodynamic  normal  force  coefficient 
mean  aerodynamic  chord 

modal  generalized  aerodynamic  force  coef¬ 
ficient;  Dp  is  static  value  for  vibration 

modes;  Dj*  is  first  order  damping  value 
for  vibration  modes;  D-j  is  inertial 
value;  is  angular  rate  value;  D  is 
incidence  and  control  surface  value;  D^ 

is  incidence  rate  value;  Dq  is  initial 
value 

local  lift  curve  slope 
bending  stiffness 

control  point  force;  F^  is  aerodynamic 
force;  Fj  is  inertial  force 
torsional  stiffness 

acceleration  of  gravity;  structural 
damping  coefficient 

generalized  reference  deflection;  Hq 
includes  steady  angular  rates;  H^  in¬ 
cludes  changes  in  incidence  and  contol 
surface  rotations;  H.  includes  incidence 
rates  ^ 

control  point  deflection;  hp  is  modal 

deflection;  hf  is  flexible  deformation; 
hp  is  relative  to  the  principal  axis;  hp 
is  due  to  rigid  body  modes;  hp  is  due  to 

rigid  displacements;  ho  is  initial  value 
unit  matrix 

pitching  moment  of  inertia  about  support 
reference  point 
horizontal  tail  setting 

structural  stiffness 
reduced  frequency 
mass  matrix;  Mach  number 
generalized  rigid  body  mass 
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=  normal  load  factor 
=  pitch  rate 

=  dynamic  pressure 
=  inertial  relief  factor 
=  real  part  of  complex  variable 
=  reference  surface  area 
=  static  unbalance  about  support  reference 
point 
=  time 
=  velocity 

=  perturbation  velocity 

=  distance  from  support  origin  to  center  of 
gravity 

=  deflection  of  origin  of  structural 
support 

=  incidence  (angle  of  attack);  Op  is  inci¬ 
dence  of  principal  axis,  is  incidence 
of  structural  axis 

=  incidence  rate  defined  in  Eq.  (38) 

=  sideslip  angle 

=  exponential  coefficient  in  exponential 
approximation  to  aerodynamic  lag  function 
=  supplementary  incidence  coefficient 

=  supplementary  rate  coefficient 

=  dynamic  structural  deflection 

=  control  surface  rotation 
=  pitch  angle  of  principal  axis 


Subscripts  and  Superscripts 

ot  =  0/3a 

a  =  3/8(&c/2V) 

q  =  a/3(5c/2V) 

z  =  3/8(Zg/g) 

e  =  3/8(9c/2g) 

V  =  3/3(v/V) 

®  =  intercept  value  at  zero  incidence 

(•)  =  d(  )/dt 

(■■)  =  d2(  )/dt2 

(  )"  =  denotes  FLEXSTAB  value 


Matrices 


when  transverse  displacement  is  the  primary 
degree  of  freedom,  i.e.,  when  rotatory  inertia 
effects  can  be  neglected  (as  we  assume  in  the 
present  development).  The  use  of  a  principal 
axis  system  in  flight  mechanics  was  further  re¬ 
fined  in  the  FLEXSTAB  computer  program  developed 
by  Dusto  and  his  associates  at  the  Boeing  Co. 
from  1968"+  to  1974 5.  The  conclusion  from  these 
investigations  is  that  principal  axes,  rather 
than  attached  axes,  must  be  used  in  the  equations 
of  motion. 

In  1965  Wykes  and  Lawrence^  utilized  both 
principal  and  attached  axes  in  a  study  of  aero- 
thermoelastic  effects  on  the  stability  and 

control  of  a  typical  canard-delta  configura¬ 

tion.  Their  "modal  technique"  used  the  principal 
axes  and  their  "direct  influence  coefficient 
technique"  used  the  attached  axes.  Wykes  and 
Lawrence  recognized  both  the  need  for  the 

principal  axes  and  the  difficulties  associated 
with  the  attached  axes:  "The  main  problem  stems 
from  the  fact  that  it  is  very  difficult  to  obtain 
readily  a  transformation  relating  the  angle-of- 
attack  reference  used  in  the  influence  coeffi¬ 
cient  problem  analyses  to  the  angle-of-attack 

reference  of  the  dynamic  stability  problem  formu¬ 
lation.  In  the  influence  coefficient  analyses, 
the  angle-of-attack  reference  was  a  line  tangent 
to  the  wing  surface  slope  at  the  wing  apex.  This 
was  a  convenient  choice,  for  it  permitted  the 
most  expedient  joining  of  vehicle  component 
effects  to  form  the  whole.  In  the  dynamic 
stability  analyses,  the  reference  line  for  angle 
of  attack  was  a  body  axis  related  to  mass  charac¬ 
teristics  and  rigid  vehicle  main  lifting  surface 
orientation.  This  axes  system  was  the  one  for 
which  the  equations  of  motion  were  written.  It 
is  pertinent  also  to  emphasize  that  this  axes 
system  is  the  same  one  used  for  the  modal 
analyses  described  earlier.  For  this  reason,  the 
difficulty  being  discussed  is  avoided  in  the 
modal  technique  and  constitutes  another  advantage 
in  its  application  in  connection  with  most 
dynamic  aerothermoelastic  problems.  Although  one 
does  know  the  orientation  of  the  velocity  vector 
(and,  consequently,  the  angle  of  attack)  with 
respect  to  the  reference  system  attached  at  the 
wing  apex,  the  relationship  difficult  to  define 
is  the  angle  between  the  flexible  vehicle  wing 
apex  axes  and  the  equations  of  motion  axes." 


[  ]  =  square 

[  =  transpose 

[  ]“^  =  inverse 

{  }  =  column 

Introduction 

The  use  of  a  principal  axis  system  as  a 
reference  for  the  equations  of  motion  has  been  a 
standard  in  vibration  and  flutter  analysis  of 
unrestrained  vehicles  for  many  years.  In  1962  a 
comprehensive  statement  of  the  various  structural 
dynamics  problems  of  the  unrestrained  vehicle  was 
given  by  Bisplinghoff  and  Ashley^  using  a  cen- 
troidal  principal  axis  system.  The  use  of 
attached,  mean,  and  principal  axes  was  discussed 
by  Milne  in  1964^  and  the  distinction  between 
mean  and  principal  axes  was  further  clarified  in 
19683.  xhe  mean  and  principal  axes  are  the  same 


In  spite  of  all  foregoing  developments,  two 
textbooks  and  one  NASA  report  have  appeared  sub¬ 
sequently  that  prefer  the  convenience  of  the 
attached  axes  without  regard  to  the  requirements 
for  the  principal  axes.  In  his  two  books  on 
airplane  flight  dynamics,  where  Roskam"^,® 
addresses  stability  and  control  of  the  elastic 
airplane,  he  chooses  the  origin  of  the  attached 
axis  system  at  "a  reference  point  in  the  jig 
shape"  which  "is  also  the  material  point  that 
represents  the  center  of  gravity  (c.g.)  of  the 
jig  shape."  The  facts  that  there  may  be  no 
structural  connection  to  the  c.g.,  and  that  the 
c.g.  does  not  remain  fixed  during  a  mission,  are 
not  addressed.  Then,  Kemp^  chooses  the  origin  of 
his  attached  axis  system  at  33%  of  the  mean  aero¬ 
dynamic  chord  because  the  structural  influence 
coefficients  (SIC's)  used  in  a  Boeing  study  of  a 
high-performance  supersonic  transport  airplane 
configuration  were  fixed  there.  However,  he 
notes  that  "when  a  complete  and  consistent  set  of 
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stability  derivatives  is  used  in  the  equations  of 
motion  derived  from  the  conditions  for  dynamic 
equilibrium,  the  reactions  at  the  fixity  point 
vanish  and  the  deformed  shape  at  any  instant  is, 
in  a  coordinate-free  sense,  independent  of  fixity 
point  location." 

References  7-9  have  one  assumption  in 
common:  that  the  solution  to  the  equations  of 

motion  will  be  invariant  with  the  choice  of 
support  system  used  to  determine  the  SIC's  if 
this  support  system  is  unloaded  in  the  unre¬ 
strained  flight  condition.  This  is  a  necessary 
and  sufficient  condition  for  a  trimmed  loads 
solution  only,  and  the  loads  solution  of  Rowan 
and  Burns is  therefore  correct.  However,  it  is 
not  sufficient  for  the  maneuvering  solution.  The 
conditions  for  a  correct  maneuvering  solution 
require  not  only  an  unloaded  support  system  but 
also,  and  obviously,  that  the  moments  equal  the 
rate  of  change  of  angular  momenta.  These  condi¬ 
tions  will  be  realized  if  the  principal  axis 
formulation  of  the  equations  of  motion  is 
employed.  However,  an  alternate  formulation  that 
retains  the  convenience  of  an  arbitrary  attached 
axis  system  can  still  be  used  if  the  location  of 
the  principal  axes  is  duly  noted  in  the  formula¬ 
tion.  This  alternate  formulation  is  the  subject 
of  the  present  paper. 

The  attached  axes  will  be  called  structural 
axes  in  this  paper  because  they  will  be  referred 
to  the  statically  determinate  support  system  for 
which  the  SIC's  are  determined  and,  in  general, 
the  assumption  of  constant  forward  velocity  will 
be  made  here,  although  the  problem  of  calculating 
speed  derivatives  by  numerical  differentiation  of 
the  present  results  will  be  discussed  briefly. 

Aeroelastic  Characteristics 
of  a  Restrained  Vehicle 


For  the  analysis  of  the  aeroelastic  char¬ 
acteristics  of  a  restrained  vehicle, the  vehicle 
flexibility  can  be  represented  by  a  matrix  of 
SIC's  which  permit  the  calculation  of  the  struc¬ 
tural  deflections  relative  to  a  statically 
determinate  support  system  (the  SIC  constraint 
point(s))  located  conveniently  within  the  vehicle 
(e.g.,  near  the  intersection  of  primary  wing  and 
fuselage  structural  components).  The  aeroelastic 
analysis  must  consider  not  only  the  aerodynamic 
forces  that  arise  from  vehicle  incidence  and 
control  surface  rotations,  but  also  the  aerody¬ 
namic  forces  that  arise  from  the  deflections 
(considered  as  initial  deflections  such  as  camber 
and  twist)  caused  by  the  inertial  forces  that 
would  exist  in  free  flight.  This  approach  leads 
to  a  series  of  inertial  aeroelastic  coefficients 
corresponding  to  unit  accelerations  in  addition 
to  the  more  conventional  aeroelastic  coeffi¬ 
cients.  An  example  of  this  approach  is  given  in 
Sect.  8-3  of  Ref.  11,  in  which  the  effect  of 
normal  load  factor  on  a  wing  is  considered. 

The  net  force  distribution  {F }  acting  on  a 
flexible  lifting  surface  or  body  is  the  differ¬ 
ence  between  the  aerodynamic  forces  {F  }  and  the 
inertial  forces  {F.  }, 

{F}  =  {Fg}  -  {Fil  (1) 


The  aerodynamic  forces  are  found  from  experimen¬ 
tally  corrected*  steady  aerodynamic  influence 
coefficients  (AIC's)  ]  defined  in  Ref.  12, 

and  a  set  of  experimentally  determined  control 

force  coefficients  {Cg}. 

{F^}  =  (qS/c)[Cj^J{h}  +  qS{Cg}  (2) 

The  use  of  the  experimental  force  coefficients 
may  be  necessary  to  account  for  aerodynamic 
effects  that  are  not  predictable,  such  as  some 
interference  loads,  or  not  accurately  predict¬ 
able,  such  as  camber  loads.  The  inertial  forces 
are  found  from  the  mass  matrix  [M]  and  the  accel¬ 
erations 

{F.}=[MHh}  (3) 

The  accelerations  are  written  in  terms  of  the 
rigid  body  modal  matrix  [h|^]  of  Ref.  14  and  the 

accelerations  of  a  reference  point  in  the  SIC 
support  system,  and  by  neglecting  any  dynamic 
structural  response 

{h}=[hR]{a3}  (4) 

The  accelerations  {a^}  are  assumed  to  be  known. 

The  deflections  (h}  are  given  by  the  sum  of 

the  deflections  of  the  rigid  vehicle  {h^}  and 

the  flexible  deflections  {h^}  relative  to  the 
support  system. 

{h}  =  M  +  {hf}  (5) 

The  last  equation  required  for  the  aeroelas¬ 
tic  analysis  is  the  flexibility  relationship. 
The  flexible  deflections  are  found  from  the 
SIC's  [a]  and  the  net  forces. 

(hf}=[a](F}  (6) 

Substituting  Eqs.  (l)-(5)  into  Eq.  (6)  per¬ 
mits  solution  for  the  flexible  deflections 

(M  =  [A][a]{F,}  (7) 

where  {F^}  is  the  net  force  distribution  on  the 
rigid  system 


*  A  premultiplying  correction  matrix  derived 
from  experimental  data  on  loads  arising  from 
vehicle  rotations  of  incidence  and  control 
surfaces  is  discussed  in  Refs.  12  and  13; 
Ref.  13  also  considers  a  postmultiplying 
correction  matrix. 

**  These  deflections  may  arise  from  a  number  of 
sources:  built-in  twist,  camber,  or  thermal 

distortions;  changes  in  angle  of  attack  or 
control  surface  rotations;  steady  angular 
motions.  A  number  of  terms  to  account  for 

these  effects  separately  are  introduced  in 
Eq.  (13). 
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{F^}  =  (qS/c)[C^J{h^}  +  qS{Cg} 

-  [M][hR]{a3} 


(8) 


and  [A]  is  the  aeroelastic  deflection  amplifica¬ 
tion  (or  attenuation)  matrix 


[A]  =  ([I]  -  (qS/c)[a][C^jr^  (9) 


The  net  force  distribution  on  the  flexible 
system  is  obtained  by  substituting  Eqs.  (2)-(8) 
into  Eq.  (1) 


{F}  =  [B]{F,}  (10) 

where  [B]  is  the  aeroelastic  load  amplification 
(or  attenuation)  matrix 

[B]  =  [I]  +  {qS/c)[Cj,J[A][a]  (11a) 


=  ([I]  -  (qS/c)[C^J[a])-^  (lib) 


The  alternate  form  for  [B]  shown  in  Eq.  (11b) 
would  have  been  obtained  if  the  order  of  solution 
for  {h^}  and  {F}  above  had  been  reversed.  The 

use  of  Eq.  (11a)  is  more  computationally 
efficient  since  a  second  matrix  inversion  is  not 
required.  A  singularity  in  [A]  (and  [B])  occurs* 
at  the  eigenvalues  of 

(c/Sq){h^}  =  [a][C^J{h^}  (12) 

Aeroelastic  divergence  of  the  restrained  system 
corresponds  to  positive  values  of  c/Sq. 

The  analysis  of  equilibrium  and  the  deter¬ 
mination  of  stability  derivatives  requires  the 
generalization  of  the  initial  deflections  {h^} 
introduced  above.  We  write 

{h^}  =  {ho}  +  [h/Hj{Hj  +  [h/Hq]{Hq}  (13) 

The  first  term  {ho}  accounts  for  initial  deflec¬ 
tions  such  as  camber  and  twist,  and  thermoelastic 
deflections  which  may  be  important  in  flight  at 
high  supersonic  speeds  at  low  altitudes.  The 
second  term  accounts  for  changes  in  attitude  and 
control  surface  deflections;  if  in  the  longitu¬ 
dinal  case  the  elements  of  {H^}  are  angle  of 

attack  and  elevator  rotation,  then  the  elements 
of  the  first  column  of  [h/H^]  are  streamwise 

distances  of  the  aerodynamic  control  points  from 
the  pitch  axis  and  the  second  column  consists  of 
non-zero  elements  on  the  control  surface  equal  to 
the  streamwise  distances  from  the  hinge  line. 
The  third  term  in  Eq.  (13)  accounts  for  steady 
angular  velocities  such  as  pitch  rate  or  roll 
rate;  if  one  element  of  {Hq}  is  pitch  rate  the 

elements  in  the  corresponding  column  of  [h/H^  ] 
are  proportional  to  the  square  of  the  streamwise 


*  Note  that  Eqs.  (9)  and  (lib)  have  identical 
singularities. 


distances  of  the  aerodynamic  control  points  from 
the  pitch  axis^^. 

The  rigid  body  modal  matrix  [hj^]  also 

provides  the  basis  for  the  equilibrium  condition, 
viz.,  that  there  are  no  net  resultant  forces  in 
any  direction  or  resultant  moments  about  any 
axis,  i.e., 

[hp]T{F}  =  0  (14) 

Substituting  Eqs.  (8),  (10),  and  (13)  into 
Eq.  (14)  leads  to  the  basic  equilibrium  equation 
which  can  be  written 

qS{{Co}  +  [CJ{HJ  +  [C^]{Hq} 

(15) 

+  =  0 

where  the  initial  coefficient  matrix  is 

{Col  =  [^rF  [B]((l/c)[C^3]{ho}  +  {cj)  (16) 

the  incidence  coefficient  matrix  is 

[CJ  =  (l/£)[hRf  [B][C^J[h/Hj  ^  [iCj  (17) 

and  the  rate  coefficient  matrix  is 

[Cq]  =  (l/c)[hRf  [B][C^J[h/Hq]  +  [ACq]  (18) 

We  have  introduced  a  supplementary  incidence 
coefficient  matrix  [aC^]  and  a  supplementary  rate 

coefficient  matrix  [aC^]  above  because  there  are 

certain  theoretical  difficulties  in  estimating 
lateral -directional  stability  derivatives  from 
AIC's  (e.g.,  the  wing  rotary  cross-derivatives 
and  the  adverse  yawing  moment  from  ailerons); 
these  correction  matrices  must  be  obtained  from 
other  considerations  than  those  presented  here. 
The  aerodynamic  loads  induced  by  inertial  forces 
have  been  separated  from  the  rigid  body  inertial 
forces  so  the  inertial  coefficient  matrix  is 
given  by 

qS[Ci]  =  [hRf([l]  -  [B])[M][h^]  (19a) 

=  -{qS/5)[h^f  [C^5][A][a][M][h^]  (19b) 

and  the  rigid  body  inertial  matrix  is 

[in]  =  [hRf[M][hR]  (20) 

Unsteady  aerodynamic  effects,  contained 

in  a-  and  5-derivati ves,  have  not  yet  been  con¬ 
sidered  in  the  present  development.  They  may  be 

obtained  by  using  complex  AIC's  [C^],  defined  in 

a  similar  manner  to  and  utilizing  the 

method  of  Ref.  15.  Accordingly,  Eq.  (15)  will  be 
extended  to  include  these  effects  by  adding  the 
term  [C^]{H^}.  The  method  of  Ref.  15  leads  to 

the  rigid  &-  and  §-  loadings  which,  when  intro¬ 
duced  into  the  foregoing  development,  results  in 
the  expression 

[C.]  =  -R)l(l/2k2c)[h  f[B][C  ][h/H.]  (21) 

a  K  n  a 
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where  k  is  the  reduced  frequency  based  on  some 
characteristic  frequency  of  the  vehicle,  e.g., 
the  short  period  mode  or  Dutch  roll  mode,  for 
which  the  oscillatory  AIC's  are  obtained,  and  the 
columns  of  [h/H.]  are  the  displacements  for  unit 

plunging  and  si  desway.  The  extended  form  of 
Eq.  (15)  then  appears  as 


qs({Co}  +  [C J{HJ  +  [CJ{H  } 


(22) 


[Ci]!^})-  N{a3}=0 


The  stability  derivative  data  are  all  con¬ 
tained  in  the  coefficient  matrices  in  Eq.  (22). 
Some  of  the  terms  in  these  coefficient  matrices 
are  dimensional  and  obtaining  dimensionless  aero¬ 
dynamic  coefficients  from  them  depends  on  the 
rigid  body  motions  considered.  Different  refer¬ 
ence  lengths  are  used  to  nondimensional ize  the 
longitudinal  coefficients  from  what  are  used  for 
the  lateral-directional  coefficients,  viz.,  the 
reference  chord  c  in  the  longitudinal  case,  and 
the  reference  span  b  in  the  lateral -di rectional 
case.  In  the  longitudinal  case,  the  trim  para¬ 


meters  are  angle 
deflection  6 


i"j  ■  {?) 


of  attack  and  elevator 


(23) 


and  the  rigid  body  degrees  of  freedom  are  plunge 
and  pitch  so  that 


[Ca]  = 


a  5 


Crr,  C  C 

m  m . 
a  6 


(24) 


Just  as  the  attitude  and  control  effective¬ 
ness  derivatives  are  found  from  ^ 

similar  manner  the  initial  aerodynamic  deriva¬ 
tives  can  be  found  from  {Cq}  and  the  aerodynamic 
damping  derivatives  can  be  found  from  [C^] 
and  [Cq].  Finally,  the  aerodynamic  inertial 
derivatives  are  found  from  [C^  ]. 

In  the  longitudinal  case 


[25) 


and  if  we  define  dimensionless  inertial  deriva¬ 
tives  by 

C.  =  C  .(z  /g)  +  C  .(ec/2g)  (26) 

and 

=  "C  Jfc/2g)  (27) 

z  e 

we  find 


[CJ 


C  c 

c  ..C^ 

m^ 

(28) 


The  FLEXSTAB  Formulation 
for  an  Unrestrained  Vehicle 

It  can  be  inferred  from  the  FLEXSTAB  docu¬ 
ments,  Refs.  4  and  5,  that  the  foregoing  develop¬ 
ment  for  the  restrained  vehicle  also  applies  to 
the  unrestrained  vehicle  if  the  free-body  flexi- 


bility  matrix  [a^]  replaces 

the 

restrained 

SIC's  [a],  where 

[a^]  =  [R][a][R]T 

(29) 

and  [R]  is  the  inertial  relief  matrix 

[R]  =  [I]  -  [^1 

[M] 

(30) 

Substituting  Eq,  (29)  into 

Eqs. 

(9),  (11), 

and  (16)-(18)  leads  to  aerodynamic  coefficients 
for  the  unrestrained  vehicle;  the  inertial  coef¬ 
ficients,  Eq.  (19),  do  not  exist  in  the  FLEXSTAB 
formulation  because  all  inertial  relief  effects 
have  been  accounted  for  in  the  free-body  SIC's. 

Equation  (22)  (with  the  term  [C^.  ]{a^}  deleted) 

becomes  the  equation  of  motion  and  {a^}  is  the 

set  of  accelerations  of  a  point  on  the  principal 
axis  at  the  longitudinal  location  of  the  origin 
of  the  support  system,  and  it  then  appears  as 


qs({c'o}  +  +  [c:]{h"} 

+  [CqUHq}]  -  =  0 


(31) 


where  the  doubly  primed  coefficients  are  the 
FLEXSTAB  values  (see  Ref.  16  for  an  alternate 
derivation  of  the  FLEXSTAB  coefficients  beginning 
with  the  restrained  values  of  the  preceding 
section ) . 


Maneuvering  of  an  Unrestrained  Vehicle 


Equation  (31)  is  the  correct  equation  of 
motion  for  the  quasi-steady  maneuvering  vehicle. 
However,  Eq.  (22)  was  implicitly  assumed  to  be 
valid  in  Refs.  7-9,  but,  as  noted  in  the 
Introduction,  it  contains  no  reference  to  the 
principal  axis.  The  problem  has  been  succinctly 
summarized  by  Letsinger  "If  angular  acceler¬ 

ations  are  not  measured  with  respect  to  the  mean 
plane, .. .equati ons  1  and  2  (Eq,  (22)  here)  will 
not  be  valid.  The  motion  of  the  axes  system  will 
not  represent  the  motion  of  the  airplane.  Figure 
2  (Fig.  1  here)  illustrates  the  problem.  Three 
possible  clamp  locations  are  shown.  A  'clamped 
axis'  is  shown  at  each  clamp  point.  If  the  load 
on  the  airplane  is  changing,  the  airplane  shape 
is  also  changing.  If  the  airplane  shape  is 
changing,  the  three  clamped  axes  are  rotating 
relative  to  each  other.  Therefore,  no  more  than 
one  of  the  axes  shown  can  possibly  have  a  pitch 
acceleration  time  history  proportional  to  the 
pitching  moment  time  history.  Or,  at  any  given 
instant,  no  more  than  one  clamped  axis  can  have  a 
pitch  rate  proportional  to  the  angular  momentum 
of  the  system.  In  general,  the  clamped  axes 
system  does  not  relate  to  the  equations  of 
motion," 


240 


Accordingly,  the  accelerations  {a^ }  in  Eq. 

(22)  are  interpreted  to  be  the  accelerations  of 
Eq.  (31),  i.e.,  of  a  point  on  the  principal  axis 
at  the  support  station.  Then,  since  the  equa- 
1 1  on s  of  m ot i on  n ow  contain  the  angle  of  attack 
at  the  support  and  the  rotation  angle  of  the 
principal  axis,  a  relationship  is  needed  between 
the  angles;  this  is  the  relationship  that  Wykes 
and  Lawrence^  did  not  obtain  (see  Introduction). 
Figure  2  illustrates  the  geometry. 

The  deflections  of  the  structure  relative  to 
the  principal  axes  {h^}  may  be  written 

{hp}  =  {hf}  +  [hpifaj}  (32) 


Equation  (35)  becomes 


in  which  {a^}  now  represents  the  set  of  displace¬ 
ments  (translations  and  rotations)  of  the  support 
point  relative  to  the  principal  axes.  The  re¬ 
quirement  for  the  principal  axes  is  that  deforma¬ 
tion  occurs  about  them  such  that  the  center  of 
gravity  does  not  move  and  the  axes  do  not 
rotate^, 3.  in  terms  of  the  rigid-body  modal 
matrix  and  the  mass  matrix,  this  condition  is 
expressed  by 

[hpf  [M]{hp}  =  0  (33) 

Equations  (32)  and  (33)  lead  to 

=  -  [Mr'[hRf[M]{hf}  (34) 

The  rotations  (pitch  and  yaw)  of  the  longi¬ 
tudinal  structural  axis  relative  to  the  longitu¬ 
dinal  principal  axis  are  given  by  elements 
of  {a^}.  If  the  deflections  {h^}  are  calculated 

independently  for  each  source  of  loading,  viz., 
initial  deflections,  incidence  and  control 
surface  deflections,  angular  rates,  and  accelera¬ 
tions  of  the  support  point,  via  Eq.  (7)  for  the 
restrained  system,  then  the  negative  values  of 

the  appropriate  elements  in  {a^ }  can  be  used  as 

coefficients  in  the  following  equation  for  the 
angles  of  attack  (longitudinal  and  sideslip)  of 
the  principal  axis. 


{a  }  =  {a  }  +W{H  }  +&1{H.} 
P  Po  Laa  J  “  Laa  J  “ 

'9a_1  •• 

+  {H  } 

Laq  J  ^  Laa  J 


It  will  be  demonstrated  by  numerical  calcu¬ 
lations  that  Eq,  (22)  coupled  with  Eq.  (35)  is 
equivalent  to  Eq.  (31).  An  example  airplane  in  a 
typical  pitch  maneuver  will  be  investigated  using 
three  significantly  different  support  configura¬ 
tions,  and  the  solutions  will  be  compared  to  the 
FLEXSTAB  solution. 


^  =  “Po  “p/  s  +  »p/ 

+  cl.5c/2V  +  a  §C/2V  (37) 

Pa  Pq 

+  ci„..z,./g  +  a„..ec/2V 

The  rate  of  change  of  angle  of  attack  is  propor¬ 
tional  to  the  centripetal  acceleration  of  the 
vehicle,  and  is  given  by 

a  =  (z^  -  x8  +  V5  +  gcose)/V  (38) 

where  x  is  the  distance  from  the  origin  of  the 
support  to  the  center  of  gravity. 

The  solution  of  Eqs.  (36)  and  (37)  requires 
their  combination  into  a  single  matrix  differen¬ 
tial  equation  that  results  from  the  elimination 
of  a^.  Substituting  Eq.  (38)  into  Eq.  (37)  and 

solving  for  yields 


as={l/apJ[ap-ap^-(ap^+ap^)9c72V 
-(2<i  ..  +  0L,cg)z^/2gV^  (39) 

-(ot  ..V2  -  a  xg)’0c/2gV2  -  a  cgcos0/2V2] 

^0  Pa  Pa 

Substituting  Eqs.  (38)  and  (39)  into  Eq.  (37) 
eliminates  a^  and  the  equations  of  motion  become 


The  Quasi -Steady  Longitudinal 


Equations  of  Motion 


We  now  rewrite  Eqs.  (22)  and  (35)  for  the 
specific  case  of  longitudinal  motion  so  that 
specific  details  in  their  solution  will  become 
apparent.  Equation  (22)  is  expanded  to  read 


(40) 
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where 


M  -  M  -  [C  /g  +  C  C/2V2 

L  Z-- 


-  C  (2a  .V^  +  a  cg)/2gV2a  ]qS 
^a  Pz  Pa  Pa 


S,  =  S  -  fc  ..c/2g  -  C  CX/2V2 
1  ^  L  2**  ^  z. 


The  solution  of  Eq.  (40)  is  a  routine  prob¬ 
lem  in  numerical  integration.  The  Runge-Kutta 
method  was  used  in  the  example  problem  after  the 
equation  was  rewritten  in  state-variable  form 
(the  computer  program  utilized  also  has  the  capa¬ 
bility  of  including  autopilots).  The  initial 
conditions  on  ap  and  6  are  provided  by  the  level 

flight  trim  solution,  and  the  angle  of  attack  is 
updated  during  the  integration  via 

a  =  (l/V)/o^(z5  +  ve  +  gcose)dT  (53) 


-  (a  .V2  -  a  xg)E/2gV2c,  ]qS 


An  Example  of  a  Forward-Swept 
Wing  Configuration _ 


S.  =  S  -  fc  /g  +  C  C/2V2 

-  (2ap..V2  +  ap^^g)/2gV2ap  ]qs£ 


a  ^Z  '^a 


I  =  I  -  fc  c/2g  -  C  cx/2V^ 
y  m**  ^  m. 

‘'0  a 

-  (“p-V^  -  a  j(g)c/2gV2a  ]qSc 

a  ^0  ^a  ^a 


C  =  C  -  C  a  /a 
Zq  Zq  Po  P 


+  (c^  -  a  /«  )Sgcose/2V2 
z  •  z  u  •  u 
a  a  a  a 


C  =  C-  Ca/a 

^0  ^0  P  °  Pa 


^  e^m.-  “p./“p  )cgcos9/2V2 

a  a  a  a 


“Pa 

(47) 

"^Pa 

(48) 

-  “p/“p 

(49) 

C  a  /  a 

%P6  Pa 

(50) 

^z.  -  ^z  (“p  " 

a  a  ^q 

“pP^“p 

^  a  ^  a 

(51) 

C  -  C  (a  + 
m.  m  p 

a  a  q 

a  )/a 
p.  p 

a  a 

(52) 

The  example  problem  selected  is  a  forward- 
swept  wing  (FSW)  configuration  with  a  gross 
weight  of  16,000  lbs, because  of  its  importance  in 
the  current  literature  on  static  aeroelasticity . 
An  extremely  idealized  configuration  is  shown  in 
Fig.  3.  The  wing  has  an  aspect  ratio  of  4.0,  no 
taper,  no  twist  or  camber,  and  a  forward  sweep 
angle  of  30^";  the  canard  has  an  aspect  ratio  of 
1.0  and  no  taper,  twist,  camber,  or  sweep.  The 
chords  of  the  wing  and  canard  are_  both  10.0  ft; 

the  reference  chord  is  chosen  as  c  =  10.0  ft  and 

the  reference  area  is  S  =  400  sq  ft.  The  semi - 
span  of  the  wing  is  divided  into  two  equal  width 
strips,  as  shown  on  the  left  wing  in  Fig.  3,  for 
analysis  by  strip  theory  and  the  canard  is 
analyzed  as  a  single  strip.  Aerodynamic  forces 
on  the  fuselage  are  neglected.  In  the  subsonic 
strip  theory  for  the  wing  and  canard,  a  rigid 
chord  is  assumed*  and  the  approximation  for  the 
strip  lift  curve  slope  c^  =  agcosx  is  utilized 

a 

where  aQ  is  the  airfoil  lift  curve  slope  and  x 
is  the  sweep  angle;  aQ  is  taken  as  5.0  per 

radian.  The  right  wing  in  Fig.  3  shows  the 

structural  idealization.  Four  weights  on  each 
wing  semispan  are  located  along  the  centerlines 
of  their  respective  strips  and  at  the  one-quarter 
and  three-quarter  chord  locations,  and  are 
assumed  to  be  connected  to  the  50%  chord  elastic 
axis  by  rigid  streamwise  bars;  the  weights  are 
assumed  to  be  600  lbs  forward  and  400  lbs  aft, 
giving  a  wing  centroid  at  45%  of  the  wing 
chord.  Each  wing  is  assumed  to  be  uniform  with 
equal  bending  (EI^)  and  torsion  (GJ)  stiffnesses 

of  25xl0'7  lb-ft2  and  connected  at  its  root  to  the 
fuselage.  The  fuselage  is  assumed  to  have  the 
same  bending  stiffness  as  the  wing  and  is  shown 
with  four  equal  and  equidistant  weights  (1500  lbs 
each  per  side);  the  fuselage  length  is  30.0  ft. 
The  total  weight  per  side  is  8000  lbs,  the  center 
of  gravity  is  12.82  ft  forward  of  the 
intersection  of  the  fuselage  and  wing  elastic 
axis,  and  the  centroidal  moment  of  inertia  in 
pitch  per  side  is  =  892,900  Ib-ft^. 


The  assumption  of  only  two  chordwise  control 
points  on  the  lifting  strips  precludes 
accurate  evaluation  of  the  q-deri vati ves  since 
pitch  rate  is  equivalent  to  a  static  parabolic 
camber  deflection 
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Three  structural  support  configurations  are 
investigated  to  illustrate  the  magnitudes  of 
variations  in  the  stability  derivatives  and 
response  characteristics:  one  is  a  clamp  at  the 
forward  end  of  the  fuselage,  the  second  is  a 
clamp  at  the  center  of  gravity  (in  order  to 
assess  Roskam's  recommendation),  and  the  third  is 
a  clamp  at  the  intersection  of  the  wing  elastic 
axis  and  the  fuselage  centerline. 

Vibration  and  flutter  analyses  have  been 
performed  on  the  example  airplane  to  determine  a 
speed  regime  for  the  maneuvering  study  in  which 
the  airplane  is  stable.  The  first  three  unre¬ 
strained  frequencies  are  9.886,  18.40,  and  43.22 
Hz.  The  modes  are  highly  coupled  and  not  readily 
described,  although  the  first  two  appear  to  be 
primarily  first  wing  bending  and  first  fuselage 
bending,  respectively.  The  flutter  analysis 
utilized  the  British  flutter  method  in  NASTRAN^^^ 
assumed  strip  theory  aerodynamics  with  the 
W.  P.  Jones  approximation  to  the  Theodorsen 
function  (in  order  to  avoid  the  singular  effects 
of  the  Theodorsen  function  at  low  reduced 
frequency),  and  structural  damping  coefficients 
of  0.02  in  each  mode.  The  flutter  speed  at  sea 
level  was  found  to  be  1310  fps  which  corresponds 
to  a  dynamic  pressure  of  q  =  2040  psf.  The 
flutter  mode  is  a  coupling  between  rigid  body 
pitch  and  the  first  vibration  mode;  the  flutter 
frequency  is  4.48  Hz.  This  flutter  mode  is 
similar  to  that  observed  in  the  design  studies  of 
Miller,  Wykes,  and  Brosnan^^. 

Space  does  not  permit  tabulating  the  basic 
matrices  required  to  determine  the  equations  of 
motion.  However,  all  of  the  derivatives  are 
summarized  in  Table  1,  which  presents  the  three 
sets  of  derivatives  for  the  airplane  restrained 
at  the  forward  point,  at  the  centroid,  and  at  the 
aft  point,  and  also  the  derivatives  for  the 
unrestrained  airplane  calculated  by  the  FLEXSTAB 
method;  the  results  are  shown  for  the  single 
value  of  dynamic  pressure,  q  =  1200  psf,  which 
corresponds  to  V  =  1005  fps  and  a  Mach  number  of 
0.90  at  sea  level  (in  addition  to  the  rigid 
values  (q  =  0.0)  referred  to  the  centroid  and 
given  in  the  second  column). 

The  example  control  inputs  are  shown  in 
Fig.  4.  The  airplane  is  in  trimmed  flight  for 

0.10  sec  with  an  angle  of  attack  Op  =  0.128°  and 

canard  incidence  6  =  0.611°.  Then  a  pullup  is 
initiated  and  the  control  input  rotates  the 
canard  at  50  deg/sec  to  3.611°  at  0.16  sec.  At 
0.66  sec  a  pushover  is  begun  and  the  canard 

incidence  reaches  -2,389°  at  0.78  sec.  At  1.28 
sec  the  control  is  reversed  and  returns  to  the 
trim  setting  at  1.34  sec.  The  time  histories  of 
centroidal  load  factors  and  pitching  accelera¬ 
tions  using  the  four  sets  of  stability  stability 
derivatives  and  ap-deri vati ves  in  Table  1  are 

found  to  be  identical  in  five  degree-of-freedom 

maneuvering  analyses.  The  basic  data  were  calcu¬ 
lated  with  six  significant  figures  and  between 
five  and  six  significant  figures  were  found  to 
agree  among  the  four  sets  of  response  accelera¬ 
tions.  The  common  results  from  the  four  separate 
calculations  are  tabulated  in  the  first  column  of 
Table  2  and  are  also  presented  graphically  in 
Fig.  4. 


We  may  now  evaluate  the  consequences  of 
disregarding  the  requirements  for  the  principal 
axes,  i.e.,  if  we  assume  that  ap  =  a^,  as  is 

implied  in  Refs.  7-9,  in  Eq.  (36).  In  this  case, 

all  the  (V -derivatives  vanish  except  for  — ^  = 

^  9a 

1.0  in  Eq,  (37).  The  resulting  incorrect 
solutions  for  the  three  different  structural 
supports  are  compared  numerically  with  the 
correct  solution  in  the  last  three  columns  of 
Table  2.  In  this  example,  the  differences  are 
not  dramatic,  and  the  assumption  that  cip  ==  015  is 

not  an  unreasonable  approximation.  However,  in 
general,  the  magnitudes  of  the  differences  would 
be  expected  to  be  confi  gurati on -dependent.  The 
accuracy  of  the  assumption  cxp  =  could  be  a 

subject  for  further  investigation  on  more  prac¬ 
tical  configurations,  but  the  present  development 
should  make  the  assumption  no  longer  necessary. 

Addition  of  Dynamic  Structural  Effects 

Equation  (22)  is  the  equation  of  motion 
assuming  the  structure  is  in  quasi-steady  equili¬ 
brium  with  the  transient  loading.  If  the  loads 
are  applied  abruptly,  as  in  the  example,  or  the 
flight  velocity  is  close  to  the  flutter  speed, 
also  as  in  the  example,  dynamic  structural  ef¬ 
fects  should  be  included.  The  addition  of  these 
to  the  present  formulation  constitutes  an  appli¬ 
cation  of  the  mode  acceleration  method,  discussed 
extensively  in  Ref.  11  (pp.  642-650)  with  regard 
to  its  rapid  convergence  characteristics. 

We  begin  by  adding  the  dynamic  loads  to  the 
quasi -steady  loads  of  Eq,  (10). 

{F}  =  -  [M]{Ah^}  -  [Bg]{Ah^} 

-[K]{All^}  +  (qS/c)  ([C^JfAh^}  (54) 

+  [ChDhH-ihfC/2V}) 

in  which  {Ah^}  is  the  dynamic  structural  deflec¬ 
tions,  [K]  is  the  unrestrained  vehicle  stiffness 
matrix,  [B^]  is  the  equivalent  viscous  structural 
damping  matrix,  (assumed  to  be  such  that  its 


modal  form  is  diagonal) 

and  [C.^J 

is  the  first 

order  aerodynamic  matrix  of  Ref.  12.  We  express 
the  dynamic  structural  deflections  as  a  series  of 
free  vehicle  vibration  modes  [hp]  with  modal 

amplitudes  {ap}. 

(Ahf}  =  [hp]{ap} 

(55) 

{Ah^}  =  [hp]{ap} 

(55) 

The  rigid  body  modal  equations  of  motion  follow 
from  the  Galerkin  method  by  premultiplying 

Eq.  (40)  by  [hp  and  we  obtain 
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qs(lCo}  +  [CJ{HJ  +  +  [Cq]{Hq} 


+  {Ci]{a3})  -  [Yn.]{a3} 

(56) 

+  (qS/c)([Cp](ap}  +  [C^]{ay/2V})  = 

0 

where 

[^p]  ■  [^hs  ] 5 

(57) 

and 

{Cp]  = 

(58) 

The  last  two  terms  are  the  additions  to  Eq.  (22). 
No  new  mechanical  terms  appear  because  of  the 
orthogonality  of  the  rigid  body  modes  with  the 
free  vehicle  vibration  modes. 

The  vibration  equations  follow  by 
plying  Eq.  (40)  by  [hp]^  and  we  obtain 

premul ti - 

qS({Do}  +  [DJ{H^}  +  +  [Dq]{Hq} 

-[DiKa's})  -  ([mp]  {ap} 

(59) 

+  [THpwg]  {^p}  +  [Wp“^]  {ap} 

+  (qS/^)  ([Dp](ap}  +  [D^]{apC/2V})  =  0 


where 


{%]  = 

{hpf{M]{hp] 

(60) 

{Wp“9] 

=  [hp]^(Bg][hp] 

(61) 

and 

{TfUlpio^l 

=  [hpf{K]{hp] 

(62) 

are  diagonal 
orthogonality. 

matrices  by  virtue 
,  and 

of  the  assumed 

The  inclusion  of  aerodynamic  lags  in  the 
above  formulation  customarily  begins  by  adding 
the  inertial  AIC's  and  the  convolution  integral 
of  Ref.  12  to  the  force  equation. 


hr^ 

(qS/c)[[C  2  ]{ — 

hD^h 

(70) 

,  /"[C 

Jo  ^  c/2  dx 

where  here  the  transient  AIC's  [Ou  )]  must  be 

c/2 

regarded  as  accounting  for  the  def ici ency  in  the 
unsteady  aerodynamic  forces  from  the  deficiencies 
already  accounted  for  by  the  first  order  rate  and 
inertial  AIC's.  The  transient  deficiency  AIC's 
may  be  approximated  by  exponentials  at  subsonic 
speeds 

~  3  •  *  Vt 

Ch(— )ii  =  ■  ^  ‘^iik  (71) 

h^-/2^ij  k  ijk  c/2 

With  the  exponential  approximation,  the  convolu¬ 
tion  integral  may  be  replaced  by  a  summation  of 
aerodynamic  lag  functions  obtained  from  a  series 
of  first  order  differential  equations,  as  in 
Ref.  20.  Any  further  discussion  of  aerodynamic 
lags  and  the  form  they  assume  in  the  modal  reduc¬ 
tion  is  beyond  the  scope  of  the  present  paper. 

The  use  of  Pade  approximants  and  other  curve 
fitting  techniques  to  determine  the  constants  in 
the  exponential  approximations  is  discussed, 
e.g.,  in  Refs.  21-25.  Inclusion  of  the  unsteady 
aerodynamic  terms  in  the  equations  of  motion  is 
also  discussed  in  the  literature  on  design  of 
control  systems  for  ride  comfort,  load  allevia¬ 
tion,  and  flutter  supression,  e.g.,  Refs.  26-33. 

The  convergence  characteristics  of  the 
vibration  modes  of  the  example  airplane  in  the 
example  maneuver  are  presently  under  invest! ga- 
ti  on . 


{Do}  =  {hpf  [B]((l/c)[C^J{ho}  +  {Cg})  (63) 

[Dj  =  (l/c)[hpf[B][Cj^J[h/Hj  (64) 

[D^]  =  -RJl(l/2k2J)[hpf  [B][Cj[h/H.J  (65) 


The  Speed  Derivatives 


Although  the  assumption  of  constant  forward 
velocity  has  been  made  throughout  the  preceding 
development,  the  speed  derivatives  for  lift  and 
moment  are  readily  found  from  the  foregoing.  The 
lift  and  moment  coefficients  at  trim  are  func¬ 
tions  of  the  incidence  variables,  accelera¬ 


=  (l/£)[hpf{B][Cf,J[h/Hq] 

(66) 

{D,.} 

=  (l/c)[hp]’^(C^3](A](a][M][hJ 

(67) 

{Dp] 

=  {^p]  [DhsH'^p] 

(68) 

{Dp] 

=  ['^hohHhp] 

(69) 

tions  (z  =  g  cose,  0  =  0).  Mach  number,  and 
dynamic  pressure.  If  the  trim  airspeed  V  is 
perturbed  by  an  amount  v,  the  speed  derivative  is 
defined  by 


3C(a,5,z,M,q) 

V  =  0 

(72a) 

3(v/V) 

V  jc  ^  +  V  — 

(72b) 

3v  9q  3v 


Equation  (67)  utilizes  Eq.  (11a)  and  the  ortho¬ 
gonality  condition  between  the  flexible  and  rigid 
modes . 
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which  becomes  simply 


C  =  M  -5^  +  2q  -?5- 
^  3M  3q 


At  trim,  the  lift  coefficient  is 

C  =  C  +  C  a  +  C  6  +  C  COS0  (74) 
SO  the  speed  derivative  for  lift  is 


S'" 


3C,  3C, 

^0  _  ^0 

- +  2q  - 

3M  3q 


a  rM_5i+  2q 


3Cz  3Cz 

+  6  [M - ^  +  2q  - - 

3M  3q 


30^..  SCz- 

+  cos0(M - ^  +  2q  — 

3M  3q 


The  speed  derivative  for  moment  is  given  by  a 
similar  expression. 

The  derivatives  with  respect  to  M  and  q  may 

be  obtained  numerically,  as  suggested  by  Kemp^by 
using  the  central  difference  formulae 

_3C  _  C(M+AM,q)  -  C(M-AM,q) 


The  small  perturbations  aM  and  Aq  must  be  large 
enough  that  the  close  differences  do  not  lose 
si  gni fi cance. 

Concluding  Remarks 

The  correct  formulation  of  the  equations  of 
motion  of  an  elastic  flight  vehicle  has  been 
presented  for  the  case  in  which  the  structural 
flexibility  is  given  in  terms  of  the  flexibility 
matrix  of  the  vehicle  restrained  in  a  statically 
determinate  manner.  The  relationship  that  has 
been  missing  in  previous  analyses  of  the  problem 
has  been  established  in  the  rotations  of  the 
principal  axes  relative  to  the  structural  axes  as 
caused  by  each  aerodynamic  and  inertial  loading. 
The  modified  form  of  the  equations  of  motion  that 
results  from  inclusion  of  the  principal  axis 
rotations  has  been  presented  and  the  correctness 
of  the  formulation  has  been  demonstrated  by 
identical  numerical  results  from  four  case 
studies  of  longitudinal  maneuvering  of  an  example 
forward-swept  airplane  using  the  principal  axis 
formulation  (FLEXSTAB)  and  three  significantly 
different  structural  axis  formulations.  The 
errors  consequent  to  disregarding  the  require¬ 


ments  for  the  principal  axes  have  been  evaluated 
on  the  example  airplane  for  the  three  different 
structural  axes,  but  it  is  noted  that  the  errors 
would  be  configuration-dependent. 

The  primary  analysis  has  assumed  quasi - 
steady  structural  equilibrium  during  maneuvering, 
considered  unsteady  aerodynamic  effects  only  to 

the  extent  of  a-  and  3-  terms,  and  assumed 
constant  airspeed.  However,  brief  discussions 
have  also  been  given  of  the  addition  of  dynamic 
structural  effects,  unsteady  aerodynamic  lag 
effects,  and  aeroelastic  speed  derivatives  for 
inclusion  in  a  longitudinal  equation  of  motion. 

The  longitudinal  equation  of  motion  has  not 
been  discussed  since  it  was  secondary  to  our 
basic  concerns,  although  aeroelastic  speed 
derivatives  have  been  discussed  briefly,  Aero¬ 
elastic  effects  on  drag  are  another  matter.  It 

is  commonly  assumed  7^8^34^35  that  these  are 
negligible.  This  is  not  entirely  the  case. 
Aeroelastic  effects  have  a  negligible  effect  only 
on  the  drag  polar  of  the  individual  components  of 
an  airplane  but  not  for  the  entire  vehi cle 
trimmed  drag  polar,  as  has  been  shown  by  an 
elementary  analysis  in  Ref.  36,  A  drag  polar 
measured37  on  a  low-speed  aeroelastic  (flutter) 
model  of  the  Douglas  XA3D-1  airplane  is  presented 
in  Fig.  5  for  an  intermediate  horizontal  tail 

incidence  (i^  =  1  ;  settings  of  =  -2  ,  +4 

and  tail -off  were  also  measured).  Since  only  the 
wing  was  flexible  on  the  model,  the  data  of 
Fig.  5  verify  the  conclusion  of  Ref.  36  that  the 
component  drag  polar  is  not  affected  by  flexi- 
bi 1 1 ty^  However,  the  trim  drag  requires  further 
investigation.  A  theoretical  investigation  would 
require  an  accurate  aerodynamic  method  for 
estimating  induced  drag  on  flexible  surfaces, 
such  as  the  subsonic  quasi -vortex  lattice  method 
of  Lan38  .  The  inclusion  of  dynamic  structural 
effects  in  the  longitudinal  equation  of  motion 
would  also  result  in  small  aerodynamic  propulsion 
terms  that  could  be  obtained,  e.g,,  from  the 
unsteady  version  of  Lan's  method . 
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Fig.  2  Geometry  of  deformed  flight  vehicle 


Fig.  3  Idealization  of  FSW  configuration 


Fig.  1  Axes  acceleration 
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Table  1  Derivatives  for  example  F$W  airplane 


Ri  gi  d 

Forward 

Deri vati ve 

value 

restraint 

C 

zo 

0.0 

0.0 

C 

mg 

0.0 

0.0 

C 

2 

-5.580 

-3.168 

a 

C 

m 

a 

-1.383 

-6.326 

C 

-1.250 

-0.9220 

^5 

C 

0.5852 

-0.9028 

c 

z, 

a 

8.521 

5.450 

C 

m. 
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1.414 

10.288 

C 

7 

-5.556 

-12.86 

q 
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-3.750 

-28.00 

q 

c 

z 
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0.0 

0.01825 

C  .. 
m 

z 

0.0 

0.03716 

C  .. 

0.0 

0.09358 

Z0 

C  .. 

% 

0.0 

0.1915 

""Po 

0.0 

0.0 

1.0 

0.4943 

“p. 

0.0 

0.7891 

A 

0 

0.0 

-0.03560 

"^Pz 

0.0 

0.0 

-2.337 

-0.001796 

“p-e 

0.0 

-0.008427 

Centroidal 

restraint 

Aft 

restraint 

Unrestrained 

(FLEXSTAB) 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-7.884 

-7.206 

-8.784 

-2.295 

7.481 

-2.716 

-1.256 

-1.524 

00 

CM 

1 

0.5951 

2.668 

0,5690 

12.82 

11.30 

14.22 

3.122 

-12.42 

3.782 

-7.610 

11.603 

-8.694 

-4.592 

-14.73 

-5.077 

0.001044 

-0.006958 

- 

0.0008483 

0.010679 

- 

0.010477 

0.02937 

- 

0.003465 

-0.04850 

- 

0.0 

0.0 

- 

0.9578 

1.1607 

1.0 

0.05824 

-0.2634 

- 

0.010978 

0.1960 

- 

-0.07668 

-0.5342 

- 

0.0001772 

0.003726 

-0.001630 

-0.01886 

- 
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Table  2  Accelerations  during  maneuver  for  various  SIC  supports 


Centroidal  load  factor  -  n^(g‘s) 


Correct 
soluti ons 

Incorrect  solutions 
assuming  0^  =  0^ 

t(sec) 

(FLEXSTAB) 
et.  a1. 

Forward 

fixity 

Centroidal 

fixity 

Aft 

fixity 

0.10 

1.0 

1.0 

1.0 

1.0 

0.16 

2.996 

3.346 

2.912 

2.876 

0.36 

6.768 

6.611 

6.811 

6.784 

0.66 

5.631 

5.708 

5.601 

5.235 

0.78 

0.836 

0.388 

0.955 

1.095 

0.96 

-5.619 

-5.300 

-5.706 

-5.639 

1.28 

-3.726 

-3.818 

-3.682 

-2,937 

1.34 

-1.987 

-1.597 

-2.071 

-1.525 

1.40 

-0.916 

-0.762 

-0.972 

1.116 

1.60 

1.763 

1.568 

1.828 

2.086 

1.80 

0.697 

0.821 

0.657 

0.602 

2.00 

1.120 

1.054 

1.140 

1.071 

Pitching  acceleration  -  e(deg/sec^) 


Correct 
sol  utions 

Incorrect  solutions 
assuming  0^  =  0^ 

t (sec) 

(FLEXSTAB) 
et.  a1. 

Forward 

fixity 

Centroidal 

fixity 

Aft 

fixity 

0.10 

0.0 

0.0 

0.0 

0.0 

0.16 

144.0 

127.1 

148.0 

149.8 

0.36 

-54.7 

-46.2 

0 

LO 

1 

-58.8 

0.66 

4.3 

0.6 

5.8 

25.7 

0.78 

-233.2 

-212.5 

-238.7 

-246.5 

0.96 

99.0 

82.0 

103.8 

106.4 

1.28 

1.3 

5.4 

-0.8 

-39.9 

1.34 

157.6 

138.1 

161.9 

135.6 

1.40 

93.2 

86.6 

95.7 

105.1 

1.60 

-37.3 

-27.5 

-40.7 

-56.9 

1.80 

14.9 

8.5 

17.0 

22.3 

2.00 

-5.9 

-2.5 

-7.0 

-4.9 
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VEHICLE  MODEL  REPRESENTING  A  HYBRID  HEAVY  LIFT  AIRSHIP  (HHLA)'' 
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Mechanics  and  Structures  Department 
School  of  Engineering  and  Applied  Science 
University  of  California 
Los  Angeles,  California  90024,  U.S.A. 


Abstract 

Hybrid  Heavy  Lift  Airship  (HHLA)  is  a  proposed 
candidate  vehicle  aimed  at  providing  heavy  lift 
capability  at  low  cost.  This  vehicle  consists  of  a 
buoyant  envelope  attached  to  a  supporting  structure 
to  which  four  rotor  systems,  taken  from  existing 
helicopters  are  attached.  Nonlinear  equations  of 
motion  capable  of  modelling  the  dynamics  of  this 
coupled  multi-rotor/support  frame/vehicle  system 
have  been  developed.  Using  these  equations  of 
motion  the  aeroelastic  and  aeromechanical  stability 
analysis  is  performed  aimed  at  identifying  potential 
instabilities  which  could  occur  for  this  type  of 
vehicle.  The  coupling  between  various  blade, 
supporting  structure  and  rigid  body  modes  is  identi¬ 
fied.  Furthermore,  the  effects  of  changes  in  buo¬ 
yancy  ratio  (Buoyant  lift/total  weight)  on  the 
dynamic  characteristics  of  the  vehicle  are  studied. 
The  dynamic  effects  found  are  of  considerable  im¬ 
portance  for  the  design  of  such  vehicles.  The 
analytical  model  developed  is  also  useful  for 
studying  the  aeromechanical  stability  of  single 
rotor  and  tandem  rotor  coupled  rotor/fuselage 
systems . 

Nomenclature 
a  =  Lift  curve  slope 


I  ,1 

XX  ’  yy 


^SBXY’^SBXZ 


=  Rotary  inertia  of  the  vehicle  in  roll 
and  pitch  respectively 

=  Stiffness  matrix 

=  Supporting  structure  bending  stiff¬ 
ness  in  x-y  (Horizontal)  plane  and 
in  x-z  (Vertical)  plane  respectively 
(in  fundamental  mode) 

=  Supporting  structure  torsional  stiff¬ 
ness  (in  fundamental  mode) 


Kg  ,K^  >^4^2  ”  Root  spring  constant  of  the  blade  in 

flap,  lag  and  torsion  respectively 

=  Control  system  stiffness 

K,  =  Equivalent  spring  stiffness  in  tor¬ 

sion  of  the  blade 


F1»^F2 


M  ,M  ,M 
x’  y ’  z 


=  Distance  between  origin  Og  and  the 
center  of  gravity  of  the  fuselages, 
and  F2  respectively,  Fig.  2 

=  Mass  matrix 

=  Moments  about  x,y,z  axes  acting  on 
the  vehicle 


-  Buoyancy  ratio  (Buoyant  lift/total 
weight  of  the  vehicle) 


==  Blade  root  moments  in  flap,  lag  and 
torsion  respectively 


=  Damping  matrix 


Number  of  blades  in  a  rotor  (N>2) 


=  Thrust  coefficient  of  the  rotor 


=  Static  buoyancy  on  the  envelope 


Rotating  natural  frequency 


=  Generalized  coordinate  vector 


F  ,F  ,F 
x’  y ’  z 


=  Forces  along  x,y,z  directions  of  the 
body  axes 


R  ,R  ,R 
x’  y’  z 


=  Rigid  body  perturbational  motion  in 
x,y,z  directions  respectively 


Distance  between  origin  0  and  under¬ 
slung  load.  Fig.  2 


=  Distance  between  centerline  and  rotor 
hub ,  Fig.  2 

=  Distance  between  centerline  and 
center  of  volume  of  the  envelope. 

Fig.  2 

=  Distance  between  centerline  and  C.G. 
of  the  envelope,  Fig.  2 


Wfi»Wf2 


=  eigenvalue  ± 

=  Thrust  developed  by  rotor  systems 
and  R2  respectively 

=  Total  weight  of  the  vehicle 

-  Weight  of  the  envelope 

=  Weight  of  the  fuselages  Fj^  and  F2 

=  Weight  of  the  supporting  structure 


=  Distance  between  the  origin  0  and 
C.G.  of  the  structure,  Fig.  2 


Weight  of  passenger  compartment 
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forms. 


w 


UN 


=  Underslung  weight 


=  State  vector 


=  generalized  coordinate  for  the  fun¬ 
damental  torsion  mode  of  the  support¬ 
ing  structure 


^kO’^kO’^O 


ABk,ACk,A<fk 


^IC 

’^IC’^IC 

^IS 

Sp, 

^R’^R 

£ 


Flap,  lead-lag  and  torsion  angles  of 
the  k^^  blade 

Equilibrium  angles  in  flap,  lag  and 
torsion  of  the  k^^  blade  in  the  i^^ 
rotor  system  i  =  1,2 

Equilibrium  angles  in  flap,  lag  and 
torsion  respectively 

Perturbat ional  quantities  in  flap, 
lag  and  torsion  respectively 

Generalized  coordinates  for  collect¬ 
ive  flap,  lag  and  torsion  modes 

Generalized  coordinates  for  alter¬ 
nating  flap,  lag  and  torsion  modes 

Generalized  coordinates  for  1-cosine 
flap,  lag  and  torsion  modes 

Generalized  coordinates  for  1-sine 
flap,  lag  and' torsion  modes 

Progressing  (or  high  frequency)  flap, 
lag  and  torsion  modes 

Regressing  (or  low  frequency)  flap, 
lag  and  torsion  modes 

Basic  order  of  magnitude  for  blade 
slopes  employed  in  ordering  scheme 


(~)  =  Nondimensional  quantity 

1.  Introduction 


Hybrid  Heavy  Lift  Airship  (HHLA)  or  Hybrid 
Heavy  Lift  Helicopter  (HHLH)  is  a  candidate  vehicle 
for  providing  heavy  lift  capability.  Potential 
applications  of  this  vehicle  are  for  logging,  con¬ 
struction,  coast  guard  surveillance  and  military 
heavy  lift.  These  vehicles  combine  buoyant  envelope 
lift  with  lift  and  control  forces  generated  by  a 
multi-rotor  system.  A  rough  sketch  of  a  typical 
HHLA  vehicle  is  shown  in  Fig.  1.  Clearly  such  a 
vehicle  is  quite  different  from  the  conventional 
rotorcraft.  It  is  well  known  that  aeroelastic  and 
structural  dynamic  considerations  are  of  primary 
importance  in  the  successful  design  of  rotary-wing 
vehicles.  The  aeroelastic  and  structural  dynamic 
behavior  of  HHLA  type  vehicles  has  not  been  consid¬ 
ered  in  the  technical  literature  to  date,  therefore 
it  is  reasonable  to  consider  these  topics  so  that 
potential  aeroelastic  instability  modes  and  struct¬ 
ural  dynamic  aspects  of  such  vehicles  can  be  simu¬ 
lated  and  identified  in  the  design  process.  Recent 
studies  on  HHLA  type  vehicles  dealt  with  the  over¬ 
all  dynamic  stability  and  control  of  the  vehicle 
under  the  assumption  that  it  behaves  like  a  rigid 
body  having  six  degrees  of  freedom^ However,  the 
aeroelastic  stability  of  the  rotor  and  the  aero- 
mechanical  stability  of  the  coupled  rotor/support 
system  as  well  as  the  interaction  of  the  buoyant 
lift  with  these  vehicle  dynamic  characteristics 
have  not  been  considered  in  the  literature  before. 


A 


^SBXY 


^SBXZ 


(jO 


ST 


9o>6 


e  ,e  ,e 

x’  y ’  z 


=  Inflow  ratio 

=  Modal  frequency  in  k^^  mode  (imagin¬ 
ary  part  of  s^) 

=  Nondimensional  uncoupled  fundamental 
bending  frequency  of  the  supporting 
structure  in  x-y  plane 

=  Nondimensional  uncoupled  fundamental 
bending  frequency  of  the  supporting 
structure  in  x-z  plane 

=  Nondimensional  uncoupled  fundamental 
torsion  frequency  of  the  supporting 
structure 


The  main  objectives  of  this  paper  are  to  deve¬ 
lop  a  fundamental  understanding  of  the  aeroelastic 
and  aeromechanical  problems  which  can  be  encountered 
in  a  HHLA  type  vehicle  due  to  their  unique  features 
such  as:  buoyancy,  multiple  rotor  systems,  flex¬ 
ible  supporting  structure  and  underslung  load. 

This  study  is  based  on  a  simplified  model  of  a 
HHLA  type  vehicle,  in  which  the  salient  feature  are 
still  retained.  These  simplifying  assumptions 
consist  of  using  two  rotor  systems  instead  of  four, 
and  a  beam  type  structure  representing  the  flexible 
supporting  structure  (Fig.  1),  which  in  reality 
consists  of  a  three  dimensional  frame  (or  truss) . 

The  essential  features  of  this  configuration,  illus¬ 
trated  in  Fig.  2,  are  described  below: 


=  Rotor  r.p.m. 

=  k^^  modal  damping  (real  part  of  s^) 

=  Solidity  ratio 

=  Collective  pitch  of  the  blade 

=  Collective  pitch  setting  for  the 
i^^  rotor 

=  Perturbational  rotation  in  roll, 
pitch  and  yaw  respectively 


a)  two  rotor  systems,  providing  lift,  each  having 
arbitrary  number  of  blades  N(N>2)  are  attached 
rigidly  to  the  two  ends  of  a  flexible  support¬ 
ing  structure; 

b)  the  flexible  supporting  structure  is  capable  of 
bending  in  two  orthogonal  planes  (horizontal 
and  vertical)  and  it  can  also  twist  about  its 
longitudinal  axis; 

c)  an  envelope  providing  buoyant  lift,  acting  at 
its  center  of  buoyancy,  is  attached  at  the 
center  of  the  supporting  structure; 


^^,^2  Generalized  coordinate  for  the  fun¬ 

damental  mode  bending  of  the  support¬ 
ing  structure  in  x-y  plane  and  x-z 
plane  respectively 


d)  two  masses  are  attached  at  the  two  ends  of  the 
flexible  structure,  these  two  masses  represent 
helicopter  fuselages; 


252 


e)  a  weight  simulating  an  underslung  load  is 

attached  to  the  structure. 

The  dynamic  equations  of  motion  for  this  model 
were  derived  in  Ref.  3.  The  equations  of  motion 
are  nonlinear  coupled  differential  equations  and 
they  represent  the  dynamics  of  the  coupled  rotor/ 
support  f rame/vehicle  system  in  forward  flight.  The 
equations  of  motion  can  be  divided  into  three  groups, 
each  group  representing  an  appropriate  subsystem 
of  equations.  These  are: 

1)  rotor  blade  equations  of  motion  in  flap,  lead- 
lag  and  torsion,  respectively; 

2)  rigid  body  equations  of  motion  of  the  complete 
vehicle; 

3)  equations  of  motion  of  the  flexible  supporting 
structure. 

These  coupled  equations  of  motion  have  consid¬ 
erable  versatility  and  can  be  used  to  study  differ¬ 
ent  classes  of  rotary-wing  dynamic  problems  which 
are  listed  below  in  an  ascending  order  of  complex¬ 
ity: 

a)  isolated  rotor  blade  aeroelastic  stability; 

b)  coupled  single  rotor/ supporting  structure  dyn¬ 
amics,  which  is  representative  of  coupled 
rotor/body  aeromechanical  stability; 

c)  stability  of  tandom  rotor  and  side  by  side 
rotor  helicopters; 

d)  dynamics  of  HHLA  type  vehicles,  in  hover  and 
forward  flight. 

The  results  presented  in  this  paper  deal  pri¬ 
marily  with  the  aeroelastic  and  aeromechanical 
stability  analysis  of  an  HHLA  type  of  vehicle, 
shown  in  Fig.  2.  The  total  number  of  degrees  of 
freedom  used  in  modeling  this  system  which  consists 
of  two  four  bladed  rotor  systems  and  a  flexible 
supporting  structure  is  31.  Thus  the  stability 
analysis  yields  a  total  of  62  eigenvalues  corres¬ 
ponding  to  these  31  degrees  of  freedom.  Based  on 
a  careful  parametric  study,  the  various  blade  and 
vehicle  modes  have  been  identified.  The  physical 
interpretation  of  the  various  eigenvalues  is  deter¬ 
mined  from  a  systematic  study  of  the  eigenvalue 
changes  caused  by  variations  of  the  vehicle  system 
parameters.  Furthermore  the  coupling  between 
various  blade  and  vehicle  modes  is  identified. 

Finally  vehicle  stability  is  analyzed  at  different 
buoyancy  ratios  (BR  =  Buoyancy  of  the  envelope/total 
weight  of  the  vehicle)  so  as  to  determine  the  in¬ 
fluence  of  buoyancy  on  the  aeromechanical  stability 
of  the  vehicle. 

2.  Equations  of  Motion 

Recent  research  on  rotary-wing  aeroelast icity^ 
has  indicated  that  geometrically  nonlinear  effects, 
due  to  moderate  blade  deflections,  are  important 
for  this  class  of  problems.  Thus  a  proper  treat¬ 
ment  of  rotary-wing  aeroelastic  problems  requires 
the  development  of  a  consistent  mathematical  model, 
which  includes  the  geometrically  nonlinear  effects 
associated  with  finite  blade  slopes  in  the  aero¬ 
dynamic,  inertia  and  structural  operators.  Retent¬ 
ion  of  the  nonlinear  terms  is  based  on  an  ordering 
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scheme  *  ,  All  the  important  parameters  of  the 
problem  are  assigned  orders  of  magnitude  in  terms 
of  a  nondimens ion a 1  quantity  £,  which  represents 
the  typical  blade  slope  (0.1  <  £ <  0. 15) .  The  order¬ 
ing  scheme  consists  of  neglecting  terms  of  the 
order  O(e^)  when  compared  to  unity,  i.e.,  1  +  2  1. 

The  most  important  assumptions  used  in  formu¬ 
lating  the  equations  of  motion  are:  (1)  each 
rotor  consists  of  three  blades  or  more,  (2)  the 
rotors  are  lightly  loaded,  (3)  the  rotor  is  in 
uniform  inflow,  (4)  the  rotor  blade  is  modelled 
as  a  rigid  blade  with  orthogonal  root  springs  (Fig, 

3) .  This  blade  model  is  useful  for  simulating  con¬ 
figurations  which  are  either  hingeless  or  articulat¬ 
ed,  (5)  there  is  no  aerodynamic  interference  betwe¬ 
en  the  rotor  and  the  buoyant  envelope,  (6)  the 
aerodynamic  model  used  for  the  rotor  is  a  quasi¬ 
steady  blade  element  theory  based  on  Greenberg’s^ 
derivation  of  unsteady  aerodynamic  loads  on  an 
oscillating  airfoil  in  a  pulsating  flow,  and  (7) 
the  elastic  supporting  structure  is  modelled  as  a 
free-free  beam  for  which  the  bending  and  torsional 
structural  dynamics  are  modelled  by  the  correspond¬ 
ing  free  vibration  modes. 

The  various  degrees  of  freedom  considered  for 
the  model  vehicle  are:  flap  (3]^),  lead-lag  (Cj^) , 
torsion  (({5]^)  for  each  blade,  rigid  body  translation 
(RxjRyjF-z)  rigid  body  rotation  (6x,0y,9z) 

the  vehicle  as  a  whole  and  the  generalized  coordin¬ 
ates  representing  the  uncoupled  normal  modes  of 
vibration  of  the  supporting  structure  (^i,C23C3)- 
The  equations  of  motion  for  the  blade  are  obtained 
by  enforcing  moment  equilibrium,  of  the  various 
forces  on  the  blade,  at  the  root.  The  blade  equa¬ 
tions  are  written  in  a  hub  fixed  rotating  reference 
frame  and  these  equations  have  periodic  coefficients. 
The  rigid  body  equations  of  motion  are  obtained  by 
imposing  the  force  and  moment  equilibrium  of  the 
vehicle.  The  equations  of  motion  for  the  elastic 
modes  of  the  supporting  structure  are  obtained  using 
a  normal  mode  approximation.  The  complete  details 
and  the  derivation  can  be  found  in  Ref.  3.  An 
overview  of  the  coupling  process  between  the  blade 
motion  and  the  body  motion  is  presented  in  Fig.  4, 
which  can  be  considered  to  be  a  schematic  diagram 
describing  the  basic  operations  involved  in  the 
derivation  of  equations  of  motion  for  the  coupled 
multi-rotor/vehicle  system.  It  can  be  seen  from 
Fig.  4  that  the  rigid  body  motions  of  the  vehicle 
and  the  elastic  deformations  of  the  supporting 
structure  are  affected  by  the  rotor  loads.  In  turn, 
these  rotor  loads  are  related  to  the  rigid  body 
motions  and  the  elastic  deformation  through  the 
hub  motions. 

The  final  set  of  equations  of  motion  are  non¬ 
linear  ordinary  differential  equations  with  period¬ 
ic  coefficients.  These  equations  have  to  be  solved 
so  as  to  determine  the  aeroelastic  and  aeromechan¬ 
ical  stability  characteristics  of  the  vehicle. 

3.  Method  of  Solution 

The  method  of  solution  for  the  coupled  rotors/ 
vehicle  problem  follows  essentially  the  procedure 
outlined  in  Refs.  4  and  6.  A  brief  description  of 
the  procedure  aimed  at  determining  the  aeroelastic 
and  aeromechanical  stability  characteristics  of 
the  vehicle  is  provided  below. 

1.  Calculation  of  the  equilibrium  state  of  an 
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individual  blade  and  the  trim  setting  of  the 
blade  collective  pitch  angle. 

2.  Linearization  of  the  nonlinear  ordinary  differ¬ 
ential  equations  about  the  equilibrium  position 
(linearized  equations  will  have  periodic  coef¬ 
ficients)  . 

3.  Transformation  of  the  linearized  equations  with 
periodic  coefficients  to  linearized  equations 
with  constant  coefficients,  using  multiblade 

70 

coordinate  transf orraat ion' > ° . 

4.  Evaluation  of  the  eigenvalues  of  the  linearized 
system  with  constant  coefficients  to  obtain 
information  on  the  stability  of  the  vehicle. 

The  four  steps  described  above  represent  essen¬ 
tially  two  separate  stages  of  the  analysis.  The 
first  stage  consists  of  a  trim  analysis  by  which 
the  equilibrium  position  of  the  blade  is  determin¬ 
ed.  Subsequently  in  the  second  stage  a  stability 
analysis  of  the  linearized  perturbat ional  equation 
about  the  equilibrium  state  is  carried  out. 

3.1  Trim  or  Equilibrium  State  Solution 

In  the  trim  analysis,  the  force  and  moment 
equilibrium  of  the  complete  vehicle  together  with 
the  moment  equilibrium  of  the  individual  blade 
about  its  root  in  flap,  lead-lag  and  torsion  are 
enforced.  It  is  important  to  recognize  that  only 
the  generalized  coordinates  representing  the  blade 
degrees  of  freedom  will  have  a  steady  state  value 
representing  the  equilibrium  position.  The  general¬ 
ized  coordinates  associated  with  the  rigid  body 
motions  of  the  vehicles  are  essentially  perturbat- 
ional  quantities  and  hence  their  equilibrium,  or 
trim  values  are  identically  zero.  In  deriving  the 
equations  of  motion  for  the  flexible  supporting 
structure,  it  was  assumed  that  the  vibrations  of 
the  structure  occur  about  a  deflected  equilibrium 
position.  The  determination  of  the  equilibrium  of 
the  supporting  structure  is  unimportant,  for  the 
case  considered  in  this  study.  The  lack  of  depen¬ 
dence  between  these  two  items  is  due  to  the  follow¬ 
ing:  (a)  The  equilibrium  deflection  (or  position) 

of  the  supporting  structure  does  not  affect  the 
equilibrium  values  of  the  blade  degrees  of  freedom, 
since  the  blade  equations  contain  only  the  terms 
with  the  time  derivatives  of  the  degrees  of  freedom 
representing  the  elastic  modes  of  the  supporting 
structure.  The  physical  reason  for  this  mathemati¬ 
cal  dependence  is  due  to  the  fact  that  the  blade 
inertia  and  aerodynamic  loads  depend  on  the  hub 
motion  and  not  on  the  hub  equilibrium  position  (the 
hub  motion  is  related  to  the  fuselage  motion  and 
the  vibration  of  the  supporting  structure) ,  and  (b) 
The  final  linearized  differential  equations  used 
for  the  stability  analysis  do  not  contain  any  term 
dependent  on  the  static  equilibrium  deflection  of 
the  supporting  structure.  Hence,  the  generalized 
coordinates  for  the  vibration  modes  of  the  support¬ 
ing  structure  can  also  be  treated  as  perturbat ional 
quantities.  However,  it  should  be  noted  that  the 
evaluation  of  the  static  equilibrium  deflection  of 
the  supporting  structure  could  be  important  in  the 
proper  design  of  the  supporting  structure. 

The  blade  degrees  of  freedom  can  be  written 

as 


Flap 

Lead-Lag 

(1) 

Torsion 

where  ^kO  steady  state  values 

and  A3ks  ^4^k  perturbational  quantities. 

Linearization  of  the  equations  is  accomplished 
by  substituting  these  expressions  into  the  non¬ 
linear  coupled  differential  equations  and  neglect¬ 
ing  terms  containing  the  products  or  squares  of 
the  perturbational  quantities.  The  remaining  terms 
are  then  separated  into  two  groups:  one  group  of 
terms  contains  only  the  steady  state  quantities 
and  constants  (i.e,,  time  independent  quantities). 
These  represent  the  trim  or  equilibrium  equations. 
For  the  case  of  hover,  these  are  nonlinear  algebraic 
equations  which  represent  the  force  and  moment 
equilibrium  equations  determining  the  steady  state. 
The  second  group  contains  the  time  dependent  per¬ 
turbational  quantities  and  represents  the  equations 
of  motion  about  the  equilibrium  position.  These 
linearized  dynamic  equations  of  equilibrium  are 
used  for  the  stability  analysis. 

The  steady  state  equilibrium  equations  can  be 
written  symbolically  as: 


for  the  complete  vehicle 


II 

II 

II 

0 

(2) 

X  y  z 

M  =  M  =  M  =  0 

(3) 

X  y  z 

and  for  the 

individual  blade 

Mg  =  =  0 

(A) 

In  the 

above  equations  F  ,  Fy  and  are 

identically 

zero.  The  remaining  equations  for 

the 

vehicle  can 

be  written  as 

F 

z 

=  T,  +  T^  +  -  W  =  0 

1  2  z 

(5) 

M 

=  0 

(6) 

y 

M 

z 

-  0 

(7) 

where  and  T2  are  the  thrust  developed  by  the  two 
rotor  systems  and  R2  respectively,  P®  in  the 
static  buoyancy  due  to  the  envelope  and  W  is  the 
weight  of  the  complete  vehicle.  The  quantities 
T^  and  T2  are  functions  of  the  steady  state  flap, 
lead-lag  and  torsion  angles,  collective  pitch 
angles  and  the  operating  conditions  of  the  rotor. 
Equation  (7)  for  represents  the  torques  develop¬ 
ed  by  the  two  rotor  systems.  These  torques  can 
either  be  balanced  by  having  a  tail  rotor  for  each 
main  rotor  or  by  having  two  counter-rotating  main 
rotors.  In  the  present  study,  it  is  assumed  that 
the  torques  are  balanced  by  tail  rotors.  Equation 
(6)  for  My  consists  of  the  pitching  moments 
developed  by  the  thrust  due  to  the  rotors  and  the 
gravity  loads  acting  on  the  various  components. 

The  steady  state,  moment  equilibrium  equations 
for  the  individual  blade  will  have  the  following 
symbolic  form 

^  Ko’  4>  <o>  ° 
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=  ^2  (^kO- 

^kO’ 

-e- 

1- 

0 

Oq)  =  0 

(9) 

=  ^3  <> 

^kO’ 

e^)  =  0 

(10) 

The  complex  part  of  the  eigenvalue  (a)|^)  refers 
to  the  modal  frequency  and  the  real  part  (a|^)  re¬ 
fers  to  the  modal  damping.  The  mode  is  stable  when 
0]^  <  0  and  the  stability  boundary  is  represented 
by  01^  =  0. 


where  i  =  1,2  refer  to  the  two  rotor  systems  and 
R2  respectively  and  k  refers  to  the  k^“  blade  in 
the  i^^  rotor  system.  For  the  case  of  hover,  all 
the  blades  in  one  particular  rotor  system  will  have 
the  same  steady  state  values  (i.e,  equilibrium 
quantities).  Thus  the  subscript  *k'  can  be  deleted. 

Equations  (5),  (6),  (8)-(10)  are  nonlinear 
algebraic  equations.  These  are  a  total  of  eight 
equations  and  8  variables  (3q ,  i  =  1»2) 

These  eight  equations  are  solved  iteratively  using 
the  Newton-Raphson  method,  to  obtain  the  steady 
state  values.  Failure  to  converge  during  iteration 
is  attributed  to  divergence  or  static  instability 
of  the  blade. 

In  deriving  the  equations  of  motion,  the  inflow 
ratio  X  is  assumed  to  be  constant  over  the  rotor 
disc.  The  typical  value  chosen  for  the  inflow 
ratio  is  its  value  at  75%  of  the  blade  span.  It  is 
given  as  _ 

^  =  if  (- 1  )  (11) 

3.2  Description  of  Stability  Analysis 


The  perturbational  equations  of  motion,  linear¬ 
ized  about  the  equilibrium  position,  can  be  written 
in  the  following  form 

[M]{q}  +  [C]{q)  +  [KHq)  =  0  (12) 

where  {q)  contains  all  the  degrees  of  freedom  re- 
presenting  the  blade  motion,  the  rigid  body  motions 
of  the  vehicle  and  the  flexible  modes  of  the  support¬ 
ing  structure. 

The  matrices  [M]  ,  [C]  and  [K]  can  be  identified 
as  representing  mass,  damping  and  stiffness  matrices 
respectively  and  the  elements  of  these  matrices  are 
functions  of  the  equilibrium  values. 


The  stability  of  the  vehicle  about  the  trim  con¬ 
dition  is  obtained  by  solving  the  eigenvalue  problem 
represented  by  Eq,  (12).  For  convenience  Eq,  (12) 
is  rewritten  in  state  variable  form 


where 

and 

and 


{y  }  =  [F]  {y} 

{y}T=  {y^}T,  {y^}T 

{y^}  =  {4}  ;  =  {q> 


(13) 


[F] 


[C] 

I  [K] 

[I] 

J  0 

Assuming  a  solution  for  Eq.  (13)  in  the  form  of 
{y}  =  {y}e®^,  yields  the  standard  eigenvalue  pro¬ 
blem 


[F]{y}  =  s{y} 


(14) 


The  eigenvalues  of  Eq.  (14)  can  be  either  real  or 
complex  conjugate  pairs 


C  =0 

\  k 


This  relatively  simple  procedure  can  become 
complicated  depending  on  the  form  of  the  matrices 
[M] ,  [C]  and  [K] .  In  the  aeroelastic  stability 
analysis  of  a  isolated  rotor  in  hover,  these  matri¬ 
ces  contain  constant  elements.  Thus  the  solution 
of  this  eigenvalue  problem  is  straight-forward. 
However  when  dealing  with  the  stability  analysis 
of  a  coupled  rotor/vehicle  system  in  hover,  as 
required  in  the  present  case,  these  matrices  will 
have  elements  which  are  time  dependent.  The  reason 
for  the  appearance  of  time  dependent  or  periodic 
coefficients  is  due  to  the  vehicle  perturbational 
motion  and  vibration  of  the  supporting  structure. 
These  perturbational  motions  introduce,  through  the 
hub  motion,  periodic  terms  in  inertia  and  aero¬ 
dynamic  loads  of  the  blade. 

For  the  cases,  when  the  matrices  in  the  linear¬ 
ized  perturbational  equations  are  time  dependent, 
the  stability  analysis  can  be  performed  by  applying 
either  Floquet  theory  or  by  using  a  multiblade 
coordinate  transformation^*^.  It  is  well  known 
that  for  the  coupled  rotor/vehicle  type  of  analysis 
for  the  case  of  hover,  the  multiblade  coordinate 
transformation  is  successful  in  eliminating  the 
time  dependency  of  the  coefficients,  in  the  equa¬ 
tions  of  motion.  During  this  transformation,  the 
individual  blade  degrees  of  freedom  will  transform 
into  a  new  set  of  rotor  degrees  of  freedom.  (It  is 
worthwhile  mentioning  that  this  transformation  is 
also  frequently  denoted  by  the  terms  Fourier  trans¬ 
formation,  Coleman  transformation  and  more  recently 
rotor  plane  coordinate  transformation^.)  These 
rotor  degrees  of  freedom  are  basically  represent¬ 
ative  of  the  behavior  of  the  rotor  as  a  whole  when 
viewed  from  a  non-rotating  reference  frame.  The 
various  rotor  degrees  of  freedom  are  known  as 
collective,  cyclic  and  alternating  degrees  of  free¬ 
dom  ,  For  example,  in  a  four  bladed  rotor,  the 
flap  degree  of  freedom  corresponding  to  each  blade 
(3^5  ^  ”  lj4)  will  transform  into  collective  flap 
(3^),  cyclic  flap  (3ie,3is^  alternating  flap 

(3_]q)  degrees  of  freedom.  Alternating  degree  of 
freedom  will  appear  only  when  the  rotor  consists  of 
an  even  number  of  blades.  In  a  similar  fashion, 
the  lead-lag  and  torsional  degrees  of  freedom  will 
also  transform  into  corresponding  rotor  degrees  of 
freedom. 

As  a  result  of  the  application  of  the  multi¬ 
blade  coordinate  transformation,  the  linearized 
perturbational  equations  with  periodic  coefficients 
will  transform  into  linearized  perturbational  equa¬ 
tions  with  constant  coefficients.  Using  these 
equations,  with  constant  coefficients,  a  stability 
analysis  is  performed  as  described  above.  The 
eigenvalues  corresponding  to  the  cyclic  degrees  of 
freedom  of  the  rotor  (eic.eis.?lc.4ls.'t’lc.4’ls)  ^^e 
referred  in  this  paper  as  high  frequency  (or  pro¬ 
gressing)  and  low  frequency  (or  progressing  or 
regressing)  mode.  The  designation  of  high  frequency 
or  low  frequency  mode  is  based  on  the  rotating 
natural  frequency  of  the  rotor.  Suppose,  the  rotat¬ 
ing  natural  frequency,  say  in  lead-lag,  is  f/rev, 
then  the  two  frequencies  corresponding  to  the  cyclic 
modes  (CIcjCIs)  will  be  usually  (f*fl)/rev  and 
(f-l)/rev.  The  mode  with  the  frequency  (f+l)/rev 
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is  called  a  high  frequency  lag  mode  and  that  cor¬ 
responding  to  (f-l)/rev  is  called  a  low  frequency 
lag  mode.  The  mode  with  the  frequency  f/rev  is 
known  as  the  collective  lag  mode.  Since  the  HHLA 
model  vehicle  (Fig.  2)  consists  of  two  rotor  systems 
coupled  by  a  supporting  structure,  the  stability 
analysis  will  provide  a  pair  of  eigenvalues  for  each 
rotor  degree  of  freedom.  Hence  for  the  purpose  of 
identification,  in  the  presentation  of  the  results 
the  rotor  modes  will  be  referred  to  as  mode  1  and 
mode  2,  such  as  collective  flap  mode  1,  collective 
flap  mode  2  and  high  frequency  flap  mode  1  and  high 
frequency  flap  mode  2,  etc. 

4,  Results  and  Discussion 

The  validity  of  the  equations  of  motion  for  the 
coupled  rotor/vehicle  system  was  first  verified  by 
using  them  to  solve  the  aeromechanical  stability 
problem  of  a  single  rotor  helicopter  in  ground 
resonance  and  comparing  the  analytical  results, 
obtained  using  our  equations,  with  experimental 
data  presented  in  Ref.  9.  We  found  that  our  analy¬ 
tical  results  are  in  good  agreement  with  the  exper¬ 
imental  results  indicating  that  the  equations  of 
motion  for  the  coupled  rotor/vehicle  system  are 
valid.  Sample  results  taken  from  Ref.  10,  are  in¬ 
cluded  in  this  paper  to  illustrate  the  degree  of 
correlation.  Figure  5  presents  the  variation  of 
rotor  and  body  frequencies  with  rotor  speed 
Fig.  6  presents  the  variation  of  damping  in  the 
lead-lag  regressing  mode  with  These  figures 
show  that  our  analytical  predictions  are  in  good 
agreement  with  the  experimental  results. 

The  stability  of  the  model  vehicle  (Fig.  2)  re¬ 
presenting  an  HHLA  is  analyzed  for  the  case  of 
hovering  flight.  The  various  degrees  of  freedom 
considered  for  this  problem  are  flap,  lead-lag, 
torsion  (for  each  blade) ,  rigid  body  translation 
(R^,Ry) ,  rigid  body  rotation  (0^,9y)  and  three 
normal  modes  of  vibration  of  the  supporting  struct¬ 
ure.  The  three  normal  modes  represent  the  funda¬ 
mental  symmetric  bending  mode  (^]^)  in  the  horizon¬ 
tal  (x~y)  plane,  the  fundamental  symmetric  bending 
mode  (C2)  the  vertical  (x-z)  plane  and  the 
fundamental  antisymmetric  torsion  (^3)  about  the 
longitudinal  axis.  For  a  four  bladed  rotor,  there 
are  in  total  31  degrees  of  freedom,  namely  12  rotor 
degrees  of  freedom  for  each  rotor  plus  four  rigid 
body  degrees  of  freedom  plus  three  elastic  vibra¬ 
tion  modes  of  the  supporting  structure.  Hence  a 
stability  analysis  for  this  system  will  yield  62 
eigenvalues  corresponding  to  these  31  degrees  of 
freedom.  The  primary  aim  is  to  identify  the  62 
eigenvalues  and  relate  them  to  the  various  modes  of 
the  rotor/vehicle  assembly.  This  relatively  com¬ 
plicated  identification  process  is  based  on  physi¬ 
cal  insight  gained  by  performing  some  preliminary 
calculations  augmented  by  additional  considerations 
described  belov;: 

1.  Comparison  of  the  imaginary  part  of  the  eigen¬ 
value  ((jo)  with  the  uncoupled  frequencies  of  the 
various  modes,  and 

2.  employing  an  extensive  parametric  study  in 

which  the  primary  parameters  allowed  to  vary 
are  the  bending  and  torsional  stiffness  of  the 
supporting  structure  (KggxY  >%BXZ  >^ST^  combined 
with  the  rotary  inertia  of  the  vehicle  in  pitch 
(lyy)  and  roll  . 

Based  on  the  results  obtained  in  the  parametric 


study,  the  various  eigenvalues  and  the  coupling 
among  different  modes  are  identified.  It  should 
be  noted  that  for  the  cases  studied,  the  trim  (or 
equilibrium)  quantities  are  the  same  because  the 
trim  values  are  independent  of  the  quantities 
varied  in  the  parametric  study.  A  complete  des¬ 
cription  of  this  study  can  be  found  in  Ref.  6. 

For  the  example  problem  analyzed,  the  rotors 
are  articulated  and  they  are  identical.  The  data 
used  for  this  study  is  presented  in  Appendix  A. 

The  result  presented  below  are  obtained  for  the 
model  vehicle  without  the  sling  load. 

The  results  of  the  trim  (or  equilibrium) 
analysis  are  presented  in  Appendix  B.  Since  the 
two  rotors  have  identical  geometrical  properties 
and  identical  operating  conditions  and  furthermore 
the  model  vehicle  possesses  a  symmetry  about  y-z 
plane,  the  equilibrium  angles  of  the  blade  are  the 
same  for  both  rotor  systems.  For  the  buoyancy  ratio 
of  BR  =  0.792,  the  thrust  coefficient  in  the  rotors 
is  Cq*  =  0.00158.  The  equilibrium  blade  angles  are 
in  flap  Bo  =  2.302  deg.,  in  lead-lag  Cq  "  -3.963 
deg.  and  in  torsion  (f)o  =  -0.115  deg.  The  collective 
pitch  angle  is  Gq  =  4.206  deg. 

The  results  of  the  stability  analyses  are 
presented  in  Figs.  7-11.  Figure  7  illustrates  the 
variation  of  the  eigenvalues  of  blade  lead-lag  modes 
and  the  supporting  structure  bending  modes  as  a 
result  of  an  increase  in  the  bending  stiffness 
(KsbXY)  of  the  supporting  structure  in  x-y  (hori¬ 
zontal)  plane.  The  bending  stiffness  KgBXY  was 
increased  in  increments  from  5.09  x  10^  N/m  to 
1,74  X  10®  N/m,  such  that  the  corresponding  un¬ 
coupled  nondimensional  bending  frequency  in  x-y 
plane  (cusBYx)  assumed  the  values  (ji^ggxY  ~  1*2,  1.499, 
1.754,  2.192,  where  the  frequencies  are  nondimen¬ 
sional  with  respect  to  the  rotor  speed  of  rotation 
where  =  217.79  R.P.M..  The  arrows  in  the 
figure  indicate  the  direction  along  which  the  eigen¬ 
values  of  the  modes  change  due  to  an  increase  in 
KgBXY*  eigenvalues  of  the  other  modes,  which 

are  not  shown  in  the  figure,  remain  unaffected  by 
the  variation  in  Kg^xY •  seen  from  Fig.  7 

that  the  bending  mode,  in  x-y  plane,  of  the  support¬ 
ing  structure  is  strongly  coupled  with  the  high 
frequency  lag  mode  2.  The  high  frequency  lag  mode 
2  which  was  initially  unstable  becomes  more  stable 
as  KggxY  increased.  The  damping  in  the  bending 
mode  in  x-y  plane  decreases  asymptotically  with  an 
increase  in  frequency  and  this  mode  is  always  stable. 
The  low  frequency  lead-lag  mode  2  shows  a  slight 
decrease  in  damping  as  Kg^xY  increased.  The 
eigenvalues  corresponding  to  the  bending  mode  in 
x-z  plane  and  the  high  frequency  lag  mode  1  are  not 
affected  by  the  changes  in  KgBXY*  However,  since 
these  two  modes  have  nearly  equal  frequencies  it 
can  be  seen  that  the  high  frequency  lag  mode  1  is 
unstable . 

Figure  8  presents  the  variation  of  eigenvalues 
of  the  blade  lead-lag  modes  and  the  supporting 
structure  bending  modes  as  a  result  of  an  increase 
in  the  bending  stiffness  (Kggxz)  supporting 

structure  in  x-z  (vertical)  plane.  The  bending 
stiffness  Kg^xz  was  increased  in  increments  from 
7.96  X  10®  N/m  to  1.74  x  10®  N/m  and  the  corres¬ 
ponding  nondimensional  uncoupled  bending  frequency 
in  x-z  plane  (WgBXZ^  assumed  the  values  Wggxz  = 

1.499,  1.754,  2.192.  It  can  be  seen  from  Fig.  8 
that  the  bending  mode  in  x-z  plane  is  strongly 
coupled  with  high  frequency  lag  mode  1 .  The  high 
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frequency  lag  mode  1  which  was  initially  unstable 
becomes  a  stable  mode  as  K53XZ  increased  from 
7.96  X  10^  N/m  (wsBXZ  =  1.499)  to  1.09  x  10^  N/m 
(ojgBXZ  “  1»754).  But  a  further  increase  in  KggxZ 
to  1,74  X  10^  N/m  does  not  affect  the  eigenvalue 
corresponding  to  the  high  frequency  lag  mode  1, 
indicating  that  these  two  modes  are  decoupled. 
Damping  in  the  bending  mode  in  x-z  plane  decreases 
drastically  at  the  beginning  and  once  the  bending 
mode  and  the  high  frequency  lag  mode  1  are  decoupl¬ 
ed,  the  decrease  in  damping  of  the  bending  mode 
in  x-z  plane  is  very  small.  Damping  in  the  torsion 
mode  of  the  supporting  structure  and  low  frequency 
lag  mode  1  are  slightly  affected  as  Kgg^Z 
creased.  Since  the  torsion  mode  and  the  low  fre¬ 
quency  lag  mode  1  have  frequencies  which  are  close 
to  each  other,  the  figure  clearly  indicates  that 
the  lag  mode  1  is  unstable.  The  eigenvalues 
corresponding  to  the  rest  of  the  modes  are  unaf¬ 
fected. 

Figure  9  shows  the  eigenvalue  variation  in  the 
rotor  lead-lag  modes  and  the  torsion  mode  of  the 
supporting  structure  as  a  result  of  an  increase  in 
the  torsional  stiffness  (Kg-B)  of  the  supporting 
structure.  The  torsional  stiffness,  Kg^f,  was  in¬ 
creased  in  increments  from  Kg^  =  1.59  x  10^  N.m  to 
3.99  X  107  N  ,m  and  the  corresponding  uncoupled 
nondimen sional  torsional  frequency  (Sg-p)  of  the 
supporting  structure  are  Wgp  0.4,  0.55,  0.846,  1.096, 
1.2,  1.3,  1.4,  1.5,  1.754,  2.0.  It  is  evident  from 
the  figure  that  the  low  frequency  lag  mode  2  and 
high  frequency  lag  mode  2  remain  unaffected  during 
the  variations  in  Kg^  and  these  modes  are  stable. 

In  Fig.  9,  the  different  curves  are  divided  into 
three  segments  represented  by  points  A,  B,  C  and  D. 
The  curves  between  points  A  to  B  refer  to  the 
range  of  Kgrj,  =  3.01  x  10^  N.m  to  7.20  x  10^  N.m 
(ajg^  =  0.55  to  0.846);  the  curves  between  points  B 
to  C  refer  to  the  range  Kg-p  =  7,20  x  10^  N.m  to 
1.685  X  10^  N.m  (Wg^  =  0.846  to  1.3);  and  the  curves 
between  points  C  to  D  refer  to  the  range  Kg-p  = 

1.685  X  10^  N.m  to  3.1  x  10^  N.m  (aiom  =  1.3  to 
1.754) . 

It  is  evident  from  Fig.  9  that  in  the  range  A 
to  B,  as  the  torsional  stiffness  Kgp  is  increased, 
the  torsion  mode  of  the  supporting  structure  be¬ 
comes  increasingly  stable  and  its  frequency  is  in¬ 
creasing;  the  low  frequency  lag  mode  1  becomes  in¬ 
creasingly  unstable  with  its  frequency  slightly 
increased.  This  clearly  indicates  that  the  tor¬ 
sion  mode  is  strongly  coupled  with  the  low  frequency 
lag  mode  1.  The  high  frequency  lag  mode  1  exper¬ 
iences  a  slight  increase  in  frequency  but  its  damp¬ 
ing  remains  almost  the  same.  In  this  range,  A  to  B, 
the  eigenvalues  of  these  three  modes  have  been 
distinctly  identified  based  on  their  uncoupled  non- 
dimensional  frequencies.  In  the  range  B  to  C,  as 
the  torsional  stiffness  Kg.p  is  increased,  the  damp¬ 
ing  in  the  low  frequency  lag  mode  1  decreases  and 
its  frequency  tends  to  increase  towards  1,0.  At 
the  same  time,  the  damping  in  torsional  mode  of  the 
supporting  structure  decreases  drastically  and  a 
slight  change  in  the  frequency  is  observed  (i.e., 
the  frequency  initially  increases  and  then  de¬ 
creases)  .  The  high  frequency  lag  mode  1  shows  an 
increase  in  frequency  with  no  appreciable  change  in 
damping.  In  this  range  B  to  C,  the  eigenvalues  of 
these  three  modes  do  not  exhibit  a  direct  one  to  one 
correspondence  to  the  uncoupled  nondimen sional 
frequencies,  implying  that  all  these  modes  are 
coupled.  Hence  in  this  range,  B  to  C,  the  refer¬ 
ence  to  the  various  modes,  as  torsion  mode,  low 


frequency  lag  mode  1  and  high  frequency  lag  mode  1, 
is  only  for  the  convenience  of  explaining  the  vari¬ 
ation  of  the  eigenvalues.  When  the  torsional  stiff¬ 
ness  Kgp  was  increased  still  further,  i.e,  the 
range  C  to  D,  the  eigenvalues  start  exhibiting  a 
correspondence  to  nondimen sional  uncoupled  frequen¬ 
cies  indicating  that  these  three  modes  are  slowly 
decoupled.  In  this  range,  C  to  D,  the  torsional 
mode  of  the  supporting  structure  has  low  damping  and 
it  tends  to  decrease  asymptotically  while  the  fre¬ 
quency  increases  from  1.5  to  1.75.  The  high  fre¬ 
quency  lag  mode  1  shows  an  increase  in  the  frequency 
and  the  mode  becomes  stable  at  the  point  D.  The 
damping  in  the  low  frequency  lag  mode  1  decreases 
while  the  frequency  undergoes  a  slight  reduction. 
Beyond  the  point  D  i.e.  for  Ksx  ^  3.1  x  10^  N.m  the 
eigenvalues  of  low  frequency  lag  mode  1  and  high 
frequency  lag  mode  1  show  negligible  change  and 
the  damping  in  torsion  mode  remains  the  same  but 
its  frequency  increases.  Beyond  point  D  all  the 
three  modes  are  stable. 


Another  interesting  observation  which  can  be 
made  from  Fig.  9  is  associated  with  the  effect  due 
to  the  increase  in  torsional  stiffness  Kgp.  When 
Kgp  is  increased  from  1.685  x  10^  N.m  to  3.99  x  10^ 
N.m  (curve  in  the  range  C  to  D  and  beyond),  the 
eigenvalues  corresponding  to  the  high  frequency  lag 
mode  1  tend  to  approach  the  eigenvalue  corresponding 
to  the  high  frequency  lag  mode  2  (which  remains 
unaffected  during  the  variation  in  Kgp)  and  similar¬ 
ly  the  low  frequency  lag  mode  1  approaches  the 
low  frequency  lag  mode  2.  This  behavior  seems  to 
indicate  that  as  the  torsional  stiffness  of  the 
supporting  structure  is  increased  the  coupling 
between  the  two  rotors  due  to  the  torsional  defor¬ 
mation  of  the  supporting  structure  is  eliminated. 

As  a  result  of  this  lack  of  coupling  the  eigenvalues 
corresponding  to  the  high  frequency  lag  modes  1  and 
2  and  low  frequency  lag  modes  1  and  2  approach  each 
other.  It  should  be  noted  that  elimination  of  the 
coupling  of  the  two  rotors,  due  to  the  torsional 
deformation  of  the  supporting  structure,  does  not 
imply  that  the  two  rotors  are  totally  decoupled. 

The  rotors  are  still  coupled  through  the  bending 
deformation  of  the  supporting  structure  and  rigid 
body  pitch  motion  of  the  vehicle.  The  presence  of 
this  coupling  causes  the  eigenvalues  of  the  low 
frequency  and  high  frequency  lag  modes  to  approach 
each  other  rather  than  coalescing. 


The  last  observation  which  can  be  made  using 
Fig,  9  is  that  the  high  frequency  lag  mode  1,  low 
frequency  lag  mode  1  and  torsion  mode  of  the  sup¬ 
porting  structure  undergo  a  reversal  in  their 
characteristics  as  Kg^  is  increased  from  1.59  x  10^ 
N.m  to  3.99  x  10^  N.m.  Thus,  the  mode  which  was 
initially  a  distinct  torsion  mode  becomes  a  low 
frequency  lag  mode  1;  the  low  frequency  lag  mode  1 
becomes  a  high  frequency  lag  mode  1  and  the  high 
frequency  lag  mode  1  becomes  a  torsion  mode.  For 
low  and  high  values  of  the  torsional  stiffness 
(i.e.,  Kg-ji  <,  1.59  X  10^  N.m  (Wg^  <  0.4)  and 
Kg-j  >  3.10  X  10^  N.m  (COg-p  >  1.754))  the  torsional 
mode  of  the  supporting  structure,  the  low  frequency 
lag  mode  1  and  high  frequency  lag  mode  1  are  all 
stable.  For  intermediate  values  of  the  torsional 
stiffness  of  the  supporting  structure,  one  of  the 
lag  modes  is  unstable. 


The  variation  of  the  eigenvalues  of  the  col¬ 
lective  flap  modes  and  body  pitch  mode  due  to  in¬ 
crease  in  body  inertia  in  pitch  is  presented  in 
Fig.  10.  It  is  evident  from  the  figure  that  the 
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pitch  mode  is  a  pure  damped  mode.  An  increase  in 
pitch  inertia  causes  the  eigenvalues,  corresponding 
to  the  pitch  mode,  to  approach  each  other.  The 
eigenvalues  of  the  collective  flap  mode  2  tend  to 
approach  the  eigenvalue  of  the  collective  flap  mode 
1.  The  pure  damped  nature  of  the  pitch  mode  is 
associated  with  the  presence  of  two  rotors.  During 
pitch  motion,  the  net  inflow  in  the  two  rotor  system 
changes.  If  in  one  rotor  system  the  net  inflow 
increases,  then  in  the  other  one  the  inflow  de¬ 
creases  and  vice  versa.  These  changes  in  inflow 
results  in  changes  in  the  thrust  in  the  two  rotor 
systems.  The  rotor  system  which  moves  up,  during 
pitch  motion,  experiences  a  reduction  in  thrust  due 
to  the  increased  inflow  and  the  rotor  system  which 
moves  do\>7n  produces  more  thrust  due  to  the  decreas¬ 
ed  flox^7.  These  changes  in  the  thrust  tend  to  re¬ 
store  the  vehicle  to  its  equilibrium  position. 

Since  this  restoring  force  is  proportional  to  the 
pitch  rate,  this  mechanism  produces  a  damping  in 
pitch.  In  the  present  case,  the  pitch  motion  is 
overdamped.  Hence  an  increase  in  inertia  causes 
the  eigenvalues,  corresponding  to  the  pitch  mode, 
to  approach  each  other,  as  shown  in  Fig.  10, 

Figure  11  illustrates  the  variation  of  eigen¬ 
values  corresponding  to  the  low  frequency  lag  mode 
2  and  body  roll  mode  as  a  result  of  an  increase  in 
inertia  in  roll.  An  increase  in  roll  inertia  tends 
to  decrease  the  damping  in  roll,  furthermore  its 
frequency  is  also  reduced.  The  low  frequency  lag 
mode  2  tends  to  become  more  stable.  The  roll  mode, 
for  the  model  vehicle,  is  a  damped  oscillatory  mode. 
This  is  different  from  the  pure  damped  mode^  normal¬ 
ly  observed  in  a  conventional  tandem  rotor  heli¬ 
copter.  The  reason  for  this  oscillatory  nature  of 
the  roll  mode  is  due  to  the  presence  of  the  buoyancy 
of  the  envelope. 

For  all  the  cases  analyzed,  it  was  found  that 
the  flap  and  torsional  modes  of  the  rotor  are  al¬ 
ways  stable.  The  eigenvalues  corresponding  to  the 
cyclic  flap  modes  and  all  the  torsion  modes  are  not 
affected  by  the  variation  in  the  quantities  used 
in  this  parametric  study.  The  alternating  modes  of 
the  rotor  were  also  found  stable. 

The  degree  of  coupling,  as  well  as  the  relative 
strength  of  the  coupling  between  the  various  blade 
modes  and  the  body  modes  is  presented  in  a  quali¬ 
tative  manner  in  Table  I.  It  is  evident  from  this 
table  that  the  supporting  structure  elastic  modes 
are  strongly  coupled  with  the  low  frequency  and 
high  frequency  lead-lag  modes. 

The  effects  of  varying  the  buoyancy  ratio  on  the 
stability  of  the  vehicle  represented  in  Table  II 
and  Figs.  12  and  13.  Table  II  shows  the  results 
from  the  trim  analysis,  at  various  buoyancy  ratios. 
As  the  buoyancy  ratio  is  decreased,  the  equilibrium 
angles  of  the  blade  and  the  thrust  coefficient  of 
the  rotors  are  increased. 

Figure  12  depicts  the  variation  of  eigenvalues 
in  supporting  structure  elastic  modes  with  decrease 
in  buoyancy  ratio.  The  direction  of  arrows  in  the 
figure  indicate  the  variation  of  the  eigenvalues 
as  a  result  of  the  decrease  in  buoyancy  ratios. 

The  frequencies  corresponding  to  these  modes  are 
not  affected  by  the  variation  in  buoyancy  ratio. 
Hov7ever,  the  damping  in  bending  in  x-y  plane  in¬ 
creases,  the  damping  in  bending  in  x-z  plane  de¬ 
creases  while  the  damping  in  torsion  mode  increases. 


Figure  13  presents  the  variation  of  the  eigen¬ 
values  of  pitch  and  roll  modes  with  buoyancy  ratio. 
As  the  buoyancy  ratio  is  decreased,  one  of  the 
eigenvalues  corresponding  to  the  pitch  mode  decreas¬ 
es  while  the  other  eigenvalue  increases.  The  pitch 
mode  always  remains  as  a  pure  damped  mode.  The 
roll  mode  which  was  initially  a  stable  mode  becomes 
unstable  for  buoyancy  ratios  BR  <  0.6. 

The  results  obtained  also  indicate  that  as  the 
buoyancy  ratio  is  decreased,  the  damping  in  lead- 
lag  modes  of  the  rotors  increases  while  the  damping 
in  flap  and  torsion  modes  of  the  rotor  decreases. 
However  changes  in  the  buoyancy  ratio  have  only  a 
minor  effect  on  the  frequencies  of  the  blade  modes. 

A  quantitative  indication  for  the  magnitude  of 
the  changes  in  damping  in  the  blade  modes  produced 
by  changes  in  the  buoyancy  ratio  is  illustrated  by 
the  following  results:  for  a  40%  reduction  in 
buoyancy  ratio,  the  damping  in  torsion  modes  de¬ 
creases  by  12%;  the  damping  in  flap  modes  decreases 
by  12%  and  the  damping  in  lag  modes  increases  by 
200%. 

5.  Concluding  Remarks 

This  paper  presents  the  results  of  an  aero- 
mechanical  stability  analysis  of  a  model  vehicle 
representative  of  a  HHLA  configuration  in  hovering 
flight.  The  most  important  conclusions  obtained 
in  this  study  are  presented  below. 

1)  The  rotor  cyclic  lead-lag  modes  couple  strongly 
with  the  bending  modes  and  the  torsion  mode  of  the 
supporting  structurejas  a  consequence,  the  stability 
of  the  lead-lag  modes  is  sensitive  to  changes  in 
stiffness  (or  the  natural  frequencies)  of  the 
supporting  structure  in  bending  and  torsion.  There¬ 
fore  the  natural  frequencies  of  the  supporting 
structure  must  be  designed  so  as  to  be  well  separa¬ 
ted  from  the  frequencies  of  the  rotor  lead-lag 
modes.  This  also  emphasizes  the  importance  of 
modelling  the  supporting  structure  with  an  adequate 
number  of  elastic  modes. 

2)  The  low  frequency  and  high  frequency  lead-lag 
modes  of  the  rotor  and  the  torsion  mode  of  the 
supporting  structure  undergo  a  change  in  their 
basic  characteristics,  as  the  torsional  stiffness 
of  the  supporting  structure  is  increased  from  a  low 
value  to  a  high  value  (i.e.,  Kgx  =  1-59  x  10^  N.m 
to  3.99  X  10^  N.m) . 

3,  The  lead-lag  modes  of  the  rotor  are  stable  only 
when  the  torsional  stiffness  of  the  supporting 
structure  has  low  or  high  values  (Kg^  <  1.59  x  10^ 
N.m  and  Kg^  >  3.10  x  10^  N.m).  For  intermediate 
values  of  Kg^,  one  of  the  lead-lag  modes  is  unstable. 

4)  The  body  pitch  mode  is  a  pure  damped  mode. 

5)  The  body  roll  mode  is  a  damped  oscillatory  mode. 
However,  as  the  buoyancy  ratio  is  decreased,  this 
mode  becomes  unstable, 

6)  The  stability  analysis  of  the  coupled  rotor/ 
vehicle  dynamics  clearly  illustrates  the  fundamen¬ 
tal  features  of  the  aeroelastic  stability  of  the 
rotor,  coupled  rotor/ support  system  aeromechanical 
stability  and  the  vehicle  dynamic  stability  in 
longitudinal  and  lateral  planes. 
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Furthermore,  it  should  be  mentioned  that  the 
analytical  model  developed  in  this  study,  for  the 
aeromechanical  stability  study  of  an  HHLA  type 
vehicle,  can  be  also  applied  to  various  other  types 
of  vehicles,  such  as  a  tandom  rotor  helicopter 
configuration  and  the  coupled  rotor/body  aeromech¬ 
anical  problem  of  a  single  rotor  helicopter.  Final¬ 
ly,  it  should  be  noted  that  the  analytical  model  is 
capable  of  representing  not  only  aeroelastic  and 
aeromechanical  problems  but  it  is  also  suitable  for 
investigating  rigid  body  stability  and  control 
problems  associated  with  these  types  of  vehicles. 
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Fig,  3  Equivalent  Spring  Restrained  Blade  Model 
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-  OUR  ANALYTICAL  RESULTS 

O  EXPERIMENT  (Ref.  9) 


n,  R.P.M. 


Fig.  4  Schematic  Diagram  of  Coupled  Rotor/Vehicle  Fig.  6  Regressing  Lag  Mode  Damping  as  a  Function 
Dynamic  Interactions  of  f2,6  =  0 


a.  R.P.M. 


Fig.  5 


Modal  Frequencies  as  a  Function  of  Q,  6=0 


I^SBXY  ~  ^  ^  -  1.74  X  10®  N/m 

^SBXY  =  1.20  ^2.192 


A  LOW  FREQUENCY  LEAD-LAG  2 

•  HIGH  FREQUENCY  LEAD-LAG  2 

♦  HIGH  FREQUENCY  LEAD-LAG  1 

A  SUPPORTING  STRUCTURE  BENDING 
IN  X-Y  PLANE  (HORIZONTAL) 

O  SUPPORTING  STRUCTURE  BENDING 
IN  X-2  PLANE  (VERTICAL) 


Fig.  7  Variation  of  Nondimens ional  Eigenvalues  of 
Blade  Lead-Lag  Modes  and  Supporting  Structure  Bend¬ 
ing  Modes  with  Increase  in  ^  1.499, 


COST  “  1.096,  =  6.44x10^  kg.m^,  I 

kg.m2,  BR  =  0.792,  =  0.00158) 


yy 


=  2.59x10^ 
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□  SUPPORTING  STRUCTURE  TORSION 

O  SUPPORTING  STRUCTURE  BENDING 
IN  X-2  PLANE  (VERTICAL) 

A  SUPPORTING  STRUCTURE  BENDING 
IN  X-Y  PLANE  (HORIZONTAL) 

■  HIGH  FREQUENCY  LEAD-LAG  1 

•  HIGH  FREQUENCY  LEAD-LAG  2 
A  LQW  FREQUENCY  LEAD-LAG  1 

•  LQW  FREQUENCY  LEAD-LAG  2 


Fig.  8  Variation  of  Nondimens ional  Eigenvalues 
of  Blade  Lead-Lag  Modes  and  Supporting  Structure 


Bending  Modes  with  Increase  in  ^^SBXY  ~  1*^99, 

^ST  “  1-096,  =  6.44x10^  kg.m^,  I  =  2.59x10^ 

kgtm2,  BR  =  0.792,  =  0.00158) 


A  COLLECTIVE  FLAP  1 
A  COLLECTIVE  FLAP  2 
•OBODY  PITCH 


■  COLLECTIVE  LEAD-LAG  1,  2 

•  SUPPORTING  STRUCTURE  TORSION 
o  LOW  FREQUENCY  LEAD-LAG  1 

•  LOW  FREQUENCY  LEAD-LAG  2 
A  HIGH  FREQUENCY  LEAD-LAG  1 

•  HIGH  FREQUENCY  LEAD-LAG  2 


Kst  =  1.59  X  10®  N.m  ~  3.99  x  10^  N.m 
COgT  =  0.4  ~  2.0 


-.15  -.10  -.05  0  .05  .10  .15 


(T 


lyy  =  2.59  X  10®  kg.m^~  4.75  x  10®  kg.m^ 


-0.7  -0.6  -0.2  -0.1  0 


A  -  B  Kgy  =  3.01  X  10®  ~  7.20  x  10®  N.m 
B  -  C  KgT  =  7.20  X  10®  ~  1.685  x  10^  N.m 
C  -  D  Kgy  =  1.685  X  10^  ~  3.10  x  10^  N.m 

Fig.  9  Variation  of  Nondimens ional  Eigenvalues  of 
Blade  Lead-Lag  Modes  and  Supporting  Structure  Tor¬ 
sion  Mode  with  Increase  in  Kc-t  (^sbXY  “  ^SBXZ  ” 
2.192,  Ixx  =  6.44x10^  kg. m2,  I  =  2.59xl0b  kg. m2, 
BR  =  0.792,  C.J  =  0.00158) 


Fig.  10  Variation  of  Nondimens ional  Eigenvalues 
of  Blade  Collective  Flap  Modes  and  Body  Pitch 


Mode  with  Increase  in  I  (^SBXY  "  ^SBXZ  “  2.192. 
=  1.754,  Ixx  =  2.0x106  kg.m^,  BR  =  0.792, 


=  0.00158) 
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•  BODY  ROLL 

o  LOW  FREQUENCY  LEAD-LAG  2 
I  =  6.44  X  10^  kg.m^  2.0  x  10®  kg.m^ 


(DO 


jO) 

0.8  - 

0.7  - 


-.005  -.004  -.001  0 

Fig.  11  Variation  of  Nondimensional  Eigenvalues 
of  Blade  Lead-Lag  Mode  and  Body  Roll  Mode  with 
Increase  in  I^^  (WgBXY  =  “SBXZ  =  2.192,  Sgx  = 

1.754,  I  =  2.59x10®  kg.m^.BR  =  0.792,  = 

0.00158)^^ 


•  BENDING  IN  X-Y  PLANE  (HORIZONTAL) 
O  BENDING  IN  X-Z  PLANE  (VERTICAL) 

O  TORSION 


-2.0  -1.5  -1.0  -0.5  0 


X  10-2 

Fig.  12  Variation  of  Nondimensional  Eigenvalues  of 
the  Supporting  Structure  Elastic  Modes  with  De¬ 
crease  in  Buoyancy  Ratio,  BR  =  0.792,  0.7,  0.6,  0.5 
^‘^SBXY  ~  *^SBXZ  ~  2.192,  =  1.754,  lyy  =  4.73x10^ 

kg. m2,  =  2.0x10^  kg. m2) 


Fig.  13  Variation  of  Nondimensional  Eigenvalues 
in  (a)  Body  Pitch  and  (b)  Body  Roll  Modes  with 
Decrease  in  Buoyancy  Ratio,  BR  =  0.792,  0.7,  0.6, 
0.5  (wgsXY  ^BXZ  ^  2.192,  =  1.754,  = 

4.75x10®  Icg.m^,  =  2.0x10®  kg.m^) 
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Modes 

Lead-lag  Modes 

Flap  Modes 

High 

f reauencv 

Collective 

frequency 

Low 

frequency 

High 

frequency 

Collective 

frequency 

1 

B 

1 

2 

2 

Supporting  structure 
symmetric  bending  in 
x-y  (horizontal)  plane 

■ 

XXX 

■ 

1 

XX 

■ 

1 

■ 

■ 

■ 

■ 

Supporting  structure 
symmetric  bending  in 
x-z  (vertical)  plane 

XXX 

1 

X 

■ 

XX 

■ 

■ 

■ 

X 

■ 

■ 

■ 

Supporting  structure 
torsion  (antisymmetric) 

XXX 

■ 

■ 

XXX 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

Body  pitch 

X 

X 

_ 

X 

X 

■ 

Body  roll 

X 

XX 

Legend: 

XXX  =  Strongly  coupled 
XX  =  Moderately  coupled 
X  =  Weakly  coupled 

TABLE  I  COUPLING  BETWEEN  VARIOUS  BODY  MODES  AND  BLADE  MODES 


Buoyancy 

Ratio 

BR 

o 

CD 

^0 

^0 

o 

-e- 

X 

0.792 

A. 206° 

2.302° 

-3.963° 

-0.115° 

0.03272 

.00158 

0.7 

5.243° 

3.209° 

-5.074° 

-0.161° 

0.03820 

.00228 

0.6 

6.259° 

A. 179° 

-6.453° 

-0.236° 

0.04313 

.00304 

0.5 

7.207° 

5.1A2° 

1  -7.994° 

i 

-0.352° 

'  0.04743 

.00380 

^ST  ”  ^ 

‘‘^SBXY  “SBXZ 

2.192,  I  = 

yy 

=  A.7A  X  10^ 

kg.m^,  I 

XX 

=  2.0  X  10^  kg.m^ 

TABLE  II  EQUILIBRIUM  VALUES  AT  DIFFERENT  BUOYANCY  RATIOS 


Appendix  A 

Mass/unit  length  of  the 

blade  m 

7.9529  kg/m 

Blade  data 

The  HHLA  model  (Fig.  2)  has  identical 
Type  of  rotor:  Articulated  rotor 

rotors. 

Principal  mass  moment  of 
of  the  blade/unit  length 

inertia 

1 . 1503xl0”^kg.m 

Number  of  blades  N 

Blade  chord  c  =  2b 

4 

41.654  cm 

Aerodynamic  data 

^MB2 

6.6723xl0”\g.m 

Hinge  offset  e 

30.48  cm 

Blade  airfoil 

NACA  0012 

Rotor  radius  R 

8.6868  m 

Lift  curve  slope 

a 
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Blade  precone  3^ 

0 

Lock  number 

Y 

10.9 

Distance  between  elastic  center  and 
aerodynamic  center 

Solidity  ratio 

a 

0.0622 

0 

Density  of  air 

Pa 

1,2256  kg/m^ 

Distance  between  elastic  center  and 
mass  center  Xj 

0 

Blade  profile  drag 
coefficient 

■^dO 

0.01 
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Rotor  R.P.M. 

Nonrotatln^  blade  frequencies 
(Articulated  blade) 


217.79  R.P.M. 


Flap  frequency 


Lead-lag  frequency 


Torsional  frequency 


Damping  in  flap 
Damping  in  lead -lag 


Damping  in  torsion 


Vehicle  data 


Weight  of  fuselage  F^ 

Weight  of  fuselage  F2 

Weight  of  underslung 
load 


0)  =  (-^)^  0 
^  mR^ 

(0,  =  (-^)^  0 

^  mR-^ 


00^  (Assumed)  1.895 

mR"^  rad /sec 


3,5919  X  10  N 


3,5919  X  10  N 


Structural  Dynamic  Properties  of  the  Supporting 
Structure 

The  supporting  structure  is  modelled  as  an 
elastic  structure  with  three  normal  modes  of  vibra¬ 
tion:  two  normal  modes  for  bending  in  vertical 

and  in  horizontal  plane  and  one  mode  for  torsion. 
The  two  bending  modes  are  symmetric  modes  and  the 
torsion  is  an  anti-symmetric  mode.  It  was  assumed 
that  the  envelope  and  the  underslung  load  are 
attached  to  the  supporting  structure  at  the  origin 
Og.  The  data  given  above  shows  that  the  vehicle 
is  symmetric  about  Y-Z  plane.  Furthermore  due  to 
the  presence  of  a  heavy  mass  attached  at  the  center 
(Og)  of  the  supporting  structure,  the  mode  shapes 
in  bending  and  torsion  for  each  half  of  the  model 
are  assumed  to  be  the  modes  of  a  cantilever  with 
a  tip  mass. 

Modal  Displacement  at  F|,  F2  and  Og 

The  symmetric  mode  shape  in  bending  for  each 
half  of  the  supporting  structure  can  be  written  as 
[Ref.  11,  Page  1401 

t1i(^)  =  6(-)  -4(-)  +  (-) 

(Bending  in  X-Y  plane) 


Weight  of  envelope  F 

Weight  of  supporting 
structure  V 

Weight  of  passenger 
compartment  V 

(Treated  as  a  lumped 
structural  load  attached 
at  the  point  Og  on  the 
structure  (Fig.  2) 

Buoyancy  on  the 
envelope  I 


^.5539  X  10  N 


9.4302  X  10  N 


6.6723  X  10  N 


/  X  s  .  /  X  .2 
n2  (  L  )  =  6  (  L  > 


4  (f  )n  (f 

(Bending  in  X-Z  plane) 


1.3748  X  10  N 


where  X  is  the  coordinate  of  any  section  of  the 
supporting  structure  from  origin  Og  and  L  is  the 
length  of  the  supporting  structure,  L  =  21.946m. 
The  mode  shape  for  torsion,  for  each  half  of  the 
supporting  structure  is  [Ref.  11,  Page  99] 

^‘3  L  )  2  ^  L  ^ 

Generalized  mass  and  stiffness  data 


Geometric  data 


Distance  between  origin 
Og  and  Fi  Hp 

Distance  between  origin 
Og  and  F2 


-21.946m 


21.946m 


Generalized  mass  and  generalized  stiffness 
for  the  i^^  mode  of  vibration  of  the  supporting 
structure  is  defined  as 


-F2 

M  =  I  m 


Distance  between  origin 
Og  and  under slung  load 
(Assumed)  h.^ 

Distance  between  center- 
line  and  rotor  hub  h^ 


-15.24m 


2.591m 


K  =  CO.  M 


where  co^  is  the  i  modal  frequency 
r\ .  is  the  i^^  mode  shape 


Distance  between  center- 
line  and  center  of  volume 
of  envelope  h^ 


and  m  is  the  mass  per  unit  length  (for  bending 
modes),  or  m  is  the  mass  mopient  of  inertia  per 
unit  length  (for  torsion  modes). 


Distance  between  center- 
line  and  C.G.  of  the 
envelope  h^ 

Distance  between  origin 
Og  and  C.G.  of  the 
structure  hr 


Bending  in  x~y  plane  (horizontal)  ^ 

generalized  mass  6.801  x  10  kg 

bBXY 

Bending  in  x-z  plane  (vertical)  ^ 

generalized  mass  M  6.801  x  10  kg 


Torsion 

generalized  mass 


1.936  X  10  kg.m" 


An  equilibrium  analysis  is  carried  for  the 
vehicle  in  hover,  using  the  data  given  in  Appendix 

A. 

Total  weight  of  the  vehicle 

”  =  ”eN  "f1  ”f2  ”s’  “uN 

=  8.5539  X  10^  +  .9430  x  lo'^'  +  2  x  3.5919  x  10^ 

+  .6672  X  10^  +  0 

=  1.7348  X  10^  N 

s  5 

Buoyancy  of  the  envelope  =  1.3748  x  10  N 
Weight  to  be  supported  by  the  rotors  =  0,36  x  10^  N 

Thus  each  rotor  has  to  develop  a  thrust  = 

0.18  X  10^  N 

Since  the  two  rotors  are  identical  and  the  model 
vehicle  has  a  symmetry  about  y-z  plane,  the 
equilibrium  values  for  both  rotor  systems  are 
identical.  They  are: 

Equilibrium 

Flap  angle  of  the  blade  3q  ==  2.302  degrees 


Lead -lag  angle 


Cq  =  -3.963  degrees 


Torsion  angle 


-0,115  degrees 


Inflow  ratio 


X  =  0.03272 


Collective  pitch  angle  of  the  blade 


=  4,206  degrees 


rhrust  coefficient  for  each  rotor 


=  0.00158 


Buoyancy  ratio 


BR  =  0,792 
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UNSTEADY  AERODYNAMICS  IN  TIME  AND  FREQUENCY  DOMAINS  FOR 


FINITE  TIME  ARBITRARY  MOTION  OF  ROTARY  WINGS  IN 


HOVER  AND  FORWARD  FLIGHT 


M.A.H.  Dinyavari  and  P.P.  Friedmann 
Mechanics  and  Structures  Department 
School  of  Engineering  and  Applied  Science 
University  of  California 
Los  Angeles,  California  90024,  U.S.A. 


Abstract 

Several  incompressible  finite-time  arbitrary- 
motion  airfoil  theories  suitable  for  coupled  flap- 
lag-torsional  aeroelastic  analysis  of  helicopter 
rotors  in  hover  and  forward  flight  are  derived. 

These  theories  include  generalized  Greenberg’s 
theory,  generalized  Loewy’s  theory,  and  a  staggered 
cascade  theory.  The  generalized  Greenberg’s  and 
staggered  cascade  theories  were  derived  directly 
in  Laplace  domain  considering  the  finite  length 
of  the  wake  and  using  operational  methods.  The 
load  expressions  are  presented  in  Laplace,  frequen¬ 
cy,  and  time  domains.  Approximate  time  domain  loads 
for  the  various  generalized  theories,  discussed 
in  the  paper,  are  obtained  by  developing  finite 
state  models  using  the  Fade  approximant  of  the 
appropriate  lift  deficiency  functions.  Three  dif¬ 
ferent  methods  for  constructing  Fade  approximants 
of  the  lift  deficiency  functions  were  considered 
and  the  more  flexible  one  was  used.  Fade  approxi¬ 
mants  of  Loewy’s  lift  deficiency  function,  for 
various  wake  spacing  and  radial  location  parameters 
of  a  helicopter  typical  rotor  blade  section,  are 
presented . 


(e  ,e  ,e  ) 
X  y  z 


(e’,e\e’) 
x’  y  z 


.a" 

(e  ,e  ,e  ) 
x’  y’  z 


(F,G),(F’,G’) 

(F”,G") 


=  cascade  wake  model  lift  deficiency 
function  in  the  Laplace  and 
frequency  domains 

=  rotor  thrust  coefficient 

=  offset  of  the  elastic  blade  root 
from  the  rotor  axis  of  rotation 

=  triad  of  undeformed  preconed 

rotating  blade  unit  vectors  (Figs. 
4  and  5) 

=  triad  of  deformed  blade  section 
unit  vectors,  coincident  with 
(e  ,e  ,e  )  prior  to  deformation 
(F^g.^S)^ 

=  triad  of  untwisted  deformed  blade 
section  unit  vectors  obtained  by 
rotating  (e  ,e  ,e  )  by  the  amount 
-4)  (Fig.  ^  ^ 

=  real  and  imaginary  parts  of  C, 

C’,  and  C",  respectively 


C(k)  ,C(i) 


Nomenclature 

=  constants  defined  by  Eq.  14 

=  incompressible  two  dimensional 
lift  curve  slope 

=  coefficients  in  the  numerator  of 
the  Dowell’s  form  of  approxima¬ 
tion  for  the  lift  deficiency 
funct ion 

=  cross  sectional  elastic  center 
(E.C.)  offset  from  midchord 

=  time  constants  in  the  Dovzell’s 
form  of  rational  approximation 
(coefficients  in  the  denominator) 

=  blade  semi-chord  bR=bR/£ 

=  Theodorsen's  lift  deficiency 
function  and  its  generalized 
form 


F(s:n,m,Tj^^Tj^^)  = 


(k) 


h ,  h  ,  h ,  h 
’  e’  ’  e 


a  family  of  double  integrals  de¬ 
fined  by  Eq.  22b 

Hankel  function  of  the  second 

kind  of  order  n:  iY_ 

n  n  n 

vertical  displacement  of  elastic 
center  for  the  airfoil,  positive 
downward 

amplitude  of  Ah(t)  in  the  simple- 
harmonic  motion  case 

vertical  wake  spacing  beneath  the 
the  rotor  in  Loewy’s  model  for 
single  and  multi-bladed  rotors; 

vertical  wake  spacing  beneath  the 

rotor, cascade  wake  model  theory 

for  single  and  multi-bladed  rotors; 

H*=li  H  =h^ 

»  e  e 


C ' (k,m^,h^) 

C ' (i,ir^,sEg) 


=  Loev7>"'s  lift  deficiency  function 
and  its  generalized  form 


=  unit  vectors  in  the  directions  of 
the  rotating  blade-fixed  coordin¬ 
ate  system 
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modified  Bessel  function  of  the 
first  kind  of  order  n 

a  family  of  double  integrals 
associated  with  the  numerator 
and  denominator  of  cascade 
wake  model  lift  deficiency 
function  defined  by  Eqs.  (23b) 
and  (23c) 

Bessel  function  of  the  first 
kind  of  order  n 


r,r  ,r,r 
’  e’  ’  e 


=  radial  station  for  the  blade 
section;  r  -  r/Q,  (“)  - 
(  )/bR  ® 

=  Laplace  transform  variable: 
s  =  (sbR/U^Q) 

=  time  required  for  a  fluid 
particle  to  travel  one  wake 
spacing  with  the  mean  oncoming 
flow  velocity  U-joJ 


modified  Bessel  function  of 
the  second  kind  of  order  n 


(")  =  (  )/T  (Note: 

and  T„  =  R®') 

He  e 


l'(t)  ,L^(t)  ,L^^(t) 


^Ce’^NCe 


^Ce’^Ce 


reduced  frequency;  k=a}bR/U,jQ 

length  of  the  elastic  part  of 
the  blade 


total,  circulatory,  and  non- 
circulatory  components  of  lift 

nondimens ional  circulatory  and 
noncirculatory  components  of 
the  lift  per  unit  rotor  blade 
length  in  e"  direction  for  the 
equilibrium  and  perturbation 
states; 

(“)  =  (  )/Ia^PA(bR)(f2J!,)^] 

total,  circulatory  and  non¬ 
circulatory  components  of 
moment 


=  nondimens ional  circulatory  and 
noncirculatory  components  of 
the  moment  per  unit  rotor 

/Nn 

blade  length  in  direction  e^ 
for  the  perturbation  and 
equilibrium  states; 

(-)  =  (  )/[a.p^(bR)2(n£)2] 

=  frequency  ratio:  m=a)/f^,  m^  = 
oo/f2Q  (collective  mode) 


number  of  wake  layers  beneath 
the  rotor  included  in  the  cas¬ 
cade  wake  model  lift  de¬ 
ficiency  function 


T  T  T  T 
R’  Re’^R’  Re 


U^(t),Up(t) 


time  required  for  a  fluid  partis 
cle  to  travel  the  distance  be¬ 
tween  identical  airfoils  on 
consecutive  blades  with  the 
mean  oncoming  flow  velocity  U.j.q; 
Tr  =  2'iTr/U.pQ,  Tr^ 
airr/UxoQ.  and  (”)  =  (  )/Tg^ 

time  required  for  a  fluid  parti¬ 
cle  to  travel  the  semichord 
length  bR  with  the  mean  oncom¬ 
ing  velocity  =  bR/U^^ 


n  II  It 

u  ,u  ,u 

x’  y’  2 

II  _!l  II 

u  ,u  ,u 

X  y  z 


u"  ,U"  ,  AU"(1|;), 
ye’  ze’  y ’ 

AU^ip) 


freestream  velocity  in  x*,  and 
negative  z*  directions  respect¬ 
ively;  U  (t)  =  U^^+AU  (t), 

=  5po+AUp(ty 

amplitude  of  AU  (t)  for  the  case 
of  simple  harmoRic  motion 

components  of  blade  cross  sect¬ 
ion  elastic  center  velocity 
vector  relative  to  air  in 
e",  and  directions;  (  )  = 

(A/% 

equilibrium  and  perturbation 
components  of  and 


=  blade  displacement  components 
in  x^,  yQ,  and  zq  direction 
(see'^Fig.  5);  C)  =  (  )/i 


number  of  poles  in  the  Fade 
approximant  of  the  lift  de¬ 
ficiency  function 


Au(4j)  ,Av(\|/)  ,Aw(4') 


nondimens ional  blade  displace¬ 
ment  components  for  the  equil¬ 
ibrium  and  perturbation  states 


P  P  P  P 
^F*  L’  P’  if 


nondimens ional  complex  fre¬ 
quencies  in  flap,  lag,  torsion, 
and  unsteady  inflow  for  the 
decaying  stable  or  increasing 
blade  motion;  (“)  =  i  )/9- 


Avq.Awq 


the  complex  amplitude  of  the 
perturbation  lead-lag  and  flap 
displacements  for  the  case  of 
decaying,  stable  or  increasing 
oscillations 


Q(t) ,Q(s) 


>QgjAQ(\[;) 


downwash  velocity  at  the  3/4 
chord  point;  Q(s)  =  [Q(t)] 

number  of  blades 

nondimens ional  3/4-chord  point 
downwash  velocity  of  blade 
sections  in  the  negative  e 
direction;  (  )  =  ( 


W(khg,mg)^ 

W(shg,srg) 


Loewy's  wake  weighting  function 
and  its  generalized  form 

coordinate  axes  in  Joukowski’s 
plane  (Fig.  2) 

coordinate  axes  in  plane  of 
airfoil  (Fig.  1) 


=  blade  radius;  R  =  (R/^) 
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=  location  of  trailing  edge  of  the 
wake  behind  the  reference  air¬ 
foil  at  time  t  =  T  (Figs. 2  &  15) 


location  of  trailing  edge  of  wake 
behind  the  n-th  imaginary  air¬ 
foil  below  the  reference  air¬ 
foil  at  time  t  =  T  in  the  cas¬ 
cade  wake  model  theory  (Fig,  15) 


X2(>t'),Xi^,X2e’ 


the  augmented  aerodynamic  state 
variables;  X,  =  (fl/S.)  (X^ ) ,  X„  = 

(i/i)(xp 


x^,x^  =  blade  actual  cross  sectional 

aerodynamic  center  (A.C.)  off¬ 
set  from  elastic  center  (E.C.), 
positive  for  A.C.  in  front  of 
E.C.;  (x^)  =  (x^)/bR 

Y  (  )  =  Bessel  function  of  second  kind 

^  of  n^^  order 

a(t) ,aQ,Aa( t)  =  time  variant  angle  of  incidence 

of  the  airfoil  around  the  elas¬ 
tic  center,  measured  clockwise 
from  the  horizontal  x*  axis 
(Fig.  1);  a(t)  =  aQ+Aa(t) 

Aot^  =  amplitude  of  Aa(t)  for  the  case 

of  simple  harmonic  motion 

3  =  precone  angle  of  the  blade 


bound  vortex  strength  distri¬ 
bution,  positive  clockwise 


Euler constant 


wake  vortex  strength  distri¬ 
bution  behind  the  airfoil  at 
time  t  =  T,  positive  clockwise 


T^(t’) 


trailing  edge  vortex  strength 
shed  at  time  t  =  T* 


total  geometric  pitch  angle 
about  feathering  axis  for  the 
blade  cross  section  (Fig.  5) 


A,X^,AA  (ip) 


inflow  ratio  and  its  equilibrium 
and  perturbation  components 


complex  amplitude  of  pertur¬ 
bation  inflow  for  decaying, 
stable  or  increasing  motion 

the  eigenvalues  of  the  system  of 
differential  equations  for 
augmented  states  (Eq.  13) 


C*(t ' ,t) 


location  of  the  vortex  which 
was  shed  at  time  t  =  t^  ob¬ 
served  at  time  t  =  T 


=  air  density 

=  a  number  determining  the  magni¬ 
tude  of  stream  fluctuations  for 
the  case  of  simple  harmonic 
motion 


4),(i)^,Acf)(i|;) 


torsional  elastic  deflection  of 
the  blade  about  the  elastic 


A(})q  =  amplitude  of  A4)(\|;)  for  the  case 

of  simple  harmonic  motion 

ip  -  azimuth  angle  of  blade  from 

straight  aft  position:  ij;  =  fit 

fl  “  rotor  speed  of  rotation 

^a’^h’^v*^if  ^  frequency  of  steady  state  simple 

harmonic  oscillations  in  pitch 
and  plunge  motions  and  oncoming 
and  inflow  velocities,  respect¬ 
ively 

(■)  or  (  )■  =  3/3t 


(*) 

I 

(  ) 


=  9/9i|;  =  9/f29t 
=  9/9(Xq) 

=  Laplace  transform  operator 


1.  Introduction  and  Problem  Statement 


Modeling  of  unsteady  aerodynamic  loads  required 
for  rotary  aeroelastic  analysis  presents  major 
challenges  to  the  analyst.  When  dealing  with  this 
complex  problem  a  wide  array  of  assumptions  can  be 
made  which  lead  to  a  variety  of  models,  starting 
with  simple  and  computationally  efficient  models 
and  culminating  in  computationally  expensive  models 
which  are  capable  of  simulating  the  more  intricate 
details  of  the  unsteady  flow.  Most  rotary-wing 
aeroelastic  analyses  use  unsteady  or  quasisteady 
two  dimensional  aerodynamic  theories  and  neglect 
three  dimensional  effects  except  near  the  blade 
tips  where  these  effects  are  important.  All  un¬ 
steady  aerodynamic  expressions  used  in  theories 
which  have  closed  form  analytical  solutions  are 
based  on  the  assumption  of  simple  harmonic  motion. 

In  this  study,  such  theories  will  be  referred  to  as 
frequency  domain  theories. 

A  brief  summary  of  frequency  domain  type  theor¬ 
ies  developed  for  either  fixed  wing  or  rotary  wing 
applications  is  provided  here  for  convenience: 
Theodorsen^s  incompressible  fixed-wing  theory^; 
Greenberg's  theory  which  extends  Theodorsen's 
theory  to  account  for  pulsating  velocity  and  con¬ 
stant  angle  of  attack^  and  its  modification  by 
Kottapalli  and  Pierce^;  Loewy's  rotary  wing  theory 
for  hover  which  accounts  approximately  for  the  ef¬ 
fects  of  the  returning  wake^>^;  Jones  and  Rao ' s 
theory^  and  Hammond  and  Pierce's  theory^  which  are 
extensions  of  Loex^y's  theory  accounting  for  effects 
of  compressibility;  Friedmann  and  Yuan's  modifi¬ 
cation  of  these  strip  theories  accounting  for  fully 
coupled  flap-lag-torsional  dynamics^;  and  Shipman 
and  Wood's  theory^  which  attempts  to  account  for 
forward  flight  and  certain  returning  wake  effects 
in  an  approximate  manner. 

An  important  shortcoming  of  these  theories  is 
that  they  are  suitable  only  for  determining  stabil¬ 
ity  boundaries  in  aeroelastic  problems,  since  the 
assumption  of  simple  harmonic  motion  holds  only  at 
the  stability  boundary.  Thus  standard  stability 
analysis  techniques  such  as  the  root  locus  method 
cannot  be  used  in  conjunction  with  these  theories 
and  special  techniques  representing  variations  on 
the  well  knoxNHi  V-g  method  have  to  be  used. 

The  prevalence  of  frequency  domain  theories 
can  be  attributed  to  two  reasons:  (1)  Exact  closed- 
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form  solutions  for  aerodynamic  pressure  distribut¬ 
ions  and  loads  do  not  exist  in  terms  of  familiar 
mathematical  functions,  unless  the  motion  of  air¬ 
foil  is  restricted  to  steady  state  simple  harmonic 
form.  (2)  Historically  the  earlier  attempts  to  deal 
with  arbitrary  motion  encountered  some  computational 
difficulties  due  to  a  mathematical  error  in  analyti¬ 
cal  continuation  of  certain  Bessel  functions.  It 
should  be  emphasized  that  in  this  paper  the  term 
arbitrary  motion  is  used  to  denote  growing  or  de¬ 
caying  oscillations  with  a  certain  frequency. 
Edwards^^  circumvented  these  difficulties  for  the 
case  of  a  two-dimensional  airfoil  oscillating  in 
incompressible  flow.  The  most  serious  objection 
to  the  previous  attempts  to  directly  generalize 
the  Theodorsen’s  lift  deficiency  function  has  been 
that  Theodorsen*s  wake  model  extends  to  infinity 
behind  the  airfoil  and  is  not  directly  applicable 
to  finite-time  arbitrary  motion.  Sears^l  had 
previously  applied  operational  techniques  to  a 
finite  wake  model,  due  to  evolution  of  the  motion, 
to  solve  the  Wagner  indicial  lift  problem.  However 
the  generality  of  this  formulation  was  left  un¬ 
recognized  for  over  three  decades.  Edwards  recog¬ 
nized  the  generality  of  this  derivation  and  showed 
that  the  generalized  Theodorsen^s  lift  deficiency 
function  acts  as  a  Laplace  domain  operator  between 
the  Laplace  transforms  of  the  circulatory  loads  and 
the  3/4~chord  downwash  velocity,  for  any  arbitrary 
finite  time  motion.  Rock^^  presented  the  experi¬ 
mental  verification  of  arbitrary-motion  incompress¬ 
ible  aerodynamic  theories  of  the  type  developed  by 
Edwards  by  comparing  analytically  obtained  aeroelas- 
tic  root  loci  with  experimentally  identified  ones. 
Due  to  the  use  of  a  small  wind  tunnel  for  testing. 
Rock  was  forced  to  generalize  Timman’s  Theory^ ^  to 
arbitrary  motions  by  replacing  the  reduced  frequency 
(ik)  by  the  Laplace,  transform  variable  (s) . 

There  are  a  number  of  aeroelastic  stability  and 
response  calculations  where  it  is  convenient  and 
important  to  be  able  to  model  arbitrary  motions  in 
both  Laplace  and  time  domains.  Some  typical  ex¬ 
amples  for  such  cases  are:  1)  Aeroelastic  systems 
with  geometric  nonlinearities,  which  are  typical 
of  many  rotary-wing  applications.  2)  Rotary-wing 
aeroelastic  problems  in  forward  flight,  where  time 
domain  unsteady  aerodynamics  are  much  more  conven¬ 
ient  to  use  due  to  the  presence  of  periodic  coef¬ 
ficients  in  the  equations  of  motion.  3)  Simulation 
of  subcritical  flutter  testing  of  rotors  where  the 
determination  of  damping  levels  is  important  be¬ 
fore  actual  flutter  boundaries  are  encountered. 

4)  Calculation  of  aerodynamic  loads  in  the  sub¬ 
stall  regions  of  rotor  blades  which  undergo  dynamic 
stall  in  a  certain  portion  of  their  periodic  motion. 

5)  Treatment  of  rotary-wing  aeroelastic  systems 
with  feedback  control  systems,  such  as  higher 
harmonic  controls  in  helicopters.  Despite  these 
needs,  to  this  date  there  is  a  lack  of  unsteady 
strip  theories  which  have  the  capability  for 
arbitrary  motion  modeling  intended  for  rotary-wing 
applications. 

The  primary  objective  of  this  paper  is  to 
present  several  incompressible  finite-time  arbi¬ 
trary-motion  airfoil  theories  suitable  for  coupled 
flap-lag-torsional  aeroelastic  analysis  of  rotary 
wings  in  hover  and  forward  flight.  An  important 
attribute  of  these  theories  is  their  validity  for 
subcritical  as  well  as  supercritical  conditions. 
These  theories  can  be  applied  to  the  development 
of  augmented  state  (finite  state)  aeroelastic  models 
for  rotary-wing  problems. 


Two  types  of  theories  are  considered  in  this 
study;  theories  which  ignore  the  effect  of  return¬ 
ing  wake  beneath  the  rotor  and  theories  which  in¬ 
clude  this  effect.  It  is  well  known  that  depend¬ 
ing  on  rotor  loading  and  flight  conditions  the 
returning  wake  effects  can  be  either  very  important 
or  they  can  be  less  important. 

In  the  first  part  of  the  paper,  Greenberg's 
theory  is  extended  to  arbitrary  motion  in  both  the 
Laplace  and  time  domains,  for  both  hover  and  for¬ 
ward  flight.  An  example  illustrating  the  appli¬ 
cation  of  this  theory  to  the  calculation  of  the 
unsteady  lift  and  moment  on  a  typical  blade  cross 
section  undergoing  coupled  flap-lag-torsional 
motion  is  presented. 

Next,  two  separate  theories  representing  ex¬ 
tensions  of  Loewy's  theory  (which  includes  the 
effects  of  the  returning  wake) ,  for  the  case  of 
arbitrary  motions  are  also  presented.  Different 
Fade  approximants  for  the  unsteady  loads  are 
obtained,  and  numerical  results  showing  the  accuracy 
of  various  approximations  are  given. 

The  detailed  derivations  of  these  theories  are 
not  presented  here,  due  to  their  length.  However, 
the  final  detailed  expressions  obtained  from  these 
theories  are  presented,  for  the  unsteady  loads 
with  and  without  the  effects  of  the  returning  wake 
for  both  decaying  and  growing  oscillations. 

It  is  envisioned  that  the  arbitrary-motion 
unsteady  aerodynamic  theories  presented  in  this 
paper  will  make  a  useful  contribution  towards 
improving  the  state-of-the-art  in  unsteady  aero¬ 
dynamic  modeling  for  rotary-wing  applications. 

2.  Arbitrary  Motion  Unsteady  Airfoil  Theory, 
Without  Returning  Wake  Effects,  for  Rotary- 
Wing  Applications 

2.1  Extension  of  Greenberg's  Theory  to  Arbitrary 

Motion 

Greenberg's  theory^  has  received  considerable 
attention  in  rotary-wing  aeroelasticity  in  recent 
years^’^ > ,  This  theory  models  approximately 
the  effect  of  time-varying  free  stream  velocity, 
resulting  either  from  lead-lag  motion  or  the 
forward  flight  speed,  and  nonzero  steady  state 
angle  of  incidence.  Subsequently  Greenberg's  theory 
was  modified  by  Friedmann  and  Yuan®»^^  to  incor¬ 
porate  returning  wake  effects  and  constant  inflow 
at  the  blade  section.  This  was  simply  achieved 
by  replacing  Theodorsen's  lift  deficiency  function 
in  Greenberg's  expressions  for  lift  and  moment  by 
Loewy's  modified  lift  deficiency  function,  and  by 
incorporating  in  the  downwash  velocity  expression 
with  the  appropriate  inflow  velocity. 

In  this  study  an  approach  similar  to  that  used 
by  Edwards^ to  generalize  Theodorsen's  theory^, 
is  applied  to  Greenberg's  theory.  Expressions 
for  the  calculation  of  unsteady  lift  and  moment  of 
an  airfoil  undergoing  arbitrary  plunge  and  pitch 
motion  about  a  steady  pitch  angle  in  presence  of 
time-varying  oncoming  velocity  and  variable  inflow 
are  obtained.  The  aerodynamic  loads  are  derived 
in  Laplace,  frequency,  and  time  domains.  The  time- 
varying  oncoming  velocity  allows  for  modeling 
streamwise  blade  motion  as  well  as  time  variation 
of  velocity  due  to  forward  flight.  Similar  to 
Greenberg's  theory,  the  flow  is  assumed  to  be  two- 
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dimensional,  incompressible,  and  irrotat ional .  In  concept  is  illustrated  in  Figs.  2-3,  The  imposit- 

addition,  the  disturbances  due  to  airfoil  motion  ion  of  Kutta  condition  yields  a  singular  integral 

and  the  free-stream  fluctuations  are  assumed  to  be  equation  over  the  finite  wake  length  of  the  shed 

small.  vortices  in  terms  of  wake  vortex  strength 


The  geometry  of  motion  of  a  typical  airfoil  is 
illustrated  in  Fig.  1.  The  unsteady  aerodynamic 
problem  is  linear,  thus  the  solution  may  be  obtained 
as  the  superposition  of  mean-camber  line  and  thick¬ 
ness  problems.  Due  to  symmetry  the  thickness 
problem  can  not  provide  any  lift  or  moment, 
hence  it  is  not  discussed.  Furthermore, 
the  camber-line  problem  can  be  also  separated 
into  two  problems;  namely,  (1)  a  flat  plate 
in  motion  about  a  non-zero  incidence  angle, 
representing  a  symmetric  airfoil,  and  (2) 
a  stationary  cambered  airfoil  with  zero  thickness 
at  zero  incidence. 

Due  to  its  length,  the  complete  mathematical 
derivation  of  the  expressions  for  the  unsteady 
lift  and  moment  is  not  presented  in  this  paper. 

Only  the  essential  elements  of  the  derivation  are 
outlined  here,  and  some  of  the  more  important 
equations  are  presented.  The  complete  mathematical 
details  and  the  lengthy  equations  are  presented  in 
Ref.  29. 

The  governing  equations  for  this  problem  con¬ 
sist  of  the  boundary  conditions  of  zero  disturbance 
upstream  at  infinity,  tangent  velocity  over  the 
airfoil,  Kutta  condition  at  the  trailing  edge,  zero 
pressure  discontinuity  on  the  wake,  and  the  con¬ 
dition  of  conservation  of  circulation.  The  solution 
is  obtained  from  the  combination  of  two  contribut¬ 
ions  representing  circulatory  and  noncirculatory 
flows,  respectively.  The  noncirculatory  portion  of 
the  flow  is  obtained  by  placing  an  appropriate 
distribution  of  sources  and  sinks  on  the  upper  and 
lower  surfaces  of  the  airfoil  so  that  the  tangent- 
flow  boundary  condition  is  satisfied  at  every 
instant  of  time.  The  expressions  for  the  noncir¬ 
culatory  loads  in  the  time  domain  for  any  arbitrary 
motion  are  given  by 

Ljj^(t)  =  p^1T(bR)^{[Ah(t)-Up(t)  ]'+U^(t)Aa(c)  + 


f' 

TTbR  J,, 


Yj^(5,T)d?  =  Q(t)  (2a) 


Q(t)  =  U  (t)[aQ+Aa(t)]+[Ah(t)-D  (t) ]+bR(%-a) Aa(t) 

(2b) 

The  circulatory  lift  and  moment  in  terms  of  the 
wake  vortex  distribution  are  given  by 


Lc(T)  =  -  U^(T) 


*2  2 
C  -(bR)^ 


:I,(5,T)d5 


Mc(T)  =  P^(bR)U^(T)  J  [h  J 

bR  ^  -bR 


*2  2 
C  -(bR)^ 


(C  .T)  d?  (3b) 


The  condition  of  zero  pressure  discontinuity  across 
the  wake  requires  the  vortices  shed  at  the  trailing 
edge  to  travel  downstream  with  the  freestream 
velocity 


U^(t’) 


where  ^  is  the  position  of  a  vortex  shed  at  time 
t  as  a  function  of  time  t  and  can  be  expressed  in 
terras  of  the  oncoming  velocity  as 


C  (t’,T)  =  bR  +  J  ^  U^(t)dt 


+  U^(t) [a^+AaCt) ]  -  abRAa(t)}  (la) 

Mj^^(t)  =  p^7r(bR)^{(i-!l)U^(t)Aa(t)+i[Ah(t)-Up(t)]  ‘ 

+  aU^(t)  [aQ+Aa(t)  ]-bR(  +  a^)Aa(t)}  (lb) 

It  should  be  noted  that  the  portion  of  the  moment 
which  cancels  out  between  noncirculatory  and  cir¬ 
culatory  parts  is  left  out.  The  above  expressions 
can  readily  be  converted  to  the  frequency  and  La¬ 
place  domains. 

To  satisfy  the  Kutta  condition  a  circulatory 
flow  must  be  added.  A  pattern  of  vortices  is 
placed  on  the  segment  of  the  wake  which  has  been 
influenced  by  the  shed  vortices  since  the  beginning 
of  the  motion.  In  addition  bound  vortices  which 
are  images  of  the  wake  vortices  are  placed  on  the 
airfoil.  The  bound  vortices  are  located  so  that 
the  normal  velocity  on  the  airfoil  due  to  circula¬ 
tory  jflow  is  zero  at  every  instant  of  time,  hence 
the  tangent-flow  boundary  condition,  already  satis¬ 
fied  by  noncirculatory  flow,  remains  valid.  This 


Using  the  exact  do^mstream  velocity  of  shed  vortic¬ 
es,  but  assuming  a  mean  value  for  their'  position, 
yields 

r(t\T)  =  bR  +  (T-t^)  (4c) 

A  change  of  variable  from  position  along  the  wake 
to  the  time  variable  can  be  introduced.  Using  this 
change  of  variable,  the  integral  equation  of  down- 
wash  (Eq.  2a)  and  the  circulatory  lift  and  moment 
expressions  (Eqs.  3)  can  be  transformed  into  con¬ 
volution  form.  Application  of  Laplace  transformat¬ 
ion  to  the  integral  equation  of  doimwash  and  the 
circulatory  loads  in  the  convolution  form  allows 
for  the ‘elimination  of  the  unknown  trailing  edge 
vortex  strength,  and  the  solution  for  the  circula¬ 
tory  lift  and  moment  in  the  Laplace  domain  as 


2Trp^(bR)  C(s)  ^[Q(t)]  (5a) 

27rp  (bR)^(i-P-5)  C(i)  ^  [Q(t)] 

(5b) 
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where 


2.1.2  Finite  State  Time  Domain  Representation 


C(s)  = 


K^(s)  +  Kq(s) 


From  Eq.  (5c)  is  evident  that  the  lift  deficiency 
function  C(s),  identical  to  generalized  Theodorsen^s 
lift  deficiency  function,  acts  as  a  Laplace  domain 
operator  between  the  3/4-chord  downwash  velocity 
and  the  circulatory  loads  divided  by  the  time- 
varying  oncoming  velocity. 

Whereas  Edwards'  generalized  Theodorsen's 
theory  is  directly  applicable  to  Laplace-domain 
aeroelastic  analysis  using  iterative  search  proce¬ 
dures  for  finding  aeroelastic  roots^^,  the  theory 
discussed  above  is  not.  The  reason  is  that  the 
present  theory  does  not  yield  the  Laplace  transform 
of  the  circulatory  loads  themselves,  instead  it 
gives  the  Laplace  transform  of  the  circulatory 
loads  divided  by  the  time-varying  oncoming  velocity. 
This  feature  does  not  pose  any  difficulty  in  the 
case  of  finite  state  time  domain  representation. 

This  is  due  to  the  fact  that  in  the  time  domain  the 
time-varying  oncoming  velocity  can  be  simply  trans¬ 
fer  ed  to  the  right  hand  side  of  the  equations, 
which  results  in  a  direct  expressions  for  the  loads. 

2.1.1  Frequency  Domain  Representation 

Assuming  steady  state  simple  harmonic  form  for 
the  airfoil  motion  as  well  as  for  the  far  field 
velocities  yields 


Ah(t)  =  Ah^e 


Aa(t)  =  Aa^e 


In  his  study  of  unsteady  lift  on  fixed  wings, 
of  finite  aspect  ratio,  Jones^^  used  an  operational 
method.  Jones  expressed  the  lift  on  each  unit 
strip  as  a  convolution  integral  of  Wagner's  indicial 
lift  function  for  infinite  wings  with  an  effective 
downwash  velocity.  The  effective  downwash  velocity 
includes  both  the  induced  downwash  velocity  due  to 
the  motion  of  the  entire  wing  and  the  physical 
downwash  velocity  due  to  the  motion  of  the  wing 
section  itself.  Using  Ref.  22  a  generalized 
Theodorsen  lift  deficiency  function,  in  the  Laplace 
domain,  can  be  obtained  as^^ 


0.5  (s)  +0.2808  (s)+0. 01365 
C(s)  =  — — - 

(s)^  +  0.3455  (i)  +  0.01365 

Several  researchers  have  constructed  higher 
order  Fade  approximants  for  the  generalized 
Theodorsen's  lift  deficiency  function  using  various 
least  squares  techniques  or  by  truncating  a  con¬ 
tinued  fraction  serles^^“^^.  However  the  second 
order  Fade  approximant  obtained  from  Jones 
approximation  of  the  indicial  lift  has  proved  it¬ 
self  to  be  both  accurate  and  eff lcient^^> .  These 
higher  order  approximations  yield  only  limited 
additional  accuracy  and  substantially  increase  the 
size  of  the  problem.  Using  the  Fade  approximant 
given  in  Eq.  (8),  a  second  order  finite-state 
time  domain  representation  of  the  circulatory  loads 
is  obtained  in  terms  of  the  airfoil  degrees  of 
freedom  and  their  time  derivatives,  and  two  add¬ 
itional  augmented  state  variables 

L  (t)  =  2Trp  (bR)U^(t)[0.00685(U^Q/bR)^xpt) 


+  0.10805(U^Q/bR)X2(t)]+Trp^(bR)U^(t)Q(t)  (9a) 


io)  (t)  w  bR 

\(t)  =  ^  \  =  ^ 


U  (t)  =  U  „+AU  „e 
p^  ^  pO  pO 


CO.^bR 

k  = 


The  exact  frequency  domain  circulatory  load  ex¬ 
pressions  for  the  steady  state  simple  harmonic 
motion  are  derived  by  performing  inverse  Laplace 
transform  of  Eqs.  (5)  using  the  Bromwich  inversion 
integral,  Cauchy's  theorem  and  the  calculus  of 
residues 

ico  t 

L^(t)=2Trp^bRU^(t)  { (UQaQ-UpQ)+0UQaQC  (k^)  e 


M^(t)  =  (bR) (a  +  h)  L^(t) 


The  augmented  state  variables  and  X2  are  governed 
by  a  system  of  ordinary  differential  equations 
which  is  associated  with  the  3/4-chord  downwash 
velocity  Q(t) 


‘“I- 

.(t)  L-0. 


01365 (U^Q/bRy^  -0.3455(U^Q/bR)J  Ix^Ct) 


+  C(k^)[bR(%-a)Aa(t)  +  U^AaCt)] 


Where  the  augmented  states,  Eq.  (10),  have  to  be 
appended  to  the  equations  of  motion  of  the  blade. 


+C(k^)Ah(t)-C(k^j)AU  (t)+oUQAa(t)C(k^+k^)e  } 


3.  Application  to  Helicopter  Rotor  Blade 
Sections  in  Hover  and  Forward  Flight 


M^(t)  =  hUa-^^2)  L^(t) 


When  inflow  is  set  to  zero,  these  equations  reduce 
to  the  classical  Greenberg's  relations.  This  serves 
as  the  formal  proof  that  the  wake  assumption  made 
in  deriving  the  arbitrary  motion  theory  is  consis¬ 
tent  with  that  made  by  Greenberg. 


The  two  dimensional  arbitrary  motion  airfoil 
theory  in  time  domain  described  above  is  applied 
to  a  unit  strip  of  a  flexible  hingeless  helicopter 
rotor  blade  undergoing  flap,  lead-lag,  and  tor¬ 
sional  motion  in  hover  or  forward  flight.  The 
undeformed  and  deformed  blade  geometry  is  illustra¬ 
ted  by  Figs.  4-6.  The  blade  is  assumed  to  have  a 
blade  root  offset,  precone,  and  pretwist.  The  un¬ 
deformed  elastic  axis  of  the  blade  is  assumed  to 
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(12b) 


be  a  straight  line.  The  rotary-wing  aeroelastic 
problem,  for  hingeless  or  bearingless  type  of  rotor 
blades  is  known  to  be  sensitive  to  geometrically 
nonlinear  effects  due  to  moderate  deflections^^ > . 
Therefore  these  geometrically  nonlinear  terms  have 
to  be  incorporated  in  the  aerodynamic,  structural, 
and  inertia  operators  associated  with  this  aero- 
elastic  problem. 


AX^(O)  =  AX^CO)  =  0 


AL  (ip)=[U  +  AU  (ip)]{0. 006825  —  AX.  (ip)  + 

^  ye  y  \  hR  /  ^ 


0.10805  1—  ix.,(i|;)}  +[U  (e„+(|)  )-U  ]AU  (ip)  + 

S  /  2  ye  G  ze  y  ^ 


The  preconed  undeformed  blade  coordinate 
system  together  with  the  deformed  blade  coordinate 
system  (e^,  e^,  e^)  are  shown  in  Fig.  5.  The  posit¬ 
ion  of  a  typical  blade  cross  section  before  and  after 
the  deformation  is  shown  in  Fig.  6.  The  (^,  e^, 
e^')  coordinate  system,  shown  in  Fig.  6,  is  one  which 
excludes  the  contribution  of  the  time-varying 
twist  .  The  proper  evaluation  of  aerodynamic  loads 
requires  identification  of  the  components  of  the 
velocity  vector  of  the  elastic  center,  due  to 
motion,  relative  to  the  oncoming  airflow  in  the 
directions  e"  and  e^*,  denoted  by  Uy  and  .  This 
is  accomplished  by  writing  the  position  vector  of 
a  point  on  the  blade  elastic  axis  in  its  deformed 
state,  in  the  blade  fixed  rotating  system,  and 
differentiating  it  with  respect  to  time  to  obtain 
the  velocity  due  to  the  blade  motion.  Combining 
the  velocities  due  to  the  airflow  with  those  due 
to  the  blade  motion  and  applying  an  ordering 
scheme^^  yields  the  expressions  for  the  relative 
velocity  of  the  elastic  axis  with  respect  to  the 
air  in  the  deformed  blade  coordinate  system  (U", 

U^) .  The  velocities  and  incidence  angles  required 
for  the  two-dimensional  theories  can  be  identified 
in  terms  of  relative  elastic  center  velocities  U" 
and  U^’  and  blade  elastic  and  geometric  twist  angle. 

Using  these  velocities  and  incidence  angles 
and  combining  them  with  the  time  domain  aerodynamic 
theory  described  in  Section  2.1.2  yields  the  ex¬ 
pressions  for  both  equilibrium  and  perturbational 
aerodynamic  lift  and  moment  for  a  typical  blade 
section  undergoing  coupled  flap-lag-torsional 
motion  in  hover.  For  the  equilibrium  condition  in 
hover,  these  reduce  to  the  usual  expressions  for  the 
static  lift  and  moment.  The  perturbational  loads 
for  a  general  motion  of  the  blade  in  hover  are 
given  by  the  noncirculatory  contribution 

AL  (i|;)=(bR/2){u‘'  a|+Au"  A|-Au"-bR(x  -%)a|  + 


(0^+(|)^)AUy+A(j)AUy} 


A2Ij^j,(W  =  (bR/2)  {  (x^-l)U  AU^+ 


( ( 6g+<('g+A<}))  AUy-bR  (  3  /  8+x^-x^)  A<)) } 


and  the  circulatory  contribution 


I 


-0.01365  '  -0.3455  | 

VbR/  ' 


AXj(iii) 


AX^CiJj) 


!5[Uy^+AUy  (<{;)  ]  {UygA(!)-l-[  0j,+(j)^+A<j)(i|))  ]  AU^Clf;) 


-  AU^(if))+bR(l-x^)  Ai^(i|;)} 


Using  the  theory  of  ordinary  differential 
equations  with  constant  coefficients,  the  solution 
of  Eqs.  (12a)  with  the  initial  conditions  of  Eq. 
(12b)  can  be  expressed  in  a  Duhamel's  integral 
form  as 


^AXp^Jj) 


(A2-Xp 


A2(i|j-  V’)  Aj(i|;-i|j') 


where  =  -0.0455  (Uo/bR) ,  and  A2  =  -0.3000  (Uq/ 
bR) .  Hence  the  expression  associated  with  the 
augmented  state  appearing  in  the  loads  can  be  ex- 
pressed  as 


AXj  4-  0.10805 


r[‘ 


AQ(i|j’)d4j' 


where  =  0 . 10055(UQ/bR) ,  and  =  0 . 007499 (Uq/UR) . 

This  form  of  the  solution  is  particularly  use¬ 
ful  when  the  mathematical  form  of  the  motion  is 
known  and  the  above  integral  can  be  solved  in 
closed  form.  The  expressions  for  the  lift  and 
moment  can  be  also  specialized  to  the  case  of 
typical  decaying,  stable,  or  increasing  flap-lag- 
torsional  motion  about  an  arbitrary  equilibrium 
state  with  different  damping,  frequency  and  phase 
angle  values  for  each  of  the  degrees  of  freedom. 

A  typical  decaying,  stable,  or  growing  motion  of  a 
blade  about  its  equilibrium  state  can  be  expressed 


w(xq,T)  =  'w^(Xq)  +  Awq(Xq)  e 


v(Xq,T)  =  v^(Xq)  +  Avq(Xq)  e 


(|)(Xq,T)  =  4>^(xq)  +  A4)q(Xq)  e  P 


A(Xq,T)  =  A^(xq)  +  AAq(Xq)  e 
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For  such  a  motion,  the  Duhamel  integral  expression 
associated  with  the  augmented  states,  Eq.  (14)  is 
solved  in  Ref.  29  where  the  relatively  lengthy  ex¬ 
pression  for  this  solution  are  presented. 


oscillatory  frequency  is  significantly  larger  than 
the  rotational  speed.  Like  other  frequency  domain 
theories,  this  theory  also  assumes  a  simple  harmon¬ 
ic  motion. 


The  derivations  for  the  unsteady  equilibrium 
and  perturbational  loads  for  forward  flight  are 
similar  to  the  hover  case,  except  that  the  addition¬ 
al  component  of  the  forward  flight  velocity  along 
the  blade  section  must  be  included.  In  addition 
the  geometric  pitch  angle  will  have  a  time  varying 
cyclic  component  as  well  as  the  collective  compon¬ 
ent.  The  expressions  for  the  equilibrium  and  per¬ 
turbational  loads  both  for  a  general  arbitrary 
flap-lag-torsional  blade  motion  and  a  decaying, 
stable,  or  growing  oscillations  are  presented  in 
Ref.  29.  Due  to  their  length  and  lack  of  space 
these  expressions  are  not  given  here.  A  few  re¬ 
marks  about  the  form  of  these  equations  and  their 
compatibility  with  various  techniques  used  to  solve 
the  complete  aeroelastic  response  and  stability 
problem^ °  should  be  made.  Since  the  equilibrium 
state  in  forward  flight  is  time-varying  and  period¬ 
ic,  the  augmented  states  can  not  be  solved  appriori. 
These  equations  have  to  be  appended  to  the  complete 
aeroelastic  equations  for  equilibrium  of  the  blade. 
It  is  important  to  mention  that  the  equations  for 
the  equilibrium  loads  in  forward  flight  are  in  a 
form  entirely  consistent  with  the  response  analysis 
techniques  such  as  quasilinearization  and  Floquet 
theory  which  have  been  frequently  used  with  the 
quasisteady  aerodynamic  theories^ The  main  dif¬ 
ference  is  that  the  size  of  the  matrices  to  be 
manipulated  is  larger  due  to  the  addition  of  aug¬ 
mented  state  variables. 

4.  Arbitrary  Motion  Unsteady  Airfoil  Theory 

Including  The  Effects  of  the  Returning  Wake 

Experimental  evidence  obtained  by  Ham,  Moser, 
and  Zvara^^  clearly  shows  that  the  returning  wakes 
can  significantly  change  the  rotor  blade  response 
levels  at  low  inflows  in  hover  condition.  Further¬ 
more  there  is  evidence,  both  theoretical  and  experi¬ 
mental^^  showing  that  under  certain  conditions  the 
returning  wakes  can  have  a  significant  influence 
also  on  the  aeroelastic  stability  of  the  blade. 

In  this  section  two  separate  arbitrary  motion  air¬ 
foil  theories  are  developed  which  account  for  both 
the  wake  structure  beneath  and  behind  the  airfoil, 

4.1  Generalized  Loewy*s  Theory 

Loewy's  rotary-wing  unsteady  airfoil  theory 
is  an  incompressible  two-dimensional  theory,  some¬ 
what  similar  to  Theodor sen's  theory,  which  accounts 
for  the  effect  of  the  spiral  returning  wake  beneath 
the  rotor  in  an  approximate  manner  for  situations 
which  are  characterized  by  low  inflow  and  hovering 
flight.  The  geometry  of  the  two-dimensional  wake 
model  postulated  in  this  theory  is  illustrated  in 
Fig.  7.  The  horizontal  returning  wake  layers 
beneath  the  reference  airfoil  are  the  two  dimension¬ 
al  approximation  of  the  wakes  shed  by  the  reference 
airfoil  in  the  previous  revolutions  and  identical 
airfoils  on  the  other  blades  in  the  previous  re¬ 
volutions.  In  Loewy's  model  the  returning  wake 
layers  are  extended  to  infinity  both  aft  and  fore 
of  the  reference  airfoil  for  mathematical  conven¬ 
ience.  Loewy's  theory  is  primarily  intended  to  be 
used  in  studying  unsteady  effects  on  hovering 
rotors  operating  at  low  inflows,  as  well  as  unsteacfy 
effects  at  larger  inflows,  for  cases  when  the 


The  Loewy's  lift  deficiency  function  in  fre¬ 
quency  domain  for  the  case  of  collective  mode  of 
motion,  where  all  blades  move  in  phase,  is  given 


by 

C'(k,ni  .ii  )  = 


>(2) 


•'  (k)+2J^  (k)W(kh^,m^) 


H;‘''(k)+lH^^^(k)+2{j,  (k)+J-(k)}W(kh  ,m  ) 
1  U  1  U  e  e 


where 


(16a) 


W(kh  ,m  ) 
e’  e 


kh  i27Tm 
e  e  , 

e  e  -1 


k  >  0 


(16b) 


In  which  m  ,  and  r  for  a  blade  section  at  a  radial 
e’  e 

distance  r,  for  a  rotor  with  Q  blades,  are  given 

by 


0)  ,  r  ,  - 

n  =  =  k  —  =  k  r 

e  f2Q  Q  e 


27rU 


pO 


bRQ 


r  =  r/bR,  r^  =  r/Q 


(16c) 

(16d) 

(16e) 


Before  attempting  to  generalize  Loewy's  theory 
to  arbitrary  motion  it  is  useful  to  examine  certain 
features  of  this  theory  which  have  not  been  noted 
previously.  For  a  given  blade  section  at  a  radial 
distance  r  away  from  the  axis  of  rotation,  the 
equivalent  frequency  ratio,  m,  is  dependent  on  k  by 
virtue  of  Eq.  16c,  The  ascending  series  given  in  . 
the  literature  for  Loewy's  lift  deficiency  function, 
such  as  the  series  presented  in  Wayne  Johnson's 
book.  Ref,  27,  page  509  does  not  capture  this  de¬ 
pendence. 


C'  = 


1  *  T  2^T 

1  -  1  Y  k  W 


1  +  I  k 


ik(ln  y  +  Y  )+(l  -  4 


(17) 


where  W  = 


1 

i27Tl!i 

e  ^  -1 


is  assumed  constant  for  non¬ 


integer  m^  values.  An  ascending  series  which  takes 
into  account  this  dependence  has  been  derived  in 
this  study29  and  is  given  below 


1  + 


2(2Trr  -iH  ) 
e  e 


C’(s,sr  sh  )=  - 1 - - -T - =-,  s=ik, 

2  e  2Trr  -lEg  2 


The  zero  frequency  limit  of  C '  is  obtained  by  let¬ 
ting  s  in  the  ascending  series  approach  zero 


£im  C ' (s, sr  , sh  )= 

liho  "  ^ 


_ 1 _ 

1  + _ ^ 

H  +i(2Trr  ) 
e  e 


(19a) 
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Hence  the  real  and  imaginary  parts  become 


where 


[ttH  -I 

^ 

h‘^+(2iTr  )  J 
e  e 


5.im 


L  h  +(2Trr  )  J  Lh  +(2^  )  J 
e  e 


h^+(2'rrr 

e  e 


£im 


— 

„  [ 


Lh^+(2Trr^)^.  J 


ttH 


E^+(2Trr 
e  e 


1  ^  r  2ir^re 

+  12 - 

J  Lh  +(2iTr  )  J 


This  limit  is  different  from  unity  and  is  a  func¬ 
tion  of  hg  and  r^.  The  reason  for  this  behavior 
is  that  k  and  m^,  which  have  been  treated  as  in¬ 
dependent  quantities  in  Ref.  5,  thus  k  was  allowed 
to  approach  zero  while  m^  was  kept  constant.  This 
condition  would  not  be  encountered  in  a  real  rotor 
blade  section  at  a  fixed  radial  distance  away  from 
the  hub . 

Another  item  which  can  be  noted  in  Loewy’s  lift 
deficiency  is  a  jump  type  discont inuity_at  k  =  0 
in  the  wake  weighting  function  W  (kh^,  m^) .  This 
discontinuity  is  associated  with  the  validity  of  the 
solution  for  a  certain  improper  integral  used  by 
Loewy  to  obtain  the  relation  for  W  at  k  =  0,  as 
showTi  in  Ref.  29.  The  implication  of  this  dis¬ 
continuity  is  that  the  low-frequency  limit  of  C\ 
as  k  approaches  zero  is  different  than  the  value 
of  C'  obtained  for  k  =  0.  While  the  latter  is 
equal  to  unity,  as  can  be  expected  for  fully  steady 
conditions,  the  former  is  a  function  of  h^  and 
r^  and  can  amount  to  significantly  large  reductions 
in  the  lift  and  moment.  This  means  that  even  for 
very  slow  oscillations  the  cumulative  wake  effects 
may  be  significant. 

Next  Loewy’s  theory  is  extended  to  arbitrary 
motion  by  using  an  approach  similar  to  that  used 
in  Section  2.  Loewy’s  lift  deficiency  function 
in  the  frequency  domain  is  analytically  continued 
to  the  entire  Laplace  plane  by  replacing  the  fre¬ 
quency  domain  variable  (ik)  with  the  complex  vari¬ 
able  (s) .  To  accomplish  this  objective  the  argu¬ 
ment  of  the  various  Bessel  and  Hankel  functions  in 
the  Loewy’s  lift  deficiency  function  has  to  be 
changed  from  k  to  ik.  This  was  accomplished  using 
a  number  of  identities  which  are  valid  for  various 
Bessel,  modified  Bessel,  and  Hankel  functions. 

The  parameter  m^ in  the  wake  weighting  function  W 
had  to  be  also  expressed  in  terms  of  k  before  it 
could  be  generalized.  Replacing  the  lift  deficien¬ 
cy  function  in  the  theory  presented  in  Section  2, 
with  the  nev7  generalized  lift  deficiency  function, 
the  returning  wake  effects  are  approximately  ac¬ 
counted  for.  The  generalized  lift  deficiency  func¬ 
tion  is  given  by 

C’(s,sr  ,ih  )  =  F’  +  iG’  = 
e  e 

K.  (s)+TTiI.  (s)W(sh  ,sr  ) 

— - - - - ^  —  (20a) 

(s)+KQ(s)4-7Ti[I^  (s)-Iq(s)  ]W(sh^,sr^) 


W(sh  , sr  ) 
e^  e 


2Trsr 

e 

e 


-1 


|s|  >  0 

|s|  =  0 


(20b) 


Fade  approximants  are  constructed  for  the  gen¬ 
eralized  Loev7y  lift  deficiency  function  using 
three  different  techniques;  namely  (1)  Dowell’s 
quadratic  least-squares  technique^^,  (2)  Vepa’s 
quadratic  least-squares  technique^^,  and  (3)  a 
general  nonlinear  least-squares  technique  using 
Fletcher  Reeves  optimization  algorithm.  It  should 
be  mentioned  that  Dowell’s  method  yields  results 
which  are  as  good  as  those  obtained  from  the  other 
two  methods,  while  being  numerically  more  efficient. 
Furthermore  Dowell’s  method  also  provides  flexibil¬ 
ity  in  selecting  the  poles  in  the  stable  region  of 
the  Laplace  plane,  i.e.  on  the  negative  real  axis. 


A  number  of  Fade  approximants  for  Loe\%o^’s  lift 
deficiency  function  are  obtained  for  various  dis¬ 
crete  values  of  nondimensionalized  wake  spacing, 
hg,  and  blade  section  radial  distance,  r^,  typical 
of  existing  helicopters.  A  selected  sample  of 
these  results  are  presented  in  Figs.  8  through  14 
for  two  cases  of  (hg  =  4.0,  rg  =  3.0)  and  (h^  = 
1.5707,  r^  =  1.5).  The  first  case  corresponds  to 
a  blade  section  located  at  a  radial  distance  of 
0.8R  of  a  four  bladed  rotor  with  a  semichord  bR  = 
0.0667R  operating  at  an  inflow  ratio  of  0.15 
(C-p  =  0.046).  The  second  case  corresponds  to  a 
blade  section  of  radial  distance  0.3R  of  a  four 
bladed  rotor  with  a  semichord  bR  =  0.005R.  The 
thrust  coefficients  Cp  are  calculated  from  inflow 
velocities  based  on  simple  momentum  theory  in  hover 


X  =  y/c^/2  (21) 

While  the  Cp  in  the  first  case  is  unreasonable  for 
the  helicopter  rotors,  it  was  selected  as  such  to 
avoid  the  oscillatory  nature  of  Loewy 's  lift  de¬ 
ficiency  function.  Loewy’s  lift  deficiency  function 
for  small  wake  spacing  parameters, • or  small  inflow 
ratios,  becomes  highly  oscillatory  and  is  not  amen¬ 
able  to  rational  approximations.  The  zero-frequency 
limit  of  the  generalized  lift  deficiency  function 
C’  for  the  first  case  is  (0.9448  +  i  0.1457),  cor¬ 
responding  to  4.40%  reduction  and  8.77°  phase  lead 
in  circulatory  loads,  while  for  the  second  case  one 
obtains  C’  =  (0.8667  +  i  0.2667),  corresponding  to 
9.32%  reduction  and  17.10°  phase  lead  in  circulatory 
loads.  The  zero-frequency  values  of  C’  for  both 
cases  is  unity,  which  means  no  amplitude  reduction 
or  phase  lead  in  loads.  The  Fade  approximants  con¬ 
structed  for  the  first  case  are  based  on  the  as¬ 
sumption  that  the  zero-frequency  value  is  matched. 
For  the  Fade  approximants  constructed  for  the  second 
case,  however,  the  zero  frequency  value  was  re¬ 
peatedly  adjusted  to  achieve  a  better  overall  agree¬ 
ment  . 


The  imaginary  part  of  the  exact  C’,  denoted  by 
G’,  has  an  oscillatory  form  for  a  large  range  of 
the  wake  spacing  parameters.  Based  on  a  somewhat 
simplistic  argument,  Dowell^^  suggests  that  the 
poles  should  be  selected  as  the  negative  values  of 
the  reduced  frequencies  where  G’  has  its  extrema. 
While  this  argument  is  valid  for  the  case  of  one 
extremum,  it  loses  its  validity  for  the  cases  where 
the  shape  of  the  curve  is  oscillatory,  such  as  in 
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the  present  case.  In  an  attempt  to  capture  the 
oscillatory  nature  of  G',  many  possible  relative 
arrangements  of  poles  as  well  as  their  locations  in 
the  complex  plane  were  examined.  The  results  of 
various  representative  pole  arrangements  are  sum¬ 
marized  for  the  first  case  in  Table  A.l,  and  for 
the  second  case  in  Table  A. 2.  Figures  8-14  show 
the  comparison  between  the  real  and  imaginary  parts 
of  the  Fade  approximant  for  these  cases.  Based  on 
these  results,  and  additional  results  not  presented 
here^^,  the  following  conclusions  can  be  drawn: 

1.  The  marginal  improvement  in  the  approximation 
realized  by  having  a  large  number  of  poles  as 
opposed  to  three  or  four  poles  does  not  justify 
using  the  higher  order  approximations. 

2.  When  the  proximity  of  the  poles  to  each  other 
and  the  origin  is  excessive,  the  quality  of 
approximation  deteriorates. 

3.  The  imaginary  part  does  not  exibit  extrema  at 
k  =  b^.  Hence  selecting  these  poles  does  not 
necessarily  lead  to  a  better  overall  quality  of 
approximation . 

4.  In  general  the  results  are  insensitive  to  the 
differences  in  error  weighting  coefficients  for 
the  low  and  high  frequency  ranges  because  major 
contribution  to  the  error  is  associated  to  a 
narrow  frequency  band  of  0.0  <  k  <  1.0. 

5.  It  appears  that  the  Fade  approximation,  which 
consists  of  a  ratio  between  two  polynomials, 
does  not  have  the  capability  of  capturing  the 
oscillatory  type  functions.  Rather,  it  yields 
a  result  which  represents  the  average  of  the 
oscillatory  curve. 

The  last  columns  of  Tables  A.l  and  A. 2  are  es¬ 
timates  on  the  quality  of  the  approximation  based 
on  the  sum  of  the  squares  of  the  errors  in  the 
real  and  imaginary  parts  for  the  reduced  frequency 
range  0,0  <  k  <  3.0.  While  the  Fade  approximant s 
obtained  are  not  a  good  approximation  of  the  lift 
deficiency  function  in  the  frequency  domain,  the 
time  domain  representation  is  better  due  to  the 
error  cancellations  which  occur,  as  indicated  in 
item  (5)  above.  The  oscillatory  nature  of  Loewy’s 
lift  deficiency  function  could  be  partially  attri¬ 
buted  to  the  fact  that  returning  wake  layers  have 
been  artifically  extended  to  infinity  on  both  sides. 
The  staggered  cascade  wake  model  described  in  the 
following  section  was  developed  in  an  attempt  to 
remedy  this  situation. 

Using  the  Fade  approximants  obtained,  the  ap¬ 
proximate  finite-state  time  domain  representation 
of  the  generalized  Loewy's  theory  combined  with 
the  generalized  Greenberg’s  theory  are  derived^^. 

4.2  Cascade  Wake  Model  Theory 

It  was  mentioned  previously  that  Loewy's  wake 
model  is  not  entirely  compatible  with  the  finite¬ 
time  arbitrary  motion  representation  of  the  blade 
dynamics,  because  each  wake  layer  beneath  the  rotor 
is  assumed  to  extend  to  infinity  on  both  sides 
(see  Fig.  7) .  Therefore  one  would  be  unable  to 
derive  a  generalized  Loewy's  theory  directly  from 
the  fundamental  governing  equation  and  Loewy's 
wake  model.  In  this  section  an  alternative  theory 
capable  of  capturing  the  effects  associated  with 
the  returning  wake  is  derived.  A  new  finite  time 


wake  structure,  shown  in  Fig.  15*  is  proposed  in 
which  an  infinite  number  of  identical  staggered 
airfoils  are  flying  beneath  the  reference  airfoil, 
separated  by  the  wake  spacing  H* .  Each  airfoil  is 
leading  the  previous  airfoil  by  the  distance  27rr, 

The  wake  behind  each  of  the  imaginary  airfoils  is 
of  a  finite  length  corresponding  to  the  time  elapsed 
from  the  begining  of  motion. 

Using  this  wake  model,  the  integral  equation 
of  downwash  is  formulated  for  an  airfoil  under¬ 
going  coupled  flap-lag-torsional  motion  in  a  stream 
having  time-varying  oncoming  velocity.  It  should 
be  noted  that  the  shed  vortices  behind  the  airfoil 
in  each  parallel  wake  layer,  are  assumed  to  travel 
at  the  mean  velocity,  as  was  done  in  the  extension 
of  Greenberg's  theory  in  Section  2.1, 

The  approach  used  by  Johnson  for  deriving 
Theodorsen's  theory  (Sec.  10,  Ref.  27)  was  found 
to  be  suitable  for  this  problem,  and  thus  the  mathe¬ 
matical  derivation  presented  in  this  study  follows 
along  similar  lines,  except  that  changes  accounting 
for  time-varying  oncoming  velocity,  finite-time 
arbitrary  motion,  and  the  cascade  form  of  the  wake 
are  introduced. 

The  complete  flow  is  obtained  as  the  sum  of 
three  components;  far  field  oncoming  and  inflow 
velocities,  system  of  bound  vortices  representing 
the  airfoil,  and  system  of  shed  vortices  repre¬ 
senting  the  wake.  The  condition  of  tangent  flow 
over  the  airfoil,  gives  an  integral  equation.  Us¬ 
ing  the  s’ohngen  inversion  integral^S  on  this  in¬ 
tegral  equation  combined  with  the  Kutta  condition, 
enables  one  to  write  a  relation  for  the  bound 
vortex  system  in  terms  of  integral  of  the  wake  in¬ 
duced  downwash  velocities.  By  representing  dif¬ 
ferent  velocities  over  the  airfoil  by  their  respect¬ 
ive  Fourier  series  expansions,  the  circulatory 
component  of  the  bound  vortex  system,  which  amounts 
to  the  entire  circulation  around  the  airfoil  but 
corresponds  to  zero  downwash  velocity  over  the 
chord,  can  be  calculated.  Similarly  the  noncir- 
culatory  component  of  the  bound  vortex  system, 
which  amounts  to  the  entire  downwash  velocity  over 
the  airfoil  but  corresponds  to  zero  circulation 
around  it,  is  found  in  terms  of  the  Fourier  coef¬ 
ficients  of  downwash  and  wake  induced  downwash 
velocities.  Using  small  disturbance  unsteady 
Bernoulli's  equation,  antisymmetry  of  the  problem, 
and  integration  over  the  airfoil  chord,  the  un¬ 
steady  lift  and  moment  can  be  written  in  terms  of 
different  integrals  of  circulatory  and  noncir- 
culatory  bound  vortex  systems,  which  can  in  turn 
be  expressed  by  the  Fourier  coefficients  of  the 
downwash  and  wake  induced  downwash  velocities. 

The  assumption  of  downstream  convection  of  shed 
vortices  allows  one  to  relate  directly  the  wake 
vortices,  which  depend  on  both  time  and  position, 
to  the  vortices  which  have  been  shed  at  the  trail¬ 
ing  edge  of  reference  airfoil  and  which  are  only 
a  function  of  time.  Using  this  approach  the  lift 
deficiency  function  for  a  multibladed  rotor  can  be 
written  as 
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^Figure  15  appears  after  Fig.  3. 
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where 


For  the  case  where  the  wake  is  allowed  to  extend 
to  infinity  behind  the  imaginary  airfoils,  the  up¬ 
per  and  lower  limits  of  the  integrals  are  given 
by29 


r  r 1  (t '-cos6)cos(m0)d9  1  -st’ 
^l-ni  (t'-c 


(22b) 
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and  the  various  other  quantities  are  given  by 

hc=(f^)  (22c) 

^He=  (22d) 

^Re=  (^)  /  Q  =  (2u?p  (22e) 

^  SC  / 


This  Laplace-domain  lift  deficiency  function  in¬ 
volves  two  integrals  and  two  infinite  summations 
which  do  not  lend  themselves  to  closed  form  solu¬ 
tions  in  terms  of  familiar  mathematical  functions. 

In  Reference  29  two  important  properties  of  the 
new  lift  deficiency  function  are  proved,  namely: 

1)  It  always  approaches  unity  as  reduced  frequency 
goes  to  zero,  whereas  Loewy's  lift  deficiency 
function  does  not.  2)  It  approaches  Theodorsen’s 
lift  deficiency  function  both  for  infinite  wake 
spacing  and  the  case  where  a  single  wake  layer  be¬ 
hind  the  reference  blade  is  considered,  as  can  be 
expected . 

4.2.1  Frequency  Domain  Lift  Deficiency 
Function 


The  frequency  domain  lift  deficiency  function 
is  needed  for  constructing  Fade  approximants  and 
also  for  the  time  domain  representation  of  the  un¬ 
steady  aerodynamic  loads.  The  frequency  domain 
lift  deficiency  function  is  obtained  by  specializing 
the  generalized  lift  deficiency  function,  C"  to 
the  case  of  s  =  (ik). 


Kj(ik)  -  (^)  i:  e  IN(ik:n,fj^^,f  ) 
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However  only  the  wake  contained  within  a  double 
azimuth  angle  straddling  the  blade  has  physical 
meaning.  For  this  case 

(-TRe  n  ^  1 

LL  ==  <J 

UL  =  (25) 

An  efficient  method  of  evaluating  the  lift  deficien¬ 
cy  function  for  practical  range  of  reduced  frequen¬ 
cies,  wake  spacing,  and  radial  position  of  the 
blade  section  was  developed^^.  The  frequency  domain 
lift  deficiency  function  is  evaluated  by  a  combined 
analytical  and  numerical  approach.  The  approach^  is 
based  on  the  recognizing  that  the  integrand  of  the 
unknoxm  integrals  Eq.  (23b)  and  (23c),  for  the  wake 
layers  sufficiently  far  from  the  rotor  plane  can  be 
approximated  accurately  by  their  binomial  expan¬ 
sions.  These  expressions  can  be  integrated  in 
closed  form  and  the  results  can  be  found  in  Ref.  29. 
Plots  of  this  lift  deficiency  function  for  various 
values  of  wake  spacing,  and  radial  position  along 
the  blade  are  calculated  as  a  function  of  the  re¬ 
duced  frequency  and  compared  with  the  corresponding 
values  obtained  from  Loex^ry^s  lift  deficiency  func¬ 
tion.  The  representative  results  for  the  case  of 
TRe  “  1*5707  and  Tr^  =  9.4248,  which  corresponds 
to  Eg  =  1.5707  and  r^  =  1.5  for  Loewy’s  theory, 
with  different  number  of  wake  layers  beneath  the 
rotor  are  shoxm  in  Figs.  16a  and  b.  The  real  and 
imaginary  parts  of  cascade  wake  model  lift  deficien¬ 
cy  for  this  case  with  100  wake  layers  beneath  the 
rotor  are  compared  with  the  Loev/y's  lift  deficiency 
function  in  Figures  17a  and  b.  The  cascade  wake 
model  lift  deficiency  function  agrees  very  x\rell 
with  that  of  Loex^,  except  in  two  regions:  1)  in 
the  proximity  of  the  regions  where  m^  =  (k).(r^) 
is  an  integer,  2)  near  the  origion  where  the  cas¬ 
cade  wake  model  tends  to  the  correct  quasisteady 
values.  From  these  plots  it  is  evident  that  Loex^jy’s 
lift  deficiency  function  tends  to  smooth  out  the 
effect  of  the  returning  wakes  near  the  integer 
frequency  ratios  when  compared  to  the  cascade  wake 
model.  Therefore  the  extension  of  the  wake  to  in¬ 
finity  on  both  sides  of  the  rotor,  in  Loex^Ty's  model, 
tends  to  reduce  the  unsteady  effects  rather  than 
to  enhance  them.  However  both  theories  indicate 
very  large  load  reductions  in  these  regions.  It  is 
also  evident  from  Figures  17a  and  b  that  the  exten¬ 
sion  of  the  wake  to  infinity  on  both  sides  of  the 
rotor  in  LoevTy’s  theory  has  relatively  small  effects 
on  the  lift  deficiency  function  except  in  regions 
of  low  reduced  frequency  and  integer  frequency 
ratios. 

Due  to  highly  oscillatory  nature  of  the  cas¬ 
cade  wake  model  lift  deficiency  function,  no  at¬ 
tempt  was  made  to  construct  any  Fade  approximant. 
Further  investigations  of  time  domain  modeling  for 
this  theory  will  be  undertaken. 
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5.  Concluding  Remarks 

In  this  study  a  number  of  different  arbitrary- 
motion  type  of  unsteady  two  dimensional  airfoil 
theories,  aimed  at  rotary-wing  aeroelastic  applica¬ 
tions,  were  derived.  The  first  is  an  extension  of 
Greenberg’s  theory  to  arbitrary  coupled  flap-lag- 
torsional  motion.  This  theory  is  derived  for  both 
hover  and  forward  flight,  however  it  does  not  in¬ 
clude  the  effect  of  the  returning  wake. 

Two  additional  theories  for  hover,  which  in¬ 
corporate  the  effect  of  returning  wakes,  were  also 
developed.  The  first  is  an  extension  of  Loewy’s 
theory  to  arbitrary  motion.  The  development  of 
Fade  approximants  for  this  theory  are  presented 
and  the  time  domain  unsteady  aerodynamic  loads  for 
a  typical  section  are  derived.  A  cascade  wake 
model  is  developed  in  the  Laplace  domain  and 
specialized  to  frequency  domain.  A  combined  numer¬ 
ical  and  analytical  scheme  is  developed  to  deal 
with  various  integrals  and  infinite  summations  in¬ 
volved.  The  cascade  wake  model  lift  deficiency 
function  is  compared  with  Loewy’s.  It  is  found  that 
the  cascade  wake  model  predicts  somewhat  larger  un¬ 
steady  aerodynamic  effects  at  integer  frequency 
ratios  than  Loewy’s  theory.  Furthermore  the  low 
frequency  limit  of  this  theory  tends  to  the  quasi¬ 
steady  limit,  whereas  Loewy's  theory  predicts  very 
large  reductions  in  loads  near  zero  frequency. 

It  is  envisioned  that  these  theories  could 
have  useful  applications  in  rotary  wing  aeroelastic 
stability  and  response  analyzes. 
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Fig,  3  Schematic  of  Wake  Vortex  Distribution  at 
Time  t=T  Due  to  an  Arbitrary  Finite  Time 
Up{t)  =  UpQ  +  AUp{t)  Airfoil  Motion  Between  t=0  and  t=T 


Fig.  1  Geometry  of  Motion  of  a  Typical 
Airfoil 


Up(t}  =  Up„  +  AUp(t) 


Fig.  15  Schematic  of  the  Cascade  Wake  Model  for 
the  Arbitrary-Motion  Rotary-Wing  Aero¬ 
dynamic  Theory  for  a  Single-Bladed  Rotor 
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Table  A.K  Summary  of  Numerical  Results  for  Fade  Approximant  of 

Loewy's  Lift  Deficiency  Function  for  rg=3.0,  and  hg=4.0 


Fig. 

No. 

Error  Weighting 
Coefficients 

Arrangement 

Pole 

Locations 

Fade  Approximant  for 

C’(s,?^=3.0,he=4.0) 

Relative 

Quality 

8 

For  k  <  1.0 

Wp'  =  5 

Wq'  =  15 

For  k  >  1.0 

Wp'  =  1-0 

Wg-  =  1.0 

A 

Regularly 
Spaced  Poles 
on  Negative 
Real  Axis 

=  0.0 

=  -0.045 

=  -0.18 

l>4  =  -0.3 

^  G  (0.020516)3  (0.3021)s  (0.17738)i 

(s+0.045)  (s+0.18)  (s+0.3) 

Good 

9 

For  all  k's 

Wp'  =  1.0 

Wg*  =  1.0 

6 

Regularly 
Spaced  Poles 
on  Negative 
Real  Axis 

b^  =  0.0 

=  -0.045 
b^  =  -0.24 

=  -0.38 
b^  =  -0.56 
b^  =  -0.76 

j  G  1  (0.03744)i  (0.9419)s  ^  (0.47791)i 

(i+0.045)  (S+0.24)  (i+0.38) 

1  (0.27946)i  (0.35992)i 

(i+0.56)  (s+0.76) 

1  Good 

10 

For  k  <  1,0 

Wp’  =  1.0 

Wq’  =  1.0 

For  k  >  1.0 

Wp’  =  1.0 

Wq'  =  1-0 

4 

Closely 

Spaced  Poles 
Near  the 

Origin  on 
Negative 

Real  Axis 

b^  =  0.0 
b^  =  -0.015 
b^  =  -0.03 
b^  =  -0.045 

^  G  (3.8441)i  1  (9.5829)i  (6.2388)i 

(s+0.015)  (i+0.03)  (i+0.045) 

Bad 

Table  A. 2.  Summary  of  Numerical  Results  for  Fade  Approximant  of  Loewy's 
Lift  Deficiency  Function  for  r  =1.5,  h=  1.570 
(Wp*  -  Wg*  =  1.0  for  all  k»s)  ^ 


Fig. 

No. 

Arrangement  of 
Poles 

Pole  Locations 

Zero  Frequency 
Value 

Fade  Approximant  for 
C'(s,rg=1.5,h^=1.5707) 

Relative 

Quality 

11 

3  poles  simil¬ 
ar  to  the  poles 
of  Jones'  ap¬ 
proximation  of 
Theodorsen's  C 

b^  =  0.0 
b2  =  -0,0455 
b3  =  -0.3 

o 

II 

j  G  (0.006294)i  (0.49371)i 

s+0.0455  (s+0.3) 

Good 

12 

3  poles  simil¬ 
ar  to  the  poles 
of  Jones'  ap¬ 
proximation  of 
Theodorsen's 

C 

b^  =  0.0 
b2  =  -0.0455 
b3  =  -0.3 

a^  =  0.8667 

0  8667  -1  (0-15084)i  (0.51754)i 

S+0.0455  s+0.3 

Good 

13 

3  regularly 
spaced  poles  on 
negative  real 
axis 

bj^  =  0.0 

b2  =  -0.3 
b3  =  -0.45 

a^^  =  0.9254 

G  (0.36196)i  (0.063444)i 

S+0.3  s+0.45 

Good 

14 

8  regularly 
spaced  poles 
on  the  negative 
real  axis,  with 
some  within 
proximity  of  the 
orig  in 

bi  =  0.0 

b2  =  -0.05 
b3  =  -0.1 
b4  =  -0.15 
b5  =  -0.2 
be  =  -0.25 
b7  =  -0.3 
bg  =  -0.35 

a^  =  0.9254 

G  (4.5127)i  ^  (48.395)i 

s+0.05  s+0.1 

(226.900)i  1  (540.000)S  (673.760)i 

Sm0.15  s+0.2  s+0.25 

1  (419.330)s  (102.980)s 

s+0.3  S+0.35 

Bad 
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Fig.  4  Typical  Description  of  the  Undeformed 

Blade  in  the  Rotating  System  x,y,z  (i,j,k) 


POSITIOM  OF  BLADE  CROSS 
SECTION  BEFORE  DEFORMATION 


NOTE:  BLADE  CROSS  SECTION  AFTER  DEFORMATION 
IS  NOT  IN  THE  PLANE  OF  THE  PAPER 


Fig.  6  Blade  Cross  Section  Positions  Before  and 
After  the  Deformation 


2 


q  =  BLADE  NUMBER 
n  =  ROTOR  REVOLUTION  INDEX 


Fig.  7  Loewy’s  Incompressible  Aerodynamic  Model 


Fig.  5  Geometry  of  the  Elastic  Axis  of  the 
Deformed  Blade 


Fig.  8  Loewy's  Lift  Deficiency  Function  and  Its 
Fade  Approximant  Using  Dowell's  Method 
(for  rg=3.0,  and  hg=4.0:  NP=4;  b^^O.O, 
b2=-0.045,  b3=-0.18, b4=-0.3;  ^2= 

-0.020516,  a3=-0. 30210,  a4=-0. 17738) 
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REDUCED  FREQUEMCY,  k 

Fig.  9  Loewy’s  Lift  Deficiency  Function  and  Its 
Fade  Approximant  Using  Dowell Method 
(for  rg=3.0,  and  hg=4.0:  NP=6;  bj=0.0, 
b2=-0.045,  b3=-0.24,  b4=-0.38,  b5=-0.56, 
b6=-0.76;  ai=1.0,  a2=0. 037443,  a3=-0. 94190, 


a4— 0.47791,  35=0,27946,  a6=-0. 35292) 


00  0.5  1.0  1.5  2.0  2.5  3.0 


00  0.5  1.0  1.5  2.0  2.5  3.0 


REDUCED  FREQUENCY,  k 

Fig.  11  Loewy's  Lift  Deficiency  Function  and 

Its  Fade  Approximant  Using  Dowell's  Method 
(for  re=1.5,  and  h3=1.5707:  NF=3;  bi=0.0, 
b2=-0.0455,  b3=-0.3;  aj^=1.0,  a2=0. 006294, 
a3=~0. 49371) 


REDUCED  FREQUENCY,  k 

Fig.  10  Loewy's  Lift  Deficiency  Function  and  Its 
Fade  Approximant  Using  Dowell's  Method 
(for  rg=3.0,  and  hg=4.0;  NF=4.0;  6^=0. 0, 
b2=-0.015,  b3=*-0.03,  b4=-0.045;  a^^KO, 
a2=-3.8441,  a3=9.5829,  34=^6.2388) 


0.5  1.0  1.5  2.0  2.5 

REDUCED  FREQUENCY,  k 


Fig.  12  Loewy's  Lift  Deficiency  Function  and  Its 
Fade  Approximant  Using  Dowell's  Method 
(for  re=1.5,  and  he=1.5707:  NP=3;  bn=0.0, 
b2=-0.0455,  b3=-0.3;  3^=0.8667,  32=0.15084, 
a3=-0. 51754) 
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Fig.  13  Loewy's  Lift  Deficiency  Function  and  Its 
Fade  Approximant  Using  Dowell’s  Method 
(for  rg=1.5,  and  h£=1.5707:  NP=3;  b]^=0.0, 
b2=-0.3,  b3=-0.45;  ai=0.925,  a2=-0. 36196, 
a3=-0. 06344) 


-  EXACT 

- APPROXIMATE 


0.0  0.5  1.0  1.5  2.0  2.5  3.0 


-0.40  p  REDUCED  FREQUENCY,  k 
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Fig.  14  Loexyy’s  Lift  Deficiency  Function  and  Its 
Fade  Approximant  Using  Dowell’s  Method 
(for  r^=1.5,  and  hg=l,5707:  NF=8;  b];  =  0.0, 
b2=-0.05,  b3=-0.1,  b^=-0.15,  b5=-0.2;  65= 
-0.25,  b7=-0.3,  b8=-0.35;  3^=0.9254,  a2= 
=-4.5127,  a3=48.395,  a4=-226.9,  35=540. 0, 
a5=-673.76,  37=419.330,  a8=-102.98) 


LEGEND 

NL  =  NUMBER  OF  WAKE  LAYERS 


k  (b) 

Fig.  16  Cascade  Wake  Model  Lift  Deficiency  Function 
for  Increasing  Numbers  of  Wake  Layeps 
(for  fj^g=9.4248,  T^^=l,5707  ; 

1.5707) 


REDUCED  FREQUENCY,  k  (a) 
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< 


Fig,  17  Comparison  of  Cascade  Wake  Model  and 

Loewy’s  Lift  Deficiency  Functions  (for 
fj^^=9.4248,  THe=l*3707  ;  he=1.5707) 
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Abstract 

A  method  to  identify  the  mass,  damping  and  stiffness 
matrices  from  measured  modal  parameters  is  discussed. 
The  procedure  consists  of  minimizing  a  matrix  norm  of 
the  error  in  the  eigenvalue  equation.  It  is  assumed  that 
some  of  the  coefficients  in  the  mass  matrix  are  known  a 
priori.  The  unknown  coefficients  of  the  mass  matrix  and 
the  coefficients  of  stiffness  and  damping  matrices  are 
then  obtained.  Both  numerical  examples  and  examples 
using  real  experimental  data  are  considered.  Cases  of 
proportional  and  nonproportional  damping  are  discussed. 

Introduction 

A  linear  structural  dynamic  system  is  usually 
represented  mathematically  by  a  set  of  second  order 
linear  differential  equations.  The  inertia,  damping  and 
stiffness  effects  are  quantified  in  terms  of  mass, 
damping  and  stiffness  matrices  whose  order  is  equal  to 
the  number  of  degrees  of  freedom  chosen  in  modelling 
the  physical  system.  An  identification  problem  involving 
such  systems  reduces  to  the  determination  of  these 
matrices  from  a  given  set  of  information  about  the 
dynamic  behavior  of  the  system.  For  example,  the 
information  can  be  in  the  form  of  the  system  output  in 
the  time  domain  for  a  specified  input.  Although  a 
substantial  number  of  techniques  have  been  developed  by 
various  researchers  to  identify  undamped  or  propor¬ 
tionally  damped  systems,  methods  capable  of  handling 
generalized  damping  matrices  are  relatively  scarce. 
Currently  existing  procedures  in  this  area  include  the 
estima^oa  of  system  matrices  using,  vtime  domain 
output^  ■  frequency  domain  outpur^^  and  modal 
parameters'  ’  \ 

Caravani,  Watson,  and  Thomson^^^  have  described  a 
time  domain  recursive  least  square  technique  to  identify 
the  general  damping  matrix.  In  this  method,  only  the 
parameters  of  the  mass  matrix  are  assumed  to  be  known 
initially.  However,  a  knowledge  of  the  displacement, 
velocity  and  acceleration  at  all  nodes  and  the  forcing 
vector  are  assumed  to  be  determined  by  measurements 
on  the  system.  Another  procedure  that  involves  the  use 
of  ti^  domain  data  is  descried  by  Kozin  and 
Kozin  .  Yun  and  Shinozuka  discuss  a  nonlinear 
Kalman  filtering  technique  for  the  problem. 

Caravani  and  Thomson^^^  present  a  frequency 
domain  technique  for  systems  with  nonproportional 
damping.  In  their  method,  the  parameters  of  mass  and 
stiffness  matrices  are  assumed  to  be  known.  It  is  also 
assumed  that  the  Fourier  transforms  of  the  forcing 
vector  and  the  response  vector  are  determined  from 
measurements  on  the  system.  The  parameters  of  the 
damping  matrix  are  then  estimated  by  minimizing  a 
function  involving  the  difference  between  actual  and 
measured  response^ vover  a  specific  frequency  range  of 
interest.  Beliveau'  ^  presents  a  Baysian  approach  to  the 
problem.  The  method  is  based  on  a  modified  Newton- 
Raphson  scheme  and  perturbations  of  eigenvalues  and 
eigenvectors. 
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In  a  recent  paper,  Ibrahim^^^  presents  a  different 
approach  to  the  problem.  He  formulates  the  problem  of 
nonproportional  damping  in  the  form  of  a  system  of  first 
order  equations.  He  assumes  that  the  parameters  of  the 
■mass  matrix  are  known.  It  is  also  assumed  that  the 
complex  eigenvalues  and  complex  eigenvectors  are  de¬ 
termined  by  measurements  on  the  system.  First,  the 
case  where  all  the  eigenvalues  and  eigenvectors  corre¬ 
sponding  to  the  assumed  degrees  of  freedom  are  meas¬ 
ured  is  discussed.  Next,  the  case  where  only  some  of  the 
eigenvalues  and  eigenvectors  are  measured  is  discussed. 
The  method  depends  on  solving  a  system  of  simultaneous 
equations  for  the  parameters  of  the  K~^  M  and  K”^  C 
matrices.  The  method  does  not  assure  the  determination 
of  symmetric  stiffness  and  damping  matrices  even 
though  the  real  passive  system  contains  symmetric 
matrices. 

In  this  paper  a  different  approach  to  the  problem  is 
presented.  The  technique  is  based  on  the  assumption  that 
either  some  or  all  of  the  elements  of  the  mass  matrix  for 
example,  are  known.  It  is  also  assumed  that  the  complex 
eigenvalues  and  the  c^glex  eigenvectors  of  the  system 
have  been  measured  .  The  parameters  of  the 
remaining  elements  of  the  mass  matrix,  the  stiffness 
matrix,  and  the  damping  matrix  are  determined  by 
minimizing  the  Euclidean  norm  of  a  matrix  that  assures 
the  satisfaction  of  the  equations  of  the  eigenvalue 
problem  and  the  appropriate  orthogonality  conditions. 
The  minimization  of  the  norm  has  been  performed  subject 
to  the  constraints  of  symmetry  of  the  appropriate 
matrices.  In  order  to  simplify  the  computational 
procedure,  new  real  matrices  are  defined  which  are 
functions  of  real  and  imaginary  parts  of  the  complex 
eigenvalues  and  eigenvectors. 

The  Eigenvalue  Problem 

The  equations  of  motion  that  describe  a  freely 
vibrating  n  degree  of  freedom  structural  dynamic  system 
are 

My+Cy+Ky  =  0  (1) 

where  M,  C,  and  K  are  the  nxn  mass,  viscous  damping  and 
stiffness  matrices;  y,  y  and  y  are  the  nxl  vectors  of 
displacement,  velocity  and  acceleration  measured  at  the  n 
degrees  of  freedom.  Equation  (1)  yields  the  following 
eigenvalue  problem 

^  ?M  p .  -H  X.  C  0.  +  K  0.  =  0  (i  =  1,  2...2n)  (2) 

where  \  .  and  0 .  are  the  i^^  eigenvalue  and  the  i^^ 
eigenvector,  which  in  general  occur  in  complex  conjugate 
pairs.  When  the  damping  matrix  is  proportional,  the 
eigenvectors  are  real.  In  terms  of  the  natural  frequencies 
and  the  damping  ratios  of  the  system,  the  eigenvalues  can 
be  expressed  as 

X  j  =  + (3a) 

(3b) 
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for  i  varying  from  1  to  n. 

Defining  the  following  complex  nxn  matrices 


u  = 

[  x\  02...  xl  ] 

V  = 

[  Xj  '/’j  X2<'2  —  Xn^n  ] 

(4) 

W 

[  <^1  <t>2  ...  ] 

the  eigenvalue  problem  in  Equation  (2)  can  be  restated  as 

MU  +  CV  +  KW  =  0.  0) 

It  is  to  be  noted  that  in  this  equation  only  the  first 
n  modes  are  included.  This  is  because  of  the  fact  that 
when  Equation  (5)  is  satisfied  for  a  given  set  of  M,  C,  and 
K  with  the  first  n  modes,  it  is  also  satisfied  for  their 
complex  conjugates,  which,  by  definition,  are  the  higher 
order  modes.  Also  note  that  when  Equation  (5)  is 
satisfied,  the  orthogonality  conditions  are  also  satisfied. 

The  identification  problem  consists  of  finding  the 
matrices  M,  C,  and  K  when  all  the  eigenvalues  and 
eigenvectors  are  known  through  experiments  or 
otherwise.  If  all  the  eigenvalues  and  eigenvectors  are 
not  known  and/or  all  the  eigenvector  components  are  not 
known,  the  missing  part  of  the  data  must  be  synthesized 
by  some  other  means.  Refs.  6  and  10  suggest  several 
methods  that  are  applicable  when  approximate  mass  and 
stiffness  matrices  of  the  system  are  known. 

Identification  of  System  Matrices 

If  inexact  values  for  the  mass,  damping  and 
stiffness  matrices  are  substituted  into  Equation  (5),  it 
will  not  be  satisfied  exactly  and  will  give  rise  to  some 
error  so  that 

MU  +  CV  +  KW  =  E  (6) 

where  E  is  the  matrix  of  error  coefficients  whose 
components  are  given  by 
n 

E..=y  (M.  U  .+  C.  V  .  +  K.  W  .)  (7) 

ij  im  mj  im  mj  im  mj 

Equations  (6)  and  (7)  have  been  derived  from  Equation 
(2).  When  the  eigenvalue  problem  is  written  in  the  form 
Equation  (2),  the  higher  modes  will  contribute  more  to 
the  error  as  defined  in  Equation  (6). 

Consequently,  the  dynamic  system  identified  by 
minimizing  the  error  will  reproduce  the  higher  modes 
with  greater  accuracy.  For  most  systems,  however,  it  is 
the  lower  modes  that  are  of  interest.  Experimental  data 
is  usually  available  for  the  lower  modes  only.  In  any 
case,  analytical  models  are  less  exact  in  predicting  the 
response  in  the  higher  modes  due  to  the  assumptions 
involved  in  deriving  the  models.  As  a  result,  it  is  more 
desirable  to  force  the  identified  system  to  yield  the 
lower  modes  as  accurately  as  possible.  In  order  to 
achieve  this.  Equation  (2)  is  rewritten  as 

•s,Z  1  A.  • 


matrices  are  interchanged  and  reciprocals  of  eigenvalues 
are  used  instead  of  the  eigenvalues  themselves.  Hence, 
all  the  equations  derived  hereafter  will  be  based  on 
Equations  (2),  (5),  and  (6). 

Since  structural  dynamic  systems  usually  possess 
symmetric  mass,  damping  and  stiffness  matrices,  it  is 
necessary  to  ensure  that  the  identification  technique  gives 
rise  to  symmetric  matrices.  This  can  be  done  by 
incorporating  the  following  constraint  equations  in  the 
procedure. 


M  -  =  0 

(8) 

C  -  =  0 

(9) 

K  -  =  0 

(10) 

where  T  is  used  to  denote  the  matrix  transpose. 

In  the  method  proposed  here,  the  system  matrices 
are  identified  by  minimizing  the  norm  of  E  subject  to  the 
constraints  in  Equations  (8)  -  (10).  A  constrained 
objective  function  is  formulated  as 

/3=  (11) 

in  which  is  the  function  to  be  minimized  and 


M  C 

wlj^re  a  bar  denotes  complex  conjugate  and  y  ,  y  and 
y  are  Lagrange  multiplier  matrices  such  that 


(14) 


By  differentiating  Equation  (11)  with  respect  to  the 
unknown  mass  coefficient  M.  .  and  equating  to  zero,  one 
obtains  _ 

_  o  n  n  3  E. . 


,M 


3  M 


E..  )  +  2  =  0 

kl  ^ 


Written  in  matrix  form,  this  equation  reduces  to 
EU^  +  EU^  +  2  =  o 


(15) 


(16) 


in  which  Equation  (7)  has  been  used.  Upon  taking  the 
transpose,  adding  and  using  Equation  (14),  Equation  (16) 
yields 


With  the  eigenvalue  problem  expressed  in  this 
form,  the  lower  modes  will  dominate  the  error,  and  will 
therefore  be  reproduced  more  accurately.  Using  this 
form,  however,  is  equivalent  to  using  Equation  (2), 
provided  that  the  roles  of  the  mass  and  stiffness 


E  +  E  +  U  E^  +  U  E^  =  0  (17) 

Substituting  for  E  from  Equation  (6), 
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M  (UU*  +  UU^)  +  (UU*  +  U  U^)  M  + 

C(VU*  +  VU^)  +  (UV*  +  UV^)  C  + 

K  (WU*  +  W  U^)  +  (UW*  +  U  W^)  K  =  0  (18) 

where  an  asterisk  denotes  complex  conjugate  transpose. 
This  equation  can  be  written  in  a  more  compact  form  by 
defining  the  following  matrices. 

=  Re  (UU*),  =  Re  (VU*), 


mass  matrix  is  equal  to  the  total  mass  and  the  ratios 
between  the  diagonal  elements  are  preserved.  Note  that 
if  a  set  of  matrices  M,  C,  and  K  satisfies  Equation  (5),  this 
set  multiplied  by  a  scalar  (or  in  the  more  general  case, 
premultiplied  by  a  constant  nxn  matrix)  also  satisfies  the 
same  equation. 

The  matrices  in  Equation  (19)  and  (23)  are 

expressed  in  terms  of^U,  vf  and  W  which  are  complex.  To 
avoid  the  use  of  complex  arithmetic  and  facilitate 
computation,  the  relevant  equations  can  be  transformed 
so  that  they  involve  only  real  matrices.  The  eigenvalue 
problem  in  Equation  (5),  for  example,  is  equivalent  to 


=  Re  (WU*) 


(19) 


MZF^  +  CZF  +  KZ  =  0 


where  Re  (z)  denotes  the  real  part  of  complex  number  z. 
Equation  (18)  now  becomes 


where 


(25) 


MLj  +  M  +  CL^  +  C  +  K  Lj 

+  K  =  0  (20) 

Following  a  similar  procedure,  two  additional  equations 
are  derived  by  differentiating  the  objective  function  with 
respect  to  the  damping  and  the  stiffness  parameters. 
These  equations  can  be  expressed  as  follows. 

ML2^  +  L2M  +  CL^  +  C  +  KL3  +  =  0  (21) 

+  Lj  M  +  +  Lj  C  +  KL^  +  L^K  =  0  (22) 

where 

Re  (VV*),  =  Re  (WV*),  =  Re  (WW*)  (23) 

Equations  (20)  -  (22)  can  be  assembled  together  to 
form  a  set  of  homogeneous  linear  equations  with  the 
mass,  stiffness  and  damping  elements  as  unknowns.  This 
results  in 


A  x  =  0 


(2^) 


where  A  =  coefficient  matrix  consisting  of  the  elements 
ofLj-L, 


and  x 


[M 


1112  In  22  2n  nn 


11  nn  11  nn  ■' 


The  length  of  the  vector  x  when  all  the  matrix  elements 
are  treated  as  unknown  is  3n(n+l)/2.  To  obtain  a 
nontrivial  solution  however,  at  least  one  nonzero  element 
of  any  one  of  the  matrices  M,  C,  and  K  must  be 
specified.  If  this  condition  is  satisfied,  the  set  of 
equations  in  Equation  (24)  can  be  solved  for  by  neglecting 
the  rows  obtained  by  differentiating  with  respect  to 
the  known  elements  and  substituting  the  values  of  these 
elements  into  the  remaining  equations,  thus  converting 
the  system  into  an  inhomogeneous  one. 


Z  =  [  Re(  0p  Re(  <P^)  ...  Re(  0^) 

Im  (  0p  Im(  0^)  ...  Im(  0^)  ] 

F , 

-Ai 

=  diag  [  Re  (  Re  (  X  2)  ...  Re  (  X  ^)  1 
Aj  =  diag  [  Im(  X^)  Im(  X^)  ...  Im(  X^)  ] 


By  going  through  the  error  minimization  process,  it  can  be 
shown  that  in  place  of  Equations  (19)  and  (23),  one  obtains 


Lj  =  ZF^(F^)^Z^,  L2  =  ZF(F^)^Z^ 
L3  =  Z(F^)^Z^,  =  ZFF^Z^ 

L3  =  Zf’^Z^,  Lg  =  ZZ^ 


where  all  the  required  matrices  are  expressed  in  terms  of 
the  real  and  imaginary  components  of  the  measured 
eigenvalues  and  eigenvectors. 

Numerical  Results 


To  evaluate  the  performance  of  the  identification 
method  described,  two  numerical  examples  are  considered 
in  this  section.  In  the  first  example,  an  assumed  set  of  M, 
C,  and  K  is  used  to  determine  the  eigenvalues  and 
eigenvectors  which  in  turn  are  treated  as  experimental 
data  and  utilized  in  the  identification.  The  resulting 
mass,  stiffness  and  damping  coefficients  are  compared 
with  the  exact  values.  The  second  example  consists  of 
experimental  data  for  the  first  three  bending  modes 
obtained  from  a  cantilever  be^  (Fig.  1)  by  curve  fitting 
measured  transfer  functions.^' ^  A  three  degree  of  free¬ 
dom  system  is  identified  for  the  beam  for  each  of  the 
several  cases  considered  and  the  eigenvalues  and  eigen¬ 
vectors  predicted  by  the  identified  system  are  compared 
with  the  test  data.  Since  the  imaginary  parts  of  the 
experimental  mode  shapes  of  the  beam  were  negligibly 
small,  the  eigenvectors  in  all  cases  were  treated  as  real. 


If  the  total  mass  of  the  system  is  known  and  if  the 
mass  matrix  is  assumed  to  be  diagonal,  the  above 
procedure  can  be  used  to  get  a  unique  solution.  This  is 
accomplished  by  first  assigning  an  arbitrary  value  to  one 
of  the  elements  of  the  diagonal  mass  matrix  and  solving 
for  the  remaining  unknowns  in  M,  C,  and  K.  The 
identified  matrices  are  then  multiplied  by  a  scalar  so 
that  the  sum  of  the  diagonal  elements  of  the  revised 


The  mass,  damping  and  stiffness  matrices  assumed 
in  the  first  example  were 


0 

0 

0 

'  40  -20' 

500  -400 

,  c  = 

,  K  = 

0  200 

- 1 

0 

CM 

0 

CM 

1 

_ 1 

-400  400 
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The  identified  coefficients  of  M,  C,  and  K  using  the 
complex  frequencies  and  mode  shapes  with  different 
amounts  of  error  are  given  in  Table  1.  The  first  element 
of  the  diagonal  mass  matrix  was  assumed  to  be  known  in 
obtaining  these  results.  It  is  seen  that  when  the  error  is 
of  the  order  of  1%.  in  eigenvalues  and  596.  in 
eigenvectors,  the  deviations  of  the  coefficients  from 
their  exact  values  are  of  the  order  of  2%. 

For  the  cantilever  beam,  an  a  priori  finite  element 
model  was  first  constructed  using  three  beam  elements. 
A  three  degree-of-freedom  model  was  obtained  by 
removing  thpv  rotational  degrees-of-freedom  using  Guyan 
reduction.^  '  The  mass  and  stiffness  coefficients  of  this 
model  are  listed  in  Table  2.  The  a  priori  eigenvalues  and 
eigenvectors  are  compared  with  their  experimental 
counterparts  in  Table  3. 

Identification  of  the  matrix  elements  by  using  all 
the  modes,  and  by  treating  the  entire  mass  matrix  to  be 
known  and  equal  to  the  a  priori  mass  matrix,  produced 
the  values  given  in  Table  4.  The  modal  parameters  of 
the  identified  model  are  listed  in  Table  5  along  with 
those  specified  (experimental)  in  the  identification. 
Noticeable  differences  are  observed  for  the  2nd  and  3rd 
modes,  particularly  in  the  mode  shapes.  To  improve 
these  values,  only  the  diagonal  elements  of  the  a  priori 
mass  matrix  were  used  next.  The  results  are  shown  in 
Tables  6  and  7,  and  they  indicate  that  the  experimental 
modal  parameters  are  simulated  to  a  very  high  degree  of 
accuracy  by  the  identified  system. 

Cases  in  which  experimental  data  are  not  available 
for  all  the  modes  were  investigated  by  considering  the 
test  results  for  higher  modes  as  unknown.  A  priori 
analytical  modal  parameters  were  substituted  for  the 
higher  modes  for  which  experiments^  data  were  assumed 
to  be  lacking.  Following  Ibrahim,'  ^  these  modes  were 
assumed  to  possess  damping  values  equal  to  the  average 
of  all  the  experimentally  measured  damping  values. 
Results  for  the  case  in  which  the  3rd  analytical  mode 
was  used  with  the  first  two  experimental  modes  are 
given  in  Tables  8  and  9.  When  one  experimental  and  two 
analytical  modes  were  taken  into  account,  the  values 
shown  in  Tables  10  and  11  were  obtained.  As  before,  the 
model  identified  in  each  case  using  a  priori  diagonal  mass 
elements  is  found  to  reproduce  the  specified  modal 
parameters  very  accurately. 

The  experimentail  results  that  were  used  in  the 
example  consisted  primarily  of  real  eigenvectors.  As  a 
further  test  of  the  technique  with  complex  eigenvectors, 
mass  and  stiffness  matrices  of  Table  4  were  used  with  a 
nonproportional  damping  matrix  (Table  12)  to  obtain 
eigenvalues  and  eigenvectors.  These  are  listed  in  Table 
13.  The  identification  procedure  was  then  used  with 
these  eigenvalues,  eigenvectors,  and  only  the  diagonal 
elements  of  the  mass  matrix  shown  in  Table  12.  The 
procedure  totally  reproduced  the  remaining  elements,  of 
the  mass  matrix,  stiffness  matrix,  and  the  damping 
matrix  of  Table  12. 

In  some  cases  where  some  of  the  coefficients  of 
the  stiffness  matrix  were  assumed  to  be  known  a  priori 
and  the  coefficients  of  the  mass  and  damping  matrices 
were  identified,  the  results  were  not  always  satisfactory. 
Even  though  the  matrices  obtained  satisfied  the 
equations  of  the  eigenvalue  problem,  they  were  found  not 
to  be  positive-definite,  which  would  be  considered 
unacceptable  for  most  physical  systems. 


CONCLUSIONS 

An  identification  procedure  has  been  developed  to 
estimate  the  mass,  damping  and  stiffness  matrices  from 
experimental  eigenvalues  and  eignvectors.  The  method  is 
based  on  the  minimization  of  the  eigenvalue  equation 
error  subject  to  the  conditions  of  symmetry  of  the 
matrices  involved.  If  one  or  more  nonzero  coefficients  in 
any  of  the  matrices  are  given,  the  remaining  coefficients 
in  all  the  matrices  can  be  found.  The  identified  matrices 
are  symmetric  and  satisfy  the  eigenvalue  problem  as 
accurately  as  possible.  The  method  is  applicable  in  all 
cases  of  damping,  either  proportional  or  nonproportional. 
Example  problems  are  solved  to  indicate  the  validity  of 
the  approach.  Results  obtained  in  these  examples  also 
demonstrate  that  the  procedure  is  capable  of  identifying 
systems  that  simulate  experimental  modal  data  to  high 
levels  of  accuracy.  Application  of  the  technique  to 
systems  with  large  degrees  of  freedom  is  still  to  be 
evaluated. 
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Material  :  Steel 

Fig.  1.  Cantilever  Beam  Used  in  Experiments 


Table  1.  Identified  Matrix  Elements  for  the  2  Degree-of-Freedom  System 


Case 

M„ 

Mia 

C„ 

Cia 

C« 

Kn  Kia 

Kaa 

No  error  in 
eigenporometers 

100 

0 

200 

40 

-20 

20 

500  -400 

400 

—  1%  Error  in  X’s 
+5%  Error  In  *9 

100 

0 

200 

39.6 

-19.8 

19.8 

490  -392 

392 

+  1%  Error  in  X*s 
+5%  Error  in  ^  s 

100 

0 

200 

40.4 

-20.2 

20.2 

510  -408 

408 

Exact  Values 

100 

0 

200 

40 

-20 

20 

500  -400 

400 

Table  2.  Matrix  Elements  of  the  A  Priori  Beam  Modei 


Element 

Index 

(11)  (21) 

(22) 

(31)  (32) 

(33) 

Mass 

(X10  )lb  sec /in 

0.185  0.109 

0.606 

-.054  0.085 

0.538 

Damping 

—  - 

- 

—  — 

— 

Stiffness 

(XlO^lb/In 

0.136  -.316 

0.904 

0.283  -1.198 

3.179 
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Table  3.  Comparison  of  Experimental  and  A  Priori  Analytical  Modal  Parameters 


Mode 

No. 

Experimental 

Values 

A  Priori  Values 

X 

X 

1 

-0.73+j  158.3 

11 

.52  .12] 

-0.00+J  174.8 

£1 

.49 

.101 

2 

-0.76+j  947.5 

-.55  -.73] 

-0.00+j1 110.1 

£1 

-.52 

-.41] 

3 

-1.62+J2693.6 

n 

-.69  .83] 

-0.00+13173.0 

£1 

-.66 

•97] 

Table  4.  Identified  Matrix  Elements  When  the  Entire  Mass  Matrix  is  Specified 


Element 

Index 

(11) 

(21) 

(22) 

(31)  (32) 

(33) 

Mass 

(X10"*)Ib  secVin 

0.183 

0.109 

0.606 

-.054  0.085 

0.538 

Damping 
(X10"‘')lb  sec/in 

0.300 

0.076 

1.098 

0.013  -.131 

1.143 

Stiffness 

(X10‘‘)lb/in 

0.172 

-.382 

0.960 

0.283  -.916 

1.680 

Table  5.  Comparison  of  Identified  and  Specified  Modal  Parameters 
When  the  Entire  Mass  Matrix  is  Known 


Mode 

No. 

Specified 

Values 

Identified 

Values 

X 

X 

1 

-0.73+j  158.3 

Cl 

.52 

.12] 

-0.73-fi  158.2 

£1 

.52  .12] 

2 

-0.76+j  947.5 

El 

-.55 

-.73] 

-0,76-fJ  962.4 

£1 

-.46  —.67] 

3 

-1.62+j2693.6 

[1 

-.69 

.83] 

-1.66+j2762.4 

£1 

-.63  .69] 
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Table  6.  Identified  Matrix  Elements  When  Only  the  Diagonal 
Mass  Elements  are  Specified 


Element 

Index 

(11) 

(21) 

(22) 

(31) 

(32) 

(33) 

Moss 

(X10  )lb  sec /In 

0.185 

0.069 

0.606 

0.047 

-.143 

0.538 

Damping 
(X10”^)lb  sec/ln 

0.326 

-.049 

1.281 

0.250 

-.700 

1.424 

(X10'‘)lb/in 

0.257 

-.638 

1.678 

0.692 

-1.939 

2.732 

Table  7.  Comparison  of  Modal  Parameters  When  the  Diagonal 
Mass  Elements  are  Known 


Mode 

No. 

Specifiecd  Values 

Identiflecd 

Values 

X 

X 

1 

-0.73+j  158.3 

n  .52 

.123 

-0.73+J  158.3 

Cl 

.52 

.123 

2 

-0.76+j  947.5 

11  -.55 

-.733 

-0.76+J  947.5 

Cl 

-.55 

-.733 

3 

-1.62+J2693.6 

11  -.69 

.833 

-1.62+j2694.0 

11 

-.69 

.833 

Table  8.  Identified  Matrix  Elements  Using  the  3rd  Analytical 
Mode  and  Diagonal  Mass  Elements 


Element 

Index 

(11) 

(21) 

(22) 

(31)  (32) 

(33) 

Moss 

(X10  )lb  sec /in 

0.185 

0.019 

0.606 

-.008  —.063 

0.538 

Damping 
(X10’*)lb  sec/in 

0.699 

-1.121 

3.950 

1.424  -3.944 

5.671 

Stiffness 

(X10'*)lb/1n 

0.326 

-.803 

2.080 

0.827  -2.332 

3.333 
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Table  9.  Comparison  of  Modal  Parameters  When  the  3rd 
Analytical  Mode  is  Used 


Mode 

No, 

Specified  Values 

Identified 

Values 

X 

X 

1 

-0.73+j  158,3 

n  .52 

•  12] 

-0.73-fj  158.3 

£1 

^  .52 

.12] 

2 

-0.76+j  947.5 

n  -.55 

-.73] 

-0.76-fj  947.5 

Cl 

-.55 

-.73] 

3 

-8.57+13173.0 

Cl  -.66 

.97] 

-8.564J3172.6 

£1 

-.66 

.971 

Table  10.  Identified  Matrix  Elements  Using  2  Analytical 
Modes  and  Diagonal  Mass  Elements 


Element 

Index 

(11)  (21) 

(22)  (31)  (32) 

(33) 

Mass 

(X10''')lb  secVin 

0.105  0.142 

0.606  -.019  0.003 

0.538 

Damping 
(X10  ^)Ib  sec/In 

0.875  -1.090 

4.188  0.560  -3.636 

12.031 

Stiffness 

(X10‘’)lb/in 

0.134  -.334 

1.017  0.394  -1.586 

3.717 

Table  11.  Comparison  of  Modal  Parameters  When  2 
Analytical  Modes  are  Used 


Mode 

No. 

Specified  Values 

Identified  Values 

X 

X 

1 

-0.73-f-J  158.3 

C1 

.52 

.12] 

-0.73+j  158.3 

£1  .52 

.12] 

2 

-5.1  1+j1  1  10.1 

Cl 

-.52 

-.41] 

-5.1l+j1l10.l 

t1  -.52 

-.41] 

3  - 

-14.60-hj3173.0 

£1 

-.66 

.97] 

-14.59+J3172.5 

t1  -.66 

.97] 
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Table  12.  Assumed  Matrix  Elements  of  a  Nonproportionally  Damped  System 


Element 

Index 

(11) 

(21) 

(22) 

(31) 

(32) 

(33) 

Moss 

(X10"’)lb  secVtn 

0.184 

0.109 

0.606 

-.054 

0.085 

0.538 

Damping 
(X10“^)lb  sec/in 

5.000 

0.200 

4.000 

0.100 

0.200 

6.000 

Stiffness 

(X10'‘)lb/in 

0.172 

-.382 

0.960 

0.283 

-.916 

1.680 

Table  13.  Modal  Parameters  of  the  Nonproportionally  Damped  System 


Mode  \ 

No. 

T 

1  -6.88+j  158.1 

[l.+jO. 

0.52+j0. 13X10“*  ,0.1 2+j0.69X1 0"*] 

2  -7.20+j  962.3 

Cl.+jO. 

-.46+j0.79X1 0"*  -.67+J0.46X1 0“*] 

3  -11.594-j2762.4 

[1.+j0. 

-.63+j0.42X10"*  0.69-j0.50X10**l 
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ANALYTICAL  DETERMINATION  OF  REAL  NORMAL  MODES  FROM 
MEASURED  COMPLEX  RESPONSES 


N.  Niedbal* 

Deutsche  Forschungs-  und  Ver suchsanstalt  fur 
Luft-  und  Raumfahrt  (DFVLR-AVA) 
Gottingen,  W.  Germany 


Abstract 

Normal  mode  parameters  are  required  in  order  to 
solve  dynamic  problems.  These  parameters  can  be  de¬ 
termined  either  analytically  by  means  of  a  Finite 
Element  Method  (FEM)  or  experimentally  by  means  of  a 
Ground  Vibration  Test  or  Modal  Survey  Test.  The 
classical  Phase  Resonance  Method  deterines  directly 
the  undamped  normal  mode  parameters .  To  overcome 
the  problem  of  structures  with  limited  accessibili¬ 
ty,  phase  separation  methods  have  to  be  taken  into 
account.  In  order  to  ensure  comparibility  between 
the  results  of  the  FEM  analysis  and  the  proposed  ex¬ 
perimental  method,  a  matrix  transformation  is  pre¬ 
sented  to  transform  the  damped  (complex)  normal  mode 
parameters  into  undamped  (real)  normal  mode  parame¬ 
ters  . 


Nomenclature 


D  generalized  damping  matrix 

K  generalized  stiffness  matrix 

K*  complex  generalized  stiffness  matrix  con¬ 

taining  the  stiffness  and  damping  matrix, 
see  Eq . (6) 

M  generalized  mass  matrix 

T|  complex  transformation  matrix 

T2  real  transformation  matrix 

X  modal  matrix 


Special  symbols: 


(  )  appertaining  matrix  formulated  by  means  of 

damped  normal  modes 
(  )  ’  real  part 

(  )"  imaginary  part 

(”)  matrices  obtained  by  means  of  the  trans- 

^  formation  matrix 

(  )  matrix  transposed 


Introduction 

The  determination  of  normal  mode  parameters  has 
become  an  important  tool  in  structural  dynamics. 
Mathematical  description  of  the  structural  dynamics 
can  be  formulated  in  an  efficient  manner  by  means  of 
normal  mode  parameters.  The  parameters  are: 


•  the  normal  frequency, 

•  the  damping  coefficient, 

•  the  generalized  mass  and 

•  the  normal  mode  shape. 


Classical  applications  of  these  normal  mode  for¬ 
mulations  include  flutter  clearance  of  aircraft  and 
the  dynamic  qualification  of  spacecraft  structures. 
Even  changes  of  the  dynamic  behavior  due  to  struc¬ 
tural  modification  can  be  calculated  on  the  basis  of 
normal  mode  parameters.  Moreover,  it  is  possible  to 
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determine  the  dynamic  behavior  of  complicated, 
branched  structures  by  means  of  the  dynamic  behavior 
of  the  various  substructures  using  normal  mode  pa¬ 
rameters  . 

Depending  on  the  course  of  development  of  an 
aerospace  structure,  the  normal  mode  parameters  can 
be  determined  in  two  different  ways: 

•  During  the  design  phase  of  a  structure  the  nor¬ 
mal  mode  parameters  are  determined  analytically 
by  means  of  finite  element  methods  (FEM) . 

•  After  production  of  the  real  structure  the  nor¬ 
mal  mode  parameters  can  be  measured  in  a  ground 
vibration  test,  also  called  modal  survey  test 
(MST). 

Comparison  and  correlation  of  both  the  analyti¬ 
cally  and  experimentally  determined  normal  mode  pa¬ 
rameters  offer  maximum  reliability  and  accuracy 
which  are  important  criteria  for  aerospace  construc¬ 
tions.  When  analyzing  modern  ground  vibration  test 
techniques,  this  aspect  has  to  be  kept  in  mind. 

Until  recently,  the  ability  to  model  a  realistic 
damping  distribution  within  an  FEM  analysis  was  very 
limited.  On  the  one  hand,  a  host  of  results  and 
data  have  been  published  to  describe  the  damping  be¬ 
havior  of  structures  while,  on  the  other  hand,  no 
general  theory  could  be  established  to  calculate  ac¬ 
curately  a  physical  damping  distribution.  For  this 
reason,  FEM  calculations  are  performed  without  tak¬ 
ing  damping  effects  into  account.  Therefore,  the 
results  of  an  FEM  analysis  are  the  normal  mode  pa¬ 
rameters  of  the  undamped  structure.  The  mode  shapes 
of  the  undamped  system  are  real  and  therefore  are 
called  real  normal  modes.  Contrary  to  the  equation 
of  motion  described  above,  the  equation  of  motion 
could  be  formulated  to  include  damping,  as  is  the 
case  for  all  newer  experimental  methods,  called 
Phase  Separation  Methods  (PSM) .  The  results  of  such 
an  approach  are  the  damped  normal  mode  parameters . 

In  the  case  of  a  real  structure  with  disproportion¬ 
ate  damping  distribution^  ,  the  mode  shapes  are  com¬ 
plex  and  are  therefore  called  complex  normal  modes. 

Due  to  the  different  ways  of  formulating  the 
equations  of  motion,  a  comparison  of  FEM  results  and 
PSM  data  may  be  erroneous.  The  only  experimental 
method  which  determines  undamped  normal  mode  parame¬ 
ters  is  the  classical  phase  resonance  method^.  By 
virtue  of  essential  improvements  made  in  electronic 
measurement  as  well  as  process  computer  techniques, 
this  method  has  been  developed  into  an  efficient  and 
reliable  procedure^.  The  improved  version  of  the 
classical  phase  resonance  method  is  based  on  the  in¬ 
dicator  function  and  on-line  presentation  of  the 
normal  modes  in  order  to  aid  the  test  engineer  in 
identifying  and  isolating  normal  modes.  Reduction 
of  test  duration^  using  the  classical  phase  reso¬ 
nance  method  is  shown  in  Table  1. 
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Year 

Configuration 

Number  of 
Measured 
Eigenmodes 

Test 

Duration 

1966 

clean  wing 

21 

6  weeks 

1974 

5  configurations 
with  2-6 
external  stores 

110 

6  weeks 

1978 

clean  wing  and 

5  configurations 
with  2-6 
external  stores 

125 

10  days 

Table  1 :  Reduction  of  test  duration  using  the 
classical  phase  resonance  method 


Despite  these  improvements,  analytical  determina¬ 
tion  of  undamped  normal  mode  parameters  from  meas¬ 
ured  complex  responses  is  desired  for  structures 
with  limited  accessibility.  Limited  accessibility 
means  that  a  desired  excitation  of  the  structure  is 
not  possible  due  to  physical  barriers.  In  such  cas¬ 
es,  only  the  complex  responses  of  a  structure  can  be 
measured.  The  present  task  entails  analytical  de¬ 
termination  of  the  undamped  normal  mode  parameters 
from  such  measured  complex  responses. 


Determination  of  the  Damped  Normal  Mode  Parameters 


In  the  past,  many  alternative  spectral  decomposi¬ 


tion  techniques 


4-10 


have  been  proposed  for  determi¬ 


nation  of  normal  mode  parameters .  Assessment  of  the 
individual  methods  is  difficult  because  published 
results  are  based  on  quite  different  test  items. 
Furthermore,  different  weighting  of  the  selection 
criteria  will  lead  to  diverse  assessments  of  the  in¬ 
dividual  methods.  Taking  all  these  aspects  into  ac¬ 
count  and  analyzing  the  mathematical  formulation  of 
the  various  procedures,  the  author^  selected  an  im¬ 
proved  version^ ^  of  Natke ' s  method^ 2  as  the  most  ap¬ 
propriate  to  determine  the  damped  normal  mode  param¬ 
eters  from  measured  complex  responses. 


Determination  of  the  Undamped  Normal  Mode  Parameters 

If  the  damped  normal  mode  parameters,  designated 
with  the  superscript  ”d'*,  are  known,  then  the  damped 
normal  mode  parameters  have  to  transformed 

X  =  T, 

or,  in  terms  of  real  and  imaginary  parts, 

X'  +  j  X"  =  X*^'  T;  -  T”  + 

+  j(X^"  +  x‘*'  Ty)  . 

The  undamped  normal  mode  parameters  are  charac¬ 
terized  by  the  following  conditions: 

•  real  normal  modes,  i.e.  a  real  modal  matrix  X, 


(1) 


(2) 


•  a  non-diagonal  damping  matrix  D. 


Comparing  these  characteristics  with  those  of  the 
damped  normal  mode  parameters,  only  the  first  condi¬ 
tion  enables  formulation  of  a  mathematical  procedure 
The  condition  of  real  modes  requires  that  the  imagi¬ 
nary  part  of  the  matrix  X  vanishes,  which  leads  to: 

x'*’  •  T',’  =  -X*^"  •  t;  .  (3) 


Eq.(3)  contains  two  unknowns,  T!|  und  T".  In  order  to 
solve  Eq.(3),  matrix  T]  is  assumed  a  unity  matrix. 
Premultiplying  Eq. (3)  by  the  transposition  of  X^ ' , 
matrix  T"  can  be  calculated  from  Eq.(3)  as  follows: 


T’,’  =  -[(X*^')^  X*^']  ^  (X^’)^  X*^" 


(4) 


The  transformed  normal  modes  are  calculated  from 
Eq.(l),  while  the  transformed  generalized  mass, 
stiffness  and  damping  matrices  are  obtained  from 

M  =  t'I'  and  (5a) 

K*  =  ,  (5b) 

whereby  the  complex  matrix  K*'^  contains  the  stiff- 
ness  and  damping  matrices 

=  k‘^  +  j  o'*  .  (6) 

Performing  the  transfo£mation  according  to  Eq.(5) 
discloses  £hat  matrix  M  as  well  as  the  real  part  K 
of  matrix  K*  are  both  non-diagonal  matrices.  The 
assumption  that  matrix  Tij  in  Eq.(3)  is  a  unity  ma¬ 
trix  produces  this  result. 

The  second  condition  of  a  diagonal  generalized 
mass  matrix  M  and  generalized  stiffness  matrix  can 
now  be  used.  In  order  to  obtain  the  diagonal  ma¬ 
trices,  an  eigenvalue  approach  can  be  applied: 

(-0)2  M  +  K)  =  0  .  (7) 


The  diagonalization  of  M  and  K  by  means  of  transfor¬ 
mation  matrix  T2  yields: 


M  = 

T2  T2  ’ 

(8a) 

T  - 

K  = 

T2  K  T2  , 

(8b) 

X  = 

X  T2  . 

(8c) 

The  transformation  of  damping  matrix  D  by  means 
of  T2, 

D  =  D  T2  ,  (8d) 

produces  a  non-diagonal  matrix.  This  is  the  com¬ 
plete  generalized  damping  matrix.  The  non-diagonal 
terras  express  the  damping  coupling  effects. 


Results 


In  order  to  verify  the  proposed  transformation, 
the  three-degrees -of -freedom  system  shown  in 
Figure  1  was  simulated.  The  influence  of  damping 
coupling  was  studied  by  selecting  the  following  lo 
cal  damping  factors: 

Y,  =  0.3  ,  ^2  °  '>'3  “  • 


•  a  diagonal  generalized  mass  matrix  M  and  a 
diagonal  generalized  stiffness  matrix  K  and 
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1 . 

.754 

.446 

754 

1 . 

.452 

446 

.452 

1  . 

Table  2:  Damping  matrix  of  the  disproportionate 
damped  system  with  three  degrees  of 
freedom 


Figure  1:  Structural  model  with  three  degrees  of 
freedom 


The  coupled  generalized  damping  matrix  is  pre- 
sented  in  Table  2  in  orthonormal ized  form.  These 
data  are  determined  by  means  of  the  transformation 
given  above.  Knowledge  of  these  non-diagonal  terms 
offers  additional  information. 


=1128 1  Hz  1  M  [kg  cm^J 

/f  =1168  [Hz]  -'.62  [kg  cm^l 


The  generalized  damping  matrix  is  the  most  sensi 
tive  and  may  well  be  the  most  interesting  one.  For 
an  expanded  eleven-degrees-of -freedom  system,  this 
matrix  was  calculated  from  the  damped  normal  mode 
parameters.  The  simulated  physical  damping  factors 
are  as  follows: 

Yi  Y2  Y3  Y^  Y5  Y^  Yy  Yg  Yg  Y^q  Y^^ 

.01  .03  .05  .07  .09  .11  .13  .15  .17  .19  .21  . 


f2  -119UHZ] 
//  =11.56  [Hz] 


M2  =.50 [kg  cm^l 
M2  =-62 [kg  cm^J 


-om 


=52.91  [Hz] 


Mj=.82  [kg  cm^] 
My-. 82 [kg  cm^] 


-om 


The  appertaining  generalized  damping  matrix  in  or- 
thonormalized  form  is  shown  in  Table  3.  These  re¬ 
sults  are  based  on  the  complete  eleven-degrees-of - 
freedom  system.  In  practice,  only  a  limited  number 
of  modes  are  of  interest.  Therefore,  only  the  third 
through  sixth  normal  modes  were  extracted.  The  re¬ 
sulting  damping  matrix  is  also  included  in  Table  3. 
Comparison  with  the  complete  number  of  modes  shows 
nearly  the  same  results. 


1  00 

-52  100 

-19  “^29  100 

-10  11  -51  100 


undamped  normal  mode 
damped  normal  mode 


real  part 
imaginary  part 


Figure  2:  Damped  and  undamped  normal  modes  of  the 
system  with  three  degrees  of  freedom 
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The  appertaining  damped  normal  modes  and,  for  the 
sake  of  comparison,  the  undamped  normal  modes  are 
presented  in  Figure  2.  The  most  significant  dis¬ 
crepancy  between  the  first  two  modes  are  the  asym¬ 
metric  damped  normal  modes  contrary  to  the  symmetric 
undamped  normal  modes.  This  example  demonstrates 
that  an  updating  of  an  FEM  analysis  by  means  of 
damped  normal  modes  may  be  erroneous.  The  third 
modes  are  identical  due  to  frequency  separation. 

The  normal  frequencies  and  the  generalized  masses  of 
the  damped  and  the  undamped  system  are  also  quoted 
in  Fig. 2,  where  remarkable  discrepancies  can  be  ob¬ 
served. 


Table  3:  Generalized  damping  matrix  of  a  dis¬ 
proportionate  damped  system  with  eleven 
degrees  of  freedom 


The  same  comparisons  were  performed  simulating  in 
addition  "measurement"  errors  of  the  deformations  up 
to  7.5%.  The  results  of  the  complete  number  of 
modes  as  well  as  of  the  limited  number  of  modes  are 
not  influenced  significantly,  see  Table  4. 
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1  -1  -1  2  1  -2  -2  8  -35  100 

.-I - --4— “7 - 4 - -2 - -  4  ^  ^  -—=  5- - ^-g - [  x)0 


Table  4:  Generalized  damping  matrix  of  a  dis¬ 
proportionate  damped  system  with  eleven 
degrees  of  freedom  (simulated  measurement 
error  7.5%) 
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[7]  Dynamic  Simulation  of  Complex 
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Structural  Dynamics  Res.  Corp., 
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[8]  Modal  Analysis.  Theory  &  Meas¬ 
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Conclusion 

Experimental/analytical  determination  of  real 
normal  modes  of  an  undamped  system  is  the  aim  of 
this  paper.  These  undamped  normal  modes  are  re¬ 
quired  in  order  to  improve  and  update  FEM  calcula¬ 
tions.  The  advantage  of  the  classical  phase  reso¬ 
nance  method  is  that  it  determines  directly  the 
undamped  normal  mode  parameters. 

However,  phase  separation  test  techniques  are 
taken  into  account  to  circumvent  the  limited  acces¬ 
sibility  of  modern  aerospace  structures.  The  disad¬ 
vantage  of  these  methods  which  determine  only  the 
damped  normal  mode  parameters  can  be  compensated  by 
means  of  the  transformation  presented  in  this  paper. 
Selected  test  results  demonstrate  the  performance  of 
this  technique. 
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Abstract 


Static  Analysis 


This  paper  deals  with  the  study  of  the  dynamic 
behavior  of  large  space  structures  due  to  changes  in 
the  stiffness  of  the  members.  The  stiffness  of  the 
members  was  modified  to  satisfy  an  optimum  design 
criterion,  to  satisfy  static  displacements  associ¬ 
ated  with  the  line-of-sight  (LOS)  and  to  satisfy 
frequency  constraints.  The  response  of  the  LOS  to 
different  initial  displacement  conditions  was  inves¬ 
tigated  for  various  modified  designs. 

Introduction 


The  relation  between  the  static  load  vector  {P} 
and  the  displacement  vector  (u)  for  a  structure  with 
n  degrees  of  freedom  is  given  by 

[K]{u}={P}  (1) 

where  [K]  is  the  nxn  S5mimetric  stiffness  matrix  of 
the  structure.  The  displacement  u .  at  a  node  point 
j  in  the  structure  is  given  by  ^ 


There  are  different  stringent  requirements  on 
Large  Space  Structures  (LSS)  because  of  their  use, 
environment  and  the  methods  used  to  deploy  them. 

LSS  have  to  be  a  minimum  weight  design  and  also 
satisfy  all  the  imposed  performance  requirements. 

One  of  the  important  requirement  is  the  Line-of- 
Sight  (LOS)  pointing.  The  error  associated  with 
this  has  to  be  within  a  specified  value  for  proper 
operation  of  the  vehicle.  The  LOS  error  may  be  de¬ 
fined  as  the  movement  of  a  node  point  or  a  linear 
combination  of  movements  at  different  locations  in 
the  structure  due  to  a  dynamic  disturbance.  The  LOS 
error  depends  on  the  stiffness  of  the  structure, 
the  distribution  of  nonstructural  mass  and  the  con¬ 
trol  system  used  to  minimize  the  error.  The  correct 
procedure  to  obtain  an  optimum  design  would  be  to 
include  all  the  design  variables  in  the  formulation 
of  the  problem  and  to  derive  a  proper  algorithm  to 
minimize  the  specified  objective  functions  and  sat¬ 
isfy  all  the  constraints.  In  order  to  solve  this 
problem  it  would  be  necessary  to  deal  with  two  dis¬ 
ciplines  of  LSS  design  such  as  structural  design  and 
control  theory.  This  is  a  difficult  problem  to 
solve  because  it  would  be  necessary  to  take  into 
consideration  the  interaction  of  the  two  disciplines. 


m 


u  .= 
J 


I 

i=l 


A. 

1 


(2) 


where  m  is  the  number  of  elements  and  Q..  is  the 
flexibility  coefficient  given  by 


Qi.=A.{u}^[k].^sq. 


Here  {u}j_  and  {s^}^  are  the  displacements  associated 
with  the  ith  element  due  to  the  applied  load  vector 
{P}  and  the  virtual  load  vector  {S^}.  In  Eq  3  [k]^ 
is  the  stiffness  matrix  of  the  ith  element  and  is 
the  ith  design  variable,  which  in  the  case  of  bar 
elements  will  be  the  cross-sectional  area.  The 
solution  to  Eq  1  gives  the  displacements  in  the 
structure,  and  Eq  2  and  3  can  be  used  to  determine 
the  displacement  at  a  specified  node  point. 


Dynamic  Analysis 


The  equations  of  motion  for  a  structure  are 
given  by 


In  this  paper  a  simple  procedure  to  investigate 
the  effect  of  structural  modifications  on  the  pas¬ 
sive  control  of  the  LOS  error  is  used.  The  struc¬ 
ture  is  modified  to  satisfy  constraints  on  static 
displacements  associated  with  the  LOS  and  the  fre¬ 
quency  distribution.  Different  designs  are  then 
compared  for  their  dynamic  behavior.  The  structure 
used  in  this  investigation  is  a  tetrahedral  truss 
discussed  in  Ref.  1.  This  structure  was  devised  by 
Draper  Labs  as  one  of  the  simplest  nonplaner  geo¬ 
metries  capable  of  representing  a  Large  Space  Struc¬ 
ture.  A  short  description  of  the  methods  used  to 
modify  and  analyze  the  structure  is  given  in  the 
next  section. 


^Aerospace  Engineer,  Member  AIAA 
*jVprofessor,  Associate  Fellow  AIAA. 


[M]{u(t)}+[E]{u(t)}+[K]{u(t)}=[D]{F(t)}  (4) 

where  [M]  is  a  nxn  mass  matrix  which  includes  the 
contribution  from  the  structural  and  the  nonstruc¬ 
tural  mass  of  the  structure,  [E]  is  a  nxn  damping 
matrix  and  [D]  is  the  nxp  applied  load  distribution 
matrix  relating  the  applied  load  vector  {F(t)}  and 
the  coordinate  system.  For  the  free  undamped  motion 
Eq  4  becomes 

[M]{u(t)}+[K]{u(t)}=0  (5) 

Since  the  free  oscillations  are  simple  harmonic,  the 
displacement  u(t)  can  be  written  as 

{u(t) }={U}e^^^  (6) 


This  paper  is  declared  a  work  of  the  U.S. 
Government  and  therefore  is  in  the  public  domain. 
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where  w  is  the  circular  frequency  and  {U}  is  the 
vector  defining  the  amplitudes  of  motion.  Substi¬ 
tuting  Eq  6  in  Eq  5  and  cancelling  gives  the 

homogeneous  set  of  equations, 

[[K]-a3^[M]]{U}=0  (7) 

Multiplying  this  equation  by  {u}^  and  rearranging 
gives 


2  {U^}‘'[K]{Uj} 

“j  "  {up[M]{Up 


(8) 


where  Wj  is  the  jth  circular  frequency  associated 
with  the  jth  eigenvector  {Uj}.  Using  the  coordinate 
transformation. 


(9) 


where  [(|)]  is  the  modal  matrix  whose  columns  are 
eigenvectors  {U}j  (normalized  with  respect  to  the 
mass  matrix  [M] ) ,  Eq  4  can  be  transformed  into  n 
uncoupled  system  of  differential  equations  as 


[B]  = 


_0_ 

(t)S 


(17) 


Eq  15  is  known  as  the  state  input  equation  and  the 
state  output  equation  is  given  by 


{y}=[c]{x}  (18) 

where  {y}  is  a  qxl  output  vector  and  [G]  is  a  qx2n 
output  matrix. 

The  complete  solution  to  Eq  15  is  given  by"^ 


x(t)=(|)(t)x(o)+  i[)(a)B^(t-a)da 

o 


(19) 


where  ij)(t)  is  the  state  transition  matrix  and  is 
given  by 


(20) 


[M]{ti}+[E]{fi}+[K]{n}  =  ['t']''[D]{F}  (10) 

where 

[M]  =  r^Isj  identify  matrix  (11) 

nxn 


In  Eq  19  x  and  ^  are  the  vectors  and  B,  A  are  the 
matrices.  For  discrete  time  steps  Eq  19  can  be 
suitably  modified  and  evaluated  at  each  time  inter¬ 
val.  In  the  case  where  there  are  no  externally 
applied  loads  or  the  input  vector  {f}  is  zero,  Eq  19 
becomes 


2c(t)=e^^x(‘^) 


(21) 


[E]  =  [^2Cw-k1^^^  diagonal  damping  matrix  (^12) 


The  numerical  solution  to  Eqs  19  or  21  can  be 
obtained  by  using  available  subroutines.^ 


Algorithm  to  Minimize  Displacements 


[K] 


2 

=  [’^(0  matrix  of  eigenvalues 


(13) 


The  optimization  problem  for  minimizing  the  dis¬ 
placements  in  a  structure  for  a  given  weight  of  the 
structure  W  can  be  stated  as; 


In  Eq  12  {5}  is  the  vector  of  modal  damping  factors. 
The  second  order  Eq  10  can  be  reduced  to  a  first 
order  equation  by  using  the  state  variable  vector 
{x}  given  by 


{x} 


2n 


(14) 


minimize  the  displacement  function  ’G’  subject 
to 


m  _ 

w=  y  p .A.ji.=w 


(22) 


The  state  space  representation  of  Eq  10  using  Eq  14 
can  be  written  as 

{x}=[A]{x}+[B]{f}  (15) 


where  pi  is  the  density  of  the  material,  A±  is  the 
design  variable  and  is  the  volume  parameter  asso¬ 
ciated  with  the  ith  element.  Using  Eq  2  the  func¬ 
tion  G  may  be  written  as 


where  [A]  is  2nx2n  plant  matrix,  [B]  is  2nxp  input 
matrix  and  {f}  is  an  px2n  control  input  vector.  The 
plant  matrix  and  the  input  matrix  are  of  the  form 


[A]  = 


0  !  I 

2  ‘ 

-(0  J-25(jj_ 


(16) 


G^  2.  ^  single  displacement  (23) 

i=l  ^i 
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can  be  written  as 


”  Q--  1-  - 

G=  y  y  ^  linear  combination 

j=j_  ^1=1  displacements 


a'''''^=A.  fl  -  -(B  .-1) 

1  1  \  r  1 


p  2 

-  V  /  Y  ^  linear  combination  of  the 


j=l  ~’\i=l  1 


squares  of  the  displacements 


where  v+1  and  v  are  the  iteration  numbers  and  r  is 
the  parameter  that  controls  the  step  size.  The 
value  of  the  Lagrange  parameter  X  which  is  required 
to  use  in  Eq  32  can  be  calculated  by  solving  Eqs  28 
through  30  for  substituting  in  Eq  22  and  solving 
for  X.  This  gives 


where  Rj  is  a  set  of  specified  parameters  and  P]_  is 
the  number  of  parameters.  Using  Eqs  22  and  23 
through  25,  the  Lagrangian  can  be  written  as 


L(A,X)  =  G  +  ^  (W"W) 


where  X  is  the  Lagrange  multiplier.  Differentiating 
Eq  26  with  respect  to  the  design  variables  Aj_  and 
setting  the  resulting  equations  to  zero,  the  opti¬ 
mality  conditions  can  be  written  as 


3  U  1 

+  -  p.£.  =  0  i=l,...,m 

3A.  X  1  1 


for  a  single  displacement. 


/  I  -p-^- 

j  ij  1  1 


for  a  linear  combination  of  displacements. 


Using  Eqs  23  through  25  the  optimality  conditions 
for  the  three  objective  functions  can  be  written  as 


/  y  2R.G.Q.  .p 


single  displacement 


1=X 

A  p.£. 
r  1  1 


linear  combination  of  the  displacements 

'’l  Q.. 

1=1  I  Rj  ^ 

j=i  A.p.£. 


linear  combination  of  the  square  of  the 
displacements 


for  a  linear  combination  of  the  square  of  the  dis¬ 
placements  . 

The  algorithm  to  minimize  the  displacements  then 
consists  of  modifying  the  design  variables  by  using 
Eq  32  until  the  optimality  criterion  is  satisfied. 


Algorithm  to  Satisfy  Frequency  Constraints 

The  optimization  problem  for  the  minimum  weight 
of  the  structure  with  constraints  on  the  fundamental 
frequency  and  the  frequency  distribution  of  the 
higher  vibration  modes  can  be  defined  as: 

minimize  the  weight  of  the  structure 


^1  Q.  . 

1=X  I  2R.G.  - 

3=1  J  1  A^p.i. 


m  Q ,  . 

In  Eq  30  Gj  =  ^  Eqs  28  through  30  can  be 

i=l  ^i 

written  as 


subjected  to 


,2  _2,  , 

=  (a,.-a,cop<l  j=l,...,p 


where  the  value  of  3^  depends  on  the  nature  of  the 
objective  function.  Using  the  optimality  criterion 
a  recurrence  relation  to  modify  the  design  variables 
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where  gj  and  gj  are  the  actual  and  the  desired  val¬ 
ues  of  the  constraints,  cioj^  is  the  specified  value 
of  the  fundamental  frequency  and  is  the  desired 

value  of  the  square  of  the  jth  frequency.  Using 
Eqs  36  and  38  the  Lagrangian  can  be  written  as: 


L(A,X)=  i  PiA.S-.-  I  (39) 

i=l  j-1 


Eq  45  was  derived  by  assuming  that  all  the  elements 
would  satisfy  the  optimality  criterion.  However, 
the  cross  sectional  areas  of  some  of  the  elements 
would  be  governed  by  the  minimum  size  requirement. 
In  that  case  these  elements  are  not  included  in  the 
summation  in  Eq  45.  One  of  the  design  requirements 
can  be  that  the  fundamental  frequency  or  some  other 
frequency  of  the  structure  should  be  equal  to  a 
specified  value.  This  would  require  the  scaling  of 
all  the  design  variables.  The  scaling  factor  6j  is 
given  by^ 


Differentiating  this  equation  with  respect  to  the 
design  variable  and  setting  the  resulting  equa¬ 
tions  to  zero  gives^ 


a  2 

3co . 


j=i 


where 


_  “-“i  _  2 

F. 

j _ 


F.  = 


(46) 


(47) 


^  h  2 

j=l  J  Atp.Jl. 


(41) 


(48) 


or 

(42) 


In  Eq  48  the  mass  matrix  [Mj^]  includes  the  contribu¬ 
tion  from  the  structural  mass  only.  When  nonstruc- 
tural  mass  is  present,  it  is  required  to  iterate  a 
couple  of  times  before  the  jth  frequency  is  exactly 
equal  to  the  jth  desired  frequency. 


where 


Illustrative  Examples 


Qij=Ai[{Uj^[k].{U^}  -  (43) 

In  Eq  43  {Uj}  is  the  jth  vibration  mode  normalized 
with  respect  to  the  mass  matrix,  and  [m] ^  is  the 
structural  mass  matrix  associated  with  the  ith  ele¬ 
ment.  The  format  of  this  optimality  criterion  for 
frequency  constraints  (Eq  42)  has  the  same  form  as 
Eq  31,  and  the  recurrence  relation  to  modify  the 
design  variables  can  be  written  as^ 

A^+"=A^(l  -i(6.-l))"" 

1  i\  r  1 


The  structural  model  selected  for  this  study  is 
shown  in  Fig.  1.  In  spite  of  its  simplicity  it 
models  the  feed-tower  in  a  generic  class  of  large 
antenna  applications.  This  structure  is  defined  in 
unspecified  consistent  units.  The  edges  of  the 
tetrahedron  are  each  10  units  long,  and  the  bipod 
legs  are  each  2/2  units  long.  The  horizontal  base 
of  the  tetrahedron  formed  by  nodes  2,  3  and  4  is  2 
units  above  the  base  plane  of  reference.  The  coor¬ 
dinates  of  the  node  points  are  given  in  Table  1. 

The  structure  has  twelve  degrees  of  freedom,  and 
four  masses  of  2  units  are  attached  at  nodes  1 
through  4.  Young's  modulus  of  the  members  is  1.0, 
and  the  density  of  the  structural  material  is 
assumed  to  be  0.001. 


where  v+1  and  v  are  the  iteration  numbers  and  r  is 
the  step  size  parameter.  In  order  to  use  Eq  45  it 
is  necessary  to  evaluate  the  Lagrange  multiplier  Xj 
associated  with  the  active  constraints.  A  set  of 
equations  to  determine  the  Lagrange  multipliers  can 
be  written  by  using  the  condition  that  a  change  in 
the  design  variables  should  satisfy  the  constraint 
relations.  This  would  give^ 


The  tetrahedral  apex  (node  1)  represents  the 
antenna  feed  and  its  motion  defines  the  LOS  (line  of 
sight) ♦  The  motion  of  this  point  in  the  X  direction 
and  the  Y  direction  are  denoted  by  LOS-X  and  LOS-Y 
respectively.  The  sum  of  the  squares  of  these  dis¬ 
placements  i.e.,  (LOS-X) ^+(L0S-Y) 2  is  denoted  by 
L0S-(2).  A  comparison  of  the  different  design  mod¬ 
ifications  discussed  below  will  be  made  with  respect 
to  the  response  of  LOS-X,  LOS-Y  and  LOS-2  to  changes 
in  the  stiffness  of  members  of  the  structure.  The 
four  designs  used  for  comparison  are  described  first. 


I  I 


k=l 


p 

X  1 


^  r(a 


(45) 


Design  A 

This  was  a  nominal  design  with  the  cross- 
sectional  areas  of  the  members  as  given  in  Table  2. 
This  design  was  used  by  the  Charles  Stark  Draper 
Lab^  for  their  preliminary  investigation  on  the 
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design  of  the  active  control  system. 

Design  B 

This  design  was  obtained  by  using  the  algorithm 
discussed  previously  to  minimize  the  displacement 
function  by  keeping  the  weight  of  the  structure  the 
same.  The  weight  of  the  structure  was  equal  to  that 
of  Design  A,  and  the  displacement  function  was  the 
sum  of  the  squares  of  the  displacements  in  the  X  and 
Y  direction  of  node  1,  which  is  the  line  of  sight. 
The  nonstructural  masses  attached  at  nodes  1  through 
4  were  assumed  to  be  the  static  loads  acting  in  the 
three  coordinate  directions.  For  the  first  itera¬ 
tion  the  cross-sectional  areas  were  assumed  to  be 
the  same  as  those  of  Design  A.  The  design  variables 
were  modified  by  using  the  recurrence  relation  in 
Eq  32.  The  step  size  parameter  r  was  set  equal  to 
100  for  the  first  twenty-five  iterations,  and  was 
reduced  to  10  thereafter.  The  small  step  size  was 
used  to  obtain  a  design  that  satisfies  the  optimal¬ 
ity  criterion  exactly,  i.e.  ^^=1  for  all  the  ele¬ 
ments.  The  initial  value  of  the  objective  function 
was  .313  and  this  was  reduced  to  .041  after  about 
fifty  iterations.  The  cross-sectional  areas  of  the 
optimum  design  are  given  in  Table  2. 

Design  G 

An  algorithm  that  minimizes  the  weight  of  the 
structure  with  constraints  on  the  frequency  distri¬ 
bution  was  used  to  obtain  this  design.  It  was  spe¬ 
cified  that  the  square  of  the  fundamental  frequency 
(w|)  and  the  second  frequency  should  be  equal 

to  1.76  and  2.69  respectively.  These  values  were 
the  same  as  that  for  Design  A.  The  remaining  ten 
frequencies  were  unconstrained.  The  cross-sectional 
areas  of  the  members  for  the  first  iteration  were 
assumed  to  be  equal  to  those  of  Design  A.  The 
design  variables  were  modified  by  using  Eq  44,  and 
the  Lagrange  multipliers  were  evaluated  by  using 
Eq  45.  The  step  size  parameter  r  was  set  equal  to 
2.  The  initial  weight  of  the  structure  was  .0437 
and  the  optimum  design  weighed  0.015.  The  optimum 
design  was  obtained  with  twenty  iterations.  The 
optimality  criterion,  i.e.,  3j_=l  was  satisfied  for 
all  elements.  The  cross-sectional  areas  of  the 
members  for  Design  C  are  given  in  Table  2. 

Design  D 

This  design  was  obtained  by  scaling  Design  C  so 
that  the  weight  of  the  structure  was  the  same  as 
that  of  Design  A  or  Design  B.  This  was  achieved  by 
multiplying  all  the  areas  of  Design  C  by  the  ratio 
0.0437/0.0150.  The  cross-sectional  areas  of  the 
members  for  this  design  are  given  in  Table  2, 

Frequency  Separation  of  Different  Designs 

The  distribution  of  the  frequencies  for  the 
four  designs  are  given  in  Table  3.  In  this  table 
the  square  of  the  frequencies  listed  under  columns 

I  and  II  were  determined  by  including  and  not 
including  respectively,  the  contribution  of  the 
structural  mass  to  the  mass  matrix  [M]  in  Eq  7. 

The  square  of  the  frequencies  under  column  II  are 
given  here  for  information;  since  a  computer  program 
such  as  NASTRAN  with  CROD  elements  would  give  these 
values.  Comparing  the  values  under  columns  I  and 

II  for  the  four  designs,  it  is  seen  that  the  differ¬ 
ence  between  them  is  small.  The  difference  between 
the  components  of  the  vibration  modes  for  the  two 
cases  was  also  small.  The  results  presented  in  this 


paper  were  obtained  by  using  the  square  of  the  fre¬ 
quencies  under  column  I  and  the  associated  vibration 
modes.  Comparing  the  distribution  of  the  square  of 
the  frequencies  for  the  four  designs,  the  following 
observations  can  be  made: 

Design  A:  The  lowest  and  the  highest  square  of 
the  frequencies  for  this  design  are  1.76  and  161.30 
respectively.  The  w?  associated  with  the  7th  and 
8th  mode  are  21.73  and  21.76  which  are  close  to  each 
other. 

Design  B:  The  square  of  the  first  and  the 
twelth  frequencies  for  this  design  are  1.57  and 
187.0  respectively.  The  frequencies  for  this  design 
are  more  widely  separated  than  for  all  other  designs. 
This  wide  distribution  is  considered  desirable  for 
designing  an  active  control  system. 

Design  G.  The  wj  and  for  this  design  are 
equal  to  those  for  Design  A.  The  square  of  the 
highest  frequency  is  50.77  which  is  substantially 
lower  than  for  Designs  A  or  B .  The  frequencies 
associated  with  the  9th  and  10th  modes  are  closer 
to  each  other. 

Design  D:  The  square  of  the  fundamental  fre¬ 
quency  for  this  design  is  5.01  which  is  nearly  three 
times  that  of  Design  A.  The  square  of  the  highest 
frequency  is  145.10.  The  frequencies  associated 
with  the  9th  and  10th  modes  for  this  design  are 
closer  to  each  other. 

LOS  Response  to  Initial  Displacement 

In  order  to  investigate  the  response  of  the 
different  designs,  each  structure  was  subjected  to 
the  same  initial  conditions.  The  transient  response 
of  the  structure  was  then  simulated  by  using  Eq  21 
for  the  period  t-0  to  t=20  sec.  at  the  time  interval 
of  t=0.1  sec.  The  magnitudes  of  LOS-X,  LOS-Y  and 
LOS- (2)  were  than  calculated  at  each  time  interval. 
Two  conditions  were  imposed  to  initiate  the  response. 
For  Case  I,  the  structure  was  subjected  to  a  unit 
displacement  in  the  X-direction  at  node  2  at  t=0. 

The  time  histories  for  the  four  designs  for  the 
three  quantities  LOS-X,  LOS-Y,  LOS- (2)  are  given  in 
Figs.  2  through  4.  In  the  second  case  at  t=0,  a 
displacement  of  1  unit  was  assumed  in  the  Z  direc¬ 
tion  at  node  1.  The  time  histories  for  this  case 
are  given  in  Figs.  5  through  7,  For  both  cases  a 
modal  damping  of  10%  was  assigned  to  all  the  modes. 

Comparing  the  time  histories  for  the  two  cases 
the  following  observations  may  be  made. 

Case  I 

1.  The  amplitudes  of  the  LOS-X  curve  for  Design 
B  (Fig.  2(b))  are  generally  smaller  than  those  for 
the  nominal  Design  A  (Fig.  2(a)),  and  also  for 
Designs  C  and  D  (Figs.  2(c),  2(d)).  Design  C  or  D 
has  not  reduced  LOS-X  over  the  nominal  Design  A. 

The  amplitudes  of  LOS-X  for  Design  C  (Fig.  2(c)) 
damped  out  faster  than  those  for  Design  D  (Fig. 

2(d)). 

2.  The  magnitudes  of  LOS-Y  are  initially  larger 
for  Design  B  (Fig.  3(b))  than  for  Design  A  (Fig. 

3(a)),  however  after  about  three  seconds  they  become 
smaller.  The  amplitudes  of  LOS-Y  for  Design  C 
(Fig.  3(c))  or  Design  D  (Fig.  3(d))  are  larger  than 
those  for  Design  A  or  B .  The  amplitudes  of  LOS-Y 
for  Design  D  are  larger  than  those  for  Design  C. 
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3.  The  amplitudes  of  L0S-(2)  for  Design  A  (Fig. 
4(a))  are  initially  smaller  than  those  for  Design  B 
(Fig.  4(b)),  however  they  become  larger  after  about 
3  sec.  The  amplitudes  of  LOS- (2)  for  Design  C  (Fig. 
4(c))  or  Design  D  (Fig.  4(d))  are  larger  than  those 
for  Designs  A  or  B.  The  magnitude  of  L0S-(2)  for 
Design  C  and  D  are  nearly  equal,  however  LOS- (2) 
for  Design  C  damped  out  faster. 

Case  II 

1.  The  amplitudes  of  LOS-X  for  Design  C  (Fig. 

5(c))  and  Design  D  (Fig.  5(d))  are  smaller  than 

those  for  Design  A  (Fig.  5(a))  and  Design  B  (Fig. 

5(b)).  The  amplitudes  of  LOS-X  for  Design  D  damp 
out  faster  than  those  for  Design  C.  Design  B  in 
this  case  has  not  reduced  LOS-X  over  that  of  Design 
A. 

2.  The  magnitudes  of  LOS-Y  for  Design  C  (Fig. 

6(c))  and  Design  D  (Fig.  6(d))  are  smaller  than 

those  for  Design  A  (Fig.  6(a))  or  Design  B  (Fig. 

6(b)).  The  amplitudes  of  LOS-Y  for  Design  B  (Fig. 
6(b))  are  generally  larger  than  those  for  Design  A 
(Fig.  6(a)). 

3.  The  magnitudes  of  LOS- (2)  for  both  Design  C 
(Fig.  6(c))  and  Design  D  (Fig.  6(d))  are  substan¬ 
tially  smaller  than  those  for  Design  A  (Fig.  6(a)) 
or  Design  B  (Fig.  6(b)).  For  Design  D  (Fig.  6(d)), 
the  amplitudes  of  LOS- (2)  damped  out  faster  than 
those  for  Design  A  (Fig.  6(a)). 

Conclusions 

It  has  been  shown  that  by  changing  the  stiffness 
of  the  members  based  on  an  optimum  design  criterion, 
an  improvement  in  the  response  of  the  structure  to  a 
dynamic  disturbance  can  be  made  to  reduce  the  line 
of  sight  error.  From  the  preliminary  results  pre¬ 
sented  in  this  paper,  it  is  seen  that  the  improve¬ 
ment  depends  upon  the  criterion  used  to  design  the 
structure  and  the  initial  conditions  used  to  start 
the  dynamic  response.  Additional  study  is  required 
to  investigate  the  effect  of  different  disturbances. 
Further  study  should  include  the  effect  of  design 
modifications  on  active  control  of  the  LOS  on  large 
space  structures. 
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Table  1-  Node  Point  Coordinates 


Node 

X 

X 

Z 

1 

0.0 

0.0 

10.165 

2 

-5.0 

-2.887 

2.00 

3 

5.0 

-2.887 

2.00 

4 

0.0 

5.7735 

2.00 

5 

-6.0 

-1.1547 

0.0 

6 

-4.0 

-4.6188 

0.0 

7 

4.0 

-4.6188 

0.0 

8 

6.0 

-1.1547 

0.0 

9 

2.0 

5.7735 

0.0 

10 

-2.0 

5.7735 

0.0 

Table  2.  Cross-Sectional  Areas  of  the  Members 


Element 


No. 

Design  A 

Design  B 

Design  C 

Design  D 

1(1-2) 

1000. 

993.5 

122.74 

353.17 

2(2-3) 

1000. 

614.9 

242.96 

712.86 

3(1-3) 

100. 

56.58 

224.22 

643.42 

4(1-4) 

100. 

453.30 

224.25 

643.50 

5(2-4) 

1000. 

352.60 

242.93 

712.77 

6(3-4) 

1000. 

909.00 

133.90 

392.35 

7(2-5) 

100. 

565.00 

195.58 

576.58 

8(2-6) 

100. 

873.00 

195.60 

576.64 

9(3-7) 

100. 

420.30 

227.76 

669.75 

10(3-8) 

100. 

763.00 

124.78 

366.53 

11(4-9) 

100. 

151.10 

227.74 

669.68 

12(4-10) 

100. 

727.00 

124.80 

366.60 

Weight 

.0437 

.0437 

.0150 

.0437 

Table  3. 

Natural  Frequencies 

Mode 

Desig 

;n  A 

Design  B 

Design  C 

Design  D 

Case  I 

Case  II 

Case  I 

Case  II 

Case  I 

Case  II 

Case  I 

Case  II 

1 

1.76 

1.80 

1.57 

1.61 

1.76 

1.79 

5.01 

5.18 

2 

2.69 

2.77 

7.50 

7.74 

2.69 

2.81 

7.67 

7.94 

3 

7.98 

8.35 

10.41 

10.83 

7.37 

7.46 

20.99 

21.69 

4 

8.30 

8.74 

21.09 

21.79 

9.68 

9.99 

27.69 

28.58 

5 

10.99 

11.54 

44.64 

46.01 

13.31 

13.95 

37.82 

39.15 

6 

17.12 

17.67 

48.74 

50.33 

25.33 

25.59 

72.39 

74.85 

7 

21.15 

21.73 

79.06 

81.72 

28.09 

28.73 

80.70 

83.16 

8 

21.76 

22.61 

101.90 

105.51 

37.40 

37.96 

107.70 

111.00 

9 

70.61 

72.92 

130.05 

134.30 

42.95 

43.82 

123.60 

127.30 

10 

82.76 

85.57 

140.06 

144.70 

43.12 

43.86 

123.80 

127.50 

11 

102.90 

105.77 

153.80 

159.00 

47.08 

47.92 

135.30 

139.80 

12 

161.30 

166.54 

187.00 

193.40 

50.77 

52.70 

145.10 

149.80 
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MODAL-SPACE  ACTIVE  DAMPING  OF  A  PLANE  GRID: 
EXPERIMENT  AND  THEORY 
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Abstract 

This  paper  first  reviews  a  theory  of  multiple- 
actuator  modal-space  active  damping  (control)  which 
uses  spectral  filtering  for  modal  estimation;  then  it 
describes  an  experiment  in  which  the  control 
technique  was  applied  in  analog  form  to  a 
laboratory  plane  grid  structure  having  a  dozen 
modes  under  10  Hz.  Experimental  observations  and 
corresponding  theoretical  calculations  are 
presented.  Active  damping  of  five  modes, 
including  a  closely  spaced  pair,  was  attempted  with 
the  use  of  five  control  actuators.  But  coupling 
between  the  two  close  modes  and  their  filters 
produced  a  mild  system  instability.  Subsequently, 
a  stable  four-mode  controller  was  produced  by 
disabling  the  control  of  the  mode  that  had  driven 
the  instability.  The  spectral  filtering  played  an 
unexpectedly  dominant  and  counterproductive  role 
in  the  active  damping  process. 

1  .  I  ntroduction 

This  paper  pertains  to  the  active  damping 
(control)  of  structural  vibration,  excluding  self- 
excited  vibration  such  as  aeroelastic  flutter.  As 
preparations  are  made  for  greatly  expanded 
operations  in  Earth  orbit,  the  dynamics  and  control 
of  highly  flexible  satellites  become  increasingly 
important.  The  anticipated  application  of  the  type 
of  active  damping  considered  in  this  paper  is 
vibration  control  of  large  space  structures. 

In  the  past  several  years,  there  have  been  a 
large  number  of  studies  of  active  vibration 
damping.  Most  of  these  studies  have  been  purely 
theoretical,  but  recently  an  increasing  number  of 
experimental  studies  have  been  reported;  see,  for 
examples.  Refs.  1-8.  Most  previous  reports  of 
experimental  studies  either  have  not  presented 
comparisons  of  experimental  data  with 
corresponding  theoretical  calculations,  or  have 
presented  only  very  limited  comparisons.  But 
experimental-theoretical  comparisons  are  required  in 
order  either  to  validate  theoretical  concepts  for 
practical  application,  or  to  reveal  the  factors  which 
prevent  evidently  promising  theoretical  concepts 
from  being  successful  in  practice.  Therefore,  the 
present  authors’  general  objectives  are  to  design 
and  execute  experimental  implementations  of  active 
vibration  damping  and  to  compare  quantitatively  the 
experimental  measurements  of  control  system 
performance  with  theoretical  predictions. 
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The  version  of  modal-space  active  damping 
used  in  this  study  has  been  described 
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previously  and  is  reviewed  below.  The  object  of 
control  is  a  flexible  structure  which  either  is  being 
disturbed  by  environmental  and/or  maneuvering 
actions  or  is  vibrating  freely  following  such 
disturbances.  it  is  presumed  that  the  inherent 
passive  damping  is  too  light  to  adequately  suppress 
the  vibration,  so  that  additional  damping  is 
required.  Modal-space  active  damping  is  a  method 
for  producing  this  additional  damping  actively  with 
the  use  of  sensors,  ’  a  feedback  controller,  and 
actuators;  in  the  ideal  case,  it  essentially  provides 
a  modal  linear  viscous  dashpot  individually  to  each 
vibration  mode  that  requires  active  damping. 

The  authors  have  studied  modal-space  active 
damping  because  it  is  conceptually  simple  and  it  is 
well  suited  for  comparison  of  experiment  and 
theory.  We  do  not  necessarily  advocate  this 
control  technique;  indeed,  we  believe  that 
insufficient  information  is  available  as  yet  to  justify 
advocacy  of  any  particular  vibration  control 
technique  for  large  space  structures. 

-  ■  Descri  ption  of  Modal  -Space  Active  Dampi  ng 

Consider  a  structure  idealized  to  be  linear 
with  viscous  inherent  damping  that  does  not  couple 
the  undamped  normal  modes  of  vibration.  Suppose 
that  one  knows  the  natural  frequencies  and  mode 
shapes  of  a  particular  set  of  n^  modes  which  are 

to  be  actively  damped,  the  controlled  modes,  and 
that  one  has  available  n^  independently 

controllable  actuators  at  specified  positions  on  the 
structure.  It  will  be  specified  in  this  theoretical 
development  that  the  number  of  actuators  equals 

the  number  of  modes  to  be  controlled,  n  =  n  . 

a  c 

Suppose  further  that  one  wishes  to  impose  the 
actuator  forces  and/or  moments  so  as  to  effect  each 
of  the  controlled  modes  independently  of  all  other 
controlled  modes. 

If  the  structure  is  represented  theoretically 
as  an  N -deg  ree-of-f  reedom  (DOF)  finite  element 
model,  the  matrix  equation  of  motion  in  physical 
coordinates  is 

[m]‘q  +  [c]q  +  [k]q  =  e(t)  +  c.  (1) 

The  N  X  N  matrices  [m]  ,  [c] ,  and  [k]  are  mass, 

noncoupling  inherent  viscous  damping,  and 
stiffness  matrices,  respectively;  q(t)  is  the  vector 
of  all  time-dependent  DOF,  consisting  of  grid  point 
translations  and  rotations;  e(t)  is  the  vector  of  all 
possible  grid-point  excitations,  consisting  of 
discrete  forces  and  moments;  and  c  is  the  vector  of 
all  possible  grid-point  control  actions. 
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standard  structural  dynamics  eigenanalysis 
decouples  the  left-hand  side  of  Eq.  (1),  giving  the 
modal  equations  of  motion, 

[M]5  *  [C]?  -  [K]5  =  [§]’'^(e(t)  +  c).  (2) 

^  r>*  ^  K* 

[f]  is  the  N  X  N  modal  matrix,  whose  columns  are 
mode  shape  vectors;  the  modal  coordinates  ^(t)  are 
related  to  the  physical  coordinates  q(t)  through  the 
modal  transformation,  q  =  ;  and  the 

generalized  mass,  inherent  viscouT  damping,  and 
stiffness  matrices  are 


separate  the  response  into  individual  modal 

contributions.  (Meirovitch  ^  ^  have  used 

another  type  of  response  observer,  a  spatial  modal 
filter,  which  requires  several  sensors  but  no 
spectral  filtering.)  Suppose  that  an  ideal  velocity 
sensor  is  placed  at,  say,  the  ith  DOF.  The  output 
of  this  sensor  is 

N  N 

q.(t)  =  I  q..  =  E 
1  IJ  U  j 

j=1  j=l 


[M]  =  [^]^[m][§]  =  diag(M^,  r  =  1,2, 

[C]  =  diag[2M^C^w^,  r  =  1,2 . N), 

[K]  =  diag(M^w^,  r  =  1,2,. 

where  and  denote,  respectively,  the 

natural  frequency  and  inherent  viscous  damping 
factor  of  the  rth  mode. 

The  n^  actuators  are  applied  at  points  and 
in  directions  corresponding  to  a  specific  subset 
q^  of  DOF.  Accordingly,  the  n^  x  1  actuator 

submatrix  of  c  is  denoted  as  £^,  all  other 
elements  of  c  being  zero.  Hence,  Eq.  (2)  can  be 
written  as 

[M]£  -  [C]£  +  [K]C  =  [#]’'’e(t)  -  [§^]  V,  (3) 

where  the  n^  x  N  matrix  [$^]  consists  of  the 
appropriate  rows  of  [§]. 

Feedback  control  vector  c^  depends  on  the 
measured  motion,  so  in  general  it  can  be  a  function 
of  all  ^/s  and/or  their  derivatives.  This  paper 

considers  only  velocity  feedback,  so  that  c^  = 

The  essence  of  modal-space  active  damping  is 

selection  of  c^  so  as  to  decouple  that  portion  of 
the  right-hand  side  of  Eq.  (3)  associated  with  the 
specified  controlled  modes.  The  matrix  equation 
describing  only  the  controlled  modes  is 


Suppose  that  this  output  is  directed  through  n 

ideal  spectral  filters,  as  described  above.  The 
ideal  filter  for  a  mode  would  introduce  no  phase  lag 
and  would  have  a  sufficiently  narrow  passband  and 
sufficiently  steep  rolloffs  to  completely  exclude 
response  from  all  other  modes.  Hence,  the  output 
of  the  filter  for  mode  s  is  |  ,  and  the 

IS  s 

collective  output  of  all  the  controlled  mode  filters  is 
where  = 

diag(#.^,  s  over  the  controlled  modes). 

Considering  again  Eq.  (4),  one  defines  as 
the  unknown  (at  this  point)  apportioning 

of  control  actions  which  will  isolate  controlled  mode 
s  from  all  other  controlled  modes.  If  only  the  sth 
mode  were  to  require  control  in  the  form  of  modal 
viscous  damping,  then  one  would  produce  that 
control  by  feeding  back  to  the  structure  control 

actions  of  the  form  c^  =  A^q.  .  But  to 

suppress  independently  all  of  the  controlled  modes, 
one  must  use  the  summation 


3  _  _  a3*  _  r/.^aC-|  ‘C 

C  -  I  -  [C  ]q. 


(5) 


where  [C^^l,  whose  sth  column  is  A^,  is 

the  square  control  apportioning  matrix.  Hence,  the 
matrix  equation  describing  the  controlled  modes  can 
be  written  as 


where  superscript  c  denotes  appropriate  partitions 
of  the  matrices  in  Eq .  (3);  in  particular,  matrix 

[v  J  IS  square  (since  it  has  been  specified  that 
^c  ~  consists  of  the  columns  of  [$^] 

associated  with  the  controlled  modes. 

Use  of  the  form  c^(£^)  in  Eq.  (4) 

presumes  that  it  is  possible'^at  least  to  estimate 
with  reasonable  accuracy  the  instantaneous  modal 
velocity  of  each  of  the  controlled  modes.  The 
present  authors  have  chosen  to  do  this  by 
measuring  physical  response  with  a  single  sensor  at 
a  point  which  is  non-nodal  for  all  controlled  modes 
and  by  directing  this  signal  through  parallel 

narrow-band  spectral  filters,  one  centered  at  the 
natural  frequency  of  each  controlled  mode,  to 


In  order  for  Eq.  (6)  to  be  fully  uncoupled 
and  to  have  a  specified  degree  of  active  viscous 
damping  in  each  controlled  mode  (in  addition  to  the 
inherent  damping),  it  is  necessary  that 

=  -[D^],  (7) 

where  [D^]  =  diag(D  =  2M  ,  s 

s  s  s  s 

over  the  controlled  modes),  and  is  the 

viscous  active  damping  factor  specified  for  mode  s. 
Hence,  the  control  apportioning  matrix  is  the 
solution  of  Eq.  (7), 

[c®^]  =  (3) 

provided  that  the  inverse  matrices  exist. 
Substituting  Eq.  (8)  into  Eq.  (6)  gives  the 
uncoupled  scalar  equation  governing  each  controlled 
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mode , 


Table  1  Plane  Grid  Natural  Frequencies 


M  C 


(C^^D  =  0'e(t), 


s-s  S  S  S  S  ' 

s  over  the  controlled  modes,  where 
s  of  [§] , 


IS  column 


Clearly,  the  ideal  control  apportioning  (8) 
allows  each  controlled  mode  to  be  suppressed 
independently  of  all  other  controlled  modes.  Note, 
however,  that  this  control  apportioning  generally 
produces  excitation  of  all  modes  other  than  the 
controlled  modes,  which  are  called  residual  modes. 
One  can  demonstrate  this  by  substituting  equations 
(8)  and  (5)  into  £q.  (3)  and  observing  that  the 
right-hand-side  terms  due  to  control  in  the  scalar 
equations  of  motion  for  all  residual  modes  are,  in 
general,  nonzero.  This  control  spillover  into  the 
residua!  modes  is  a  consequence  of  the  presence  of 
fewer  control  actuators  than  structural  modes,  and 

9 

it  can  seriously  impair  control  effectiveness. 
There  are  also  other  practical  factors  that  can 
influence  effectiveness,  including  imperfect 
knowledge  of  modal  parameters  and  nonideal 
sensing,  filtering,  and  actuation.  The  effects  of 
nonideal  filtering  and  inaccuracies  in  theoretical 
models  are  of  particular  interest  in  this  paper. 


Structure  Natu ral  Frequency  (Hz) 


)de  r 

Experimental 

Theoret 

1 

0.60 

0.60 

2 

0.95 

0.96 

3 

1.44 

1  .43 

4 

3.42 

3,40 

5 

3.65 

3.72 

6 

5.15 

5.16 

7 

5.48 

5.49 

8 

5.67 

5.67 

9 

6.27 

6.59 

10 

8.25 

8.54 

11 

8.36 

8.75 

12 

9.47 

9.77 

Plane  G rid  Laboratory  Structure 

Almost  all  previously  reported  experimental 
studies  of  active  control  have  considered  relatively 
simple  one-dimensional  laboratory  structures, 
primarily  beams.  References  1-8  are  examples. 
But  such  structures  generally  cannot  exhibit  some 
of  the  dynamic  characteristics  that  may  complicate 
active  damping  of  large  space  structures,  such  as 
high  modal  density  and  complex  patterns  of  nodal 
lines.  The  plane  grid  illustrated  in  Figs,  1  and  2 
was  designed  to  provide  these  characteristics  in  a 
small  laboratory  structure.  Details  of  its  design 
and  theoretical  modeling  are  given  in  Refs.  10  and 
11.  Only  relevant  aspects  of  those  reports  are 
summarized  here. 

The  basic  structure  was  a  combination  of 
highly  flexible  aluminum  grid  beams,  a  horizontal 
steel  top  beam  assembly  supported  in  nearly 
frictionless  bearings,  and  rigid  ecce_ntric  weights. 
Grid  skew  angle  6  and  eccentricity  Y  of  the  rigid 

weigh_^s  were  variable.  For  this  paper,  6  =  46^ 
and  Y  =  8.5  inches.  Grid  members  were  bolted 
together  tightly  at  joints,  twelve  of  which  are 
labeled  on  Fig.  2. 

The  principal  dynamic  response  of  the  plane 
grid  consisted  of  out-of-plane  motion.  The 
structure  had  a  dozen  out-of-plane  vibration  modes 
with  natural  frequencies  under  10  Hz,  including  a 
very  low  frequency  pendulum  mode  _(the  frequency 
of  which  is  strongly  dependent  on  Y),  and  a  pair 
of  modes  with  closely  spaced  frequencies  around 
3.5  Hz.  Natural  frequencies  and  nodal  lines  were 
measured  accurately  in  sine  dwell  modal  tests  with 
the  use  of  noncontacting  exciters  (see  Sections  5 
and  6)  in  single-point  and  two-point  excitation 
configurations.  Nodal  points  were  detected  by  a 
noncontacting,  inductive-type  proximity  probe  (with 
0.3  inch  probe  tip  diameter),  which  was  moved 
along  the  aluminum  beams  by  a  finely  adjustable 

traverse  mechanism.  Measured  natural 

frequencies  are  listed  in  Table  1,  and  measured 
nodal  lines  for  modes  2-5  are  shown  on  Figs.  3. 


Two  refined  finite  element  models  of  the  plane 

grid  were  evaluated."'^  Three  DOF  were  assigned 
to  each  analysis  grid  point  (node);  translation  out 
of  the  plane,  rotation  about  a  vertical  in-plane 
axis,  and  rotation  about  a  horizontal  in-plane  axis. 
The  first  model  was  of  lower  order  and  consisted  of 
analysis  grid  points  at  each  of  the  twelve  bolted 
joints  of  the  aluminum  grid,  at  the  two  bearing 
supports  of  the  steel  top  beam,  and  at  six  points 
in  the  interior  of  the  steel  top  beam;  with  three 
DOF  per  grid  point  and  with  out-of-plane 
translation  prevented  at  each  bearing  support,  this 
model  had  58  DOF.  In  the  second  model,  each 
beam  between  adjacent  bolted  joints  of  the  aluminum 
grid  was  represented  as  two  finite  elements  of 
equal  length,  rather  than  one;  otherwise,  it  was 
identical  to  the  first  model.  Consequently,  the 
second  model  had  121  DOF. 

Corresponding  natural  frequencies  calculated 
for  the  two  finite  element  models  differ  by  less 
than  1o  for  all  modes  under  10  Hz,  and 
corresponding  calculated  nodal  points  representative 
of  the  mode  shapes  are  also  nearly  identical.  One 
concludes,  therefore,  that  for  practical  purposes 
the  58-DOF  model  converged  mathematically  for 
modes  under  10  Hz.  Natural  frequencies  are  listed 
for  the  121-DOF  model  in  Table  1  (and  for  the 
58-DOF  model  in  Table  2),  and  nodal  lines  for 
modes  2-5  of  the  121-DOF  model  are  shown  on  Figs. 
3. 

Comparison  of  experimental  and  theoretical 
natural  frequencies  in  Table  1  shows  good 
agreement,  especially  for  modes  1-8.  Experimental 
and  theoretical  nodal  lines  also  match  reasonably 
well  for  all  of  modes  1-8  except,  as  shown  on  Fig. 
3a,  mode  2.  At  this  writing,  the  authors  are 
unable  to  explain  this  mismatch.  AM  testing  was 
done  in  air  at  one  atmosphere  pressure,  so  the 
mismatch  may  be  due  to  air  resistance  on  the  very 
light  aluminum  grid  moving  at  the  low  frequency  of 
the  second  mode.  This  and  other  possible  sources 
of  modeling  error  are  analyzed  in  Ref.  11. 
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A.  Active  Damping  Configuration 

The  active  damping  task  attempted  was  to 
provide  =  0.1,  s  =  2-6;  that  is,  it  was 

desired  to  produce  10%  active  damping  in  modes  2-6 
of  the  plane  grid.  Hardware  availability  limited  the 
number  of  controlled  modes  to  five.  Modes  4  and  5 
were  included  among  the  controlled  modes  because 
their  frequencies  were  close  to  each  other.  The 
other  modes  were  chosen,  somewhat  arbitrarily,  to 
complete  a  sequence  of  adjacent  low  frequency 
modes  that  did  not  include  the  fundamental 
(pendulum)  mode. 

The  single  control  sensor  was  positioned  at 
bolted  joint  1  to  measure  out-of-plane  translational 
velocity.  This  location  was  selected  because 
theoretical  mode  shapes  indicated  that  it  was  a 
point  of  substantial  response  for  all  of  the 
controlled  modes.  However,  as  was  shown  by 
subsequent  measurements  (Fig.  3a),  bolted  joint  1 
was  actually  very  close  to  a  nodal  line  of  mode  2. 

Force  actuators  exerting  control  forces 
perpendicular  to  the  plane  were  positioned  at  bolted 
joints  1,  2,  4,  5,  and  8.  These  positions  were 
selected  in  a  semi-quantitative  manner,  rather  than 
by  mathematical  optimization.  The  candidate 
positions  were  restricted  to  bolted  joints  1-12,  but 
joints  9-12  were  eliminated  because  response  of  the 
controlled  modes  was  generally  much  greater  in  the 
lower  half  of  the  plane  grid.  Equation  (8)  for 

control  gain  matrix  [C^^]  was  evaluated  with 
theoretical  mode  shapes  for  several  different  five- 
joint  combinations  from  among  joints  1-8.  The 
combination  1,2, 4, 5,  and  8  was  chosen  because  it 
produced  the  most  uniform  spatial  distribution  of 
control  forces. 


Control  System  Hardware 


Active  damping  was  effected  by  the  velocity 
sensor,  an  analog  controller,  and  the  force 
actuators,  all  of  which  were  custom  designed  and 
assembled  in-house.  The  control  system 
implemented  the  version  of  Eq.  (5)  accounting  for 
actual  filter  characteristics.  The  circuit  design  of 

the  filters  is  that  of  Forward^;  this  design  is 
analyzed  in  detail  in  Ref.  7.  The  response  of  the 
filter  for  controlled  mode  s  is  described  by 


B  y 
s  ^  s 


y  =  B  q., 

^s  s^i 


(9) 


in  which  q.  is  input,  y^  is  output, 

half-power  bandwidth,  and  w  is 

cs 

center  frequency.  Hence,  the  version 
actually  implemented  is 


passband 
of  Eq.  (5) 


n 

c 

s"  =  ^  (10) 

s 

Control  gain  matrix  [C^^]  was  calculated  from 
Eq.  (8)  with  theoretical  (rather  than  experimental) 
mode  shapes. 

Half-power  bandwidth  B  was  set  at  1.00 

s 

Hz  for  modes  2,  3,  and  6,  and  at  0.333  Hz  for 
close  modes  4  and  5.  For  each  controlled  mode, 
the  filter  center  frequency  was  set  at  the  mode’s 


experimental  (rather  than  theoretical)  natural 
frequency.  Figure  4  shows  the  frequency  response 
functions  calculated  from  Eq.  (9)  for  modes  4  and 
5. 


The  complete  physical  implementation  of  the 
active  damping  technique  used  in  this  study  is 
summarized  as  follows.  The  velocity  transducer 
provided  sensor  signal  q.,  and  this  signal  was 

the  input  for  the  filter  of  each  controlled  mode. 
Implementation  of  Eq.  (10)  consisted  of  three 
principal  operations:  (i)  filter  output  y  was 


multiplied  into  control  gain  vector  .A^  bv  a 

/vs 

gain  circuit;  (ii)  the  outputs  from  all  gain  circuits 
were  added  together  by  a  summation  circuit;  and 
(iii)  each  output  of  the  summation  circuit  was 
directed  into  a  power  amplifier,  which  generated 


the  input  signal  proportional  to  c^^(t)  for  the 


jth  control  force  actuator.  It  is  noted  for  later 
reference  that  the  control  for  any  individual  mode 
could  be  disabled  by  simply  grounding  the  input  to 
that  mode's  filter. 


The  analog  controller,  consisting  of  buffers, 
filters,  and  gain  and  summation  circuits,  was  built 

around  integrated  circuit  operational  amplifiers.^ 

The  velocity  sensor  and  force  actuators 
consisted  of  structure-borne  conducting  coils 
interacting  with  magnetic  fields  produced  by 
stationary,  noncontacting  magnetic  field 

0 

structures  (Fig.  5).  These  devices  were  linear 
provided  that  coil  displacement  was  less  than  about 
2  mm  from  the  static  position.  In  order  to  minimize 
current  flow  in  the  velocity  sensor  coil  (and  hence 
additional  but  unwanted  passive  damping),  it  was 
necessary  to  pass  the  velocity  signal  into  the 
filters  through  a  unity  gain  buffer  having 

extremely  high  input  impedance.^ 

The  power  amplifiers  driving  the  actuators 
were  designed  to  have  controlled  current  output; 
this  was  necessary  to  establish  a  linear 
transduction  of  summation  circuit  output  voltage 
into  actuator  output  force,  eliminating  the  effect  of 
voltage  induced  by  motion  of  the  actuator  coil. 

6 .  Experimental  Procedu re 

Measured  displacement-to-force  frequency 
response  functions  (FRF’s)  were  the  principal  type 
of  experimental  data  used  to  evaluate  the  validity 
of  the  structure-control  system  theoretical  model. 
The  experimental  procedure  is  summarized  in  this 
section,  and  the  corresponding  theoretical  analysis 
is  developed  in  the  next. 

Experiments  were  conducted  with  the  use,  of 
an  STI-11/23  data  acquisition-analysis  system 
developed  by  Synergistic  Technology  Incorporated. 
This  system  both  generated  the  excitation  signal 
and  acquired  and  processed  the  data  signals. 

Frequency  response  was  measured  directly  in 
incremental  sine  sweeps.  In  such  a  sweep,  an 
excitation  signal  is  imposed  at  a  driving  frequency, 
and  the  force  excitation  and  displacement  response 
at  that  frequency  are  measured  after  a  settling 
period  in  which  transients  are  allowed  to  decay. 
Then  the  driving  frequency  is  changed  by  an 
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increment  and  the  process  is  repeated.  The 
sweeps  covered  the  range  0.4-6. 4  Hz  (including  the 
nine  lowest  natural  frequencies)  in  increments  of 
0.0122  Hz,  and  they  generally  took  2-3  hours. 

It  was  necessary  that  dynamic  displacements 
remain  small  in  order  not  to  exceed  the  i  2  mm 
linear  range  of  the  control  sensor  and  actuators. 
Therefore,  low'  frequency  excitation  forces  on  the 
light  and  flexible  plane  grid  had  to  be  small.  Even 
the  smallest  commercially  available  shakers  and 
piezoelectric  force  gauges  proved  too  heavy-handed 
and  insensitive  for  the  task.  However,  the 
noncontacting  force  actuators  provided  a  simple 
solution  to  the  problem:  in  each  frequency 

response  sweep,  the  excitation  signal  from  the 
STI -11/23  was  added  to  the  control  feedback  signal 
in  the  input  to  the  power  amplifier  of  a  selected 
actuator.  Thus,  that  actuator  served 

simultaneously  as  the  exciter  and  a  control 
actuator.  The  excitation  force  was  related  through 
a  calibration  constant  to  the  excitation  signal.  A 
typical  force  level  required  was  on  the  order  of 
0.01  lb,  and  this  was  generated  by  an  excitation 

1 1 

signal  on  the  order  of  50  millivolts.  Because 
dynamic  displacements  were  kept  small,  amplitude 
servo-control  was  not  required. 

Frequency  response  displacements  were 
measured  at  bolted  joints  of  the  plane  grid  by 
sensitive  proximity  pr'obes  (see  Section  3).  Light, 
half-inch  square  steel  targets  were  used. 

In  order  to  minimize  unwanted  disturbances, 
it  was  necessary  to  conduct  testing  during  periods 
of  low  personnel  activity  in  the  laboratory.  Air 
currents  produced  by  normal  air  conditioning,  or 
by  doors  being  opened  and  closed,  or  even  by  a 
person  walking  within  a  few  feet  of  the  plane  grid 
could  disturb  the  structure  and  reduce  the  quality 
of  measured  data. 

7.  Theoretical  F requency  Response  and  System 
Roots 

The  basic  theoretical  model  of  the  complete 

structure-control  system  consists  of  the  structural 
Eq.  (1),  n^  equations  (9)  describing  the  filters, 

and  Eq.  (10)  for  the  vector  of  control  actions. 

The  filter  equations  can  be  cast  into  the 

matrix  form 

[l]y  MB]y  =  [B][TJq,  (11) 

where  y  is  the  vector  of  n^  filter  outputs,  [1]  is 
the  identity  matrix  of  order  n^,  [B]  is  the 

diagonal  matrix  of  filter  half-power  bandwidths, 
and  is  the  diagonal  matrix  of  filter 

center  frequencies  squared.  Also,  [T^]  is  an 
n  X  N  transformation  matrix  relating  the  sensor 
velocity  q.  to  the  full  velocity  vector  q; 
accordingly,  [T^]  is  null,  except  that  column  i 
(corresponding  to  DOF  i)  is  a  column  of  ones. 

From  Eq .  (10),  the  vector  of  all  N  control 

actions,  including  N  -  n  zero  elements  is 

C  =  [Tj[C®'^]y,  (12) 


where  [T  ],  the  N  x  n  actuator  transformation 
‘-a-'  a 

matrix,  consists  of  appropriate  zero  and  unit 

elements . 

Now  the  complete,  coupled  physical  system  of 

order  N  +  n  is  described  by  the  combination  of 
c  ^ 

Eqs.  (1),  (11),  and  (12).  it  is  desirable  to 

reduce  the  order  of  this  system  by  assuming  that 
structural  response  can  be  adequately  described  by 
a  truncated  set  of  n^  norma!  modes:  q  = 

where  and  ^  are 

appropriate  submatrices  of  [§]  ar^d  Hence,  the 

structural  response  is  represented  by  the  subset  of 
modal  Eq.  (2), 

IM^]V  *  [L]L  ^  [kLL  =  [L]T(e-  [T J[c^^]y), 

(13) 

where  [M^],  [C^],  and  [K^]  are  appropriate 

partitions  of  [M],  [C],  and  [K], 


The  vector  of  all  retained  modal  coordinates 
and  all  filter  outputs  is  defined  as 


(14) 


Combining  Eqs.  (11)-(14)  into  a  single  matrix 
equation  of  order  n^  ^  n^  gives 

[AM]z  ^  [AC]z  ^  [AK]z  =  f,  (15) 


and  the  augmented  excitation  vector  is 


To  calculate  the  FRF  of  displacement  in  any 
DOF  for  excitation  in  DOF  k,  one  solves  directly 

for  Z  =  Y^]"^  using  the  form  of  Eq . 

(15),'^ 

([AK]  -  w"[AM]  Hw[AC])  Z  -  F,  (16) 

where  i  -  and  F  =  [E^^  0^]"^,  in  which 

^  is  the  kth  row  of  ]  . 

Calculation  of  the  system  complex  roots 
(eigenvalues)  is  expedited  by  definition  of  the  state 

vector  X  -  [z"^  ■  Thus,  one  casts  the 

homogeneous  form  of  Eq.  (15)  into  the  state-space 
form , 


[B]x  -  [A]x  =  0, 


[0]  [I] 

[AM]  [AC] 


[I]  [0] 

[A]  = 

^0]  -[AK2 

in  which  [!]  is  the  identity  matrix  of  order  n^  + 
n^.  Hence,  the  system  roots  are  the  complex 
eigenvalues  p  of 

[A]X  =  p[B]X.  (17) 

For  each  complex  conjugate  pair  p  =  o  i  iw,  one 

ri  T 

defines  damping  factor  C  -  -o/  and 

p - T 

frequency  f^  =Vo‘'  w'"/2TT. 

8.  Experimental  Results  and  Comparison  with 
Theory 


Figures  6  and  7  show  two  different  FRF's,  in 
both  measured  and  calculated  versions,  and  for 
both  active  damping  turned  off  (open  loop)  and 
active  damping  turned  on  (closed  loop).  These  two 
FRF's  are  the  most  illustrative  of  several  that  were 
evaluated . 


To  establish  parameters  of  the  theoretical 
model  for  use  in  numerical  solutions  of  Eqs.  (16) 
and  (17),  the  open  loop  experimental  FRF's  (dashed 
curves  of  Figs.  6a  and  7a)  were  considered  first. 
The  open  loop  theoretical  model  was  produced  by 
nulling  the  off-diagonal  submatrices  in  augmented 
matrices  [AM]  and  [AK],  thus  decoupling  structure 
and  filters.  The  ten  lowest  normal  modes  were 
used  to  represent  the  structure  s  dynamics,  n^  = 

10.  The  adequacy  of  this  modal  truncation  was 
confirmed  by  comparison  of  experimental  and 
theoretical  results.  Inherent  damping  matrix 

[C^]  was  estimated  in  a  semi-quantitative  fashion: 
modal  inherent  viscous  damping  factors  were 

adjusted  iteratively  until  reasonable  agreement  in 
resonance  peak  magnitudes  was  achieved  between 
measurements  and  calculations.  Modal  damping 
ratios  estimated  in  this  manner  are  listed  in  Table 

2.  Note  that  damping  values  for  modes  1-6  are 
surprisingly  high  in  view  of  the  nature  of  the 
plane  grid  structure.  These  high  values  are  almost 
certainly  due  to  aerodynamic  damping. 

It  is  clear  in  retrospect  that  a  mathematical 
curve-fitting  procedure  would  probably  have 
produced  more  accurate  modal  damping  values. 
The  method  used  did  not  account  for  mode  shape 
errors  in  the  theoretical  results.  One  can  see  the 
effects  of  these  errors,  especially  for  modes  2  and 
5,  by  examining  the  open  loop  resonance  peaks  on 
Figs.  6  and  7  in  light  of  the  nodal  lines  on  Figs. 

3. 


Table  2  Open  loop  and  closed  loop  system  roots 

Structure-Control  Systems 


Open 

Loop  Sv 

^stem 

Five-Mode 

Control 

Fou  r-Mode 

Control 

System 
Mode  r 

* 

Type 

^r 

f  (Hz) 
or 

or 

^r 

or 

1 

SM  1 

0.043 

0.597 

0.153 

0.421 

0.152 

0.421 

2 

SM  2 

0.050 

0.965 

0.074 

0.913 

0.074 

0.914 

3 

FM  2 

0.518 

0.965 

0.425 

1 .296 

0.425 

1.294 

4 

SM  3 

0.035 

1.432 

0.046 

1.290 

0.048 

1.290 

5 

FM  3 

0.349 

1.432 

0.221 

1.809 

0.219 

1.798 

6 

SM  4 

0.010 

3.413 

0.026 

3.104 

0.027 

3.156 

7 

FM  4 

0.049 

3.413 

-0.010 

3.559 

0.029 

3.675 

8 

SM  5 

0.009 

3.728 

0.068 

3.561 

0.009 

3.728 

9 

FM  5 

0.045 

3.730 

0.022 

3.987 

0.045 

3.730 

10 

SM  6 

0.013 

5.151 

0.058 

4.680 

0.056 

4.654 

11 

FM  6 

0.097 

5.152 

0.041 

5.640 

0.047 

5.659 

12 

SM  7 

0.0035 

5.494 

0.011 

5.480 

0.0068 

5.478 

13 

SM  8 

0.0030 

5.667 

0.0044 

5.666 

0.0041 

5.666 

14 

SM  9 

0.0060 

6.630 

0.0092 

6.747 

0.0080 

6.658 

15 

SM  10 

0.0060 

8.618 

0.0061 

8.642 

0.0060 

8.615 

* 

SM  r  - 
FM  r  - 

denotes 

denotes 

structure  mode  r 
filter  for  structure 

mode  r 
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When  five-mode  active  damping  was  activated, 
the  structure-control  system  exhibited  a  mild 
dynamic  instability  at  3.55  Hz.  It  was  determined 
by  selective  disabling  of  the  controls  for  closely 

spaced  modes  4  and  5  (see  Section  5)  that, 
essentially,  the  control  for  mode  5  was  driving 
mode  4  unstable.  This  circumstance  is  quite 
plausible  in  view  of  the  considerable  overlapping  of 
the  filter'  bandwidths  for'  modes  4  and  5  (Fig.  4): 
each  of  those  modes  could  contribute  significant, 
possibly  destabilizing  err'or  signals  to  the  input  of 
the  other  mode’s  gain  circuit.  Roots  calculated 
theoretically  for  the  five-mode  control  are  listed  in 
Table  2.  The  single  root  with  negative  damping 
factor  matches  exactly  the  experimentally  observed 
i  nstabi  I  ity  . 

A  stable  structure-control  system  was 
produced  by  disabling  the  control  for  mode  5. 
Thus,  the  four  modes  2,  3,  4,  and  6  were  actively 
damped  by  the  five  control  actuators  at  bolted 
joints  1,  2,  4,  5,  and  8.  This  is  the  system  for 
which  the  closed  loop  FRF’s  in  Figs.  6  and  7  were 
measured  and  calculated  and  for  which  the  four¬ 
mode  control  roots  in  Table  2  were  calculated. 
There  is  reasonable  agreement  between 
measurements  and  calculations.  The  discrepancies 
are  due  primarily  to  errors  in  the  theoretical  mode 
shapes . 

9.  Discussion  of  Re^ult^ 

Figures  6  and  7  indicate  that  four-mode 
active  damping  reduced  substantially  the  resonance 
peak  magnitudes  of  controlled  modes  3,  4,  and  6. 
It  also  provided  unexpected  additional  damping  to 
mode  1,  which  was  not  among  the  controlled  modes: 
this  damping  was  probably  a  modal  rate  feedback 
effect  permitted  by  the  1-Hz  half-power  bandwidth 
of  the  filter  for  mode  2  (Section  5). 
Experimentally,  mode  2  received  almost  no  active 
damping,  pr'obably  because  the  control  gains  were 
calculated  on  the  basis  of  the  theoretical  shape  of 
mode  2,  which  is  significantly  different  from  the 
actual  shape  (Fig.  3a). 

There  is  a  serious  general  discrepancy 
between  the  actual  damping  achieved,  as 
represented  adequately  by  the  theoretical  four-mode 
control  t'oots  in  Table  2,  and  the  active  damping 
that  was  expected  on  the  basis  of  the  theory  in 
Section  2.  The  active  damping  factor  specified  for 
each  controlled  mode  in  the  calculation  of  control 

gains  was  =  0.10;  but  the  damping  factors 

achieved  were  much  lower  for  all  controlled  modes. 
Observation  of  this  discrepancy  led  to  a  search  for 
an  explanation,  and  the  search  culminated  in  the 
analysis  in  the  Appendix  of  an  oscillator  (1-DOF 
structure)  subjected  to  modal-space  active  damping 
with  the  use  of  a  single  spectral  filter.  The 
surprising  and  counterintuitive  conclusion  of  the 
analysis  is  that,  for  practical  purposes,  the  active 
damping  actually  achieved  is  a  strong  function  of 
the  filter  half-power  bandwidth,  but  is  functionally 
independent  of  the  specified  active  damping  factor 

c 

C  • 

Direct  extrapolation  of  the  result  for  the 
oscillator-filter  system  to  the  actual  structure- 
control  system  is  not  appropriate  because  the  filter 
bandwidths  overlapped,  and  this  certainly  affected 
the  damping  achieved.  However,  it  was  relatively 


easy  to  simulate  theoretically  cases  in  which  the 
filter  bandwidths  were  made  so  narrow  that  they 
did  not  overlap.  These  calculations  were  performed 
for  the  five-mode  control  case.  When  all  filter 
bandwidths  were  reduced  in  simulation  to  lO^o  of 
their  actual  values,  the  system  became  stable  and 
each  mode  had  essentially  only  its  own  inherent 
damping.  This  result  substantiates  the  conclusion 
that  filter  bandwidth  is  the  primary  factor 
determining  the  degree  of  active  damping  achieved. 

^ ^ •  Concluding  Remarks 

The  research  reported  in  this  paper 
evaluated  a  form  of  modal-space  active  damping 
which  uses  spectral  filtering  for  modal  estimation. 
It  was  demonstrated  that  the  particular  type  of 
spectral  filter  used  has  a  serious  deficiency:  in 

order  to  avoid  instability  due  to  mode-filter 
coupling,  the  bandwidth  of  the  filter  for  a  given 
controlled  mode  must  be  so  narrow  as  to  reject 
response  from  all  other  modes;  but,  by  virtue  of 
being  narrow,  the  filter  bandwidth  can  reduce  the 
active  damping  to  such  a  low  level  as  to  be 
useless . 

Generally  satisfactory  agreement  was  achieved 
between  experimental  measurements  and  theoretical 
calculations.  However,  the  nature  of  the  inevitable 
differences  observed  suggests  a  practical  guideline: 
any  active  vibration  control  technique  implemented 
on  a  dynamically  complicated  large  space  structure 
should  be  insensitive  to  errors  in  the  structure 
model  used  to  design  the  control,  because  that 
model  is  unlikely  to  predict  accurately  the 
parameters  of  all  modes  affected  by  the  control. 

Append! x  :  Oscil lator- Filter  System 

Consider  the  case  in  which  the  structure  is  a 
simple  1-DOF  damped  oscillator  with  mass  m, 
inherent  viscous  damping  c,  and  stiffness  k,  and 
the  filter  has  center  frequency  and  half¬ 

power  bandwidth  B.  For  the  version  of  modal- 
space  active  damping  considered  in  this  paper,  the 
coupled  structure-filter  equations  are 

mq  +  cq  +  kq  =  -dy, 
y  "  By  +  w^y  =  Bq, 

where  d  is  the  active  damping  feedback  constant. 
One  defines  structure  natural  frequency  = 

ifk/m  and  structure,  filter,  and  active  damping 
ratios,  respectively,  c/2mw^,  B/2w^, 

and  Cg-  d/2mw^.  The  coupled  equations  become 
q  -  *  /q  =  , 

y  ^  2c^w^y  ^  w^y  2c^w^q. 

Seeking  solutions  of  these  equations  with  time 
variation  exp(w^pt),  one  finds  the  following 

quartic  characteristic  equation  for  the  dimensionless 
roots  p, 

-t  2Cg(2c^J2^)p^  -  0, 

where  =  w^/w^ .  If  the  roots  are  denoted  p 

=  oiiQ,  then  the  system  damping  ratio  and 

— T 

dimensionless  frequency  are  C  =  and 


312 


The  variation  of  system  roots  with 

dimensionless  filter  bandwidth  B/w  =  Is 

s  T  t 

of  interest.  Numerical  parameters  representative  of 

the  cases  considered  in  the  main  body  of  this  paper 

are  ,  C  =0.016,  and  c  =0.1.  For  these 
f  s  a 

parameters,  the  loci  of  roots  having  positive 
imaginary  parts  are  shown  in  Fig.  A1  .  Two 

values  are  identified  on  the  curved  portions  of  the 
loci  to  illustrate  a  general  observation,  namely  that 
on  these  portions,  the  active  damping  ratio 

affects  the  system  frequencies  but  has  negligible 
influence  on  the  system  damping  ratios.  These 
damping  ratios  are  equal  and  are  approximated 
closely  by  C  =  The  third  point 

identified  on  the  solid  branch  illustrates  the  other 
general  observation:  only  when  the  filter 

bandwidth  becomes  very  large  does  the  active 
damping  ratio  take  effect  over  system  damping  and 
provide  the  structure  with  the  expected  total 
damping  ratio, 


Fig.  A1 
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Abstract 

A  hardware  experiment  has  been  constructed  for 
active  vibration  control  (low-authority  control)  of 
a  cl amped-free  flexible  beam,  where  the  design  metho¬ 
dology  is  based  on  direct  velocity  feedback  control. 
The  objective  of  the  experiment  is  to  demonstrate 
and  verify  the  dynamics  and  the  advanced  control 
laws  for  the  structural  element.  A  further  impor¬ 
tant  feature  of  the  experiment  is  the  feasibility  of 
a  hardware  realization,  especially  the  dedicated 
non-contacting  sensors  and  actuators.  Sensing  is 
provided  by  a  purely  optical  displacement  sensor 
while  an  in-house  developed  electrodynamic  force 
system  provides  for  actuating.  Experimental  results 
in  comparison  with  computer  simulations  are  presented 
for  open  and  closed  loop  performance  for  both  collo¬ 
cated  and  dislocated  actuator/sensor  positions.  In 
most  cases  of  different  positioning  good  agreement 
could  be  achieved  between  experiment  and  theoretical 
predictions. 


w  deflection  function  of  beam 

W  mode  shape 

X  spatial  variable 

y  velocity  vector 

6  Dirac  delta  function 

6|^-|  Kronecker  symbol 

C  modal  damping  factor 

n  efficiency  factor 

A  eigenvalue 

X  eigenvalue 

V  Poisson's  ratio 

E  non-dimensional  spatial  variable 

p  density 

T  non-dimensional  parameter  including  gravity 

cp  comparison  function 

Q  diagonal  frequency  matrix 

CO  circular  natural  frequency 

(*)  time  derivative 

{)j  spatial  derivative 

()  vector  or  matrix  transpose 


Nomenclature 


I.  Introduction 
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S 
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v^ 
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kl 


cross  section  of  beam 
input  matrix 
width  of  beam 
entry  of  matrix  B 

measurement  matrix 
eigenvector 
entry  of  matrix  C 

damping  matrix 

coefficient  of  linear  damping 
Young's  modulus 
dissipation  energy 

total  energy 

external  forces 
natural  frequency 
vector  of  input  forces 
transfer  function 
acceleration  of  gravity 
thickness  of  beam 

moment  of  inertia;  identity  matrix 

feedback  gain  matrix 

first  diagonal  element  of  K 

length 

dynamical  matrix 

mass;  number  of  force  actuators 

entry  of  matrix  M 

truncation  number 
generalized  coordinate  vector 
number  of  sensors 
transform  parameter 
tensile  force 
time  constants 

time  variable 
initial  velocity 


Advanced  spacecraft  systems  become  increasing¬ 
ly  complex  with  large  light  weight  structural  ele¬ 
ments  being  integral  parts  of  the  configuration. 
Furthermore,  future  systems  are  considered  which  no 
longer  will  have  a  central  rigid  body.  One  essen¬ 
tial  characteristic  of  these  space  structures  is 
given  by  their  very  low  critical  frequencies  which 
are  falling  within  the  attitude  control  system 
bandwidth.  Hence,  the  question  of  vibration  sup¬ 
pression  by  active  modal  control  reveices  fundamen¬ 
tal  importance.  Although  there  exists  already  a 
great  variety  of  theoretical  control  law  approaches 
[1],  the  development  of  control  experiments  has 
grown  much  more  slowly.  Representative  first  major 
attempts  are  described  in  [2].  Interesting  experi¬ 
mental  studies  on  active  vibration  damping  (low- 
authority  control)  have  been  performed  on  a  flexible 
beam  structure  having  various  supporting  devices 
and  using  different  actuator  and  sensor  types  [3,4, 
5].  Controllers  have  been  designed  using  full-state 
feedback  and  observer  theory  [3]  or  discrete  Kalman 
fi 1  ter  [4] . 

Controllers  based  on  direct  velocity  feedback 
(described  in  [6])  appear  extremely  simple  compared 
to  other  approaches.  The  objective  of  the  present 
experiment  therefore  is  to  demonstrate  and  verify 
this  advanced  approach  on  the  basis  of  a  new  method 
for  optimal  positioning  of  actuators  and  sensors 
on  the  structure  together  with  optimal  feedback 
gains  [7].  Further  important  features  of  the  ex¬ 
periment  are  to  demonstrate  the  feasibility  of  the 
dedicated  non-contacting  actuating  and  sensing  de¬ 
vices. 


This  paper  is  declared  a  work  of  the  U.S. 
Government  and  therefore  is  in  the  public  domain. 
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2.  Flexible  Beam  Configuration  and  Analysis 

2.1  Test  Setup 

Since  the  main  objective  of  the  experiment  has 
been  directed  tov;ards  the  demonstration  and  verifi¬ 
cation  of  the  dynamics  and  controller  design, a  simple 
structure  with  respect  to  dynamical  modelling  and 
to  technical  realization  is  required.  In  this  sense 
the  clamped-free  homogeneous  flexible  beam  hanging 
in  the  vertical  direction  (flexible  pendulum)  has 
been  chosen  as  a  suitable  test  structure.  This  con¬ 
figuration  can  be  regarded  as  being  typical  for  a 
large  variety  of  flexible  elements  (e.g.  booms,  an¬ 
tenna)  in  many  spacecraft  systems.  The  beam  con¬ 
sists  of  austenitic  stainless  steel  with  a  length 
of  2.90  m  with  rectangular  cross-section  of  width 
10  cm  and  thickness  1  mm.  A  rigid,  reinforced 
double-T-girder  of  about  500  kg  weight,  being  moun¬ 
ted  in  parallel  to  the  flexible  beam  in  a  distance 
of  5  cm,  serves  as  the  supporting  mechanism  and  is 
fixed  at  the  wall  (Fig.  1).  At  its  upper  end  a 
clamp  is  mounted  to  support  the  flexible  beam.  An 
optical  guide  rail,  as  long  as  the  beam,  is  attached 
along  the  supporting  girder  serving  as  a  well-de¬ 
fined  reference  frame  for  carrying  the  actuating 
system.  Furthermore,  the  guide  rail  enables  easily 
positioning  only  by  displacing  of  the  actuator,  if 
further  locations  are  required  to  be  investigated 
in  the  closed  loop  tests. 

Dynamic  tests  of  the  supporting  mechanism  have 
been  performed  in  order  to  be  aware  of  possible 
disturbances  which  are  likely  to  occur  by  the  inter¬ 
action  of  the  supporting  beam  with  the  flexible 
structure.  The  results  show  minimum  resonant  fre¬ 
quencies  at  56  and  82  Hz  which  appeared  to  be  of  no 
importance  during  the  subsequent  controller  tests. 

In  all  experimental  dynamical  tests  a  structural 
dynamics  analyzer  (of  type  HP  5423A)  has  been  em¬ 
ployed  which  served  as  a  useful  tool  for  performing 
the  studies  and  interpreting  the  results  by  means 
of  time  histories,  frequency  responses  and  transfer 
functions . 

2.2  Dynamical  Model 

For  the  controller  design  a  dynamical  model  of 
the  flexible  beam  is  required.  The  model  is  based 
on  the  EULER-BERNOULLI  tiieory  including  longitudinal 
loads  due  to  gravity  effects  (Fig.  2).  The  partial 
differential  equation  of  motion  including  structural 
linear  damping  is 

EIw’^  -  (Sw')'  +  dw  +  pAw  =  F  (1) 

together  with  the  boundary  conditions 

w(o,t)  =  0,  w' ' (1 ,t)  =  0  ,  ^2) 

w'  (o,t)  =  0,  w"  '  (1  ,t)  =  0  , 

where 

S(x)  =  pAg(l-x)  (3) 

is  the  tensile  force  due  to  gravity  [8].  At  the 
clamped  end  this  force  is  equal  to  the  beam's  weight 
while  S  is  zero  at  the  free  end.  The  force  distri¬ 
bution  F(x,t)  comprises  the  applied  forces  due  to 
control  action.  For  the  free  vibration  analysis 
considered  here,  damping  and  control  forces  vanish. 


Fig.  1  Flexible  Beam  Test  Setup. 


Table  1  Beam  Characteristics 


Tx,? 


g 


i 


E.p.v 

l.b,h 


Fig.  2  Flexible  Beam  Model. 

A  transverse  harmonic  motion  of  the  form 

w(x,t)  =  W(x)  •  sin  cot  (4) 

is  assumed,  where  co  is  the  natural  frequency  and  W 
is  the  corresponding  mode  shape.  With  g  =  x/1, 

T  =  pAgl^/EI,  A  =  pAco^n/EI  Eq.  (1)  is  replaced  by 

w'^g)  -  T[(l-g)W'(g)]'  -  AW(£)  =  0  .  (5) 

Up  to  now  no  exact  solutions  are  known  for  this  boun¬ 
dary  value  problem.  Therefore  an  approximate 
approach  for  achieving  a  closed  form  analytical  so¬ 
lution  is  performed  using  GALERKIN'S  method  [9] 
using  beam  eigenfunctions  cp.  (without  gravity)  as 
comparison  functions  in  the‘RITZ  expansion: 

W(g)  =  I  C.  <p.(g)  (6) 

i  =  l  ’  ’ 


where  the 


cp^-(i)  =  coshA^^^-cosX^g 
coshX.+cosA,. 

- (sinhA^-g-sinA^E)  (7) 

sinhA.+sinX^ 

are  orthogonal  and  normalized  with  respect  to 
1 

J  (Pi  dE  =  .  Inserting  Eq.  (6)  in  Eq.  (5)  fi¬ 

nally  leads  to  the  special  eigenvalue  problem 

(M  -  Al)c  =  0  (8) 

where  the  symmetric  and  positive  definite  matrix  M 
consists  of  the  matrix  elements 

"’kl  ^  ^  T((l-g)<Pi ' ) '  ]dg  .  (9) 

Numerical  results  for  the  eigenvalue  A  and  the  cor¬ 
responding  eigenvector  c  have  been  achieved  by  stan¬ 
dard  methods,  with  truncation  number  n  =  20.  A 
final  design  for  a  homogeneous  flat  beam  yielded 
the  parameter  set  listed  in  Table  1.  Because  flat 
beams  are  plate-like  structures,  a  correction  on 
the  assumption  of  pure  bending  is  necessary  [10]: 
transverse  contraction  will  be  restrained  by  addi¬ 
tional  transverse  normal  stresses  which  finally 
result  simply  in  an  increase  of  YOUNG'S  modulus 
according  to  E‘  =  E/(l-v^). 


— 

material 

austenitic  stainless  steel 

length  1 

2.90  m 

width  b 

0.10  m 

thickness  h 

1.00  mm 

density  p 

8  g/cm^ 

mass  m  =  pAl 

2.32  kg 

POISSON'S  ratio  v 

0.3 

V^v'p 

4685  m/s 

^  "12 

8.33  mm^ 

X  =  pAgl-^/E'I 

130.8 

Table  2  Natural  Frequencies  and  Modal  Damping 
Parameters  for  Beam 


j 

- - - 

natural  frequencies 

fj[Hz] 

exp. 
modal 
dampi ng 

theor . 
(without  g) 

theor. 
(with  g) 

exp. 

(with  g) 

1 

0.09 

0,37 

0.37 

0.30 

2 

0.56 

1.02 

1.02 

0.24 

3 

1.58 

2.14 

2.14 

0.16 

4 

3.09 

3.73 

3.72 

0.14 

5 

5.12 

5.79 

5.80 

0.13 

6 

7.64 

8.35 

8.39 

0.12 

7 

10.67 

11.41 

11.41 

0.1 

8 

14.21 

14.96 

15.1 

<0.1 

9 

18.25 

19.01 

19.2 

<0.1 

10 

22.80 

23.57 

23.9 

<0.1 

Moreover  in  most  practical  cases  E  is  known  only 
with  poor  accuracy,  while  the  density  can  be  mea¬ 
sure  easily.  Therefore  the  modified  wave  velocity 
vfe'/P  has  been  determined  such  that  the  five  lowest 
natural  frequencies  agree  very  well  with  the  corres¬ 
ponding  experimental  data,  giving  finally  a  value 
of  E  that  is  about  20%  lower  than  the  expected  one 
of  2*10^^  N/m^. 

Table  2  comprises  a  comparison  of  theoretically 
and  experimentally  determined  natural  frequencies 
together  with  experimental  modal  damping  parameters, 
where  the  experimental  values  of  the  first  five 
modes  have  been  determined  by  a  modal  survey  test, 
the  others  by  frequency  response  measurements  using 
strain  gauges.  Moreover,  the  first  column  contains 
the  theoretical  natural  frequencies  of  a clamped-free 
beam  without  gravity  in  order  to  exhibit  the  great 
impact  by  gravity  effects,  especially  on  the  lower 
frequencies.  The  corresponding  mode  shapes  are  in¬ 
fluenced  only  little  by  gravity  when  comparing  with 
the  gravity-free  modes  not  shown  here.  Figure  3 
shows  a  graph  of  the  first  six  mode  shapes. 

For  experimental  verification  of  the  model  a 
modal  survey  test  has  been  performed  by  means  of 
the  impact  method.  To  identify  the  various  mode 
shapes,  the  beam  has  been  stimulated  at  different 
locations  and  the  deflection  has  been  measured  by 
a  displacement  transducer.  The  transfer  functions, 
generated  by  the  spectral  analyzer,  yield  the  fre¬ 
quency  and  damping  behaviour  (Table  2)  together 
with  the  mode  shapes,  where  good  agreement  with  the 
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Fig.  3  Six  Lowest  Mode  Shapes. 

theoretical  predictions  has  been  achieved.  Addi¬ 
tional  informations  about  the  higher  frequency  range 
has  been  obtained  by  a  strain  gauge  mounted  at  the 
clamped  end  (Fig.  4) . 


Impact  at  g  =  1)  Showing  the  Lowest  7  (Up¬ 
per  Graph,  0.05  Hz  Resolution)  and  the 
Lowest  22  (Lower  Graph,  0.8  Hz  Resolution) 
Natural  Frequencies. 


3.  Control  1 er  Design 

The  objective  of  the  controller  to  be  designed  is 
to  increase  damping  of  the  structure  by  direct  ve¬ 
locity  feedback.  The  flexible  beam  dynamics  with 
structural  damping  and  m  point-force  actuators 

m 

F(x,t)  =  I  f.(t)  •  6(x-x  )  (10) 

i  =  l  ^  ^ 

are  described  by  Eq .  (1).  The  velocities  are  mea¬ 
sured  by  r  point-sensors: 

(t)  =  w(Xj,t)  ,  j  =  1,...,  r  .  (11) 

The  solution  of  Eq.  (1)  can  be  expanded  in  the  mode 
shapes  given  by  Eq.  (6) 

m 

w{x,t)  =  I  W,  (x)  ■  q,  (t)  ,  (12) 

I<=1  ^ 

where  ^  > *  •  • ''S  the  vector  of  generalized 

coordinates  satisfying  the  modal  state  space  equa¬ 
tion 

£  +  q  +  fiq  =  ^  B  f  ,  (13) 

with  Q  =  diag(cO|^),  D  =  diag(2g|^co.  ) ,  B  is  a  nxm  ma¬ 
trix  with  entries  b.  ?  =  vector  of  in¬ 

put  forces  is  f  =  [fp...,f^r.  The  sensor  Eq.  (11) 
becomes 

y(t)  =  Cq(t)  (14) 

y  ^  C  is  a  rxn  matrix  with 

entries  c-,  =  W.  (xj.  For  direct  velocity  feedback 
the  control  law^is'^obtained  by 

f(t)  =  -  Ky(t)  ,  (15) 

where  K  is  the  mxr  gain  matrix.  Then  the  dynamical 
behaviour  of  the  closed  loop  system  is  described 
by 

^^0  ^  BKC)^  +  Q£  =  0  .  (16) 

In  case  of  collocated  actuators  and  sensors  (i.e. 
m  =  r  and  B *  =  C),  K  non-negative  definite  and  no 
zero  frequencies  it  can  be  shown  [6]  that  Eq .  (16) 
has  asymptotically  stable  solutions  if  g  >  o  (even 
if  the  truncated  residual  modes  are  implemented), 
which  is  fulfilled  since  internal  damping  is  pre¬ 
sent  in  all  flexible  structures.  In  the  case  of 
dislocation  instability  may  occur  as  soon  as  trun¬ 
cated  residual  modes  are  implemented  in  the  model 
which  have  nodal  points  between  actuator  and  sensor 
positions  (spillover  effect). 

The  important  problem  of  positioning  suitably  actu¬ 
ators  and  sensors  has  been  solved  by  SCHULZ  and 
HEIMBOLD  [7]  who  presented  a  new  method  for  an  inte¬ 
gral  determination  of  actuator/sensor  positions  (in¬ 
cluded  in  B  and  C)  and  feedback  gains  (matrix  K)  for 
the  system  of  Eq.  (16).  The  method  is  based  on  the 
maximization  of  dissipation  energy 

Ep  =  -  7  q^  •  BKC  •  q  dt  (17) 

0 

due  to  control  action,  which  represents  an  optimi¬ 
zation  criterion  guided  only  by  physical  considera¬ 
tions.  Additionally,  constraints  (upper  bounds  of 
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+  50  Ns/m)  have  been  posed  to  the  feedback  matrix  K 
because  of  restricted  maximum  control  forces  exerted 
by  real  actuators. 

In  spite  of  these  constraints  it  is  expected  that 
yet  high  feedback  gains  will  result,  which  are  like¬ 
ly  to  produce  spillover  on  the  residual  modes.  Hen¬ 
ce  an  alternative  optimization  criterion  has  been 
envisaged  minimizing  the  dissipation  energy  in  Eq. 

(17)  in  conjunction  with  minimum  damping  constraints. 
A  minimum  value  of  5%  modal  damping  has  been  con¬ 
sidered  for  all  modes  implemented  in  the  design  mo¬ 
del. 

Initial  disturbance  force  is  realized  by  an  impulsi¬ 
ve  point-force  acting  on  the  beam  and  producing  an 
initial  velocity  Vq.  The  energy  distribution  on  the 
mode  shapes  of  the  total  energy  Eq  stored  in  the 
flexible  structure  is  influenced  very  strongly  by  the 
position  of  the  originating  disturbance,  and  hence 
it  influences  the  optimal  actuator/sensor  positions 
and  the  feedback  gains.  In  order  to  excite  many  of 
the  lower  structural  modes  the  initial  force  has  been 
applied  near  the  clamped  end  at  g  =  0.2  rather  than 
at  the  free  end  (in  order  to  avoid  an  ideal  distur¬ 
bance  compensation  at  the  free  end).  To  comply  with 
realistic  conditions  the  force  impact  has  been  cho¬ 
sen  as  to  achieve  Vq  =  30  mm/s  which  gives  a  maximum 
amplitude  of  about  5  mm  at  the  free  end. 

The  design  model  accounts  for  the  lowest  n  =  5  vibra¬ 
tion  modes.  An  evaluation  model  including  higher 
modes  has  been  considered  with  n  =  10  in  order  to 
investigate  stability  of  the  residual  five  modes  on 
the  basis  of  the  design  model.  The  natural  frequen¬ 
cies  and  mode  shapes  determined  analytically  together 
with  the  experimentally  obtained  structural  damping 
factors  (Table  2)  entered  into  the  controller  design. 
Furthermore,  an  efficiency  factor  n  =  Ed/Eq  has  been 
considered  in  order  to  judge  the  optimal  solutions. 
Computer  programs  for  numerical  determination  of  op¬ 
timal  controller  parameter  with  respect  to  both  ener¬ 
gy  criteria  have  been  available. 


4.  Actuators  and  Sensors 

Great  emphasis  has  been  directed  towards  the  proper 
selection  of  the  actuating  and  sensing  system,  since 
an  almost  ideal  performance  is  preferred.  Many  dif¬ 
ferent  possibilities  have  been  eliminated  by  the  re¬ 
quirement  of  minimum  sensor/actuator  interaction 
with  the  flexible  beam  dynamics.  Requirements  re¬ 
ferring  to  range  and  sensitivity  restricted  the  se¬ 
lection  to  few  types.  The  sensor  is  considered  to 
provide  for  expected  maximum  vibration  amplitudes 
of  10  mm  and  a  frequency  range  of  about  100  Hz  since 
the  designed  controller  will  be  based  on  the  first 
5  or  6  lowest  modes,  and  signals  of  higher  frequency 
should  be  observable  in  order  to  account  for  possible 
spillover  effects.  Expected  force  amplitudes  range 
up  to  about  1  N.  High  accurate  accelerometers,  have 
been  discarded  by  physical  considerations:  When 
mounted  on  the  beam,  they  cannot  separate  between 
the  interesting  horizontal  acceleration  and  the  un¬ 
desired  vertical  component  due  to  gravity,  which 
might  be  in  the  same  order  of  magnitude  as  the  hori¬ 
zontal  one. 

On  this  basis  non-contacting  systems  with  laboratory 
fixed  references  have  been  selected:  A  purely  elec¬ 
tro-optical  displacement  transducer  together  with  an 
in-house  developed  electrodynamic  force  actuator  [11] 


provide  for  sensing  and  actuating.  The  actuator  is 
of  high  resolution  (<  1%)  with  a  range  of  1.1  N  and 
nonlinearity  of  1%  for  a  displacement  range  of  +  12 
mm.  It  consists  of  a  permanent  magnetic  bar  atta¬ 
ched  to  the  structural  element  being  free  to  move  in 
a  cylindrical  laboratory  fixed  electromagnet! cal  coil 
(Fig.  5).  The  dimensions  of  coil  and  magnet  have 
been  determined  such  that  the  applied  force  is  almost 
independent  from  their  relative  motion,  resulting  in 


Structural  Element 


Fig.  5  Electrodynamical  Force  Actuating  System. 

an  almost  parabolic  coil  shape.  To  minimize  errors 
in  motion,  a  pair  of  actuators  is  arranged  at  oppo¬ 
site  sides  of  the  structure.  Driving  these  actuators 
in  parallel,  the  axial  motion  induced  error  will  be 
essentially  cancelled.  The  small  tilt  angle  of  the 
vibrating  flexible  beam  proved  to  be  of  no  remarka¬ 
ble  influence  upon  system  nonlinearities.  Additional 
mass  concentrations  due  to  the  mounted  pair  of  cy¬ 
lindrical,  rare  earth  magnetic  bars  are  negligible, 
considering  a  weight  of  25  g  for  one  bar  with  a 
length  of  4  cm  and  a  diameter  of  1  cm.  This  could 
be  shown  experimentally  by  frequency  analysis  when 
varying  the  location  of  the  bar  along  the  beam  in¬ 
discrete  spatial  steps.  Frequency  shifts  have  been 
below  3%, 

The  electro-optical  transducer  with  very  low  noise 
levels  has  an  excellent  resolution  of  about  0.01% 
full  scale  considering  a  range  of  about  10  mm.  The 
range  easily  can  be  varied  by  changing  the  imaging 
optics.  Nonlinearity  is  below  0.1%  and  frequency 
range  extends  to  1  kHz.  The  transducer  is  placed 
perpendicular  to  the  plane  of  the  beam  vibrations 
at  a  distance  of  30  cm  to  the  beam's  symmetry  axis. 

The  actuating/sensing  system  provides  for  an  almost 
ideal  realization  of  collocated  actuator/sensor  po¬ 
sitioning  since  the  plate  mounted  magnetic  bar  vi¬ 
brating  with  the  structure  serves  as  the  reference 
point  for  sensing  (Fig.  1).  Non-col  1 ocated  actua¬ 
tor/sensor  positioning  has  been  realized  by  a  simi¬ 
lar  configuration  fixing  a  small  black/white  edge 
sheet  at  the  specified  position. 

The  controller  to  be  designed  requires  velocity  in- 
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formation  for  feedback  which  is  extracted  out  of  the 
optical  displacement  signal  by  a  differentiation 
procedure.  Since  no  other  controller  algorithms 
have  been  proposed,  it  was  preferred  to  realize 
differentiation  by  analog  technique  rather  than  by 
a  data  processing  system.  It  is  characterized  by  a 
transfer  function  of  type  G{s)  =  Tis/( I+T2S) ,  with 
time  constants  of  Ti  =  0.01  s  and  T2  =  0.0015  s, 
yielding  a  roll-off  frequency  of  667  Hz. 

Bandwidth  limitation  of  the  sensor  signal  is  ne¬ 
cessary  to  avoid  saturation  effects  of  the  differen¬ 
tiation  loop.  During  the  tests  no  instability  has 
been  observed  due  to  phase  shifts  in  sensor  signal 
and  differentiation  circuit. 


5.  Experimental  and  Numerical  Results 

An  inherent  basic  problem  of  the  optimization  pro¬ 
cedures  used  is  that  no  global  optimum  can  be  found. 
The  optimal  parameters  achieved  depend  upon  their 
initial  values.  Hence,  several  optima  may  result 
which  are  regarded  being  only  locally  optimal.  An 
important  feature  of  the  experimental  investigations 
therefore  is  to  judge  the  closed  loop  behaviour  for 
different  optima.  The  studies  are  performed  for  1 
actuator/sensor  configuration  for  both  collocated 
and  dislocated  positions.  Furthermore,  to  get  a 
first  insight  experimentally  in  the  treatment  of 
multiple  actuator/sensor  locations,  a  configuration 
of  tv/o  actuators/two  sensors  is  realized.  Here,  the 
study  is  confined  to  collocated  positions  in  order 
to  avoid  excessive  parameter  combinations  for  the 
positions.  In  all  studies  the  control  law  is  based 
on  maximization  of  dissipation  energy,  unless  men¬ 
tioned  explicitly  different  from  that  (minimization 
of  dissipation  energy). 

For  verification  of  the  designed  control  law  the 
variation  of  the  closed  loop  system  eigenvalues  with 
respect  to  the  open  loop  values  has  been  determined 
by  means  of  a  transfer  function,  measured  between 
the  force  impact  input  at  E  =  0.2  and  the  displace¬ 
ment  output  at  the  optimized  sensor  position.  In 
case  of  highly  damped  systems  excitation  by  white 
noise  has  been  preferred  rather  than  by  impact,  in 
order  to  introduce  more  energy  into  the  system. 

The  disturbance  impulse  has  been  realized  experimen¬ 
tally  by  a  separate  electrodynamic  actuator  system. 

A  further  electro-optical  displacement  sensor  has 
been  positioned  at  E  =  0.2  to  determine  the  initial 
velocity  Vq  by  subsequent  analog  differentiation 
of  the  sensor  signal.  Pulse  height  and  width  could 
be  adjusted  to  defined  initial  conditions  to  comply 
with  the  desired  value  of  Vq,  yielding  0.15  N  and 
50  ms.  The  adjustment  of  vq  is  necessary  for 
comparison  of  experimentally  and  numerically  obtai¬ 
ned  time  histories,  since  the  closed  loop  system  of 
Eq.  (16)  is  1  inear  in  q. 

5.1  1  Actuator/1  Sensor  (Collocation) 

Nine  locally  optimal  positions  have  been  obtained, 
each  of  them  lying  between  adjacent  zero  crossings 
of  the  mode  shapes  as  presented  in  Fig.  6a.  The 
feedback  gain  matrix  K  now  consists  of  only  one  ele¬ 
ment  kii-  Table  3  comprises  the  optimized  position, 
feedback  gain  kn  and  the  corresponding  efficiency 
factor  T]  for  the  various  optima.  The  striking  po¬ 
sition  number  1  could  be  expected  due  to  an  ideal 
disturbance  compensation  which  causes  the  optimizer 


Table  3  1  Act. /I  Sens.  (Coll.):  Opt.  Parameters. 


number 

E 

kii[Ns/m] 

nt%] 

1 

0.2 

50.0 

99,4 

2 

0.329 

15.43 

88.4 

3 

0.445 

14.29 

93.1 

4 

0.602 

13.30 

92.2 

5 

0.699 

12.33  : 

84.1 

6 

0.774 

10.05 

85,7 

7 

0.830 

10.33 

91.3 

8 

0.900 

10.60 

76.5 

9 

1.0 

3.96 

79.1 

to  move  the  actuator  at  the  position  of  the  origi¬ 
nating  disturbance,  thus  giving  an  extremely  high 
gain  which  is  identical  to  the  upper  bound  constraint 
in  the  present  case.  The  position  numbers  2  to  8 
show  gains  of  comparatively  size  but  with  quite  dif¬ 
ferent  efficiency.  This  means  that  high  gains  do 
not  automatically  yield  low  decay  time  constants 
in  order  to  damp  out  the  vibrations  very  quickly, 
since  the  damping  behaviour  obviously  is  influenced 
strongly  by  the  modal  amplitude  at  the  actuator/sen¬ 
sor  position.  This  behaviour  is  evident  for  posi¬ 
tion  number  5,  where  the  size  of  the  mode  shapes 
with  number  2,4  and  5  is  much  lower  than  the  size 
of  number  1  and  3.  In  contrary  to  that,  at  the  free 
end  a  very  low  gain  factor  is  achieved,  mainly  due 
to  the  large  deflection  of  the  mode  shapes  there. 

Fig.  7  presents  graphs  of  experimental  and  numerical 
open  loop  time  behaviour  of  displacement  at  three 
different  positions.  To  be  lucid  closed  loop  be¬ 
haviour  will  be  demonstrated  just  for  two  optimized 
positions:  one  at  E  =  0.602  (Fig.  8  shows  time 
histories  of  displacement  and  control  force)  and  the 
other  at  the  free  end  (Fig.  9).  Experimentally  de¬ 
termined  transfer  functions  for  open  and  closed  loop 
system  are  shown  in  Fig.  10  (with  white  noise  exci¬ 
tation)  and  11  for  both  positions.  The  resulting 
eigenvalues,  i.e.  shifted  eigenfrequencies  and  modal 
damping  factors,  are  listed  in  Tables  4  and  5  to¬ 
gether  with  the  numerical  values  for  the  lowest  six 
modes.  Although  almost  good  agreement  is  indicated, 
proper  determination  at  lower  frequent  modes  often 
appears  difficult  due  to  the  high  damping  rates,  es¬ 
pecially  for  position  at  E  =  0.602.  In  accordance 
with  theoretical  predictions  no  instable  modes  could 
be  observed  during  these  tests. 

In  a  further  test,  for  optimized  position  at  E  =  1-0 
the  optimal  gain  factor  has  been  drastically  in¬ 
creased  by  a  factor  of  10  in  order  to  enhance  strong¬ 
ly  damping  and  stiffness  of  the  structure.  The  pur¬ 
pose  of  this  study  has  been  to  investigate  if  due  to 
the  enhanced  control  action  the  free  end  could  be 
fixed  in  order  to  prevent  the  actuator  from  energy 
extraction.  But  no  such  effect  could  be  observed, 
on  the  contrary  the  vibrations  have  been  damped  out 
in  much  less  time  than  before. 

Minimization  of  dissipation  energy  with  5%  minimum 
modal  damping  constraints  yielded  similar  results 
as  in  case  of  maximization.  Optimal  positions  are 
not  much  different  but  the  feedback  gains  take  con¬ 
siderably  smaller  values,  depending  upon  the  con¬ 
straints.  Just  one  example  should  be  mentioned: 
the  optimized  position  at  E  =  0.593  gives 
k;Li  =  5.47  Ns/m  which  is  about  three  times  smaller 
when  compared  to  the  similar  case  at  E  =  0.602. 
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Solution  No.  1  2  3  45678  9 

(Collocation)  ♦  f  f  t  f  t  t  t  t 


b) 


Fig.  6  Five  Mode  Shapes  and  Optimal  Actuator/Sensor  Positions  for  Collocated  and  Dislocated  Con¬ 
figurations  (i Actuator  f Sensor) . 


Fig.  10  Open  and  Closed  Loop  Transferfunction  for 
Optimized  Collocated  Position  at  £=0.602 
(Impact  at  £  =  0.2,  Displacement  Sensor 
at  £  =  0.602) . 


Table  4  1  Actuator/1  Sensor  (Collocated):  Closed 

Loop  Eigenvalues  for  Optimized  Position 
at  £  =  0.602. 


mode 

number 

frequency  [Hz] 

modal  damping  [%] 

exp. 

num. 

exp. 

num. 

1 

- 

- 

- 

100.0 

2 

0.7 

0.70 

10.2 

15.0 

3 

1.9 

1.96 

8.3 

7.6 

4 

3.5 

3.57 

7.6 

7.7 

5 

4.9 

5.33 

12.7 

11.5 

6 

8.3 

8.35 

1.1 

1 

0.5 

Table  5  1  Actuator/1  Sensor  (Collocated):  Closed 

Loop  Eigenvalues  for  Optimized  Position 
at  £  =  1.0. 


Fig.  11  Open  and  Closed  Loop  Transferfunction  for 
Optimized  Collocated  Positions  at  £  =  1.0 
(Impact  at  £  =  0.2,  Displacement  Sensor  at 
E  =  1.0). 


mode 

number 

frequency  [Hz] 

modal  damping  [%] 

exp. 

num. 

exp. 

num. 

1 

- 

- 

- 

100.0 

2 

0.7 

0.73 

11.9 

12.1 

3 

1.8 

1.88 

7.3 

7.6 

4 

3.3 

3.67 

5.4 

1.9 

5 

5.3 

5.73 

4.6  i 

2.1 

6 

8.0 

8.30 

3.3  i 

„  . . J 

1.8 

5.2  1  Actuator/1  Sensor  (Dislocation) 

Again,  nine  locally  optimal  positions  are  obtained, 
where  the  initial  values  for  both  actuator  and  sen¬ 
sor  have  been  chosen  such  as  to  lie  between  ad¬ 
jacent  zero  crossings  of  the  five  lowest  mode  sha¬ 
pes.  The  results  are  presented  in  Fig.  6b  and  in 
Table  6,  indicating  a  very  close  spacing  between 
actuator  and  sensor  position.  Obviously  this  spa¬ 
cing  becomes  closer  if  more  modes  are  implemented 
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Table  6  1  Actuator/1  Sensor  (Dislocated):  Optimal 

Parameters 


number 

g(actuator) 

E(sensor) 

kj^INs/m] 

n[%] 

1 

0.2 

0.2 

50.0 

99.7 

2 

0.317 

0.343 

18.72 

89.3 

3 

0.429 

0.463 

16.59 

93.5 

4 

0.591 

0.614 

14.31 

92.4 

5 

0.695 

0.702 

12.57 

84.3 

6 

0.772 

0.776 

10.14 

85.7 

7 

0.825 

0.835 

10.47 

91.3 

8 

0.898 

0.901 

10.63 

76.5 

9 

1.0 

1.0 

3.96 

79.1 

in  the  design  model  in  order  to  avoid  zero  crossings 
between  actuator  and  sensor  position,  hence  appro¬ 
aching  the  collocated  case.  The  energy  extracted 
by  the  actuator  and  the  feedback  gains  are  only  in¬ 
significantly  higher  than  in  the  collocated  case. 
Moreover,  it  turns  out  that  in  the  collocated  case 
the  actuator/sensor  position  always  lies  about  in 
the  middle  of  the  corresponding  dislocated  positions. 

Spillover  is  predicted  in  cases  number  3  and  4  when 
implementing  the  residual  five  modes  in  the  evalua¬ 
tion  model,  caused  by  nodal  points  of  higher  mode 
shapes  between  actuator  and  sensor  positions.  For 
experimental  demonstration  of  spillover  only  posi¬ 
tion  number  4  will  be  investigated.  Here,  sensor 
and  actuator  positions  are  separated  by  a  distance 
of  only  6.7  cm.  The  closed  loop  time  history  of  the 
displacement  at  sensor  location  is  presented  in 
Fig.  12  and  shows  that  the  lower  vibration  modes 
are  damped  out  but  mode  number  6  with  frequency  of 
8.4  Hz  and  a  nodal  point  at  ^=0.6  (Fig.  3)  is  exci¬ 
ted  very  strongly. 

To  avoid  spillover  an  extension  of  the  controller 
design  has  been  attempted  on  the  basis  of  a  six 


Fig.  12  Closed  Loop  Time  History  of  Displacement 
at  g(sensor)=0.614  for  Optimized  Disloca¬ 
ted  Solution  No. 4  (Table  6)  Showing  Spill¬ 
over  with  Unstable  Sixth  Mode. 


modes  design  model,  thus  including  the  unstable 
vibration  mode.  In  that  case  actuator  and  sensor 
move  closer  in  order  to  exclude  the  critical  zero 
crossing,  yielding  E(actuator)=0.5692,  g(sensor)== 
0.5787,  k2j^=12.85  Ns/m  and  ti=96.6%.  Fig.  13  indi¬ 
cates  stability  of  the  closed  loop  system.  The  very 
close  distance  of  2.7  cm  appears  almost  collocated 
and  it  is  conjectured  that  in  the  collocated  case 
the  optimal  position  will  be  somewhere  between 
these  two  dislocated  positions.  A  subsequent  con¬ 
troller  design  proves  this  suggestion,  yielding 
optimal  parameters  of  g=0.5741,  k^^=12.53  Ns/m  and 
ri=96.5%,  which  are  not  much  different  from  the 
dislocated  case. 


5.3  2  Actuators/  2  Sensors  (Collocation) 

The  gain  matrix  now  comprises  four  elements  to  be 
optimized.  Different  choice  of  a  specific  form  of 
K  has  been  followed  in  the  design,  depending  upon 
the  choice  of  number  of  sensor  signals  to  be  fed 
back.  This  has  been  realized  numerically  by  equa¬ 
ting  zero  the  corresponding  matrix  elements  of  K. 

The  purpose  of  different  feedback  strategies  is  to 
investigate  the  possibility  of  successful  operation 
with  only  a  few  number  of  sensors.  To  be  more  clear, 
actuator  and  sensor  positions  have  been  determined 
from  the  optimized  1  actuator/1  sensor  case  at 
g=0.602  and  g=1.0  rather  than  optimizing  these 
positions  here.  Three  different  feedback  schemes 
have  been  considered: 


Scheme  1: 


K  = 


7.53  -0.95 

8,38  3.31 


[Ns/m], 


n  =  94.7 


i.e.  all  sensor  signals  are  fed  back  to  all  actua¬ 
tors  (global  feedback); 


0  5  [s]  10 


Fig.  14  Closed  Loop  Time  History  of  Displacement 
at  g=1.0  for  Collocated  2  Actuators/ 

2  Sensors  Global  Feedback. 


Fig.  13  Closed  Loop  Time  History  of  Displacement 
at  E(sensor)=0 . 579  (Dislocation)  for 
Extended  6  Modes  Design  Model  to  Prevent 
from  Spillover  (cf.  Fig.  13). 


Fig.  15  Closed  Loop  Time  History  of  Displacement  at 
g=1.0  for  Collocated  2  Actuators/  2  Sensors 
Scheme  3  Feedback  (Here:  Increasing 
Oscillation  from  Equilibrium  Position). 


325 


Scheme  2: 


12.21 


0 


results  and  theoretical  predictions  could  be  exhi¬ 
bited  . 


K  = 


0 


2.35 


[Ns/m],  n 


98.0  %  , 


i.e.  each  sensor  signal  is  fed  back  locally  to  the 
collocated  actuator  (axial  feedback); 


Scheme  3: 


K  = 


0 

-11.38 


11.36 

0 


[Ns/m],  n  =  2.6  %  , 


i.e.  sensor  signal  at  position  1  is  fed  back  to 
actuator  at  position  2  and  vice  versa. 


Since  in  all  three  feedback  schemes  K  is  non-nega¬ 
tive  definite,  the  five  modes  closed  loop  system 
is  asymptotically  stable.  Evidently,  axial  feed¬ 
back  gives  the  largest  efficiency  with  low  feed¬ 
back  gains  which  remember  the  equivalent  gains  in 
the  1  actuator/1  sensor  case  (Table  3)  for  both 
positions.  On  the  contrary,  feedback  scheme  3 
produces  an  extremely  low  efficiency  factor  but 
with  comparatively  high  gain  factors.  Moreover 
regarding  the  evaluation  model  with  10  modes  spill¬ 
over  is  predicted  and  observed  experimentally  for 
mode  number  7  with  frequency  of  11.4  Hz.  Figures 
14  and  15  present  the  corresponding  time  histories. 


An  important  result  is  that  a  configuration  of  two 
actuators  and  two  sensors  can  be  more  efficient 
than  a  configuration  of  only  one  actuator/one  sen¬ 
sor,  depending  upon  the  selected  feedback  strategy. 
But  an  overall  sensor  information  (global  feedback) 
may  not  be  as  useful  as  in  axial  feedback,  when 
comparing  the  amount  of  dissipated  energy. 


6.  Conclusions 

A  flexible  beam  experiment  has  been  constructed  in 
order  to  demonstrate  and  verify  advanced  control 
laws  based  on  direct  velocity  feedback.  The  new 
actuating/sensing  system  of  electrodynamic  force 
actuator  and  electro-optical  displacement  trans¬ 
ducer  revealed  almost  ideal  performance  which 
allowed  to  investigate  the  interaction  of  control¬ 
ler/structure  without  the  impact  of  hardware  con¬ 
straints.  The  structural  dynamics  of  the  gravity- 
loaded  beam  could  be  modelled  with  good  accuracy, 
being  an  essential  input  for  the  controller  design. 
Detailed  studies  on  collocated  and  dislocated 
1  actuator/1  sensor  positions  favoured  the  collo¬ 
cated  configuration  since  dislocation  proved  to 
produce  spillover  due  to  higher  modes  not  imple¬ 
mented  in  the  design  model  or,  moreover,  in  the 
evaluation  model.  By  realization  of  two  actuators/ 
tv;o  sensors  positioning  a  better  closed  loop  beha¬ 
viour  could  be  achieved:  The  amount  of  dissipated 
energy  was  increased  when  applying  special  feedback 
strategies  (global  or  axial  feedback),  but  an  over¬ 
all  sensor  information  for  feedback  appeared  to  be 
not  necessary.  For  investigation  of  the  closed  loop 
system  dynamics  the  experimental  determination  of 
complex  eigenvalues  by  means  of  transfer  functions 
proved  to  be  most  practicable.  Only  in  cases  of 
highly  damped  systems  eigenvalues  could  be  deter¬ 
mined  very  inaccurately.  In  all  studies  performed 
no  remarkable  difference  between  experimental 


Future  work  will  be  directed  towards  the  digital 
realization  of  controller  feedback.  Further  studies 
shall  involve  structures  with  a  frequency  spectrum 
including  closely  spaced  frequencies  being  more 
typical  for  large  space  structures. 
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Abstract 

An  approach  suited  for  automatic 
generation  of  the  equations  of  motion 
for  large  mechanical  systems  (i.e., 
large  space  structures,  mechanisms, 
robots,  etc.)  is  presented.  The  system 
topology  is  restricted  to  a  tree  config¬ 
uration.  The  tree  is  defined  as  an  arbi¬ 
trary  set  of  rigid  and  flexible  bodies 
connected  by  hinges  characterizing  rela¬ 
tive  translations  and  rotations  of  two 
adjoining  bodies.  The  equations  of 
motion  are  derived  via  Kane's  method. 

The  resulting  equation  set  is  of  minimum 
dimension.  Dynamical  equations  are 
imbedded  in  a  computer  program  called 
TREETOPS.  Extensive  control  simulation 
capability  is  built  in  the  TREETOPS  pro¬ 
gram.  The  simulation  is  driven  by  an 
interactive  set-up  program  resulting  in 
an  easy  to  use  analysis  tool. 

Introduction 

In  the  last  two  decades  consider¬ 
able  efforts  have  been  made  in  the  effi¬ 
cient  formulation  and  solution  of  the 
dynamic  equations  of  multi-body  mechani¬ 
cal  systems.  Examples  of  such  systems 
include  spacecraft,  large  space  struc¬ 
tures,  manipulators,  mechanisms  and  bio¬ 
systems  .  This  paper  deals  with  an 
improved  approach  to  the  solution  of  the 
dynamics  and  control  problem  that  is 
applicable  in  each  of  these  areas.  This 
approach  will  accommodate  structures 
with  an  open  tree  topology  including 
flexibility  in  any  or  all  of  the  indivi¬ 
dual  bodies  along  with  large  angle  rota¬ 
tions  and  translations  at  the  hinges. 
This  formulation  reduces  the  problem  to 
a  minimum  dimension  set  which  is  very 
desirable  from  a  computational  stand¬ 
point  . 

The  emphasis  of  researchers  working 
with  multibody  systems  has  been  the 
expanded  generality  of  mathematical 
models  and  the  formulation  of  equations 
of  motion  that  are  amenable  to  computer 
solution.  Dynamical  equations  of  motion 
for  multibody  systems  can  be  derived  by 
Newton-Euler  methods  or  by  analytical 
mechanics  methods  (e.g.  Lagrange's 
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equations,  Hamilton's  canonical  equa¬ 
tions,  the  Boltzman-Hamel  equations, 
etc.).  The  relative  advantages  and  dis¬ 
advantages  of  these  various  approaches 
depend  upon:  (1)  the  choice  of  dependent 
(kinematic)  variables,  (2)  the  geometri¬ 
cal  organization  and  accounting  pro¬ 
cedure  for  a  unique  kinematic  descrip¬ 
tion  and  (3)  the  systematic  implementa¬ 
tion.  Comparative  studies  in  recent 

1-4 

years  suggest  that  Kane ' s  method  of 

generalized  speed^  or  some  related 
generalization  of  Lagrange's  form  of 
D'Alembert's  principle  is  most  useful. 
These  methods  are  ideally  suited  for 
computer  generation  of  the  equations  of 

g 

motion  Kane's  method  combines  the 
computational  advantages  of  both 
Newton's  Laws  and  Lagrangian  formulation 
-  the  nonworking  constraint  forces  and 
torques  do  not  appear  and  tedious  dif¬ 
ferentiation  of  scalar  energy  functions 
is  avoided.  The  resulting  equation  set 
is  of  minimum  dimension.  Methods  of 
analytical  dynamics  best  suited  for 
automatic  generation  of  the  equations  of 
motion  are  reviewed  in  Reference  7. 

The  interest  in  multibody  dynamics 
modeling  has  arisen,  almost  simul¬ 
taneously,  in  three  distinct  fields: 
spacecraft  dynamics,  mechanisms  and 
robotics.  In  what  follows  the  extensive 
literature  in  multibody  dynamics  in 
these  three  fields  will  be  very  briefly 
reviewed . 

In  the  early  years  space  vehicles 
were  idealized  as  rigid  bodies  or  elas¬ 
tic  beams  for  control  system  design  pur¬ 
poses.  In  response  to  needs  of  the  aero¬ 
space  industry  in  mid-sixties,  the  equa- 

8  9 

tions  of  motion  were  published  ’  for  a 
point  connected  set  of  interconnected 
rigid  bodies  in  a  topological  tree.  A 
model  combining  rigid  bodies  and  elastic 
appendages  was  developed  and  applied 

extensively^^""^^  in  the  1970 's.  Incor¬ 
poration  of  body  flexibility  in  the 
topological  tree  model  was  the  next  log¬ 
ical  step,  taken  in  some  cases  concur¬ 
rently  with  the  inclusion  of  relative 

translation  between  the  bodies. In  the 
most  general  case  considered  to  date. 
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the  prohibition  of  closed  loops  in  the 
topology  is  also  relaxed. 

In  parallel  with  the  preceding 
development  the  same  problems  were 
being  considered  for  complex  machinery 
with  floating  links  (e.g.  reciprocating 
engines,  printing,  textile  and  agricul¬ 
tural  machinery).  The  "kinetostatic" 
approach  (calculation  of  the  applied 
forces  and  reactions  associated  with  an 
assumed  state  of  the  motion  with  the  aid 
of  graphical  kinematics)  did  not  seem 
adequate.  Graphically  oriented  thinking 
was  abandoned  to  reframe  the  pertinent 
problems  of  kinematics  and  dynamics  in  a 
form  better  suited  to  numerical  methods 
of  analysis.  Since  early  1970 's  much 
work  has  been  done  in  the  formulation  of 
dynamical  equations  of  motion  for 

1 8  —  27 

mechanisms  with  rigid  links.  Based 

on  these  formulations,  a  number  of 
general  purpose  computer  programs  have 
been  developed .  But  most  of  these 
computer  programs  are  limited  to  analyz¬ 
ing  planar  machines.  The  distributed 
elasticity  of  the  links  can  be  modeled 
by  the  introduction  of  massless  elas¬ 
tic  springs  at  selected  hinges  in 
References  18-27.  Reference  can  be 
28  —  33 

made  on  direct  methods  for 

including  distributed  flexibility. 

Researchers  in  robotics  make  exten¬ 
sive  use  of  4x4  transformation  matrices 

34 

of  Denavit  and  Hartenberg.  These  4x4 
transformations  may  be  interpreted  as  a 
product  of  rotation  and  translation 
transformation  and  may  be  readily  used 
to  describe  the  positions  and  orienta¬ 
tions  of  coordinate  frames  in  space. 

35 

dicker  presented  a  derivation  of  the 
exact  equations  of  motion  for  rigid- 
-link  spatial  mechanical  systems,  using 
4x4  transformation  matrices.  These 
results  were  specifically  adapted  for 

36  —  38 

open  kinematic  chains  ,  the  most 

common  manipulator  configuration. 
Although  these  early  derivations  served 
as  a  theoretical  frame  work,  the  results 
were  too  complicated  and  computations 
cost  prohibitive  to  be  practical. 

Several  simplifications  of  the  basic 

equations  of  motion  have  been  made^^ 
to  reduce  the  computation  time.  The  most 
promising  methods,  from  a  computational 
point  of  view,  are  the  recursive  formu- 
41-43 

lations  presented  in  the  last  few 

years.  Some  robot  formulations  include 
the  influence  of  member 

flexibility ,  and  Dubowsky  and 

Gardner"^  have  also  incorporated  a  model 
for  joint  clearance. 

Although  all  three  areas  of 
interest  deal  with  the  same  class  of 


multi-body  systems,  the  equation  formul¬ 
ation  and  corresponding  computer  pro¬ 
grams  from  one  area  are  in  general  of 
little  use  in  the  other  areas.  Particu¬ 
lar  care  was  taken  in  formulating  the 
equations  presented  in  this  paper  so 
that  the  resulting  computer  program, 
TREETOPS ,  would  be  useful  to  all  areas 
of  interest  that  deal  with  multi-body 
structures  in  an  open  tree  topology. 

Some  features  of  the  TREETOPS  program 
are:  (1)  Any  or  all  bodies  can  be  rigid 
or  deformable,  (2)  Loop  closures  are 
permitted  if  the  constraints  are  kinetic 
rather  than  kinematic,  (3)  The  hinges 
can  have  0  to  six  degrees  of  freedom  and 
hinge  rotations  can  be  large,  (4)  The 
dimension  of  the  problem  equals  the  num¬ 
ber  of  the  degrees  of  freedom 
(constraint  forces  do  not  appear  in  the 
formulation),  (5)  Individual  body  defor¬ 
mations  can  be  described  by  any  set  of 
modal  vectors,  (6)  An  interactive  pro¬ 
gram  helps  the  user  set  up  his  problem, 

(7)  Extensive  control  simulation 
capability  (a  full  set  of  sensors  and 
actuators,  a  linear  time  invariant  con¬ 
trol  law  in  block  diagram  format,  a  non¬ 
linear  controller  in  user  supplied  sub¬ 
routine  format)  is  built  in  the  program, 

(8)  Equations  can  be  linearized  (via 
Taylor  series  expansion)  about  a  nominal 
state . 

The  design  of  TREETOPS  is  such  that 
the  generic  formulation  does  not  compro¬ 
mise  the  computational  efficiency  of  the 
program.  For  example,  in  the  case  of  a 
planar  mechanism  the  problem  is  defined 
by  the  user  with  no  out  of  plane  degrees 
of  freedom.  The  computer  program,  which 
formulates  equations  only  for  the  user 
defined  degrees  of  freedom  knows  only  of 
the  planar  motion  and  will  perform  no 
computations  for  out  of  plane  motion. 
Computationally,  this  is  an  attractive 
feature  of  TREETOPS . 

This  paper  consists  of  four  sec¬ 
tions.  The  first  section  describes  the 
geometry  of  open  tree  multibody  system. 
The  second  section  presents  the  deriva¬ 
tion  of  motion  equations  via  Kane's  met¬ 
hod.  The  third  section  gives  a  guideline 
for  choosing  modal  displacement  vec¬ 
tors.  The  fourth  section  is  an  overview 
of  the  TREETOPS  program.  An  illustrative 
example  is  presented. 

System  Description 

A  multibody  system  in  a  topological 
tree  configuration  is  shown  in  Figure  1, 
Body  1  is  arbitrarily  selected  as  the 
reference  body.  A  non-sequent ial 
numbering  of  the  bodies  has  been 
deliberately  indicated  in  Figure  1.  For 
convenience,  the  reference  body  is 
assumed  to  be  connected  to  an  imaginary 
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Following  symbols  are  used  to  des¬ 
cribe  the  configuration: 

NB  number  of  bodies 

NT .  =  translational  degrees  of 
^  freedom  of  the  jth  hinge 

NR .  =  rotational  degrees  of  f ree- 
^  dom  of  the  jth  hinge 

NM .  =  def ormational  degrees  of 
^  freedom  of  the  jth  body 

NS  =  total  number  of  degrees  of 
freedom  of  the  tree 


inertially  fixed  body  numbered  0. 
Development  of  an  accounting  procedure 
for  a  unique  kinematic  description 
requires  the  knowledge  of  a  direct  path 
from  the  inertial  frame  (body  0)  to  any 
body  of  the  system.  A  direct  path  array 
can  be  constructed  as  follows.  To  any 
body  j  assign  a  number  c(j)  which  is  the 
body  number  of  the  adjacent  body  leading 
inboard  to  body  0  (or  the  reference 
body).  In  Figure  1,  for  example,  for 
j=10,  c(10)=4  and  for  j=l,  c(l)=0.  Given 
j  and  c(j),  one  could  readily  draw 
Figure  1.  Every  j  has  a  unique  path  set 
whose  elements  are  j,  0,  and  all  the 
bodies  in  the  path  from  j  to  0 .  A  set 
can  be  constructed  from  the 

knowledge  of  j  and  c(j)  as  a  set  of  all 
the  bodies  outboard  of  j  including  j. 
Similarly,  can  be  defined  as 

another  set  having  all  the  elements  of 
excluding  j. 

A  hinge,  as  shown  in  Figure  2,  is 
defined  as  a  pair  of  two  material 
points,  with  a  point  situated  on  each  of 
two  adjoining  bodies.  The  discrete 
degrees  of  freedom  of  the  jth  body  in 
the  tree  are  characterized  by  the  rela¬ 
tive  translations  and  rotations  of  two 
sets  of  reference  axes  having  origins 
located  respectively  P^  (a  point  of 

body  c(j)  leading  to  body  j)  and  h^  (a 

point  located  in  body  j).  Points  Pj  and 

hj  and  the  reference  frames  at  these 


Figure  2.  A  Typical  Hinge 

two  points  constitute  the  jth  hinge.  A 
fictitious  hinge  is  assigned  to  the 
reference  body  by  assuming  P^  an  iner¬ 
tial  point.  Thus  the  number  of  hinges 
equals  the  number  of  bodies  in  the 
system. 


NB 

I  ( NT .  +  NR  .  +  NM  .  ) 
j=l  3  3  3 

Formulation  Methodology 

The  equations  of  motion  are  derived 
via  Kane's  method.^  This  approach  is 
expressed  in  terms  of  generalized  and 
"quasi"  coordinates  (e.g.  the  scalar 
components  of  angular  velocity  vectors). 
In  a  previous  paper ^  this  method  was 
employed  to  derive  the  equation  of 
motion  for  structures  in  a  topological 
chain.  In  what  follows,  the  approach 
will  be  extended  to  accommodate  bodies 
in  a  tree  configuration. 


Figure  3  -  Geometry  of  Deformable  Body  j 


Figure  3  shows  Bj^,  the  kth  body  in 

the  tree,  in  a  deformed  state.  An  ele¬ 
mental  mass  dm  of  B,  is  located  iner¬ 
tially  by 


+  u*^ 


(1) 


where  underscore  represents  a  vector 

k  ■  • 

quantity,  r  is  fixed  in  a  reference 

frame  at  h,  and  u  represents  the  elas¬ 
tic  deformation.  A  set  of  NMj^  modal  vec¬ 
tors  ,  £=1,...,  NMj^  is  chosen  to 

approximately  represent  the  elastic 
deformation  by  a  finite  number  of  kine¬ 
matic  variables  (modal  coordinates) 
by  ^ 

NM  k  ,  k 

=  2:  i  (r^)  (2) 

£=1  ^  ~ 
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Time  differentiation  in  inertial  space 
provides 


X  (r>^  +  U*^)  + 


where  (°)  implies  time  differentiation 
in  the  local  reference  frame  (here  b^) , 

and  is  the  angular  velocity  vector  of 
the  frame  Since  the  modal  vectors 

in  eq.  (2)  are  fixed  in  frame  b^,  the 

relative  deformation  velocity  is  given 
by 

Ok  V  k.  -k 

u  =  ^  (f)  (r  )  ri«  {  A\ 


Let  a  set  of  generalized  speeds  w^ , , . . , 
w  represent  the  degrees  of  freedom  of 

the  system.  Then  R  can  always  be 
written  as 
.  1  NS  , 

=  Z  w  +  V*J  (- 

-  p=i  ^  P  -t 


V  k 

where  V'"  and  V.  are  functions  of  NS  gen- 
-P  ~t 

eralized  coordinates  and  time. 

From  Newton ' s  Law 

df  -  dm  =  0  (6) 


where  df_  is  the  force  on  the  differen- 

*'k 

tial  element  and  R  is  the  inertial 
acceleration  of  dm. 

The  equations  of  motion  for  the  tree 
structure  can  be  written  as 


“  R  dm)  =  0,  p=l,...,NS 


Substituting  the  above  in  eq.  (3),  one 
obtains 


R^  =  Z  V^k  w  +  w  + 

P--L  n=l 


^  ^  n^)  +  T  y’^^^  W 

0  =  1  p=l  -p  P 


Note  that  is  zero  unless  the  genera¬ 

lized  speed  w  corresponds  to  one  of  the 

•  k 

modal  velocities  n ^  in  body 
Comparison  of  eqs.  (5)  and  (12)  provides 


= 

-p 

-P 

,  k 

+  OJ  X 

-P 

NMk 

Z 

(rk 

<> 

+  v^k 
-P 

and 

NM 

+  Z^ 
^=1 

= 

t 

t 

k 

+  03  X 

“t 

<P 

(rh 

nf. 

(13) 

Substitution  of  eq.  (13)  in  the  expres¬ 
sion  for  the  pth  generalized  active 
force  yields  (after  some  labor) 


pect  to  the  hinge  point  of  working 

forces  (eliminating  non-working  con- 

k 

straint  forces)  and  F  is  the  force  or 

obtained  by  summing  the  working 
forces  (eliminating  non-working  con¬ 
straint  forces). 


NB 

f  = 

V 

P 

k=l 

11 

(M^k 

«— 1 

II 

Here 

M^k 

vli  ®k“P 


V  -k 

df  -  Z  y  •  R  dm  =  0  ,  p=l ,  .  .  .  ,NS 
k=l  p 


Similarly,  the  expression  for  the  pth 
generalized  inertia  force  is  as  follows. 


Symbolically,  Eq.  (7)  can  be  expressed 
as  a  system  of  NS  equations  given  by 

fp  +  f*  =  0,  p=l,...NS  (£ 

where  f  and  f*  are  the  generalized 
active  and  the  generalized  inertia 
forces  respectively. 

k 

Identification  of  V  is  made  easier  by 

—p 

the  following  definitions. 

•hi  NS 

R  =  I  V^k  ^  p  yhk 

p=l  P  -t  (9 


-  Z  (jO^  W  +0)^ 
-P  P  -t 


u  =  Z  V  ^  w 
"  p=l  -P  P 


k=/^k-^  ‘  ~ 

k=l[  P 


+  .  /^k  )  xV^’^dm  (15) 


u’^xVp'^  dm  +  /g.  dm 


V.Dk  .cok 


where  m^  is  the  mass  of  ^  locates 

the  mass  center  of  the  deformed  body 
with  respect  to  h^^,  (  )  and  (  )  symbo¬ 

lize  first  and  second  derivative  in  the 
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is  the  vector  from  h 


inertial  frame  respectively,  (  )  indi¬ 

cates  second  derivative  in  the  frame  bk 

]c  *  h 

(Figure  3),  is  defined  by  eq.  ( 2 )  ,  H 

k.  • 

and  D  (double  underscore  implies  a 
*p 

dyadic  quantity)  are  defined  below. 

is  the  angular  momentum  of  with 
respect  to  h^^. 

(r^+u^)x  ^  (r^+u^)  dm  (16) 

By  forming  the  time  derivative  of  H  ^  in 
the  inertial  frame,  we  find 

uhk  =  T^k  .  X  I  ^  *  w  +  mu  t 


X  Tn^  +  .  cok  I 


+  /g^  [uk  X  uk  +  uk  X  (uk  x  uk) 

+  X  (wk  X  X  X  (w^  X  u^)}]dm 

where  is  the  inertia  dyadic  of  B, 

=  k 

( undeformed)  referred  to  hj^,  h^  and  the 

dyadic  quantities  N'f  and  are  defined 
below. 


^c(k)k  vector  from  to  p^^ 

prior  to  the  deformation  of  and 

c  (k) 

^  (Pi^)  are  the  modal  displacements 
(fixed  in  frame)  at  p^^. 

The  time  derivative  of  the  iner¬ 

tial  frame  is  given  by 

..  ™c(k)  c(k)  .c(k) 

R'^k  =  R''c(k)  +  2  i);,(Pk) 


k  k 

where  y  is  the  time  differention  of  y 

in  the  frame  bpj^  located  at  p,  (Fig- 

c  ( k ) 

ure  3)  ,  0)  is  the  angular  velocity  of 

c  ( k ) 

the  frame  ±  (p^)  are  the 


modal  rotations  at  pj^. 


The  angular  velocity  of  the  frame  can 
be  expressed  as 

k  c(k)  NMc(k)  .c(k)  -cCk)^  kc(k) 

“  =  “  +  ^  il  (Pk)  'lo  +  “ 

J,=l  *■  ORI 


(k)  NMc(k),.c(k)  .c(k)  ,  ,kc(k) 

+  ^  (Pk)  'll!.  +  “ 

J,=l  *■  (25) 


/  ^ 

-£ 

itik 

Bk 

Nk 

1 

=£ 

mk 

•'Bk 

1 

f 

^k 

Bkl 

. k  ,  k.  ,  kv 


(r^)r^]c 

“  J 


where  U  is  the  unit  dyadic.  D^,  appear¬ 
ing  in  eq.  (15),  is  given  as  follows. 

=  /  [(r’^+  -V^k  u 

=P  ®k  ^  P  - 

-  <t''‘(l'^)  i  <3™ 

i=l  "£  ^ 

The  mass  center  of  B^^  in  a  deformed 
state  can  be  expressed  by 

v  1  r  r/-.k  ^  ^ 


Substitution  of  eqs.  (14)  and  (15)  into 
eq.  (8)  provides  the  basic  equations  of 
motion  for  a  system  of  NB  flexible 
bodies . 

From  Figure  (3) 

R^k  =  Rkc(k)  +  ^c(k)k  ^  ^k  (23) 


where 

^c(k) 


c(k)k  _  nC(k)k  'l^(k)  c(k) 
”  “  1=1 


kc  ( k ) 

where  w  is  the  rotational  velocity 

vector  of  the  frame  b,  relative  to  b 

k  p,^ 

•hV  k  ”h 

Notice  that  R  and  w  (and  similarly  R^ 

.  k 

and  ^  )  have  been  written  in  a  recursive 

form.  Thus  one  can  express  R^^ 

•  k 

and  w  for  k=l,...,NB  by  simply  knowing 
k  and  c( k)  . 

The  following  choice  of  the  generalized 
speeds  is  made 

*  k 

•  for  the  kth  hinge  relative 

m  k  r*  ( k  ^ 

rotational  velocity  w  '  ^  = 

. k  k  k 

E  Q  I  ,  where  £  is  a  unit 
^  m  — m  — m 

m  =  l 

vector  along  the  mth  gimbal 
(rotational)  axis  of  the  kth 
hinge . 

°k 

•  y  for  the  kth  hinge  relative 

^  ok 

translational  velocity  y  = 

^"^k  °k  k  ,  k  . 

^  Yn  2n  '  «here  g  is 
n  =  l 

a  unit  vector,  fixed  in  b  , 

P  k 

along  the  translational  degree 
of  freedom  of  the  kth  hinge. 


n  w  .  .  .  f 


for  the  deformation 


rates  of  the  kth  body. 
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The  coefficients  of  generalized  speeds, 
V^k,  0)^  and  ,  can  be  obtained  from 

-p  -p  -p 

eqs .  ( 24 )  and  ( 25 ) . 

Let  p  in  eqs  (14)  -  (15)  correspond  to 
the  mth  rotational  degree  of  freedom 
axis  of  the  qth  hinge. 


Eqs.  (26)“(28)  are  the  coefficients  of 
generalized  speeds  identified  by  p,  the 
kinematical  coordinate  associated  with 
the  tree  configuration.  When  substituted 
into  eqs.  (14)  and  (15)  they  yield  a 
complete  set  of  equations  of  motion  for 
the  topological  tree  system. 


h-; 

V  ^  = 
-P 


;  for  jeP, 


0  ;  otherwise 


Figure  4 

Vectors  Defining  Coefficients  of 
Generalized  Speeds 


Let  p  in  eqs.  (14)-(15)  represent  the 
translational  degree  of  freedom  along 
the  nth  axis  of  the  qth  hinge  (along 


vhn  =  ^  (q) 

^  I9.  Otherwise 


Let  p  in  eqs  (14)- (15)  correspond  to  the 
fth  modal  degree  of  freedom  of  the  kth 
body 


HiPm)  +  (Pm)  ^  2 ^  ;  for  jeP 


otherwise 


r 

j  =  ^  (Pm)  ;  for  jsP  ^ 
P  ^  O';  otherwise 

v^i  =  1  ‘*’i  '■  j=q 

-pj  < 

I  0; 


where  and  ^  ^(Pj^)  are  the  modal 

displacements  and  the  modal  rotations  at 
p^  (see  Figure  4)  respectively.  i^irP) 

represents  the  modal  displacement  at  a 

generic  point  of  the  qth  body.  is 

shown  in  Figure  4.  ~ 


Choice  of  Mode  Shapes 


Any  set  of  modal  displacement  vectors 
^(r^)  (5,th  mode  of  kth  body)  can  be 

chosen  that  satisfy  the  following 
k  ^  k 

^^(hj^)  =  ^^  (hj^)  =  0^  where  point  h^^  is 

the  reference  point  of  the  kth  body  as 
shown  in  Figure  3. 


For  spacecraft  application  (unrestrained 
motion  of  the  multibody  system)  the  mode 
shapes  for  the  reference  body  (say  B^^) 

might  be  chosen  as  the  "free-free"  modes 
with  h^  being  the  mass  center  of  and 

for  bodies  beyond  B^  one  might  choose 

the  "fixed-free"  modes  with  translation 
and  rotation  at  h^^  constrained.  Alter¬ 
natively,  one  might  use  the  "augmented 
body"  concept  as  defined  in  Refs.  8,  9 
and  use  the  "free-free"  modes  of  the 
augmented  form  of  B^  and  the 

"fixed-free"  modes  of  the  remaining 
augmented  bodies.  An  augmented  body,  in 
an  open  topology,  is  the  body  itself 
augmented  at  the  points  of  connection  to 
other  bodies  by  particles  each  having 
the  mass  of  the  set  of  bodies  attached 
through  that  connection  point.  Modal 
coordinates  of  augmented  bodies  may  be 
preferable  to  those  for  unaugmented 
bodies  because  the  former  reflect  at 
least  in  part  the  influence  of  the 
inertial  loading  of  attached  bodies. 

Care  must  be  taken  to  ensure  that  the 
augmented  mass  elements  are  not  doubly 
accounted  for. 


Computer  Program  (TREETOPS) 


The  simulation  consists  of  three  major 
parts;  (1)  a  tree  topology  of  flexible 
structures,  (2)  a  controller,  (3)  a  set 
of  sensors  and  actuators. 


(1)  Based  on  eqs.  (14) -(15)  the  simula¬ 
tion  numerically  forms  the  first  order 
differential  equations 


where  Xp  is  the  system  state  vector 

(dimensioned  NS)  formed  of  all  the 
generalized  speeds,  Xp  and  are  the 


first  derivative  (second  derivative  of 
kinematic  variables)  and  integral  of  the 
state  vector  respectively  and  M  is  the 
system  "inertia"  matrix. 


(2)  The  emphasis  of  the  simulation  is 
on  high-fidelity  modeling  of  multi-body 
structures  but  the  intent  of  the  effort 
is  to  build  a  control  system  design 
tool.  To  this  end  a  set  of  sensors  and 
actuators  are  built  into  the  simulation 
along  with  a  controller  specified  in  a 
linear,  block-diagram  format  or  a  user 
supplied  subroutine. 

a.  Linear,  block-diagram  controller 
format.  This  format  is  intended  to 
provide  a  quick,  first  cut  analytical 
capability.  The  controller  is  a 
multi-input,  multioutput  system  composed 
of  transfer  functions  and  summing 
junctions  with  gains  included  in  the 
interconnections  between  elements.  The 
block  diagram  is  reduced  within  the 
simulation  to  a  set  of  matrix  quadruples 
A,B,C,D  corresponding  to  the  vector 
form  of  the  control  equations 

X  =  Ax  +  B  u  (31) 


forces  enter  into  the  M^j/  and  d^ 
terms  in  eq.  (14). 


The  simulation  has  an  option  for  comput¬ 
ing  a  linear  structure  model  for  prelim¬ 
inary  controller  design  using  off-line 
linear  analysis  tools.  In  this  sense  the 
structure  includes  the  sensors  and 
actuators  as  shown  in  Figure  (5)  because 
control  analysis  requires  end-to-end 
transfer  functions  from  actuator  inputs 
to  sensor  outputs. 


Actuator 

Inputs 


Sensor 

Outputs 


Up 


ACTUATORS 


SENSORS 


TREE 

TOPOI.OCY 

STRUCTURE 


Figure  5 

Plant  Model  For  Linear  Analysis 
(Structures  +  Sensors  +  Actuators) 


r=Cx+Du  (32) 

where  x,  u  and  r  are  the  controller 
state  vector,  input  and  output  vectors 
respectively  and  A,B,CfD  are  constant 
coefficient  matrices. 

When  the  linear  controller  is  continuous 
eq.  (31)  is  integrated  simultaneously 
with  the  structure  equations,  eqs.  (29)- 

(30) .  A  discrete  linear  controller  may 
also  be  defined  in  which  case  the  dis¬ 
crete  equations  corresponding  to  eqs, 

(31)  -(32)  are  updated  only  at  the  sample 
times . 


In  control  terminology  the  "plant”  con¬ 
sists  of  the  structure,  sensors  and 
actuators  and  is  described  by  non-linear 
differential  equations. 


X 

=  f  (x  ,  z  u  )  = 

M  ^  y 

(33) 

-p 

—X  —p  — p  — p 

z 

=  X 

(34) 

-*p 

r 

-P 

=  f  (x  ,  z  ,  u  ) 

(35  ) 

-P 

where 

— r  “p  “P  “P 

u  and  r  are  the 

— n 

plant  input 

and 

-P  -P  ^  ir 

output  vectors  and  and  f_^  are  non¬ 


linear  vector  functions. 


b.  User  Supplied  Control  Sub¬ 
routine.  For  more  advanced  control 
studies  where  the  user  wishes  to  try 
optimal,  non-linear  or  time  varying  con¬ 
trollers  then  the  user  may  supply  his 
own  control  subroutine.  This  is  also  a 
multi-input,  multi-output  system  and  it 
offers  unrestricted  control  capability 
but  the  burden  of  software  development 
is  on  the  user.  It  should  be  noted  that 
the  continuous  linear  controller,  the 
discrete  controller  and  the  user  sup¬ 
plied  subroutine  may  all  be  used  simul¬ 
taneously  and  interconnected  as  desired. 

(3)  A  set  of  seven  sensors  has  been 
built  into  the  simulation  (rate  gyro, 
accelerometer,  resolver,  angular  accel¬ 
erometer,  position  and  velocity  sensors, 
a  tachometer).  The  user  needs  only 
define  the  type  of  sensor,  its  mounting 
point  node  and  input  axis  orientation. 
Likewise  a  set  of  four  actuators  has 
been  defined  -  reaction  jet,  hydraulic 
cylinder,  momentum  wheel  and  torque 
motor.  The  user  can  generate  disturbance 
or  control  forces  (torques)  on  the 
structure  by  simply  specifying  the 
actuator  type,  mounting  point  node,  out¬ 
put  axis  orientation  and  actuator  com¬ 
mand  input.  The  user  need  not  be  con¬ 
cerned  with  how  the  actuator  output 


Linearization  is  accomplished  by  expand¬ 
ing  eqs.  (33),  (35)  (eq.  (34)  is  already 
linear)  about  the  nominal  operating 
point  (x  ,  _z  ,  u  )  and  retaining  only 
pQ  Po  Po 

the  first  order  terms. 


.  ^P 

Sxp  +  Bp 

■*'  ^P 

(36) 

)  =  Dp 

%p  +  Ep 

%  +  Fp 

6  Up 

(37) 

Cr,  = 

3Up 

(38) 

= 

Ep  =  Mr. 

Fp  Mr 

P  3zp' 

P  3up 

where  A,B,C,D,E,F  are  con- 
P  P  P  P  P  P 
stant  coefficient  matrices  obtained  by 
numerically  computing  each  of  the  par¬ 
tial  derivatives  at  the  nominal  operat¬ 
ing  point.  A  typical  matrix  element 

(Api j=9f^i/3xpj )  is  found  by  computing 
at  3  values  of  Xp ^  (xp ,  xp ±h)  with 
all  other  Xp  elements  at  their  nominal 

values.  A  second  order  Lagrange  inter¬ 
polating  polynomial  is  fitted  to  these 
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three  points  and  the  partial  derivative 
is  the  derivative  of  the  interpolating 
function  evaluated  at  Xp  .  . 

-Jo 

Software  Overview 

The  TREETOPS  software  consists  of 
three  separate  computer  programs  and  a 
number  of  files  as  shown  in  Figure  6. 


Figure  6.  Treetops  Software  Overview 

The  motivation  for  having  3  separate 
programs  is  that  the  set-up  program  and 
post-processor  run  in  an  interactive 
mode  while  the  simulation  program  which 
requires  more  execution  time  is  normally 
run  in  a  batch  mode. 

The  interactive  set-up  program  provides 
a  user-friendly  interface  with  the  simu¬ 
lation  via  the  following  features: 

•  The  user  is  prompted  for  input  so 
that  essential  elements  are  not 
omitted . 

•  Free  format  inputs  are  accepted  so  a 
knowledge  of  data  format  and  column 
number  is  not  required. 

•  Editing  capability  is  provided  for 
high  level  changes  (delete  or  add 
bodies)  and  low  level  changes  (change 
a  data  value) . 

•  The  file  structure  and  JCL  (Job  Con¬ 
trol  Language)  files  are  set  up 
automatically  so  the  user  doesn't 
need  a  high  level  knowledge  of  the 
computer  operating  system. 

•  Error  checking  is  performed  in  the 
interactive  session  reducing  the  pos¬ 
sibility  that  the  simulation  batch 
job  will  bomb-out. 

The  simulation  program  is  the  heart  of 
TREETOPS.  It  formulates  the  structure 
equations  and  performs  numerical  inte¬ 
gration  to  obtain  the  time  history 
response  of  the  system.  It  also  computes 
and  outputs  the  linear  structure  model 
coefficients.  A  restart  file  is  created 
at  the  end  of  each  simulation  run  so 
that  subsequent  runs  can  be  started  at 
that  point  at  a  later  date. 


The  post-processor  is  interactive  so 
that  data  can  be  examined  and  output 
modified  based  on  simulation  results. 
This  makes  it  possible  to  obtain  all  the 
simulation  output  but  doesn't  make  it 
necessary.  Since  the  output  data  files 
have  a  standard  format,  it  is  possible 
to  cross  plot  data  from  different  runs 
for  comparison  purposes.  By  making  the 
post-processor  a  stand  along  program  it 
enables  the  addition  of  special  print  or 
plot  capabilities  for  special  simulation 
cases . 

An  example  test  case  demonstrated  the 
usefulness  of  basic  capability  of  the 
TREETOPS  program.  For  this  test  case  a 
TREETOPS  simulation  of  the  Ku  Band 
antenna  mounted  in  the  Space  Shuttle 
orb  iter  cargo  bay  is  compared  to  an 
ad-hoc  simulation  developed  by  Rockwell 
46 

International.  The  configuration  is 
illustrated  in  Figure  1  and  was  modeled 
as  a  four  body,  20  mode  problem.  The 
antenna  dish  and  electronics  assembly 
were  modeled  as  flexible  bodies  while 
the  outer  gimbal  and  orbiter  were  rigid. 
In  this  example  a  control  system  is  used 
to  stabilize  the  two  gimbals  so  the  test 
validates  not  only  the  structure  equa¬ 
tion  generator  but  also  the  controller, 
sensors  and  actuators.  Comparisons 
included  the  linearization  option  and 
off-line  programs  to  generate  Nichols 
plots  which  agreed  closely  with  corres¬ 
ponding  plots  obtained  from  the  ad-hoc 
simulations.  Figure  8  shows  an  open  loop 
frequency  response  for  the  3-gimbal  with 
the  a-gimbal  loop  closed  and  illus¬ 
trates  the  good  agreement  between  the 
two  simulations.  Variations  at  higher 
frequencies  are  attributed  to 
differences  in  mode  selection.  A  key 
observation  of  this  test  is  that  the 
three  man  weeks  required  to  set  up  and 
run  the  TREETOPS  simulation  was  signifi¬ 
cantly  less  than  that  required  to  build 
the  ad-hoc  simulation,  excluding  data 
collection  which  is  required  for  either 
approach . 


Figure  7 

Ku-Band  Antenna  Test  Case 
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Figure  8 

A  Comparison  of  the  Frequency  Response  {Gain  vs.  Phase 
Shift)  From  a  Torque  Command  to  a  Sensor  Output  For 
the  Ku-Band  Test  Case. 


TREETOPS  is  operational  at  Honeywell  and 
also  at  Marshall  Space  Flight  Center 
where  it  is  now  being  used  to  study  the 
control  problems  relating  to  Instrument 
Pointing  System  (IPS),  Pinhole-Occulter 
Experiment  and  other  spacecraft 
projects . 

Summary 

An  efficient  computer-oriented  method 
for  formulating  equations  of  motion  for 
large  mechanical  systems  in  a  topologi¬ 
cal  tree  has  been  presented.  It  is  shown 
that  these  equations  can  be  obtained  by 
recursive  relations  (eqs.  (24)-(28)). 
Non-working  constraint  forces  do  not 
appear  in  the  formulation.  The  resulting 
equation  set  is  of  minimum  dimension. 

The  emphasis  of  the  simulation  presented 
has  been  on  the  high-fidelity  modeling 
of  the  structure  with  the  intent  that 
the  simulation  be  used  for  control  sys¬ 
tem  studies.  The  dynamic  equations  have 
been  formulated  and  programmed  in  a 
general  sense.  Furthermore,  the  simula¬ 
tion  has  an  easy-to-use,  interactive 
set-up  program  that  creates  all  the 
necessary  data  files.  Also  included  in 
the  simulation  are  easy-to-use  sensor 
and  actuator  models. 
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Abstract 


This  paper  is  a  summary  of  the  Final 
Report  of  the  NASA  Space  Systems  and  Tech¬ 
nology  Advisory  Committee's  Ad  Hoc  Sub¬ 
committee  on  Controls/Structures  Inter¬ 
action.  The  subcommittee  was  charged  on 
August  2,  1982  with  addressing  NASA's  need 
for  a  flight-ready  capability  for  accurate 
shape  control,  vibration  suppression,  and 
pointing  control  for  future  space  struc¬ 
tures  such  as  antennas  and  platforms.  The 
subcommittee  objectives  were  to  determine 
where  and  to  what  extent  this  is  a  problem 
for  NASA,  and  what  controls/structures  re¬ 
search  and  development  is  required  for 
future  NASA  missions. 

The  paper  discusses  candidate  NASA 
missions  that  might  involve  or  benefit 
from  Controls/Structure  Interaction  tech¬ 
nology,  key  technical  issues,  and  on-orbit 
testing  philosophy.  The  paper  concludes 
with  a  recommendation  for  a  NASA  R&D  pro¬ 
gram. 

Background 

The  technology  for  controlling  the 
attitude  and  dynamic  deformations  of  large 
space  structures  is  one  of  the  key  consid¬ 
erations  for  future  space  initiatives.  The 
need  to  assess  the  state  of  readiness  of 
this  technology  and  evaluate  potential  NASA 
alternative  activities  to  remedy  any  defi¬ 
ciencies  led  to  the  formation  of  the  NASA 
Space  Systems  and  Technology  Advisory  Com¬ 
mittee  (SSTAC)  Ad  Hoc  Subcommittee  on  Con¬ 
trols/Structures  Interaction  on  August  2, 
1982.  The  subcommittee  was  charged  with 
addressing  NASA's  need  for  a  flight-ready 
capability  for  accurate  shape  control, 
vibration  suppression,  and  pointing  control 
for  future  flexible  space  structures  in¬ 
cluding  antennas  and  platforms.  The  sub¬ 
committee  objectives  were  to  determine 
where  and  to  what  extent  this  is  a  problem 
for  NASA,  and  what  controls/structures  re¬ 
search  and  development  is  required  for 
future  NASA  space  missions.  With  this  in¬ 
formation  the  subcommittee  would  assess  the 
existing  NASA  program  and  make  recommenda¬ 
tions  . 

The  subcommittee's  formation  is  one 
initial  step  in  providing  for  flight-readi¬ 
ness  of  this  technology  for  future  national 
space  programs.  The  achievement  of  this 
technology  is  a  formidable  objective  since 
a  number  of  potentially  significant  problem 
areas  require  resolution  before  this  techno¬ 
logy  can  be  considered  a  proven  option  for 
space  program  applications.  The  subcommit¬ 
tee  report^  presents  findings  and  recoin- 

^Director,  Space  Technology 
Associate  Fellow  AIAA 


mends  a  course  of  action  for  NASA  which  is, 
in  the  subcommittee's  opinion,  necessary 
for  establishing  a  flight-ready  technology 
in  a  timely  manner.  This  paper  is  a  summa¬ 
ry  of  the  subcommittee  report  and  empha¬ 
sizes  those  aspects  of  the  report  dealing 
with  mission  requirements  and  key  technical 
issues . 

In  the  context  of  the  subcommittee  re¬ 
port  Controls/Structures  Interaction  (CSI) 
technology  implies  the  active  suppression 
of  flexible  body  responses,  as  distinct 
from  the  present  practice  of  control  of 
rigid  body  motions  and  avoidance  of  flex¬ 
ible  structure  and  control  interaction. 

The  members  of  the  Ad  Hoc  Subcommittee 

were : 

Chairman 

J.F.  Garibotti,  HR  Textron  Inc. 

Materials  and  Structures  -  SSTAC 

Robert  Herzberg,  Lockheed  Missiles 
and  Space  Company 

Keto  Soosaar,  Charles  Stark  Draper 
Laboratories,  Inc. 

Space  Electronics  -  SSTAC 

Narendra  K.  Gupta,  Integrated  Systems, Inc. 
John  Keigler,  RCA 
Space  Systems  -  SSTAC 

Bernard  Morais,  Lockheed  Missiles  and 
Space  Company 

C.  Allan  Nathan,  Grumman  Aerospace  Corp. 
Ex-Officio  Members 

John  Hedgepeth,  Astro  Research,  Chairman 
Materials  and  Structures  -  SSTAC 

Raj  Reddy,  Carnegie  Mellon  University, 
Chairman  Space  Electronics  -  SSTAC 

Charles  Bersch,  NASA  Headquarters 
Executive  Secretary 

The  subcommittee  evaluation  of  the 
status  of  CSI  technology  was  based  on  a 
number  of  comprehensive  presentations  by 
NASA,  DOD  and  Industry  representatives  and 
extensive  committee  discussions.  A  siz¬ 
able  body  of  data  was  acquired,  and  suffi¬ 
cient  information  was  obtained  for  sub¬ 
stantive  recommendations.  These  are  dis¬ 
cussed  in  some  detail  in  this  paper.  The 
major  findings  and  recommendations  of  the 
subcommittee  are  summarized  here  for  over¬ 
view  purposes. 

Summary  of  Major  Findings 
1.  CSI  technology  is  a  significant  change 
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from  present  spacecraft  controls  design 
practice  and  its  application  will  have  sub¬ 
stantial  impact  on  future  space  programs 
which  require  this  option. 

2.  A  number  of  important  NASA  and  DOD 
space  initiatives  planned  for  the  1990+ 
time  frame  would  face  serious  performance 
constraints  without  the  CSI  technology 
option. 

3.  The  present  rate  of  development  of  this 
technology  represents  minimal  progress  to¬ 
wards  establishing  its  flight-readiness, 
with  no  predictable  flight-ready  date. 

4.  Flight-readiness  for  this  technology 
will  require  a  coordinated  overall  develop¬ 
ment  program  including  analysis  and  design, 
ground  testing,  and  on-orbit  testing. 

Summary  of  Major  Recommendations 

1.  NASA  should  aggressively  take  the  lead 
in  developing  CSI  technology  to  a  state  of 
flight-readiness  by  initiating  a  high  pri¬ 
ority  R&D  program  directed  to  this  purpose. 
This  program  should  recognize  DOD  needs  and 
be  closely  coordinated  with  DOD  technology 
development  actitivities. 

2.  CSI  technology  should  be  treated  as  an 
entity  consisting  of  analysis  and  design, 
ground  testing,  implementation  (sensors, 
actuators,  processors,  etc.)  and  on-orbit 
testing. 

3.  A  very  significant  improvement  in  the 
rate  of  CSI  technology  development  by  NASA 
can  be  realized  with  the  present  CSI  R&D 
budget,  (approximately  $4M  for  FY  83)  by 
establishing  a  CSI  Program  Manager  at  NASA 
Headquarters  who  is  responsible  for  overall 
direction  of  CSI  technology  development  and 
validation . 

4.  The  subcommittee  recommended  an  augmen¬ 
tation,  beginning  in  fiscal  year  *85  or  *86, 
of  $3M  to  $5M  per  year  for  four  years  to 
the  presently  planned  CSI  R&D  budget.  This 
augmentation  is  primarily  intended  to  ad¬ 
dress  the  need  for  an  increase  in  ground 
and  on-orbit  testing  specifically  needed 
for  resolving  generic  technology  issues. 
This  latter  activity  would  specifically  in¬ 
clude  the  validation  of  analytical  and 
ground  test  simulations. 

5.  Specific  space  program  initiatives  may 
require  on-orbit  demonstration ( s )  or  vali¬ 
dation  of  CSI  technology  applied  to  parti¬ 
cular  spacecraft  configurations.  Such  dem- 
onstration(s)  can  aid  in  developing  CSI 
technology,  but  should  not  be  considered  as 
an  alternative  to  the  testing  identified 

in  recommendation  (4). 

Introduction 

One  of  the  more  significant  design 
problems  for  all  spacecraft  programs  is  the 
need  to  stabilize  the  vehicle  with  respect 
to  a  desired  coordinate  system  and  to  point 
the  vehicle  and/or  its  sensors  with  some 


prescribed  accuracy  relative  to  this  co¬ 
ordinate  system.  This  is  accomplished  by 
providing  a  system  of  sensors  and  position¬ 
ing  actuators  together  with  associated 
electronics  which  constitute  the  spacecraft 
control  system.  The  ’’associated  electron¬ 
ics”,  loosely  stated,  interprets  the  sensor 
data  vis-a-vis  the  desired  attitude  and 
’’commands”  the  actuators  to  provide  the 
necessary  corrections.  This  requires  that 
an  analytical  model  which  defines  the  re¬ 
lationship  between  actuation  force  and  ve¬ 
hicle  response  be  incorporated  in  the  con¬ 
trol  electronics  with  some  degree  of  pre¬ 
cision. 

If  the  vehicle  can  be  considered  to  be 
a  rigid  body  for  these  purposes,  the  design 
problem  is  greatly  simplified,  since  at 
most  only  six  degrees-of-f reedom  are  needed 
to  describe  the  system,  and  only  six  actua¬ 
tion  forces  and  sensors  need  be  considered. 
Also,  the  controller  logic  is  relatively 
straight-forward,  since  only  a  rigid  body 
model  is  required  for  the  vehicle.  An  im¬ 
portant  analytical  consequence  of  this 
simplification  is  the  ability  to  treat  the 
actuation  forces  independently  (i.e.  they 
are  uncoupled) ,  and  to  thereby  develop 
single-input,  single-output  relationships 
between  forces  and  resultant  motions.  Such 
relationships  are  widely  exploited  in  the 
design  of  present  spacecraft  control  sys¬ 
tems,  and,  for  example,  are  the  basis  for 
the  ’’gain  margin”  specifications  which  are 
generally  used  to  define  acceptable  control 
system  performance. 

In  general,  present  practice  is  to 
specify  a  minimum  structural  elastic  mode 
frequency  which  is  well  beyond  the  highest 
control  frequency  (i.e.  outside  the  control 
bandwidth).  If  this  minimum  frequency  is 
sufficiently  high,  the  elastic  effects  at 
frequencies  within  the  control  bandwidth 
will  be  small,  and  any  uncertainties  regar¬ 
ding  such  effects  can  be  encompassed  by  the 
gain  and  phase  control  margins.  All  present 
spacecraft  control  systems  are  basically 
designed  using  this  approach,  and  it  has 
proven  adequate  as  witnessed  by  successful 
stabilization  and  pointing  performance  of 
our  present  space  vehicles. 

It  is  clear,  however,  that  this  rigid- 
body  approach  becomes  inadequate  when,  for 
whatever  reason,  it  is  impractical  to  de¬ 
sign  a  spacecraft  with  the  necessary  sepa¬ 
ration  between  the  control  bandwidth  and 
the  lowest  elastic  mode  of  the  structure. 
This  can  be  the  case  when  the  structural 
configuration  is  necessarily  very  large, 
or  when  mission  requirements  dictate  a  very 
fast  controls  response  with  an  associated 
relatively  high  frequency  bandwidth.  In 
either  case,  the  control  system  must  take 
on  a  quite  different  form.  The  control 
strategy  in  these  cases  must  consider  con¬ 
trol  of  elastic  modes  as  well  as  the  stand¬ 
ard  rigid  body  control. 

A  further  complication  is  encountered 
in  the  more  flexible  satellites  where  dyna¬ 
mic  response  caused  by  rigid-body  maneuvers 
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or  on-orbit  mechanical  sources  can  result 
in  significant  internal  misalignments  such 
as  defocusing  within  optical  or  antenna 
structures.  The  control  system  is  then  re¬ 
quired  to  reduce  the  dynamic  response  to 
acceptable  performance  levels. 

The  analytic  approaches  for  accomplish¬ 
ing  the  above  mentioned  control  strategies 
have  been  developed  by  a  number  of  investi¬ 
gators  over  the  past  years,  and  may  gener¬ 
ally  be  referred  to  as  ’’flexible-body”  con¬ 
trol  approaches  as  distinct  from  tradition¬ 
al  ’’rigid-body”  methodology  in  present  use. 
This  new  approach  is  referred  to  as  the  CSI 
approach  in  the  following  discussion. 

It  is  important  to  note  the  very  signi¬ 
ficant  implications  of  the  newer  approach 
as  regards  our  present  state-of-the-art 
spacecraft  controls  design  industrial  cap¬ 
abilities.  Since  more  than  rigid-body  con¬ 
trol  is  required,  the  number  of  actuators 
and  sensors  must  increase  accordingly,  and 
the  force-motion  relationships  must  reflect 
elastic  as  well  as  rigid  effects.  As  a  re¬ 
sult,  much  of  the  rigid-body  controls  tech¬ 
nology  is  no  longer  applicable.  For  example, 
single-input,  single-output  relationships 
no  longer  can  be  used,  making  the  present 
gain  and  phase  margin  concepts  inapplicable . 
Also,  since  the  analytic  model  of  the  vehi¬ 
cle  must  now  include  both  elastic  and  in¬ 
ertial  effects,  the  accuracy  of  the  struc¬ 
tural-elastic  models  becomes  a  significant 
consideration  -  especially  since  the  con¬ 
trols  design  requires  considerably  more 
accurate  modeling  of  modal  characteristics 
than  for  the  stress  and  deflection  analyses 
which  have  been  the  primary  motivation  for 
our  present  structural  modeling  capabili¬ 
ties  . 

CSI  technology  has  considerable  recent 
development  history,  but ,  almost  exclusively, 
this  has  been  in  a  basic  research  context. 

No  present  spacecraft  system  uses  this  con¬ 
trols  approach,  and  relatively  little  work 
has  been  done  to  transition  this  technology 
to  engineering  application.  A  significant 
start  has  been  made  via  the  DARPA  sponsored 
ACOSS  program,  and  a  number  of  aerospace 
firms  have  Independent  and  Contract  Re¬ 
search  and  Development  studies  under  way 
in  this  area. 

Mission  Requirements 
Large  Structure  Candidate  Missions 

As  the  Ad  Hoc  Subcommittee  reviewed 
the  proposed  NASA  and  DOD  spaceflight  mis¬ 
sions  that  might  involve  CSI  technology, 
it  was  apparent  that  there  are  two  distinct 
types  of  missions  under  consideration: 
applications  missions  (see  Figure  1)  and 
generic  technology  missions.  Accomplish¬ 
ment  of  many  of  the  applications  and  gener¬ 
ic  missions  depends  on  the  use  of  as-yet 
undeveloped  or  unproven  technology  for  the 
control  of  flexible  space  vehicle  struc¬ 
tures  . 

In  addition  to  the  applications  mis¬ 


sions  with  their  respective  scientific  or 
applications  goals,  there  have  been  sever¬ 
al  generic  CSI  technology  missions  pro¬ 
posed.  These  generic  missions  such  as  MAST 
and  SAFE  support  the  investigation,  devel¬ 
opment,  and  validation  of  CSI  technology. 

A  key  issue  for  NASA  consideration  is 
whether  a)  the  generic  missions  should  be 
considered  a  prerequisite  for  validation 
of  CSI  technology  prior  to  any  applications 
missions,  b)  the  CSI  technology  can  be 
developed  and  validated  as  an  element  of 
the  applications  missions  or  c)  basically 
generic  misions  can  include  an  applications 
objective  in  order  to  realize  some  economy 
of  combining  the  two  mission  objectives  on 
one  flight.  Approach  (a)  is  technically 
the  soundest  and  most  conservative,  while 
(b)  has  the  programmatic  appeal  of  poten¬ 
tially  lower  agency  cost  (if  the  applica¬ 
tions  missions  are  necessary  and  success¬ 
ful).  (c)  is  a  compromise,  i.e.  the  m.iddle 
ground  between  technical  risk  and  program 
cost . 

The  subcommittee  recommended  that 
generic  on-orbit  testing  should  be  used  to 
validate  CSI  technology  and  therefore  be 
considered  a  prerequisite  for  applications 
missions.  The  subcommittee  recommended 
against  alternatives  that  include  develop¬ 
ment  and  validation  of  CSI  technology  as  an 
element  of  applications  missions,  or  the 
inclusion  of  applications  objectives  in  a 
basically  generic  mission. 
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Figure  1  NASA/AF  Relevant  (Technology)  Missions 


Status  of  Control  System  Requirements 

Based  on  the  candidate  mission  des¬ 
criptions  and  the  likely  evolution  of  U.S. 
space  initiatives,  the  subcommittee  under¬ 
took  an  evaluation  of  the  significance  of 
CSI  technology  for  space  programs  in  the 
1990+  time  frame.  This  evaluation  was  nec¬ 
essarily  limited  in  scope  because  of  the 
preliminary  nature  of  most  of  the  defined 
missions.  Determining  the  level  of  need 
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for  CSI  technology  for  specific  future 
space  programs  requires  a  reasonably  com¬ 
plete  preliminary  design  process.  A  con¬ 
figuration  for  the  satellite  must  be  estab¬ 
lished,  pointing  and  configuration  toler¬ 
ances  or  accuracies  must  be  estimated,  a 
preliminary  dynamic  model  developed,  dis¬ 
turbances  assumed,  and  the  resulting  vehi¬ 
cle  responses  calculated  and  compared  to 
the  tolerances.  This  establishes  the  con¬ 
trol  system  requirements. 

Using  the  available  information,  at¬ 
tempts  were  made  to  categorize  the  candi¬ 
date  missions  in  terms  of  whether  CSI  can 
be  considered  enhancing,  enabling,  or  not 
needed.  This  was  not  productive,  however, 
due  to  the  lack  of  systems  studies  of  suf¬ 
ficient  depth  to  identify  the  significance 
of  CSI  approaches  on  system  performance  in 
comparison  with  other  approaches.  A  more 
general  evaluation  was  then  undertaken 
with  the  objective  of  evaluating  the  prob¬ 
able  need  for  CSI  technology  as  a  design 
option  for  future  space  programs. 

The  most  obvious  consideration  in  this 
evaluation  is  the  lowest  structural-mode 
frequency  of  a  candidate  mission  config¬ 
uration.  For  a  number  of  missions  of 
Figure  1  this  will  clearly  be  lower  than 
present  satellite  experience.  The  need  to 
package  large  aperture  antennas  to  fit 
within  the  STS  cargo  bay  and  deploy  them 
on-orbit,  for  example,  leads  to  flexible 
configurations  and  low  structural  frequen¬ 
cies,  much  lower  than  1  Hz  in  some  cases. 

The  configuration  deformation  toler¬ 
ances,  both  static  and  dynamic,  are  strong 
control  system  design  drivers  for  many  of 
the  identified  missions.  For  example,  for 
a  given  disturbance,  a  large  flexible  an¬ 
tenna  operating  at  a  wavelength  of  30  mi¬ 
crons  will  require  much  more  control  than 
one  operating  at  30  cm.  Table  1  lists  some 
of  the  tolerances  that  could  be  inferred 
from  the  mission  concepts  of  Figure  1.  A 
review  of  these  tolerances  shows  that  even 
relatively  smaller  systems  (i.e.  20  meters) 
could  be  susceptible  to  CSI  technology 
needs.  If  the  disturbances  are  found  to  be 
particularly  severe,  then  even  smaller  sys¬ 
tems  (i.e.  5  meters)  could  be  of  concern. 

An  examination  of  Figure  1  and  Table 
1  suggests  therefore  that  the  following 
systems  may  require  considerable  attention 
to  the  subject  of  CSI: 

Shuttle  Flight  Large  Antenna 
VLB  I 

Large  Diameter  Radiometer 
Large  IR  Reflector  (LDR) 

Cosmic  Linear  Array 
Space  Station  (Upgrades) 

It  should  be  noted  that  the  lack  of 
data  to  complete  Table  1  is  indicative  of 
the  preliminary  nature  of  the  defined  mis¬ 
sions  and,  hence,  the  system  requirements. 
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Table  1  Large  Structure  Mission  Control  Requirements 


While  the  above  discourse  presents  a 
preliminary  sifting  of  the  proposed  mis¬ 
sions,  it  is  incumbent  upon  NASA  to  gener¬ 
ate  further  data  in  this  area.  It  is  de¬ 
sirable  to  develop  appropriate  normalized 
parameters  which  will  indicate  in  a  pre¬ 
liminary  way  the  degree  of  control  complex¬ 
ity  to  be  expected.  Some  of  these  normal¬ 
ized  parameters  might  include  those  shown 
in  Table  2, 


Pointing  Accuracy,  Stability 

D/X 

Surface  Accuracy 

D/(rms  Surface) 

Dynamic  Susceptibility 

D/{XxL) 

Disturbance  Acceleration 

T 

1 

Table  2  Normalized  CSI  Parameters  Indicating  Degree  of  Expected 
Control  Complexity 


where  D  =  Antenna  Diameter,  X  =  wavelength, 
fo  =  fundamental  structural  frequency,  T  = 
torque,  and  I  -  moment  of  inertia. 

In  summary,  the  subcommittee  finding 
regarding  the  future  mission  requirement 
or  need  for  CSI  technology  was  that  a  num¬ 
ber  of  major  future  NASA  and  DOD  space 
initiatives  would  face  serious  design  con¬ 
straints  if  CSI  is  not  available  as  a  con¬ 
trols  option.  Of  the  17  missions  listed 
in  Figure  1,  half  were  identified  as  hav¬ 
ing  a  strong  potential  for  CSI  application, 
and  others  may  benefit  substantially  from 
this  approach.  A  similar  study  of  the 
USAF  Military  Space  Systems  Technology 
Model  (MSSTM)  indicated  CSI  as  important 
for  15  of  the  27  Air  Force  mission  con¬ 
cepts  . 

In  order  to  determine  more  specifi¬ 
cally  the  nature  of  the  CSI  problem  for 
the  various  missions,  it  was  recommended 
that  NASA  perform  preliminary  systems 
studies  on  these  missions  to  obtain  better 
quantified  mission-related  requirements  down 
to  the  control  system  level.  Ideally  this 
should  progress  to  tolerances  and  open-loop 
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quires  the  extrapolation  of  elastic  and 
damping  properties  to  extremely  small 
motions . 

The  theoretical  foundations  of  CSI, 
and  some  of  the  analytical  methodology  is 
well  developed,  and  has  been  reasonably 
well  absorbed  by  the  aerospace  industry.  As 
previously  noted,  however,  current  missions 
have  not  required  its  application,  and  the 
analysis/design  tools  and  the  experience 
base  (i.e.,  ground  and  flight  testing)  are 
lagging.  It  would  be  very  difficult,  if 
not  impossible,  to  develop  a  meaningful 
specification  for  a  control  system  involv¬ 
ing  CSI  at  the  present  time.  The  technology 
requiring  resolution  in  order  to  remedy 
this  situation  is  complex  but  it  useful  to 
identify  some  of  the  major  subelements  of 
this  technology  as  a  framework  for  estab¬ 
lishing  specific  technology  development 
objectives . 

The  following  list,  while  not  all  in¬ 
clusive,  summarizes  key  technical  issues 
requiring  attention  in  CSI  technology 
Key  Technical  Issues  development: 

It  is  clear  that  the  CSI  control  prob-  1)  Analytic  modeling  and  model  reduction 

lem  discussed  here  is  many  times  more  com-  2)  Structural  concepts 

plex  than  the  control  problem  experienced  3)  System  identification 

in  previous  generations  of  satellites.  In  4)  Control  law  design  methodology 

general  the  control  system  must  be  able  to  5)  Robustness  criteria 

provide  two  or  three  orders  of  magnitude  of  6)  Sensor  and  actuator  development 

vibration  alteration  beyond  what  is  obtain-  7)  Digital  implementation  technology 

ed  through  natural  damping.  To  do  so,  it  8)  Synthesis  and  design  software  tools 

may  be  necessary  to  have  as  many  as  100  9)  Ground  testing 

flexible  modes  in  the  control  bandwidth,  10)  On-orbit  testing 

although  only  some  of  these  will  be  excited  11)  Reliability  issues  (fault-tolerance) 

by  the  disturbances,  and  fewer  yet  will 

contribute  to  the  control  cost  function.  The  subcommittee  strongly  recommends 

an  organized  program  that  identifies  key 

Three  major  control  functions  may  need  technical  issues,  e.g.  Analytical  Modeling 
to  be  addressed  when  using  the  CSI  approach,  and  Model  Reduction,  as  the  framework  for 
The  classical  attitude  and  pointing  control  establishing  and  implementing  a  technical 
will  be  needed  to  stabilize  the  satellite  development  plan  for  CSI. 

in  rigid  body  coordinates  while  minimizing 

the  effect  of  many  flexible  modes  that  are  Technical  readiness  levels  should  be 

excited.  Vibration  attenuation  control  established  for  the  key  issues.  The  key 

will  be  necessary  in  the  absence  of  flex-  technical  issues  discussed  in  this  paper 

ible  body  response  in  instances  such  as  the  are  very  similar  to  those  for  DOD  and  as  a 

dynamic  defocus  of  flexible  optics  or  an-  result  would  enable  NASA  to  support  DOD  as 
tennas.  Finally  the  flexible  surfaces  of  well,  with  or  without  additional  funding, 
optics  and  antennas  will  be  excited  by  dy¬ 
namic  disturbances  and  will  require  appro-  The  following  paragraphs  present  brief 

priate  corrections  to  maintain  the  wave-  discussions  of  each  of  these  subelements  of 

front  quality.  Mathematically  these  prob-  CSI  technology  together  with  an  evaluation 

lems  are  similar,  if  not  identical,  but  of  their  status  with  respect  to  flight 

their  major  impact  will  occur  in  sensor,  readiness, 

actuator,  and  avionics  considerations. 

Key  Issues 

A  major  consideration  is  associated 

with  the  performance  wavelength  of  optical  1)  Analytical  Modeling  and  Model  Reduction 
and  RF  systems.  One  group  of  missions  will 

be  associated  with  large  antennas  (>50m)  The  CSI  problem  could  be  mathematically 

and  long  wavelength  (>5cm)  while  the  other  defined  as  the  effect  of  a  distributed 
group  involves  smaller  reflectors  (<20m)  multi-input,  multi-output  control  system  on 

and  very  short  wavelengths  (<30y).  The  a  continuous  structure.  At  present,  the 

resolution  of  sensors  and  actuators  will  continuous  structure  is  replaced  by  its  fi- 

define  completely  separate  components  tech-  nite  element  model,  and  then  the  modal  rep- 

nologies.  Ground  testing  of  the  large  an-  resentation  is  obtainable  which  allows  the 
tennas  md.y  be  difficult  due  to  atmospheric,  analyst  to  neglect  those  modes  that  no 
gravity,  and  size  effects,  while  the  con-  longer  appear  of  interest.  The  model  re- 

trol  of  structures  at  micron  levels  re-  duction,  or  truncation  process  needs  to  be 
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performed  to  limit  the  size  of  the  controls 
design  problem,  as  well  as  to  fit  the  con¬ 
troller  inside  the  flight  computer.  The 
means  whereby  this  reduction  is  made  is  a 
very  crucial  step  since  the  criteria  are 
not  always  obvious,  depending  very  much  on 
the  controls  methodology  chosen.  If  energy 
should  spill  over  from  the  controlled  modes 
to  the  uncontrolled  ones,  and  the  latter 
have  been  truncated,  it  is  entirely  possi¬ 
ble  that  instability  will  not  be  observed 
analytically  but  will  be  experienced  in 
flight.  Development  of  appropriate  reduc¬ 
tion  criteria  and  techniques  is  therefore  a 
crucial  area  in  CSI  technology  and  is  far 
from  mature. 

Independent  of  the  model  reduction 
process,  the  quality  of  the  structural  mod¬ 
el,  too,  requires  close  attention.  Since 
the  fiftieth  mode  may  require  control,  it 
and  many  higher  ones  need  to  be  determined 
with  fidelity  appropriate  to  the  robustness 
of  the  controller.  It  is  clear  that  the 
accuracy  of  the  model  extraction  process, 
or  its  experimental  relative — the  systems 
identification  process — needs  to  be  extend¬ 
ed  to  deal  with  these  requirements. 

Of  the  physical  parameters  of  the 
structure,  the  damping  may  be  most  diffi¬ 
cult  to  model.  Since  many  of  the  controls 
approaches  need  to  know  the  damping  pro¬ 
perties  with  some  precision,  CSI  will  lead 
to  requirements  for  improved  measurement 
and  characterization  of  damping  phenomena. 

Quick  turnaround  design  evaluation 
tools,  including  structural  modeling  pro¬ 
grams,  are  needed  in  order  to  rapidly  de¬ 
termine,  for  example,  the  effect  of  struc¬ 
tural  or  material  changes  on  the  control 
design  and  on  the  ensuing  system  perform¬ 
ance  . 

The  final  key  element  of  the  analyti¬ 
cal  model  is  the  interaction  between  the 
rigid  and  flexible  dynamic  behavior.  Large 
angle  maneuvers,  hinged-linked  structural 
assemblies,  and  on-board  rotors  that  cause 
gyroscopic  coupling  of  the  modes,  alter  the 
original  models  considerably  and  need  to  be 
taken  into  account.  The  present  DISCOS  pro¬ 
gram  developed  by  NASA  is  very  useful  here 
but  needs  to  be  brought  up  to  date  and  made 
more  user  friendly. 

2 )  Structural  Concepts 

Controlling  a  flexible  structure  gen¬ 
erally  involves  minimizing  the  deviation  of 
the  structure  from  some  desired  shape  or 
position.  This  minimization  should  be 
achieved  by  not  only  varying  the  control 
parameters  but  the  structural  parameters, 
i.e.,  the  structural  design.  As  a  result 
development  of  new  structural  concepts 
should  be  pursued  that  recognize  the  goal 
of  an  optimal  control  system  design,  in 
addition  to  conventional  goals  such  as 
light  weight,  efficient  packaging,  and  re¬ 
liable  and  predictable  deployment.  A  dev¬ 
elopment  of  importance  here  would  be  a 
procedure  for  "designing  in"  passive  damp¬ 


ing  in  an  efficient  manner. 

3 )  Systems  Identification 

While  the  technology  of  satellite 
structural  and  dynamic  modeling  has  pro¬ 
gressed  immensely  since  the  early  days  of 
space  activities,  the  demands  of  the  CSI 
problem  have  probably  outstripped  this  ca¬ 
pability.  In  order  to  achieve  the  high  con¬ 
trols  performance  levels  expected  in  the 
CSI  problem,  the  controlled  "plant"  needs 
to  be  characterized  with  great  accuracy. 
This  puts  great  demand  on  the  eigenvalue 
analyzers  currently  available  since  it  may 
be  necessary  to  determine  the  fiftieth  mode 
of  a  structure  with  some  fidelity.  It  is 
expected,  further,  that  the  physical  para¬ 
meters  of  the  satellite  structure  will 
change  with  orbital  position  (e.g.,  solar 
panels)  and  with  time  (e.g.,  depletion  of 
attitude  gas).  Non-linear  phenomena  and 
idealized  damping  characterization  become 
yet  further  error  sources, 

A  suggested  approach  is  systems  identi¬ 
fication,  where  the  structural  and  dynamic 
characteristics  are  inferred  from  observed 
response  to  known  disturbances.  The  control 
system  can  also  be  part  of  the  system  to  be 
characterized,  and  it  is  likely  that  the 
control  sensors,  actuators  and  processor 
will  be  used  for  the  identification  process. 

Like  many  of  the  topics  under  consider¬ 
ation  here,  identification  has  been  studied 
by  the  community  in  the  area  of  satellites. 
Whether  the  state  of  the  art  is  sufficient 
remains  problematical.  Reliable  identifica¬ 
tion  accuracy  requirements  based  on  robust¬ 
ness  considerations  remain  yet  to  be  dev¬ 
eloped  for  the  general  case,  and  it  is  not 
clear  just  how  many  modes  can  be  identifi¬ 
ed  with  sufficient  accuracy.  Substantial 
work  needs  to  be  done  in  this  area. 

4 )  Control  Law  Design  Methodology 

A  large  body  of  theoretical  knowledge 
has  been  generated  in  the  past  few  years 
dealing  with  the  control  of  structures. 

Much  of  this  has  remained  academic  with 
few  attempts  to  reduce  to  practice,  so  that 
the  methodology  is  mainly  untempered  by 
physical  experience. 

A  major  area  of  utmost  interest  where 
only  few  contributions  exist  is  the  trade¬ 
off  between  control  authority,  parameter 
uncertainty,  and  robustness.  With  increas¬ 
ing  parameter  uncertainty,  the  robustness 
can  be  shown  to  decrease  rapidly,  thus  the 
control  authority  that  can  be  applied  de¬ 
creases  rapidly  as  well.  In  the  limit, 
where  little  is  known  of  the  structure  to 
be  controlled,  the  controller  must  simulate 
natural  damping  to  remain  stable.  It  is 
recommended  that  work  in  Control  Law  Design 
methodology  be  encouraged  in  order  to  pro¬ 
vide  a  unified  conceptual  and  theoretical 
architecture  for  the  CSI  design  methodology. 

5)  Robustness  Criteria 

The  engineering  approach  to  producing  a 
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spacecraft  system  with  a  high  level  of 
flight  confidence  is  based  on  the  concept 
of  demonstrable  performance  margins.  In  the 
case  of  control  systems,  typical  margin 
measures  are  "gain”  and  ^’phase”  margins.  As 
previously  discussed,  these  concepts  are 
largely  unusable  for  CSI  designs,  and  some 
new  methods  are  required.  This  subject  is 
generally  referred  to  as  the  need  for  a 
'’robustness”  criteria,  and  several  possibil¬ 
ities  have  been  developed.  They  have  not 
been  tested  against  realistic  cases,  how¬ 
ever,  and  no  attempts  have  been  seriously 
made  to  establish  numeric  measures  that 
could  be  used  as  a  specification  basis. 

This  area  could  be  a  serious  problem,  since 
the  degree  of  configuration  dependency  of 
the  various  approaches  is  unknown,  and 
could  be  substantial. 

Progress  in  this  area  is  highly  depen¬ 
dent  on  establishing  a  methodical  experi¬ 
mental  program  which  would  include  a  number 
of  different  test  article  configurations 
that  are  representative  of  the  range  of 
potential  future  spacecraft  configurations. 
Also,  the  probable  variability  of  structur¬ 
al  and  control  elements  within  a  specific 
configuration  would  have  to  be  addressed  in 
the  testing  program.  This  experimental  con¬ 
firmation  of  the  criteria  defining  the 
range  of  acceptable  performance  of  CSI  con¬ 
trol  system  designs  would  be  a  major  step 
towards  establishing  the  flight  readiness 
of  CSI  controls  systems  technology, 

6 )  Sensor  and  Actuator  Development 


It  is  generally  accepted  that  CSI  con¬ 
trol  systems  will  require  new  types  of  con¬ 
trol  sensors  and  actuators.  The  actuators 
will  have  to  provide  precise  response  at 
very  low  force  levels  and  will,  in  some 
applications,  need  to  be  compact  and  light 
weight.  The  increased  bandwidth  and  string¬ 
ent  performance  requirements  associated 
with  most  CSI  applications  will  require  new 
types  of  structural  response  sensors.  This 
is  especially  the  case  for  those  applica¬ 
tions  utilizing  figure  control  (i.e.,  con¬ 
tour  control  of  large  antennas).  Only  very 
preliminary  work  has  been  done  to  date  in 
this  area  -  mostly  because  of  the  lack  of  a 
specific  application  need.  However,  concep¬ 
tual  developments  and,  in  some  cases,  bread¬ 
board  models  have  been  achieved.  The  most 
significant  present  problem  appears  to  be 
providing  adequate  sensor  and  actuator 
systems  for  the  various  experimental  pro¬ 
grams  . 


7 )  Digital  Implementation  Technology 


Since  any  significant  application  of 
CSI  technology  to  future  space  systems  will 
surely  require  digital  implementation  and, 
most  likely,  some  form  of  distributed  pro¬ 
cessing  approach,  the  status  of  on-board 
computation  technology  is  a  consideration 
when  assessing  CSI  readiness  for  future 
space  missions.  The  increased  number  of 
sensors  and  actuators  together  with  the 
need  for  in-flight  characterization  and 


relatively  complex  near  real-time  matrix 
calculations  create  a  substantial  computa¬ 
tional  requirement.  Present  flight  comput¬ 
ers  are  not,  in  general,  usable  for  these 
applications,  and  new  systems  will  be  need¬ 
ed.  However,  given  the  tremendous  develop¬ 
ment  pace  of  microprocessor  technology, 
which  is  being  driven  by  various  technical 
and  mission  needs,  it  is  likely  that  ade¬ 
quate  digital  devices  will  be  available 
when  the  CSI  needs  materialize.  Here  again, 
the  immediate  need  is  in  the  experimental 
area,  since  commercially  available  test 
electronics  that  are  affordable  for  test 
programs  are  often  inadequate  for  CSI  ex¬ 
periments.  The  availability  of  laboratory 
microprocessor  equipment  specially  design¬ 
ed  for  this  purpose  (and  at  reasonable 
cost)  would  substantially  improve  the  time¬ 
liness  and  usefulness  of  important  ground 
test  programs. 

8 )  Synthesis  and  Design  Software  Tools 

The  engineering  process  for  designing 
a  spacecraft  controls  system  requires  the 
use  of  a  variety  of  computer  programs  which 
must  be  efficient,  reliable,  and  generally 
usable  by  the  aerospace  industry's  engineer¬ 
ing  groups.  Since  CSI  technology  differs 
from  present  approaches,  new  software  tools 
are  needed.  Several  important  and  useful 
computer  programs  are  available  for  these 
purposes  and  most  companies  have  some  or 
all  of  these  included  as  part  of  their  com¬ 
putational  capabilities.  In  general,  the 
computational  tools  needed  for  control  sys¬ 
tems  design  purposes  fall  into  the  follow¬ 
ing  categories: 

1)  Model  construction  programs 

2)  Control  system  synthesis  tools 

3)  Stability  analysis  tools 

4)  Performance  evaluation  programs 

Since  the  development  and  improvement  of 
such  tools  is  an  ongoing  process  in  the 
aerospace  industry,  it  is  reasonable  to  ex¬ 
pect  that  adequate  progress  will  be  made  in 
this  area  and  it  will  not  require  substan¬ 
tial  NASA  attention.  Category  (2)  may  need 
some  attention  when  design  studies  become 
widespread,  and  category  (4)  may  pose  dif¬ 
ficulties  due  to  the  increased  size  and 
complexity  of  the  system  models  used  for 
CSI  approaches,  but  this  is  not  considered 
a  major  problem  for  CSI  readiness. 

9)  Ground  Testing 


The  need  for  test  programs  to  evaluate 
and  demonstrate  CSI  technology  has  resulted 
in  a  number  of  projects,  many  of  which  are 
presently  under  way  in  NASA  and  aerospace 
company  laboratories.  The  summary  report  of 
Strunce  and  Carman^  presents  a  comprehen¬ 
sive  annotated  list  of  these  projects.  It 
includes  fourteen  projects  undertaken  at 
seven  NASA  and  aerospace  industry  labora¬ 
tories.  An  evaluation  of  these  programs  in¬ 
dicates  the  absence  of  overall  coordina¬ 
tion.  As  a  result,  although  the  total  ac¬ 
tivity  level  is  significant,  the  disper- 
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Sion  of  the  effect  to  a  number  of  relative¬ 
ly  small  projects  makes  progress  difficult 
and  the  overall  value  of  the  current  CSI 
ground  test  program  questionable.  Specific 
objectives  of  the  activities,  are  in  most 
cases  not  clear,  and  it  is  difficult  to 
identify  their  individual  contributions  to 
the  enhancement  of  CSI  technology.  Also, 
with  few  exceptions,  the  tests  have  been 
restricted  to  fairly  simple  configurations 
such  as  plates  and  beams.  While  these  have 
the  advantage  of  being  analytically  tract¬ 
able,  such  testing  cannot  provide  the  need¬ 
ed  confirmation  of  CSI  technology  and  its 
applicability  to  realistic  spacecraft 
structural  configurations.  At  best  these 
tests  represent  proof  of  principle  tests 
with  little  or  no  traceability  to  real 
flight  systems. 

Since  experimental  confirmation  of  the 
assumptions  inherent  in  the  CSI  technology 
is  critically  important  to  establishing  its 
readiness  for  space  program  applications, 
this  area  requires  first  priority  atten¬ 
tion.  A  second  issue  which  must  also  be 
addressed  is  the  eventual  need  for  develop¬ 
ing  valid  and  effective  ground  test  proce¬ 
dures  which  can  be  used  as  part  of  the  qual¬ 
ification/acceptance  test  sequences  which 
are  ultimately  required  for  any  space  pro¬ 
gram  that  will  use  CSI  control  strategies. 
Most  likely,  some  form  of  on-orbit  test/ 
demonstration  segment  will  be  needed  for 
such  programs,  at  least  for  initial  appli¬ 
cations.  The  need  for  on-orbit  testing  for 
qualification  of  a  space  structure  should, 
however,  be  eliminated  by  proper  validation 
of  analytical  and  ground  test  techniques. 
This  validation  should  be  a  major  objective 
of  NASA*s  CSI  technology  program  and  will 
involve  on-orbit  testing.  It  should  be 
noted  that  qualification/acceptance  via  on- 
orbit  test  has  not  been  used  for  current 
space  programs. 

Valid  real  time  closed  loop  hardware/ 
software  test  beds  as  well  as  extensive 
simulation  tools  should  be  developed  as 
part  of  any  ground  test  procedure.  The 
ground  test  segment  objectives  would  be  to 
demonstrate  adequate  margins  before  proceed¬ 
ing  to  any  required  flight  test  segment. 

The  development  of  effective  methods  for 
performing  this  coordinated  ground/flight 
qualification  sequence,  if  it  is  required, 
should  be  one  of  the  objectives  of  the  CSI 
ground  test  program. 

10 )  On-orbit  Testing 

There  is  little  doubt  that  the  differ¬ 
ences  between  CSI  controls  designs  and  con¬ 
ventional  approaches  and  the  inevitable  un¬ 
certainties  in  extrapolating  ground  test 
results  to  on-orbit  environments  will  make 
on-orbit  testing  a  prerequisite  to  space 
program  applications.  Such  tests  are  a  lo¬ 
gical  part  of  a  CSI  technology  readiness 
program  and  are  the  most  critical  consid¬ 
eration  when  planning  activities  in  this 
area.  Due  to  the  importance  of  this  sub¬ 
ject,  it  is  discussed  as  a  separate  case  in 


the  following  section  of  this  paper.  In  the 
context  of  the  overall  CSI  discussion,  how¬ 
ever,  it  is  important  to  recognize  the  role 
of  on-orbit  testing  as  part  of  the  complete 
CSI  technology  development  and  validation 
sequences.  Close  coordination  of  all  ele¬ 
ments  of  a  CSI  technology  development  pro¬ 
gram  will  be  needed  if  the  flight  program 
is  to  be  a  success. 

11)  Rel lability 

The  implementation  of  CSI  control  sys¬ 
tems  to  flight  articles  will  require  signi¬ 
ficant  attention  to  reliability  and  fault- 
tolerance.  Large  numbers  of  highly  distri¬ 
buted  sensors,  actuators  and  perhaps  even 
processors  need  to  be  networked  together  to 
obtain  the  desired  performance  from  a  sat¬ 
ellite.  The  fact  that  the  space  systems 
requiring  this  control  will  be  costly  will 
place  stringent  demands  on  system  confid¬ 
ence.  Such  systems  will  also  have  long-life 
specifications  and,  in  the  case  of  national 
defense  systems,  have  some  form  of  surviv¬ 
ability  requirements.  Fortunately,  a  large 
amount  of  theoretical  and  applied  work  has 
been  performed  in  the  fault-tolerant  tech¬ 
nology  area,  and  the  application  to  the  CSI 
problem  is  not  expected  to  be  unusally  dif¬ 
ficult.  Since  reliability  issues  may  become 
significant  to  the  users  of  these  systems, 
this  area  will  require  some  attention  in  an 
overall  CSI  readiness  initiative. 

On-orbit  Testing 

Due  to  the  importance  of  on-orbit  test¬ 
ing  in  the  demonstration  of  the  CSI  techno¬ 
logy  readiness,  this  issue  received  major 
attention  during  the  subcommittee  delibera¬ 
tions.  As  pointed  out  earlier,  successful 
on-orbit  tests  are  pivotal  to  demonstrating 
the  acceptability  of  this  technology  for 
future  space  program  applications.  They 
are  the  logical  centerpiece  for  a  CSI  tech¬ 
nology  development  initiative,  and  they 
will  surely  be  the  most  expensive  element 
of  such  a  program.  The  following  para¬ 
graphs  discuss  the  orbital  test  issue  in 
the  context  of  the  general  question  of  CSI 
technology  development  and  validation,  and 
present  constructive  observations  and  rec¬ 
ommendations  relative  to  this  important 
area.  It  is  clear  that  all  on-orbit  tests 
should  be  a  means  to  an  end,  rather  than 
the  end  itself,  i.e.  a  means  to  achieve  a 
flight-ready  CSI  technology. 

On-orbit  Testing  Objectives 

The  basic  objectives  of  a  flight  test 
program  for  CSI  technology  should  be  care¬ 
fully  considered.  Figure  2  displays  the  re¬ 
lationship  between  developing  analytical 
tools  and  ground  test  procedures,  and  on- 
orbit  tests  using  the  shuttle.  A  flight 
demonstration  is  indicated  to  complete 
validation  of  CSI  technology.  This  figure 
shows  the  interactive  loops  that  are  nec¬ 
essary  to  develop  and  validate  the  techno¬ 
logy.  The  results  of  the  ground  and  on- 
orbit  tests  will  be  necessary  to  support 
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the  development  and  validation  of  the  ana¬ 
lysis  tools  just  as  the  on-orbit  test  re¬ 
sults  will  modify  and  validate  the  proce¬ 
dures  used  in  the  ground  tests.  On-orbit 
testing  will  also  reveal  unknown  or  unex¬ 
pected  interactions.  The  conclusions  of 
the  activity  shown  are  a)  the  provision  of 
the  necessary  analytical  tools  and  ground 
test  procedures  to  support  the  trade  ana¬ 
lyses  necessary  to  assess  the  cost  and  risk 
of  applying  the  CSI  technology  to  a  program 
specific  application,  and  b)  the  ability  to 
implement  the  technology  as  required. 
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Figure  2  On-Orbit  Testing 


The  shuttle  provides  a  convenient 
means  of  performing  these  on-orbit  tests 
and  provides  the  capability  of  near  real 
time  adjustment  of  testing  objectives  based 
on  the  results  of  the  flight.  The  shuttle 
also  provides  a  test  bed  for  performing 
scaling  experiments  related  to  CSI  techno¬ 
logy.  With  proper  instrumentation  and 
thorough  analysis,  scaled  testing  may  be  an 
effective  way  of  performing  a  flight  demon¬ 
stration,  lor  specific  applications. 

The  purpose  of  the  flight  demonstra¬ 
tion  of  Figure  2  is  to  validate  that  the 
technology  is  ready  to  support  design  appli¬ 
cation  and  not  to  develop  the  technology. 
This  demonstration  should  not  be  undertaken 
until  there  is  very  high  confidence  that  it 
will  be  unconditionally  successful.  The 
flight  demonstration  is  to  provide  proof  to 
program  managers  that  the  technology  is 
understood,  that  the  tools  are  available 
and  that  there  is  a  series  of  ground  tests 
that  allow  for  the  qualification  of  a  sys¬ 
tem  that  has  used  the  CSI  technology. 

The  subcommittee  advised  against  com¬ 
bining  the  CSI  technology  demonstration 
with  experiments  of  another  technology. 
There  is  too  much  risk  in  developing  the 
generic  CSI  technology  to  have  the  demon¬ 
stration  clouded  by  unforeseen  results  of 
experimentation . 

Recommended  NASA  R&:D  Program 

The  summaries  of  NASA  technology  de¬ 
velopment  programs  relating  to  CSI  which 
were  presented  to  the  subcommittee  showed 


substantial  attention  being  given  to  this 
area  and  a  high  level  of  awareness  of  the 
need  for  advances  in  most  of  the  critical 
areas  of  technical  deficiency.  While  accur¬ 
ate  figures  on  the  level  of  present  and 
planned  NASA  expenditures  on  tasks  that  are 
directly  supportive  of  CSI  technology  were 
difficult  to  obtain,  it  appears  that  the 
1983  OAST  Program  included  approximately 
$4M  in  this  area,  with  some  increase 
planned  for  the  next  year.  This  represents 
a  considerable  amount  of  emphasis. 

A  major  CSI  technology  initiative  is 
required  which  includes  scheduled,  coordin¬ 
ated  activity  involving  on-orbit  testing 
and  which  leads  to  a  convincing  flight 
demonstration.  In  view  of  NASA's  space 
technology  development  role,  it  would  be 
both  appropriate  and  effective  for  NASA  to 
undertake  such  an  initiative.  The  following 
presents  subcommittee  recommendations  for 
and  R&D  program  which  would  support  such  an 
initiative.  As  a  focus  for  the  recommenda¬ 
tions,  a  date  of  1990  was  assumed,  at  which 
time  a  decision  would  be  made  for  a  flight 
demonstration  and  validation  test  (see 
Figure  2). 

As  an  approach,  the  overall  CSI  program 
can  be  considered  in  terms  of  the  following 
major  segments: 

1)  Analysis  and  design  studies 

2)  Ground  testing 

3)  Implementation  developments 

4)  On-orbit  testing 

5)  Flight  demonstration  and  validation 

Table  4  suggests  a  segment  of  a  CSI  R&D  pro¬ 
gram  consisting  of  coordinated  activities 
with  defined  objectives  which  is  based  on 
current  expenditure  levels  including  NASA 
personnel.  Although  on-orbit  tests  and 
flight  demonstration  and  validation  are 
recognized  as  necessary  elements  of  an 
overall  CSI  development  program,  such  ac¬ 
tivities  are  not  included  in  Table  4  due  to 
the  fact  that  they  cannot  adequately  be 
funded  with  current  expenditure  levels.  In 
order  to  more  completely  address  the  pro¬ 
gram  needs  identified  in  previous  sections 
of  this  report,  an  augmentation  of  the  R&D 
program  beginning  in  FY  85  or  FY  86  of  $3M 
to  $5M  per  year  for  four  years,  is  needed. 
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Table  4  Representative  CSI  Development  Schedule 
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It  is  important  to  note  that  the  sub¬ 
committee  strongly  felt  that  structures 
technology  and  controls  technology  must 
both  contribute  equally  to  the  development 
and  validation  of  CSI  technology. 
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Abstract 

The  Active  Control  Of  Space  Structures 
(ACOSS)  is  one  of  the  key  enabling  technologies 
for  future  Large  Space  Structures  (LSS).  This 
paper  presents  a  summary  status  of  the  ACOSS  tech¬ 
nology  as  well  as  the  relevant  technologies  neces¬ 
sary  for  implementation:  algorithm  sizing,  avion¬ 
ics  data  processing,  sensors,  actuators,  fault 
tolerant  considerations,  relevant  LSS  experiments 
and  LSS  vacuum  chambers.  The  reference  list  in¬ 
cluded  at  the  end  of  the  paper  provides  a  compre¬ 
hensive  overview  of  the  ACOSS  program. 


formance  degradation  depends  upon  the  particular 
system  and  the  particular  disturbances. 


"QUIET” 

SYSTEM 

DESIGN 


Introduction 

During  the  Apollo  era,  the  control  designers 
became  increasingly  aware  of  the  flight-control 
system  dynamic  interaction  with  complex  vehicle 
motion. With  the  advent  of  large  space  struc¬ 
tures^"^  and  increasing  demands  on  precision 
pointing  and  control.  active  control  of  flexible 
space  st ructures^^"^*^  will  be  necessary  in  order 
to  satisfy  stringent  performance  goals. 

Historically  structures  for  optical  systems 
have  been  massive,  stiff,  heavily  damped  and  iso¬ 
lated  from  sources  of  vibration  (noise).  These 
structures  are  monolithic  and  dedicated  to  main¬ 
taining  the  optical  elements  in  proper  alignment. 
The  NASA  Space  Telescope  represents  the  current 
state-of-the-art  (SOA)  in  space  structures  for 
large  optical  systems  and  has  many  of  the  above 
characteristics.  Future  systems  will  require 
Large  Space  Structures  (LSS)  that  can  be  deployed 
from  NASA’s  Space  Shuttle,  LSSs  Inherently  have 
characteristics  which  make  them  unsatisfactory  for 
use  as  optical  systems  structures.  They  are 
lightly  damped,  have  lumped  masses  interconnected 
by  slender  structural  members,  use  many  joints  and 
hinges  and  have  many  low  frequency  modes  of  vibra¬ 
tion.  The  problem  can  be  better  understood  by 
looking  at  some  proposed  future  space  systems. 

Typical  large  precision  systems  of  the  future 
are:  (1)  High  Altitude  Large  Optics  (HALO)  is  a 
passive  surveillance  system;  (2)  High  Energy  Large 
Optics  (HELO)  is  a  laser  weapon  system;  (3)  MM 
Wave  Radiometer  is  a  passive  surveillance  system. 
Each  of  these  systems  has  three  characteristics  in 
common:  large  size,  low  stiffness,  and  very 

stringent  structural  and  performance  tolerances. 
The  result  is  a  generic  problem  (as  shown  in  Fig, 

1)  where  mechanical  disturbances  can  create 
structural  vibration  and  deformation  that  results 
in  line-of-sight  (LOS)  error,  wavefront  error  (WE) 
and  figure  distortion  that  translates  into  overall 
reduced  system  performance.  The  degree  of  per- 
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Figure  1,  Generic  Problem 

Reference  15  addressed  the  issue  of  passive 
and  active  suppression  of  vibration  response  in 
precision  structures  from  a  structural  point  of 
view.  The  results  of  this  1977  state-of-the-art 
assessment  showed  that  the  i-3%  achievable  damping 
was  insufficient  for  1990  requirements.  It  is 
this  study  which  motivated  the  DARPA  ACOSS  pro¬ 
gram,  The  objectives  of  the  ACOSS  program  are 
threefold : 

1.  Develop  a  unified  technology  base  in 
structural  dynamics  and  control  for  large 
precision  space  structures 

2.  Demonstrate  the  applications  of  this  tech¬ 
nology  through  analysis  and  simulations 

3.  Verify  this  technology  through  ground- 
based  proof-of-concept  experiments 

For  successful  control  of  large  space  struc¬ 
tures,  it  is  recognized  by  the  control  community 
that  the  fundamental  problem  is  the  design  of  a 
finite-dimensional  compensator  to  control  an  in¬ 
finite  dimensional  system.  The  LSS  control  tech¬ 
nology  issues  are: 

1 .  Modeling  Accuracy — LSS  modeling  inaccura¬ 
cies  will  limit  achievable  control  system 
performance.  The  more  stringent  the  mis¬ 
sion  performance  requirements,  the  greater 
the  LSS  model  fidelity  required.  These 
modeling  errors  are  grouped  into  three 
categories : 

a.  LSS  Structural/Dynamic  Models.  These 
errors  may  be  introduced  through  ini¬ 
tially  assumed  structural  properties 
or  the  truncation  process  implicit  in 
the  finite-element  method.  In  space, 
LSS  parameters  may  vary  as  a  function 
of  thermal  gradients,  configuration 
changes,  or  depletion  of  consumables. 


b.  Enviornmental  Models.  These  models 
must  be  investigated  and  verified  by 
appropriate  experiments.  Accurate 
knowledge  of  the  external  forces 
(e.g.,  earth  magnetic  and  gravita¬ 
tional  fields,  solar  wind  and  radia¬ 
tion  pressure,  and  drag)  acting  upon 
an  LSS  may  be  necessary  to  staisfy 
precision  control  requirements. 

c.  Disturbance  Models.  Internal/external 
disturbance  phenomenon  must  be  under¬ 
stood  and  sufficient  models  developed. 
The  achievable  control  system  perform¬ 
ance  will  be  a  function  of  disturbance 
model  fidelity. 

2.  System  Identification.  LSS  structural 
model  verifications  will  be  accomplished 
through  system  identification.  Identifi¬ 
cation  techniques  must  be  developed  to 
determine  structural  parameters,  modal 
frequencies,  damping  ratios,  and  mode 
shapes.  Such  methods  could  be  used  to 
determine  environmental  and  distrubance 
models.  Consideration  must  be  given  to 
the  type  of  sensors,  onboard  processing 
requirements,  data  reduction,  and  post¬ 
processing  requirements. 

3.  Control  Law  Design  Methodology.  The  con¬ 
trol  law  design  approach  will  be  a  func¬ 
tion  of  the  structural/dynamic  models, 
disturbance  models,  and  mission  perform¬ 
ance  requirements.  The  design  methodology 
must  address  the  following: 

a.  The  model  reduction  process  which 
reduces  the  high  dimensional  finite- 
element  model  to  a  tractable  (lower 
order)  design  model. 

b.  Reduced-order  Compensator  design  meth¬ 
ods  need  to  be  developed  which  ensure 
overall  closed-loop  system  stability. 
These  methods  must  address  the  direct 
digital  design  problem. 

c.  Implementation  of  these  control  laws 
will  require  analog/digital  mechani¬ 
zations  which  must  consider  centraliz¬ 
ed  vs.  decentralized  processing, 
sensor/actuator  configuration,  fault- 
tolerant  systems,  redundancy  manage¬ 
ment  and  reconfiguration. 

4.  Sensors  and  Actuators.  Techniques  will  be 
required  to  determine  sensor/actuator 
placement  as  a  function  of  the  control 
objectives.  The  type  of  sensor/actuator 
must  be  determined  which  meets  the  neces¬ 
sary  performance  specification.  The  dy¬ 
namic  characteristics  of  these  devices 
will  be  essential  for  evaluation  of  con¬ 
troller  closed-loop  stability  and 
robustness . 

Avionics .  The  high  computational  needs 
and  sensor/actuator  data  rates  will  re¬ 
quire  development  of  advanced  system  ar¬ 
chitecture  and  integration  in  order  to 
meet  the  1990  type  requirements.  Fault 
detection,  isolation,  and  reconfiguration 


must  be  an  integral  part  of  this  develop¬ 
ment. 


ACOSS  Program  Summary 


9 

Precision  pointing  and  control  trends 
through  the  year  2000  will  require  pointing  ac¬ 
curacies  ranging  from  10  arcsec  down  to  0.1  arcsec 
with  corresponding  stability  requirements  ranging 
from  1  arcsec  down  to  0.001  arcsec.  These  strin¬ 
gent  requirements  and  the  large  space  structure 
(LSS)  characteristics  (closely  packed,  lightly 
damped,  low  frequency  modes)  have  motivated  a 
plethora  of  research  in  active  control  of  space 
structures  (ACOSS) A  hierarchy  of  vibration 
suppression  methods  (Fig.  2)  is  a  function  of  the 
LSS  characteristics,  performance  requirements,  and 
disturbance  characteristics.  Naturally,  struc¬ 
tural  response  minimization  methods  such  as  tun¬ 
ing,  stiffening,  and  material  damping  should  re¬ 
ceive  first  consideration. 


STRUCTURAL  TUNING,  STIFFENING 

DISTURBANCE  ISOLATION,  ACCOMMODATION 
STRUCTURAL  DAMPING  AUGMENTATION 
MODAL  CONTROL 
FIGURE  CONTROL 


Figure  2.  Vibration  Control  Hierarchy 


16—35 

The  ACOSS  program  products  are 

1.  Control  theory 

o  1  j  1  19,36,37 

2.  Structural  models 

.  Tetrahedron  (ACOSS  Model  #1) 

.  ACOSS  Model  #2,  #3 

3.  Analytical  verifications 

4.  Laboratory  demonstrations 
.  Plate  experiment 

.  POC  experiment 

5.  Hardware 

.  Pivoted  proof  mass  actuator 
.  Microphase  multichannel  sensor 

6.  Flight-test  plan 


Figure  3  presents  a  summary  of  the  ACOSS 
program  with  respect  to  control  theory,  control 
design  and  analysis,  and  experiments. 


Slewing  Maneuvers 


The  subject  of  spacecraft  slewing  maneuvers 
has  received  the  attention  of  many  authors.  A 
summary  of  the  recent  work  in  slewing  maneuvers 
for  flexible  spacecraft  is  presented  in  Fig.  4. 
The  work  to  date  encompasses  many  important  sub¬ 
jects  Including:  (1)  linear/nonlinear  open-loop 
methods,  (2)  distributed  control,  (3)  on-off 
thruster  control,  (4)  feedback  control,  and  (5) 
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Company 


Control  Theory 


Control  Design  &  Analysis 


Experiments 


Convair 

Model  Error  Sensitivity 

Suppression  (MESS) 

MESS 

Disturbance  Accommodation 

Flyswatter  Plate 
(IR&D) 

Draper 

Reduced-Order  Modeling 
Reduced-Order  Controller 

Output  Feedback 

Sensor/Actuator  Placement 

Optimal  Slewing  Maneuvers 

High  Resolution  System  Identification 

Structural  Damping  Augmentation  (SDA) 
Modern  Modal  Control  (MMC) 

SDA/MMC 

Actuator  Synthesis 

Disturbance  Rejection 

Sensor/Actuator  Placement 

Optimal  Slewing  Maneuvers 

High  Resolution  System  Identification 

Beam  (IR&D) 

Honeywell 

System  Identification 

Singular  Values 

Hughes 

Electronic  Damping 

Electronic  Damping 

Tlollow  Cylinder 

Lockheed 

Low  Authority  Control  (LAC) 

High  Authority  Control  (HAC) 

Modal  Cost  Analysis  (MCA) 

LAC,  HAC 

LAC/HAC 

Frequency  Shaping 

System  Identification 

Mini-Beam 

Maxi-Beam 

Vertical  Pipe 

Circular  Plate 

Wheel  (frame) 

Toysat 

POC 

TRW 

Stability  Ensuring  Methodology 

System  Identification 

Adaptive  Control 

Stability  Ensuring  Methodology 

System  Identification 

Plate  (IR&D) 

Figure  3.  ACOSS  Program  Summary 
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Figure  4.  Overview  of  Recent  Work  in  Slewing  Maneuvers  for  Flexible  Spacecraft 
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Elliot 


experimental  results.  Nevertheless,  much  addi¬ 
tional  theoretical  and  analytical  work  is  required 
before  reliable  techniques  will  be  commonly  avail¬ 
able  for  LSS  applications. 

Virtually  everyone  has  investigated  rigid 
body  plus  one-mode  flexible  dydnamic  models  and 
small-angle  maneuvers.  Distributed  feedback  con¬ 
trol  of  a  multimode  flexible  model  for  large-angle 
maneuvers  is  very  immature.  Utilization  of  on-off 
thrusters  has  also  been  neglected. 


Computational  Considerations 

It  is  not  possible  to  simply  use  high  gain  to 
suppress  all  of  the  structural  modes  by  brute 
force  because  of  modeling  accuracy,  computational 
considerations,  sensor  and  actuator  limitations 
and  consideratrlons  of  stability.  The  approach 
taken  by  Lockheed  Missiles  and  Space  Company 
(LMSC)  and  by  others,  is  a  two  level  design  which 
LMSC  calls  "High  Authority  Control/Low  Authority 
Control  (HAC/LAC)."  The  basic  concept 20  uses  LAC 
to  provide  a  low  gain  over  a  broad  bandwidth  to 
suppress  all  the  modes.  Modes  which  Interact 
within  the  performance  metric  are  identified  and 
HAC  is  applied  to  them.  HAC  uses  high  gain 
against  these  selected  modes.  The  overall  effect 
is  a  stable,  efficient  controller  as  shown  in  Fig. 
5. 


The  computational  requirements  for  the  HAC/ 
LAC  control  algorithm  were  determined.^®  Sizing 
this  control-law  algorithm  assumed  a  50-Hz  control 
bandwidth,  250-Hz  sampling  frequency,  2  bytes/word 
accuracy,  and  a  data  flow  rate  of  500  bytes/s  per 
sensor  or  actuator.  The  floating  point  operations 
(FLOP)  per  control  cycle  were  computed  as  a  number 


of  the  control  states  (2n^  states/mode)  and  the 
number  of  sensor/actuator  pairs  (m)  (see  Fig.  6). 


FLOP/LAC  CYCLE 


(LAC  FLOP  +  *5  HAC  FLOP):  j  "h  ^  J  *  5  "h"’ ^ 


Figure  6.  Control  Law  Algorithm  Sizing 

Note  that  the  control  of  10  modes  (n^  =  20) 
with  18  sensor/actuator  pairs  (m  =  18)  pushes  the 
state-of-the-art  in  current  commercially  available 
array  processors. 


Array  Processors 

^gFigure  7  shows  the  array  processors  survey¬ 
ed.  The  primary  function  of  these  devices  is 

signal  processing  which  requires  high  throughput 
while  performing  filtering  on  data  collected  in 
real  time.  Because  of  their  speed,  the  array 
processors  would  appear  to  be  candidates  for 
closed-loop  control.  Several  array  processors  are 
ruled  out  for  closed-loop  control  application 
because  of  their  fixed-point  arithmetic.  The  loss 
in  speed  incurred  by  the  host/array  processor 
transfer  of  sensor/actuator  data  prohibits  those 
which  have  no  direct  I/O  capability.  Hence, 
FPS-lOO,  FPS-164,  AP-120B,  AP-180R,  AP-190L,  Data- 
west  460,  MAP  300,  MAP  200,  MAP  6400,  Magnavox 
(Mil  Spec  of  CSPI  MAPs),  and  CDA  MSP-300  are  the 
major  contenders.  There  are  mixed  reports  con¬ 
cerning  the  success  of  array  processors  in  real¬ 
time  closed-loop  control.  Conflicting  reports 
have  indicated  that  a  major  rewrite  of  the  operat¬ 
ing  system  was  necessary.  Despite  the  negtive 
tone,  closed-loop  control  with  an  array  processor 
capable  of  direct,  programmed  I/O  poses  no  funda¬ 
mental  problem.  It  simply  appears  that  no  one 
has  thought  or  has  had  the  need  to  use  them  in 
such  an  application.  In  collecting  data  for  this 
survey,  array  processor  engineers  were  unfamiliar 


351 


with  closed-loop  control  applications  but  saw  no 
difficulty  in  their  impleraentation.  The 
MCP-100^^’^^  is  an  untried  prototype  processor 
which  was  designed  specifically  to  implement  LQG 
controllers . 


the  potential  of  a  Three-Axis  Angular  Rate  Accel¬ 
erometer  (TAARA)  and  a  Six-Axis  Space  Sensor 
(SASS).  The  high  cost  of  inertial  grade  space 
gyros  is  the  major  disadvantage.  Even  though 
these  gyros  exhibit  low  noise  and  drift,  their 
bandwidth  is  less  than  50  Hz.  Fundamentally,  the 
sensor  technology  for  subraicron  vibration  sensing 
is  available  but  exists  only  as  a  laboratory 
demonstration , 


Actuator  Technology 
39 

Actuator  technology  (see  Fig.  9)  for  sub- 
micron  vibration  control  relevant  to  the  large 
precision  space  systems  problem  is  virtually  non¬ 
existent.  Piezoelectric  devices  provide  the  best 
potential.  A  pivoted  proof  mass  (PPM)  actuator 
was  developed  by  Lockheed.  This  actuator  produces 
a  force  on  a  structure*  by  inertial  reaction  on  a 
small  proof  mass.  The  prototype  PPM  used  on  the 
ACOSS  experiments  delivers  a  IN  (0.22  lb)  force  at 
10  Hz  with  a  0.80-kg  (1.76  lb)  proof  mass. 


Type 

Device 

Bandwidth 

(Hz) 

Characteristics 

Weight 

(Ih) 

Power 

(W) 

Size 

(in.) 

Reaction  wheel 

0-100 

5  lb-in./7  ft-lb-s 

12 

15 

12  D  X  7.8 

Control  momentum  gyro 

0-50 

500  ft-lb/2300  ft-lb-s 

41B 

50 

49  sphere 

Pulsed  plasma  thrusters 

0.0003  N/IOOOsSPI 

14.5 

25  ! 

15X7X  9 

Force 

Piezoelectric  actuators 

O-Bk 

1  Nm/15  fjm  range 

1 

...  1 

0.7  0  X  2 

LMSC  Proof  Mass 
actuator  PPM 

2-200 

ION 

L _ 

... 

... 

Figure  7.  Avionics  Data  Processing 


Sensor  Technology 


Sensor  technology  (see  Fig,  8)  for  sensing 
submicron  vibration  in  large  precision  space  sys¬ 
tems  is  not  available  off-the-shelf.  Optical 


Figure  8.  Table  of  Typical  Sensors 

measurement  techniques  provide  the  best  potential 
because  of  their  high  and  low  bandwidth,  accuracy 
and  resolution.  Piezoelectric  sensors  are  another 
candidate.  Lockheed,  Hughes,  TRW,  and  Itek  are 
pursuing  these  technologies.  The  only  Inertial 
grade  space  accelerometer  is  the  BELL  XI  which  is 
expensive  by  comparison  to  optical  devices.  The 
Charles  Stark  Draper  Laboratory  is  investigating 


Figure  9.  Table  of  Typical  Actuators 

Control  Moment  Gyro/Reaction  Wheel  (CMG/RW) 
technology  is  10  years  old.  CMG/RWs  are  not  capa¬ 
ble  of  satisfying  the  slew  maneuver  requirements 
of  high  torque/high  bandwidth  characteristics. 

Low  noise/high  torque/high  bandwidth  characteris¬ 
tics  are  necessary  for  precision  tracking.  For 
attitude  control,  the  CMG/RW  is  required  to  have 
low  noise/low  torque/low  bandwidth  characteris¬ 
tics.  Today’s  CMGs  and  RWs  fall  in  between  these 
diverse  requirements  as  presented  in  Fig.  10. 


TORQUE  (N  ■  ni! 


Technology  Developmeni  Required 
NOTES:  (1)  ST  =  Space  Telescope  Reaction  Wheel 
(21  ACS  =  Attitude  Control  System 

(3)  DG  -  Double  Gimhal  Control  Momentum  Gyro 

(4)  SG  -■  Single  Gimba I  Control  Momentum  Gyro 

(5)  WRAP-RtB  (55  m  Dish  Diameter.  80  m  Boom) 

(6)  HOOP-COLUMN  {118  m  HOOP,  88  m  MAST) 

Figure  10.  Torque/Moraentum  Capabilities 
and  Requirements 
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Thruster  technology  has  the  potential  for 
high  torque;  however,  these  devices  lack  a  con¬ 
tinuously  variable  thrust  level. 

Fault  Tolerant  Considerations 


Very  little  work  has  been  done  in  the  area 
of  Fault  Detection,  Isolation,  and  Reconfiguration 
for  large  space  systems  per  se.^2,43  Therefore,  a 
broad,  well-planned  technical  effort  is  needed  to 
successfully  apply  fault-tolerant  technology  to 
large  space  systems  and  gain  the  benefits  of  im¬ 
proved  system  performance  and  reliability  which 
can  result  from  it.  Fortunately,  a  large  amount 
of  theoretical  and  applied  work  has  been  done  in 
the  fault-tolerant  technology  area,  which  forms  a 
solid  and  broad  basis  for  the  development  of  a 
fault-tolerant  large  space  system.  This  is  espe¬ 
cially  true  in  the  areas  of  computation,  failure 
detection,  and  isolation  algorithm  development, 
reliability  analysis,  digital  system  architecture, 
and  the  application  of  fault-tolerant  technology 
to  space,  naval,  and  aircraft  systems. 

A  simple  example  which  demonstrates  the  need 
for  fault  tolerant  systems  is  shown  in  Fig.  11 
where  a  system  with  50  components  (N  -  50)  whose 
mean  time  between  failure  is  100,000  hours  (12 
years)  can  expect  4  component  failures  each  year. 
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EXPECTED  5 
NUMBER  OF 
FAILURES 
PER  YEAR 


0.5 

10,000  100,000  1,000,000 
MEAN  TIME  BETWEEN  FAILURES  (h) 

N  =  NUMBER  OF  COMPONENTS 


Figure  11.  Fault-Tolerant  Consideration 


LSS  Experiments 


The  relevant  large  space  structure  experi¬ 
ments^^  to  date  (Fig.  12)  considered  either  beams 
or  plates  with  one  exception,  Lockheed's  Proof- 
of-Concept  (POC).  The  advantage  of  these  choices 
is  the  ability  to  analytically  predict  the  dynamic 
behavior  of  the  structure  and  thus  compare  the 
analysis  to  the  experimental  results.  The  obvious 
drawback  of  these  experiments  is  the  fact  that 


almost  no  realistic  large  space  structures  has  the 
characteristics  of  a  beam  or  a  plate,  although  it 
might  contain  a  flexible  beam  (e.g.,  the  boom 
connecting  the  feed  and  the  reflector  of  an  an¬ 
tenna)  .  None  of  the  experiments  employed  a  truss 
structure — a  likely  large  space  structure  con¬ 
figuration.  The  current  level  of  performance  in 
these  experiments  was  for  large  deflections  and 
not  in  the  submicron  range  which  is  anticipated 
for  large  precision  space  systems.  The  Draper 
RPL-EXP  is  the  only  experiment  which  incorporates 
thrusters . 

The  most  complex  experiment  is  the  Lockheed 
POC.  The  intent  of  the  POC  is  to  design  and  test 
a  brassboard  that  is  as  large  and  complex  as  a 
real  spacecraft.  An  equipment  section  represent¬ 
ing  the  satellite  body  is  a  4-ft  (1.21  m)  cube  and 
the  largest  single  mass.  An  antenna  support  boom 
extends  from  the  equipment  section  to  one  edge  of 
a  large  offset  parabolic  reflector.  The  overall 
structure  floats  near  its  center  of  gravity  on  an 
air  bearing.  The  structure  is  8  m  (25.25  ft)  long 
and  has  a  2.95  m  (9.69  ft)  diameter  antenna.  The 
overall  weight  is  600  lb  (272.16  kg)  with  much  of 
the  mass  concentrated  in  the  equipment  section. 

The  structure  has  many  closely  spaced,  low  fre¬ 
quency  modes  of  vibration.  There  are  pendulum 
(rigid  body)  modes  lower  than  0.1  Hz.  The  first 
two  bending  modes  are  between  1  and  2  Hz.  The 
first  six  bending  modes  are  under  9  Hz.  The  an¬ 
tenna  dish  modes  are  over  20  Hz. 

The  size  of  the  structure  is  such  that  real¬ 
istic  hardware  can  be  used  for  sensors  and  actua¬ 
tors.  Actuation  is  accomplished  with  3  control 
moment  gyros  (CMGs)  units  spaced  120  degrees  apart 
in  the  equipment  section  and  Pivoted  Proof  Mass 
(PPM)  actuators.  Sensing  is  accomplished  with 
rate  gyros  and  accelerometers.  A  LOS  is  simulated 
with  a  laser  mounted  in  the  equipment  section  that 
reflects  off  a  mirror  on  the  parabolic  reflector 
structure  to  an  external  detector.  Control  is 
implemented  on  a  PDP  11/45  with  a  CSPI  Array 
Processor  and  VAMP  software. 


LSS  Vacuum  Chambers 


Ground-based  environmental  testing  of  large 
space  structures  sections  or  components  may  be 
required  prior  to  actual  space  construction.  The 
issues  of  zero-g  and  seismic  disturbances  cannot 
be  ignored;  however  experience  has  shown  that 
prudent  ground-based  testing  of  spacecraft  can 
reduce  operational  risk.  Large  environmental 
space  chambers  which  could  be  utilized  in  an  ap¬ 
propriate  large  space  structure  ground-based  test 
program  were  surveyed. 

Figure  13  shows  the  major  potential  large 
space  structures  tests  facilities:  Air  Force 
Rocket  Propulsion  Laboratory,  Arnold  Engineering 
Development  Center,  Boeing,  Ford  Aerospace, 
General  Dynamics,  Johnson  Space  Center, 
McDonnell-Douglas ,  and  the  TRW  Systems  Group. 
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Company 

Type 

Description 

Sensor 

Actuator 

Demonstration 

Convair 

Plate 

Fixed-free 

68"  X  103"  aluminum 

4"  X  5/16"  welded  beams 

Rate  gyros 

Torque  wheels 

Model  error  sensitivity  suppression 

Draper 

Beam 

Fixed-free 

1/4"  X  1"  X  60"  aluminum 

Piezoelectric 

accelerometers 

Electrodynamic 

shaker 

Observation/control  spillover 
modern  modal  control 

RPL-EXP 

4  beams 

(1/8"  X  6"  X  48"  aluminum) 
cantilevered  to  hub  on  air 
bearing  table 

Angle  encoder 
accelerometers 

Cold  gas  thrusters 

RCS  controller 

Design  methods  for  flexible  space¬ 
craft 

Hughes 

Cylindrical 

mast 

Hollow  fiberglass  cylinder 
(0.23  cm  X  4.3  cm  dia.  x 

66  cm  long) 

Piezoelectric 
ceramic  strain 
transducers 

Piezoelectric 
ceramic  strain 
transducers 

Electronic  damping 

JPL 

Beam 

Pinned-free 

1 50"  X  6"  X  1/32"  stainless 
steel 

Eddy  current 
position  sensor 

Brushless  dc 
torque  motor 

Modern  modal  control 

LaRC 

Beam 

Suspended 

12'X6"X3/16" 

aluminum 

Noncontacting 
deflection  sensor, 
load  sensor 

Electrodynamic 

shaker 

Beam 

Fixed-free 

40"  magnesium 

Optical  rate  sensor 

Proof-mass 

Low  authority  control 

I-Beam 

Fixed-free 

25'  X  16"  (400  lb)  aluminum 

Optical  rate  sensor 

Single  gimbal  CMC 

Low  authority  control 

Lockheed 

Vertical 

Beam 

Fixed-free 

6'  aluminum 
lead  tip  masses 

Accelerometers, 
quad-detector 
photo  diodes 

Pivoted  proof-mass 

Low  authority  control 

System  identification 

Circular 

plate 

Suspended,  2  meter  diameter, 
aluminum 

Multi-channel 
micro-phase  optics 

Pivoted  proof-mass 

Low  authority  control 

Low/high  authority  control 

System  identification 

Frame 

Suspended  2  meter  diameter 
aluminum  tubes 

Accelerometers, 
optics  ! 

Pivoted  proof-mass 

Toysat 

Suspended  rigid  body 

1.6  m  cantilever  beams 
aluminum 

Accelerometers, 
LVDT  velocity 
pickoffs 

Electrosesis  actuators 

Open  loop  torque  profile  high 
authority  control 

POC 

4.5  meter  boom  with  3  meter 
reflector,  aluminum  on  air 
bearing  sphere 

Accelerometers, 
rate  gyro,  laser 

1 

CMG 

Proof  mass 

Classical  and  modern  control  of 
vibration  and  slew 

TRW 

Plate 

Clamped 

1.73  m  X  1.22  m  X  1.66  mm 
aluminum 

1 

Rate  sensors, 
accelerometers 

1  Bending  moment 
actuator 

_ i 

Vibration  suppression  and  damping 
augmentation 

Figure  12.  Relevant  LSS  Experiments 


Observations 


The  success  of  future  high  performance  con¬ 
trol  systems  will  depend  on  our  klnowledge  of  the 
structural  dynamics.  New  modeling  techniques  may 
be  required.  Ground  and  space-based  testing  must 
be  conducted  to  better  understand  the  phenomena 
associated  with  structural  damping,  deployment 
dynamics,  joint  characteristics,  etc. 

System  identification  is  a  key  first  step  in 
support  of  model  validation  and  control-law  per¬ 
formance  verification.  Algorithms  as  well  as 
sensors/actuators  must  be  developed  to  accommodate 
the  broad  dynamic  range  of  LSS  characteristics. 

Multi-input/multi-output  control  system  de¬ 
sign  and  analysis  methodologies  require  further 
research  in  order  to  bring  practical  designs  to 
fruition.  Laboratory  experiments  are  necessary  to 
drive  the  control  theory  research  and  development 
in  the  proper  direction  of  digital  implementation. 
New  efficient  and  numerically  stable  control  de¬ 
sign  and  analysis  software  tools  are  needed. 


Sensor/actuator  technology  is  lagging.  High 
torque  capability  is  necessary  as  well  as  micron 
sensing  and  actuation.  There  does  not  appear  to 
be  research  and  development  in  either  of  these  two 
areas  that  goes  beyond  laboratory  prototypes. 

The  computational  requirements  for  future  LSS 
controllers  are  beyond  today’s  avionic  architec¬ 
tures.  Innovative  hardware  and  software  concepts 
are  necessary.  Flight  qualifiable  hardware  will 
drive  fabrication  materials  and  techniques. 

Well-conceived  LSS  ground-based  demonstra¬ 
tions,  correlated  with  an  equivalent  flight  ex¬ 
periment,  can  go  a  long  way  in  resolving  the  LSS 
control  technology  issues. 
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Organization 

Equipment 

Size  (ft) 

Pressure  (torr) 

Heat 

Cooling 

Solar 

Comments 

Air  Force 

Rocket 

Propulsion 

Laboratory 

SPEF 

30  ft  sphere 

1  X  10-6 

Heated  panel 
+400“ F 

Cryo 
panel 
-300° F 

Solar  heat 
simulator 

Arnold 

Engineering 

Development 

Center 

Mark  1 

42  D  X  82  L 
vertical 

5X  10-9 

Cryo 

Yes 

7V 

7DX  12  L 
horizontal 

... 

Cryo 

IMo 

Used  for  simulation  of 
space  mission  for  cold- 
optics  and  specialized 
infrared  equipment 

10V 

10DX20L 

horizontal 

... 

Cryo 

No 

Used  for  low  density 
aerodynamic  studies  and 
testing  of  small  rocket 
engines 

12V 

12  D  X  35  L 
vertical 

... 

Cryo’ 

Xenon  arc 

Heat  flux  system  to 
simulate  planet  albedo 
and  radiance 

Boeing 

Space 

Chamber 

28  D  X  40  L 
vertical 

Structure  mounted  on 

1  X  1fl6  lb  mass.  Used 
to  make  optical  level 
measurements 

Ford 

Aerospace 

Solar 

Simulation 

Chamber 

10  D  X  22  L 

1  X  10-^ 

m 

Yes 

Off  axis 

xenon  arc 

LN2  cold  wall 

General 

Dynamics 

12  D  X  30L 
horizontal 

Johnson 

Space  Center 

SESL  Chamber  A 

55D  X  90L 
vertical 

1  X  10“® 

Heat  flux  of 

150W/ft2 

90°  K 

Top  and  side 

SESL  Chamber  B 

25  D  X  26  L 
vertical 

1  X  10-6 

1 

Heat  flux  of 

150W/ft2 

90°  K 

Yes 

McDonnell 

Douglas 

39'  spherical 

30X30 

IMA 

Cryo 

shrouds 

Isolated  seismic  base 
vibration  shaker 

TRW  System 
Group 

Sphere 

30  ft  sphere 

Shroud  temp 
+275“ F 

Shroud 
temp 
-30°  F 

84  in  diameter 

-300°  F  cold  wall 

Cylinder 

22  D  X  46  L 
vertical 

Shroud  temp 
+200° F 

Shroud 
temp 
-80°  F 

10  feet  square 

-300°F  cold  wall 

Figure  13.  Large  Space  Structure  Vacuum  Chamber  Summary 


employment  with  The  Charles  Stark  Draper  Labora¬ 
tory,  Inc.,  Cambridge  Masschusetts .  In  addition, 
the  authors  would  like  to  mention  the  ACOSS  con¬ 
tractors:  The  Charles  Stark  Draper  Laboratory, 

General  Dynamics  (Convair  Division) ,  Hughes  Air¬ 
craft  Company,  Lockheed  Missiles  and  Space  Com¬ 
pany,  TRW  (Defense  and  Space  Systems  Group),  Con¬ 
trol  Dynamics  Company,  and  Honeywell  (Systems  and 
Research  Center) , 
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Abstract 

The  recent  literature  on  spacecraft  slewing 
maneuvers  relies  on  two  techniques  for  taking  non¬ 
linear  effects  into  account:  suboptimal  torque 
commands  are  either  generated  by  continuation  tech¬ 
niques  from  open  loop  laws  arising  from 
Pontryagin^s  Maximum  Principle,  or  else  obtained  by 
polynomial  truncation  of  analytic  feedback  laws 
arising  from  Bellman's  Optimality  Principle. 
Correction  for  suboptimality  and  unmodelled  distur¬ 
bances  must  then  be  carried  out  based  on  a  time- 
varying  approximation  of  the  error  dynamics  along 
the  nominal  state  trajectory.  In  this  paper  it  is 
shown  how  exact  command  generation  and  tracking  can 
be  obtained  by  standard  linear  methods,  through  the 
prior  construction  of  nonlinear  coordinate 
transformations  together  with  nonlinear  feedback, 
to  transform  the  nonlinear  equations  of  motion  of  a 
spacecraft  controlled  by  internal  reaction  wheels 
into  three  decoupled  double  integrators,  driven  by 
acceleration  commands.  Maneuver  specifications  are 
then  transformed  into  the  equivalent  linear 
representation  thus  obtained,  and  codified  into 
linear  optimal  control  or  path  planning  problems 
with  exact  solutions,  which  are  then  transformed 
back.  Moreover,  correction  for  disturbances  can 
also  be  carried  out  in  the  transformed  linear 
representation,  making  gain  scheduling  unnecessary. 
Hardware  and  software  implementation  of  the  linear¬ 
izing  transformations  is  discussed,  and  corroborat¬ 
ing  simulation  results  presented. 

Introduction 

Control  laws  and  control  systems  for  sequen¬ 
tial  single  axis  spacecraft  rotational  maneuvers 
can  be  effectively  designed  with  linear  techniques, 
such  as  by  Breakwell  in  [1] ,  Melzer  in  [2] ,  and 
with  new  techniques  by  Hefner  in  [3]  and  by  Chun, 
Juang  and  Turner  in  [4]  and  [5].  The  nonlinearity 
of  the  equations  of  rotational  motion  must  be  taken 
into  account,  however,  to  satisfy  the  increasingly 
stringent  requirements  of  agile  spacecraft  undergo¬ 
ing  fast  multiaxial  slews  of  large  amplitude. 

Such  maneuvers  are  customarily  formulated  as 
nonlinear  optimal  control  problems,  and  then 
approximately  solved  by  essentially  one  of  two 
approaches:  either  a  suboptimal  command  is  gen¬ 
erated  by  relaxation  or  continuation  methods  from 
the  coupled  state  and  co-state  equations  derived 
from  Pontryagin's  Maximum  Principle,  such  as  by 
Junkins  and  Turner  in  [6]  as  well  as  Vadali  and 
Junkins  in  [7]  and  [8],  or  else  by  polynomial  trun¬ 
cations  of  optimal  analytic  feedback  laws  derived 
from  Bellman's  Optimality  Principle,  as  done  by  the 
♦Re search  supported  in  part  by  NSF  Grant  ECS- 
8304968  and  by  AFOSR  Contract  F4920-83-K-0032 


author  in  [9]  and  [10]  as  well  as  by  Carrington  and 
Junkins  in  [11]  and  [12] . 

Such  techniques  have  been  found  to  be  suffi¬ 
ciently  accurate  with  few  iterations  for  suffi¬ 
ciently  slow  maneuvers.  However,  implement able 
exact  solutions,  in  the  sense  of  guaranteeing  zero 
terminal  error  with  bounded  controls  in  the  absence 
of  disturbances,  have  not  been  obtained  by  such 
means,  except  for  the  case  of  pure  rigid  detumbling 
with  variable  external  torque  controls  treated  by 
this  author  in  [13] . 

Moreover,  even  when  a  sufficiently  accurate 
nominal  solution  is  obtained,  the  problem  of 
correcting  for  unmodelled  modes  and  disturbance 
during  the  maneuver  leads  to  time-varying  LQG  prob¬ 
lems,  that  have  to  be  solved  along  the  nominal  tra¬ 
jectory,  hence  at  best  approximately  implemented  by 
gain-schedul ing . 

In  contrast,  the  program  begun  by  this  author 
in  [14]  for  the  case  of  external  torque  actuators, 
and  continued  here  with  internal  reaction  wheel 
actuators,  provides  exact  nominal  solutions,  prac¬ 
tically  implementable  in  software,  or  with 
hardware  summers,  scalers  and  integrators,  by  a 
proper  choice  of  attitude  and  rate  variables,  fol¬ 
lowed  by  the  application  of  two  analytical  arti¬ 
fices:  appropriate  invertible  nonlinear  coordinate 
transformations,  coupled  with  nonlinear  feedback, 
are  first  found  for  each  system  (not  each 
maneuver),  so  that  an  equivalent  linear  model  of 
the  system  equations  is  obtained,  as  advocated  by 
Hunt,  Su  and  Meyer  in  [15].  The  transformed 
maneuver  specifications  are  then  formulated  as 
linear  optimal  control  problems,  whence  torque  com¬ 
mands  are  obtained  by  means  of  the  inverse 
transformations . 

Besides  providing  an  exact  nominal  solution, 
often  in  closed  form,  this  approach  also  permits 
the  design  of  a  single  linear  regulator  for  the 
correction  of  the  effects  of  unmodelled  modes  and 
disturbances,  producing  incremental  corrections  to 
the  transformed  command  in  response  to  the 
transformed  error  states.  The  full  power  of 
recently  developed  methods  for  linear  regulation 
and  tracking,  such  as  in  [3],  [4],  and  [5],  can 
thus  be  applied  to  general  nonlinear  maneuvers. 
The  application  of  such  linear  methods  to  vibration 
and  noise  suppression  during  nonlinear  slews  will 
be  reported  in  greater  detail  elsewhere,  based  upon 
the  nominal  command  generation  algorithms  developed 
in  [14]  and  in  the  present  paper.  Appended  simula¬ 
tion  results  illustrate  the  effectiveness  of  the 
proposed  command  generation  method,  in  comparison 
with  direct  suboptional  nonlinear  control. 
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The  spacecraft  model  considered  by  Vadali  and 
Junkins  in  [7]  will  be  employed  here.  The  model 
consists  of  a  rigid  main  body  equipped  with  three 
reaction  wheels,  mounted  coaxially  with  the  yaw, 
pitch  and  roll  axes  originating  from  the 
spacecraft's  center  of  mass,  as  shown  in  Figure  1, 

Some  notation  is  in  order:  will  denote  the 
matrix  of  products  of  inertia  of  the  system  (main 
body  principal  moments,  transverse^  wheel  moments 
and  axial  wheel  moments),  while  will  represent 
the  diagonal  matrix  of  axial  wheel  moments  alone. 
By  w  will  be  meant  the  column  matrix  of  components 
of  inertial  angular  velocity  of  the  spacecraft  main 
body,  resolved  along  the  yaw,  pitch  and  roll  axes, 
while  will  denote  the  column  matrix  of  axial 
angular  velocities  of  each  reaction  wheel. 
Finally,  H  will  stand  for  the  column  matrix  of  com¬ 
ponents  of  the  total  angular  momentum  of  the  sys¬ 
tem,  likewise  resolved  along  the  principal  space¬ 
craft  axes. 


It  is  in  general  necessary  to  propagate  the 
total  angular  momentum  H  (or  equivalently  the  wheel 
angular  velocities  Q  hidden  therein)  to  complete 
the  dynamic  model.  However,  in  the  absence  of 
external  torques  it  is  possible,  as  in  [7],  to 
represent  the  angular  momentum  H  in  terms  of  the 

column  matrix  H  of  its  (necessarily  constant) 
inertial  components,  through  the  time-varying 
matrix  Q  that  transforms  the  underlying  inertial 
reference  frame  into  the  principal  spacecraft  axes, 
as  will  be  shown  next. 


If  the  instantaneous  spacecraft  orientation  is 
represented  by  a  virtual  rotation  of  p  radians 
about  a  unit  vector  e  then  the  change  of  basis 
matrix  C  from  inertial  to  body  reference  can  as 
usual  be  parametrized  by  the  symmetric  Euler 
quaternion 

p  =  col(p^,£')  (5) 


As  is  shown  in  [7] ,  the  total  spacecraft 
angular  momentum  is  given  by 

H  =  1°  M  +  I*  a  (1) 


in  terms  of  the  spacecraft  and  wheel  inertias  and 
angular  velocities.  (A  more  general  expression  is 
given  in  [8]  and  [12],  which  permits  more  than 
three  reaction  wheels.  However,  the  three  wheel 
example  will  be  retained  here  for  simplicity.) 

In  the  absence  of  external  torques,  conserva¬ 
tion  of  angular  momentum  applied  to  eq.  (1)  yields 

o  *  A  * 

Im  +  I  fi+wxH=0  (2) 


where  =  cos(  ”  p)  and  =  sin(  ~  p)e,  as  in 

[6]  ('col'  denotes  a  column  matrix):  indeed,  the 
change  of  basis  transformation  is  then  given  by 

G  =  C(B.)  =  -  2p^g^'xj(6) 

where  I  is  the  3x3  identity  matrix,  T  denotes 
transposition  and  g.'x  is  the  matrix  representation 
of  the  cross  product  operation,  as  is  given  in  [7] 
but  expressed  here  in  coordinate-free  form. 

The  inertial  angular  momentum  H^  can  then  be 
measured  at  the  start  of  a  maneuver  by 

I  -1  o  A 

=  C(i(0))  -^{iVo)  +  I^n(o)] 


where  a  dot  denotes  a  time  derivative  and  x  a 

cross  product,  the  latter  arising  because  of  the  where  the  components  of  the  initial  angular  velo- 

rotation  of  the  body-fixed  reference  frame.  (More  city  a.(0)  are  measured  by  yaw,  pitch  and  roll 

generally,  the  right-hand  side  of  the  eq.  (2)  gyros,  while  the  initial  angular  velocities  Q  (0) 

stands  for  the  net  external  torque  with  respect  to  of  the  wheels  can  be  given  by  tachometers  coixi- 

the  spacecraft  center  of  mass,  also  resolved  along  ally  mounted  with  the  wheel  motors,  with  g^(O) 

body  axes.)  encoding  the  initial  orientation.  Once  H^  is 

determined,  the  angular  momentum  in  body-fixed 
The  rate  of  change  of  angular  momentum  about  coordinates  is  given  by 

the  center  of  mass  of  each  reaction  wheel  likewise 

equals  the  corresponding  wheel  motor  torques  t.,  j  (8) 

which  are  shown  in  [7]  to  be  jointly  given  by  ^  “  H(g^(t))  =  £(^(t))H 


I^  (0  +  w)  =  T  (3) 

There  is  no  cross  product  term  because  each  com¬ 
ponent  of  eq.  (3)  corresponds  to  a  pure  spin. 
(Again  a  more  general  expression  holds  for  other 
wheel  configurations,  as  is  given  in  [7]  and  [12].) 

Insertion  into  eq.  (2)  of  the  expression  for 

A  * 

I  obtained  from  eq.  (3)  finally  yields  the  evo¬ 
lution  equation  for  w  in  terms  of  the  wheel  torques 
T  and  the  total  angular  momentum  H  : 


(A  simplified  representation  is  used  in  [7],  that 
requires  the  pre-selection  of  a  preferential  iner¬ 
tial  reference  frame,  but  it  will  be  seen  below 
that  in  the  approach  being  advocated  here  the 
choice  of  inertial  reference  frame  is  determined 
instead  by  maneuver-dependent  requirements.) 

To  complete  the  equations  of  motion,  the  evo¬ 
lution  of  the  kinematic  parameter  must  be  taken 
into  account,  as  is  discussed  next. 


Spacecraft  Attitude  Kinemat ics 


[I®  -  I^]w  =  H  X  w  -  T  (4)  evolution  of  the  attitude  quaternion  can 

~  be  represented  in  terms  of  quaternion  algebra,  as 

shown  in  [10] ,  but  is  here  decomposed  into  the  evo¬ 
lution  of  its  scalar  part  and  that  of  its  vector 


part  to  yield  as  in  [14]: 


3  = 

o  2 


(9a) 


jw  =  H(x)xt!)  -  T 


where  J :  =1^-1^  and 


(9b) 


i'  =  2^^o-  ^  ^ 


Ry) :  =  2^'^oi 


(16b) 


(17) 


In  view  of  the  identity 
2  T 

=  1 


(10) 


that  follows  from  the  definition  of  g.  in  eq.  (5), 
the  scalar  part  (9a)  of  the  kinematic  equations  may 
be  omitted,  provided  the  spacecraft  maneuver  (or 
the  choice  of  inertial  frame  of  reference)  is  con¬ 
strained  to  avoid  having  ~  0  (c>*^  equivalently 

g^'  =1):  that  is,  provided  the  instantaneous 
spacecraft  orientation  is  always  represented  by  a 
virtual  rotation  such  that  -jr  <  ^  <  rr .  One  may 
then  let 


X  =  i'  and  if  >  0  , 

X  =  -g.'  and  Y^  =  -p^  if  p^  <  0  , 
whence  it  follows  that 

=  \  1-1.^ 


(11) 


Any  orientation  is  equally  indexed  by  g.  or  -g.  (cf. 
[14]),  so  that  in  effect  X  =  g.'  for  that  attitude 
quaternion  for  which  g^  >  0. 

Reduced  Equations  of  Motion 


Given  that 

C(g)”^  =  C(g*) 


(12) 


where  g* :  =  col(g  ,  “§')  is  the  inverse  of  g  in 
quaternion  algebra  (cf»  [10]),  tje  total  angular 
momentum  in  inertial  coordinates,  H  ,  can  be  meas¬ 
ured  in  terms  of  the  initial  reduced  attitude 
parameter  y(0)  by  the  formula 

T  n  A  (13) 

=  C(-x(0)){I  a)(0)  +  I  ft(0)} 


where  the  change  of  bases  is  re-expressed  as 


C  =  C(x) 


T  2  T 

[2yy  +  (y^-x  i:)l  “  2y^Xx] 


(14) 


Nonlinear  Optimal  Control  Formulation 

The  customary  way  of  formulating  an  optimal 
maneuver,  say  for  the  terminal  reorientation  to 
coincide  with  the  inertial  axes,  is  to  pose  the 
optimal  control  problem  of  minimizing  the  perfor¬ 
mance  index 


J  Pj  +  J  Pj 

(18) 

t 

+  2^  +  q2(a(t)\(t)  + 

rt(t)^T(t)}dt 


subject  to  the  dynamic  and  kinematic  equations  (4) 

and  (9).  Zero  terminal  error  in  finite  time  can  be 

obtained  only  when  it  is  possible  to  let  p. ,  p^ 

12 

In  the  work  of  Vadali  and  Junkins  reported  in 
[7]  and  [8],  an  open  loop  approach  is  followed, 
with  the  state  equations  (4)  and  (9)  and 
corresponding  co-state  equations  iteratively  solved 
as  a  two-point  boundary  value  problem  by  relaxation 
or  continuation  methods. 

In  the  approach  taken  by  Carrington  and  Jun¬ 
kins  in  [12] ,  a  closed  loop  point  of  view  is  taken, 
with  the  optimal  nonlinear  feedback  law  represented 
by  a  linear  term  followed  by  progressively  more 
nonlinear  corrections.  This  can  be  done  recur¬ 
sively  by  linear  processes,  as  shown  by  this  author 
in  [10]  and  demonstrated  numerically  in  the  above 
mentioned  ref.  [12]. 

In  all  these  instances,  only  approximations  to 
the  optimal  torque  profile  can  be  obtained,  since 
solutions  cannot  be  given  in  closed  form.  (It 
should  be  noted  that  the  full  attitude  quanternion 
g  is  propagated  in  these  references,  but  only  its 
vector  part  g'  is  penalized,  as  was  found  in  par¬ 
ticular  necessary  to  obtain  convergence  of  the  Ric- 
cati  equation  that  generates  the  linear  feedback 
term. ) 


Equivalent  Linear  Formulation 


The  angular  momentum  in  body-fixed  coordi¬ 
nates,  H,  is  then  also  given  by 

(15) 

H  =  H(x(t))  -  C(x(t))r 

The  reduced  equations  of  motion  are  then  found 
from  eqs.  (9b)  and  (4)  to  be 


The  approach  followed  in  [14]  as  well  as  in 
the  present  paper  exploits  the  fact  that  the 
reduced  equations  of  motion  (16)  can  be  exactly 
transformed  into  an  equivalent  linear  system  ( in 
fact  into  three  decoupled  double  integrators),  by 
appropriate  change  of  coordinates  together  with 
appropriate  nonlinear  feedback:  the  new  state  vec¬ 
tor  is  defined  by 


X  =  r(y)to 


(16a) 

■  ■ 

1 

1 

X 

= 

."2 

X 

1 

is 

1 
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(cf.  eqs.  (16),  (17)),  and  the  new  input  is  given  by 

rv  \  fu/  ^  1  ^  (20) 

=  X  =  i(x)I  {H(x)  WX 

as  is  shown  in  Appendix  A  of  this  paper.  The 
transformed  equations  of  motion  thus  become 


^2  =  S 


(21a) 


(21b) 


The  attitude  and  angular  rate  variables  can  be 
recovered  from  the  formulas 

(22a) 

X  =  ^ 


^  ”1  T  .  (22b) 


where 


X 

o 


1  T 

\i^-^i  ^1 


(23) 


Care  must  be  exercised  in  choosing  the  atti¬ 
tude  trajectory  X*(t)  so  that  y  *(t)  >  0 
throughout,  for  otherwise  the  torque  r  becomes 
unbounded.  Since  usually  only  the  initial  and  ter¬ 
minal  attitudes  or  possibly  discrete  intermediate 
attitudes  are  specified,  x*(t)  can  be  shaped 
accordingly.  This  is  similar  to  'path  planning' 
for  robot  manipulators:  cf.  [16]. 

Terminal  Control 

By  terminal  control  is  meant  determining  a 
bounded  command  profile  for  reaching  a  desired  ter¬ 
minal  orientation.  For  an  infinite  horizon  one  is 
reduced  to  a  regulator  problem.  In  these  cases  the 
advantage  of  linearity  in  the  transformed  state 
equations  (21)  is  lost  if  the  transformed  perfor¬ 
mance  index  is  not  quadratic.  Therefore  the  angu¬ 
lar  velocity  and  torque  penalties  in  the  perfor¬ 
mance  index  (18)  are  replaced  here  by  penalities  on 

the  parametric  velocity  y_  and  acceleration  y, 
so  that  eq.  (18)  becomes 


2  Pj  r(tf)^  x(tj)  +  2  P2  2.(tf)^x(tj)  + 

+  X  /  ^{q,x(t)\(t)+q„r(t)\(t)+rx(t)\(t)'^}dt 
2  o  ^  2 


as  is  also  shown  in  Appendix  A.  The  torque  r  can 
then  be  recovered  from  the  transformed  input  u 
according  to  the  fundamental  inversion  formula 

-1  T 

T  =  -2J[y  I+y  XX  -X3:]n- 

1  -1  r  ° 

“  2  H^x)  ^  ^ 


likewise  derived  in  Appendix  A. 

Given  the  transformations  (19)  through  (24) , 
various  maneuvers  can  be  performed  exactly .  among 
which  model  (path)  following  and  terminal  control 
will  be  discussed  below. 

Path  Following 

By  path  following  is  meant  following  a  desired 
attitude  trajectory  x  *(t).  The  optimal  torque 
command  is  then  found  by  substitution  of  the  nomi¬ 
nal  attitudes,  rates  and  accelerations 


0)  =  2{y 


(y„*) 


X,^  ^  Y  ^ 


X*} 


(25b) 


which  is  equivalent  to 


I  x(t^)'^P  x(t^)  +  (26*) 

+  2  2.(t)  “(t)^  R  u(t)}dt 


where  P  ^  diag (p^I ,p^I) , 

Q  diag  (q^I ,  q^I)  and  R  =  r  I, 
with  pj^,  p^ ,  q^ ,  q2  2.  0  and  r  >  0. 

This  latter  performance  index  is  to  be  minim¬ 
ized  subject  to  the  transformed  state  equations 
(21) ,  with  the  weight  q  chosen  sufficiently  large 
so  that  x^(t)  ^(t)  <  1  for  0  ^  t  <.  t^  (for  posi¬ 

tive  X  =  Y  )/  with  q^  allowed  to  be  zero. 

0  0  2 

Another  approach,  followed  in  [14]  for  the 
case  of  attitude  control  with  external  torques,  is 
to  set  q^  =  q2  =  0,  whence  solutions  in  closed  form 
with  p^ ,  p^  “  can  be  obtained,  as  shown  in 

Appendix  B,  and  then  to  determine  the  locus  of  ini¬ 
tial  conditions  for  which  one  has 

T 

max  ( t )  X ^ ( t )  <  1 


u  =  X*  (25c) 


into  eq,  (24):  cf.  eqs.  (20),  (22). 


This  in  turn  reduces  to  evaluating  ^^(t)  at  (at 
most  two)  real  roots  of  (d/dt)  x  (t)  x^ ( t )  for  0  < 
t  <  t^,  as  is  discussed  more  fully  in  Appendix  C  of 
the  present  paper.  It  turns  out  that  y  (t)  remains 
positive  with  q  =  q  =0  for  maneuvers  where  the 
initial  angular  rates  are  not  too  large,  and  in 
particular  for  the  important  case  of  rest-to-rest 
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actual  attitude  and  rate  variables  will  thus  not 
coincide  in  general  with  their  nominal  values. 


maneuvers.  The  optimal  transformed  state  and  input 
trajectories  obtained  for  q-  =  =  0  and  after 
letting  p^ ,  p^  ®  are  shown  in  Appendix  B  to  be 
given  in  terms  of  (t/t^)  by 


Xj(t)  =  r(t)  =  +  (t/t^)}i.(0)  + 

+  {i-(t/tj)3^(t/tj)tj^  r(0) 


r(t)  = 


The  latter  can  be  generated  i^  the  transformed 
coordinates  ^  »  simply  by  integrating  the 

nominal  command  u  once  to  obtain  x  and  twice  for 
“  ~2 

X  .  Those  values  can  then  be  compared  on-line  with 
the  transformed  measured  states,  via  interfaces 
with  nonlinear  characteristics  given  by  eq.  (19) . 

A  time-invariant  linear  regulator  can  then  be 
designed  to  produce  a  correction  signal  Au  ,  to  be 
added  to  the  nominal  command  before  insertion 
thereof  into  the  interface  implementing  eq.  (24), 
to  excite  the  wheel  actuators. 


+  3{l-(t/t^)}{^  -  (t/t^)}x(0) 

li(t)  =  x(t)  =  (12/tj)  {(t/t^)  -  ^}x(0)  + 


The  complete  control  system  architecture  is 
similar  to  the  one  designed  in  [14]  for  the  case  of 
control  with  external  torque  commands,  except  for 
the  need  to  set  the  initial  angular  momentum 
H(x(0))  in  the  command  generation  loops. 


+(6/tj){(t/t^)  -  j}x(0) 

Command  Generation 


Discussion  and  Conclusions 

It  has  been  shown  that  the  equations  of  motion 
for  a  spacecraft  driven  by  internal  reaction  wheels 
can  be  globally  linearized  in  three  steps,  as  is 
reviewed  below. 


On-board  command  generation  for  exact  terminal 
control  can  be  carried  out  simply  by  exciting  three 
integrators  with  step  inputs  with  amplitudes  given 
by 

(6/tj){(2/tj)y.(0)  +  y.(0)} 

and  with  integrator  initial  conditions  given  by 
-(2/t^){(3/t^)Y.(0)  +  2y.(0)} 


In  the  first  step,  the  absence  of  a  net  exter¬ 
nal  torque  was  shown  to  permit  the  elimination  of 
the  wheel  dynamics,  which  can  be  expressed  in  terms 
of  the  Euler  attitude  parameters  and  the  angular 
velocity  of  the  body-fixed  reference  frame. 

As  a  second  step,  the  restriction  of  permissi¬ 
ble  maneuvers  to  those  that  avoid  the  orientations 
represented  by  virtual  +180  rotations  (with 
respect  to  the  otherwise  freely  chosen  inertial 
reference  frame),  permitted  the  reduction  of  the 
four-dimensional  Euler  attitude  quaternion  equa¬ 
tions  to  three-dimensional  'reduced'  Euler  parame¬ 
ter  equations. 


for  each  channel,  as  follows  from  differentiating 
eq.  (29),  which  is  seen  to  consist  of  ramp  inputs. 

The  input  voltages  to  the  electric  motors 
driving  the  reaction  wheels  can  then  be  generated 
by  passing  the  ramp  signals  u.(t)  through  a  memory¬ 
less  interface,  with  nonlinear  characteristics 
given  by  the  inversion  formula  (24)  (under  the 
presumption  that  the  motor  torques  are  proportional 
to  their  input  voltages) . 

The  nonlinear  interface  can  be  'hard  wired' 
off-line,  either  with  dedicated  integrated  circuits 
or  with  microprocessors,  inasmuch  as  the  transfor¬ 
mations  can  be  implemented  with  summers,  scalers 
and  multipliers  alone:  indeed,  y  “  |P  I  can  be 
synthesized  from  X  =  ±  if  can  also  be 
measured  by  the  same  attitude  determination  sensors 
and  processors  that  detect  the  other  Euler  attitude 
parameters.  Alternatively,  the  inversion  formula 
(24)  can  be  coded  as  a  fast  nonrecursive  subroutine 
within  the  autopilot  (command  generation)  software. 

Correction  for  Disturbances 

Disturbances  are  generally  introduced  in  the 
hardware  implementation,  such  as  the  effects  of 
parameter  variations,  e.g.,  oscillations  in  value 
of  inertia  matrices  due  to  flexible  modes,  or  else 
distortions  within  the  wheel  motor  dynamics.  The 


In  the  third  and  most  important  step,  the 
reduced  state  equations  were  transformed  into 
decoupled  double  integrators,  by  redefining  the  new 
state  to  consist  of  the  reduced  attitude  parameter 

X  and  its  first  time  derivative  x  »  and  the  new 
input  to  be  the  second  time  derivative  x* 

Given  the  reduced,  then  globally  linearized 
state  equations,  command  generation  tasks  such  as 
planning  and  following  a  prescribed  attitude  tra¬ 
jectory,  as  well  as  terminal  control  with  bounded 
accelerations,  were  then  formulated  as  analytically 
solvable  linear  problems,  with  state  inequality 
constraints  that  can  therefore  be  analytically 
tested . 

The  present  slew  control  scheme  is  more 
directly  implementable  than  the  similar  design  pro¬ 
posed  in  [14]  for  the  case  of  external  torque  com¬ 
mands,  inasmuch  as  reaction  wheel  torques  can  be 
precisely  varied  with  electromechanical  actuators, 
whereas  the  usual  hydrazine  jets  used  for  external 
torque  control  are  not  easily  throttled  to  follow 
other  than  bang-bang  commands. 
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It  should  be  pointed  out  that  if  variable 
external  torques  are  available  then  exact  prior 
detumbling  can  also  be  carried  out  by  linear  means. 


as  has  been  shown  by  the  author  in  [13]  .  In  any 
case,  bang-bang  control  with  external  torques  can 
be  used  to  bring  the  angular  velocity  down  to  lev¬ 
els  that  do  not  excite  the  feedback  singularity, 
which  can  be  mapped  out  off  line  as  described  in 
Appendix  C  of  the  present  paper.  One  is  then 
reduced  to  a  rest-to-rest  maneuver,  that  can  be 
performed  exactly  without  ever  exciting  the  feed¬ 
back  singularity. 
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Appendix  A:  Derivation  of  the  Linearizing 
Transformations 

The  following  formulas  will  be  needed: 

Rx)  ^  ^  ~  (Ai) 


(a/ao))  r(r)!i  =  Rr)  =  (A2) 

T  1  /2  -IT 

(9/6y)Yq  =  0/9x)  X)  =  "Yq  X  (A3) 

(9/9x)  r(x)iil  =  (9/9x)“(mY^  +  ~ 

=  -"[y  +  mx]  (A4) 

2  o 

X^llx)w  =  ^^Y^x"^^  x'^(xxi!j)}  ^  2  (A5) 


wxRx)w  =  ”  wx(xxw)  = 

1  ,  T  T  ,  (A6) 

=  2  ^ 

"^1  ”1  T 

Rx)  x  =  2(yx  +  Y  XXX“  x^x)  = 

^  -1  2 

=  2{y  X  Y  (1“Y  )x}  “  (2/y  )x 
*0''-  '  o  '  0  o  ^ 
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Eq.  (22b)  for  w  follows  from  eqs.  (19)  and  initialized  by 


Eq.  (20)  for  u  follows  from  the  insertion  of 
eqs,  (A2),  (A4) ,  (A5)  and  (A6) ,  together  with  eqs. 

(16a)  for  X.  and  (16b)  for  w  ,  into  the  chain  rule 
formula  below: 


u-X  “  (d/dt)x'= 


{  O/dx)  r(x)iiii X  {(9/dw)r(x)t 


0  1 

=  ^  I  2 


The  double  advantage  is  that  eq.  (B4)  is  a 
Lyapunov  equation,  hence  1 inear,  and  moreover  the 
terminal  penalties  p.  appear  inverted,  hence  may  be 
allowed  to  diverge  before  solving  the  equation. 
(The  latter  would  still  be  true  even  for  q.  4  0, 
although  then  eq.  (B4)  would  become  another  Riccati 
equation.)  By  partitioning 


Finally,  eq.  (20)  yields 
-jRx)  4  H(x)x(o  = 

=  -jRx)  ^  JRy)  ^X  H(x)xw 


whence  eq.  (24)  for  r  follows  from  the  insertion 

above  of  eq.  (A7). 

Appendix  B:  Derivation  of  the  Optimal 
Control  Solution 

The  minimizing  control  with  q^^  =  q2  =  0  but 
finite  p^  and  p^  is  given  by  the  standard  feedback 

law 


u(t)  =  -(l/r)[0  I]P(t^-t)x(t)  (Bl) 


n  =  =1,2,  with 

eq.  (B4)  is  reduced  to  the  system 
=  -(l/r)I  ,  ^^(0)  =  Q 


=022<^)'ni2 


(0)  =  0 


-011  (T)  =  Pll^^^  "  ^ 


after  letting  (1/p.)  — >  0,  i  =  1,2.  Eqs.  (B5)  can 
be  solved  sequentially,  to  yield 


n(T)  = 


1  1  2^ 
■rc  I  I 

13^  2  = 

r  1  2t  tI 

rr  I  = 


where  P(t)  is  the  positive  definite  solution  of  the 
matrix  differential  Riccati  equation 

=  ?<->  S  1]  ^  li  5]  - 


which  by  inversion  yields 


P(.)  =  (2r/.3)  (  61  3rl  ]  (B7) 

=  L  -  2^  iJ 


P(t)  [2]  (l/r)  [0  I]  P(t) 


in  terms  of  the  time-to-go  r  =  t  -  t,  initialized 
by 


=  9] 

l2 


(as  stated  without  proof  in  [141). 

Insertion  of  eq.  (B7)  into  eq.  (Bl)  yields  the 
optimal  feedback  law 

.  (B8) 

u(t)  =  -{6/(t^-t)^}x^(t)  -  {4/(t^-t)}^(t) 


which  when  inserted  in  the  double  integrator  eqs. 
(21)  yields  thet ime-vary ing  linearvector  equa- 
t  ion 


The  absence  of  a  mean  state  penalty  makes  it 
doubly  advantageous  to  propagate  instead  the 
inverse  matrix 


(t^-t)  x^(t)+4(t^-t)x^(t )+6x^(t)  =  0 


IKt)  =  P(t) 


The  evolution  equation  for  n(r)  is  obtained  by  pre- 
and  post-multiplying  eq.  (B2)  by  n(T)  and  changing 
sign,  to  yield 


(also  stated  without  proof  in  [14]),  which  has  a 
regular  singular  point  at  t  =  t^^  However,  eq. 
(B9)  is  fortunately  of  'Euler  type',  with  real 
roots  for  its  indicial  equation,  leading  to  a  sim¬ 
ple  closed-form  solution  of  the  form 


■h(r)  =  ||  |]n(r)  +n(T)B  2]-(i/r)[S  ;] 


ij(t)  =  (tj-t)^£  + 
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whence 


x^(t) 


-3(t^-t)  E. 


2( t^-t )a 


(BID 


and 

n(t)  =  6(t^-t)E.  +  2a 


(B12) 


The  vector  coefficients  a  and  a  are  obtained 
from  eqs.  (BIO)  and  (BID  with  t  -  0,  in  terms  of 

the  initial  data  x(0)  and  x(0)  =  r(x((^))  ^w(t)  »  as 
found  in  [14],  to  finally  yield  eqs.  (27),  (28), 
and  (29)  . 


Appendix  C:  Singularity  Avoidance 
Since  one  has 

£j(0)^ij(0)  =  x(0)\{0)  <  1 


by  hypothesis,  as  well  as  x  (t^)  =  0  by  inspection 
of  eqs.  (27)  or  (BIO),  it  follows  that  the  con¬ 
straint  y  (t)  >  0  will  be  violated  during  the 
maneuver  (§y  virtue  of  eq.  (ID),  if  and  only  if  it 
is  violated  at  an  interior  local  minimum  of 
Xi(t)  x^(t).  It  is  enough  therefore  to  examine  the 
extrema  of  the  normalized  quadratic 


If  the  tests  (C3)  and  (C4)  fail,  such  as  for 
very  high  initial  tumbling  rates,  then  the  commands 
defined  by  eq.  (29)  cannot  be  used.  In  this  case 
either  a  prior  detumbling  command  can  be  used,  as 
derived  exactly  in  [13]  for  the  case  of  external 
torques,  or  one  must  choose  a  sufficiently  large 
mean  state  penalty  q  on  x^  in  the  performance 
index  (26*):  in  this  case  £(t)  of  eqs.  (Bl)  and 
(B2)  must  be  recalculated,  and  the  locus  of  q  for 
which  yj^(t)  remains  positive  determined  therefrom. 

Appendix  D:  Simulation  Results 


For  the  sake  of  comparison,  the  spacecraft 
with  three  identical  orthogonal  reaction  wheels 
considered  by  Vadali  and  Junkins  in  [7]  was 
selected  for  simulation,  as  well  as  the  same 

maneuver  time  and  initial  conditions,  as  given 

below. 

The  spacecraft  products  of  inertia  were  there¬ 
fore  chosen  to  be  1°  -  87.212,  I^  =  86.067, 

1°  =  114.562,  1°.  =  -0.2237  for  i  ^  j,  and  the 

33  11 

common  axial  moments  of  ^nteria  of  the  reaction 
wheels,  all  in  kg‘m  ,  were  I^  =  0.05,  i=l,2,3. 

The  initial  Euler  parameters  were  chosen  as  in 
[7]  to  correspond  to  a  virtual  rotation  of  ^  =  100° 
about  the  axis  e^  =  (  1/  \f3  )  col  (1,1,1)  , 


y.(0)  =  p.(0) 


0.44227597,  i  -  1,2,3 


T  2 
E.  £  s 


+  5 


T 

E  as 


T 

2  q.  q 


=  0 


(Cl) 


for  0  <  s  <  1,  where  s:  =  (t^-t)/t^,  as  follows 

from  examining  the  formula 


(d/dt)  {x^(t)'^x^(  t)}  = 

=  -(t^-t  )^{3(t^-t)  W  +  5(t^-t)£^a  +  2q\} 


(C2) 


that  is  easily  derived  from  eq,  (BIO). 

The  feedback  singularity  will  occur  if  and 
only  if  it  occurs  at  t.  =  (l-s.)t^  for  j=l,2,  where 
the  s.  are  the  roots  oi  the  quadratic  (Cl).  Hence 
it  ii  enough  to  test  the  norm  of  x^(t)  at  two 
points  at  most,  that  is, 

X,  (t  (t  ,)  <  1  ,  j=l,2.  (C3) 

“1  J  1  J 


In  particular,  the  constraints  (C3)  will  be 
vacuously  satisfied  if  the  roots  of  (Cl)  lie  out¬ 
side  the  open  interval  (0,1),  as  is  the  case  for 
rest-to-rest  maneuvers  (as  seen  in  [14]).  The  con¬ 
straints  are  also  vacuously  satisfied  if  the  roots 
of  (Cl)  are  complex,  which  occurs  if  any  only  if 
the  condition 

2 

cos  (E.,q)  <  24/25  (C4) 


yo(0)  =  p^(0)  =  0.64278761. 

Again  following  [7] ,  the  initial  angular  velo¬ 
city  components  in  body  axes  in  radians  per  second 
were  chosen  to  be : 

w^(0)  =  0.01 

10^(0)  =  0.005 

oi^(O)  -  0.001 

The  reaction  wheels  were  supposed  to  be  ini¬ 
tially  at  rest: 

f2.(0)  =0.0  ,  i  =  1,2,3 


It  follows  from  eqs.  (13)  and  (14)  that  the 
inertiaj  components  of  the  total  angular  momentum 
in  kg  m  rad/sec  become: 


hJ  =  0.22030 
=  1.90914 

=  0.2  8042 

It  also  follows  from  eqs.  (16a)  and  (17)  that 
Y^(0)  =  0.0023294 


is  verified. 


^2(0) 


0.003  5972 
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y^iO)  =-0.0007843 


The  final  time  was  also  chosen  as  in  [7]  to  be 
t^  =  100.0  seconds. 

Figure  2  shows  the  simulated  evolution  of  the 

Euler  parameter  6  (t)  =  y  (t),  which  is  seen  to 
o  o 

have  been  driven  exactly  to  its  zero  target  at  the 
end  of  the  maneuver,  as  expected. 

Figures  3a,  b,  c  show  the  simulated  evolution 
of  the  body  components  ct>.  ( t )  of  angular  velocity  in 
radians  per  second,  whici  are  also  seen  to  have 
been  driven  exactly  to  their  zero  target. 

Figures  4a,  b,  c  show  the  simulated  evolution 
of  the  torque  components  T.(t),  which  are  seen  to 
have  remained  bounded  througiout  the  maneuver. 

It  should  be  noted  finally  that  the  axial 
angular  velocity  histories  fi.(t)  of  the  reaction 
wheels  can  be  synthesized  if  desired  from  the 
torque  component  histories  T.(t)  and  the  spacecraft 
angular  velocity  component  histories  w.(t)  by 
integration  of  eq.  (3),  which  yields 


(t)  =  (0)  +  w.  (0)- 

111 

(Dl) 

-  a).(t)  +  (l/I*)/*  t.(s)ds 

1  1  O  1 


for  i  =  1,2,3  and  0  ^  t  ^  t  .  Since,  as  can  be 
seen  from  figures  4a,  b,  c,  the  torque  components 
cross  over  from  positive  to  negative  approximately 
half  way  during  the  terminal  control  maneuver,  so 
that  the  integrals  in  eq.  (Dl)  can  be  expected  to 
be  small  for  t  =  t^.  Since  moreover 
(D.(t^)  =  0  and  12^(0)  =  0  by  design,  it  follows 
tiat  the  final  reaction  wheel  angular  velocities 
D.(t-)  should  be  comparable  to  the  initial  space¬ 
craft  angular  velocity  components  w.(0)  (with  more 
integrated  torque  ^contributions  the  smaller  the 
wheel  inertias  I.).  This  behavior  is  consistent 
with  the  'momentum  transfer'  character  of  the 
maneuver. 
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FEEDBACK  CONTROL  OF  SPACECRAFT  LARGE-ANGLE  MANEUVERS 
USING  REACTION  WHEELS  AND  ON-OFF  THRUSTERS 
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Abstract 


The  large-angle  maneuver  problem  with  reac¬ 
tion  wheels  and  on-off  thrusters  is  addressed. 
On-off  thrusters  are  used  for  the  maneuver  in  the 
large,  and  the  final  attitude  acquisition  is 
performed  by  reaction  wheels.  Nonideal  thruster 
operations  are  considered  and  analyzed. 

I.  Introduction 


spacecraft  principal 
moments  of  inertia 


Reaction  wheels  and 
common  spacecraft  attitud 
Thrusters  can  be  used  for 
with  short  maneuver  times 
and  fuel  weights.  Becaus 
nature  of  operation  they 
attitude  acquisition,  as 
effects  cause  chattering 
Reaction  wheels,  on  the  o 
and  maintain  precise  atti 


thrusters  are  the  most 
e  control  devices, 
large-angle  maneuvers 
at  the  expense  of  nozzle 
e  of  their  discontinuous 
are  unsuitable  for  precise 
inertia  and  hysterisis 
and  limit  cycling, 
ther  hand,  can  achieve 
tudes . 


J  =  wheel  axial  moment  of 
inertia 

U^ ,  U^ ,  ==  wheel  motor  torques 

L^ ,  L^ ,  ^3  “  external  torques. 

The  external  torques  along  each  axis  are  provided 
in  the  present  context  by  on-off  thrusters .  For 
the  spacecraft  attitude  description,  Euler 
parameters  are  used.  In  terms  of  the  four  Euler 
parameters  (Pq>  ^2 >  ^3^’  attitude  motion 

is  given  by 


IG(UJ)]  p 


Feedback  control  laws  for  large-angle 
maneuvers  have  been  obtained  for  reaction  wheel 
and  continuous  externaj.  ^orque  systems  using 
optimal^control  theory  ’  and  Liapunov's  second 
method.  In  this  paper,  the  large-angle  maneuver 
problem  with  reaction  wheels  and  on-off  thrusters 
is  addressed.  On-off  thrusters  are  used  for 
controlling  the  maneuver  in  the  large  and  reaction 
wheels  for  the  final  attitude  acquisition.  Control 
laws  are  selected  to  provide  ease  of  transfer 
between  the  two  modes  of  control.  Nonideal 
thruster  operations  are  considered  and  analyzed 
for  chattering  conditions. 

II.  Spacecraft  Dynamics  and  Kinematics 


[G(m)l 


"3  -“2 


It  is  well  known  that  the  Euler  parameters  are 
constrained  by  the  relation 

§  =  1  •  (3 


A  rigid  spacecraft  with  three  identical 
reaction  wheels  (configured  to  lie  along  each  of 
the  principal  axes  of  inertia)  and  thrusters  is 
considered  as  a  model.  In  terms  of  the  angular 
velocities  of  the  spacecraft  and  thg 

wheels  (Q  ,  the  equations  of  motion  are 


(Ij  - 


+  30^103  -  Uj  + 


(I2  -  J)u.2  =  (I3  -  Ii)iU3iUi  - 


+  -  U^  +  L- 

3  1  2  2 


III.  Maneuvers  With  Reaction  Wheels 

Several  stable  feedback  control  laws  ^or 
reaction  wheel  systems  have  been  developed 
through  Liapunov's  second  method.  In  essence,  a 
positive  definite  function  in  the  angular  velocity 
and  attitude  errors  is  selected  as  a  Liapunov 
function  and  its  time  derivative  is  guaranteed  to 
be  negative  semidefinite  by  proper  selection  of 
the  control  laws. 

Without  loss  of  generality  the  final  orienta¬ 
tion  is  assumed  to  be  g  =  [1,  0,  0,  0].  The  final 
angular  velocity  state  for  a  slewing  manuever  is 
=  0.  One  choice  for  the  Liapunov  function  (V) 
is 


(I3  -  J)u)3  =  (I^  - 


•H  -  U3  +  S 


jn,  =  u.  -  ju).  ,  i  =  1,2,3  (1) 

11  1 


V  =  (Po  -  1)'  ^  E  K 


:]■ 


With  no  thruster  action  (L.  =  0) , 
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(5) 


3 

V  =  X]  (P  .  ) 

^11  11 


j  =  1,  2,  ... 

K.  .  >  0 

J’-  i  =  1,  2,  3  . 

It  should  be  noted  that  the  structure  of  the  con¬ 
trol  laws  given  in  equation  (4)  is  not  unique,  and 
there  exists  a  singularity  for  a  rest-to-rest 
maneuver  involving  a  360°  reorientation.  For  such 
a  maneuver,  the  initial  conditions  are 

g(0)  =  [-1,  0,  0,  0]'^,  iu(0)  =  0 

and  a  different  control  law  can  be  obtained  by 
including  terms  such  as  in  the  Liapunov 

function . 

When  both  reaction  wheels  and  on-off  thrusters 
are  to  be  used  simultaneously,  V  in  equation  (5) 
is  given  by 

3 

V  =  V  O-W.  -  U).U.  +  uj.L.)  .  (7) 

1  1  11  11 


fuel  optimal  control  problems  can  be  easily 
formulated  and  necessary  conditions  for  optimality 
derived  by  using  optimal  control  theory. 

Generally,  the  thrusters  are  either  required  to 
switch  between  their  upper  and  lower  bounds,  or 
remain  off  for  a  finite  duration,  depending  on 
the  signs  of  switching  functions.  The  switching 
functions  in  turn  are  functions  of  the  co-state 
variables.  Moreover,  for  feedback  control,  the 
switching  function  should  be  expressible  in  terms 
of  the  state  variables.  For  continuous  external 
torque  systems,  it  is  possible  to  expand  the  co¬ 
state  variables  as  a  series  in  the  state  variables, 
with  coefficients  multiplying  the  linear, 
quadratic,  cubic  terms,  and  so  on.  The  coeffi¬ 
cients  can  then  be  selected  such  that  as  higher- 
order  terms  are  included  in  the  series,  the 
approximate  solution  to  the  optimal  co-state  vector 
converges  to  the  actual  solution.  One  drawback 
of  such  a  scheme  is  the  need  for  an  algebraic 
manipulator.  The  discontinuous  thruster 
operations  make  this  process  more  complicated, 
even  though  the  sgn  function  can  be  expressed  in 
terms  of  the  hyperbolic  tangent  function,  which  in 
turn  has  a  series  representation  with  poor 
convergence  properties. 

In  this  paper,  the  feasibility  of  using  the 
control  laws  developed  for  the  reaction  wheel 
systems  as  switching  functions  (with  proper  modi¬ 
fications)  is  examined.  If  this  can  be  done  with 
minimal  modifications  and  provide  acceptable 
performance,  switching  between  the  two  modes  of 
control  can  be  achieved  with  ease. 

As  a  preliminary  study,  two  control  laws  are 
chosen  as  candidates : 

Control  law  I:  L^  =  -  sgn[p^  +  ^li^^i^ 


Then,  for  asymptotic  stability  of  the  closed-loop 
system,  the  control  laws  may  be  selected  as 


U.  =  p.  +  K, .w.  +  . . , 

1  li  1 


=  -Iq  sgn[u).] 


i  =  1,  2,  3  (8) 


L.  =  L.  ,  i  =  1,  2,  3. 

0  1 

Since  the  wheel  speeds  (Q.)  do  not  appear  in 
V,  the  presence  of  constant  external  torques  may 
lead  to  excessive  momentum  buildup  and  wheel 
saturation  at  the  end  of  the  maneuver.  If  are 
included,  a  suitable  control  law  may  not  be  easily 
obtained.  Moreover,  using  reaction  wheels  and 
thrusters  simultaneously  may  not  be  practical  for 
slewing  maneuvers  of  tumbling  spacecraft  with  short 
maneuver  times.  For  this  purpose  it  may  be  advan¬ 
tageous  to  use  thrusters  for  the  maneuver  in  the 
large  and  reaction  wheels  for  high  precision 
terminal  control.  In  the  small  range,  the 
assumption  of  linearity  may  be  used  to  select  the 
gains  K...  For  fast  response  times,  the  gains  may 
be  deteriJiiged  through  the  critical  damping 
condition. 

IV.  Maneuvers  With  Thrusters 


In  this  section,  large-angle  maneuvers  with 
on-off  thrusters  are  considered.  Minimum  time  and 


(9) 

Control  law  II:  =  -  sgn[p^  +  ^i  ^ 

(10) 

The  second  control  law  is  reminiscent  gf  that  of 
the  minimum  time  single-axis  maneuver,  with 
=  (I.  -  J)/4L^,  as  p.  in  the  small  are  equivalent 
to  half  the  angular  displacements.  The  above 
control  laws  are  now  used  to  simulate  a  large- 
angle  maneuver.  The  boundary  conditions  are  given 
in  Table  1.  K  and  K  are  selected  such  that 

Kii  =  K^.  =  (l|^- 


Table  1.  Boundary  conditions. 


State 

Initial  Conditions 

Final  Conditions 

^2 

0.6428 

0.4423 

0.4423 

1 

0 

0 

0.4423 

0 

^3 

^1 

1.0  r/s 

0 

0.5  r/s 

0 

2 

“3 

0.1  r/s 

0 
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- CONTROL  LAW  #1 

-  CONTROL  LAW  #2 


I  ,  I„,  I,  are  86,  85,  and  113  Kgm  ,  respectively, 
and  J  =  0.05  Kgm"^.  The  magnitude  of  the  torque 
due  to  each  thruster  is  20  Nm.  Figures  1  and  2 
show  the  Euler  parameter  and  angular  velocities 
respectively.  For  each  maneuver  the  following 
performance  index  is  evaluated: 


Note  that  (1  -  =  2(1  -  Pq)»  due  to  the 

Euler  parameter  constraint  of  equation  3.  The 
final  time  and  the  value  of  the  performance  index 
are  given  in  Table  2, 


Table  2 


Control 

Law  # 

J 

(sec) 

1 

15.43 

16.8 

2 

11.86 

10.32 

It  can  be  seen  that  the  second  control  law 
allows  the  maneuver  to  be  performed  faster,  with 
slightly  lower  state  deviations,  when  compared 
with  the  first.  In  order  to  compare  these  maneuver 
times  with  that  of  an  equivalent  single  ax^s 
maneuver  of  a  spacecraft  with  I^  =  100  Kgm  ,  iu(0) 

=  1  r/s,  and  the  angular  displacement  0(0)  =  71/2, 
the  maneuver  time  is  computed  by  the  following 
equation: 


T'  -  U)(0)sgn[4(0)  ] 

I  ri 

+  2  ^  e(0)sgn[|(0)  ]  +  f  w(0)J 

(12) 

where 

C  =  6  +  i  “l"l  • 

2  Lq 

For  the  above  example,  T^  =  14.02  sec,  and  it 
is  comparable  with  the  maneuver  times  for  the  two 
control  laws. 

Up  to  this  point,  only  ideal  switching  has 
been  considered.  In  practice,  because  of  inertia 
and  hysterisis  effects,  delays  are  present  in  the 
switching  operations.  These  nonideal  effects  cause 
the  controls  to  chatter.  In  order  to  investigate 
the  nonideal  behaviour  of  the  above  control  la^'s^ 
one  must  use  the  concept  of  Fillipov  solutions  ’ 
to  study  the  sliding  motion,  which  is  an  ideali¬ 
zation  of  the  chatter  phenomena  in  the  vicinity  of 
the  switching  surfaces.  Specifically,  the  answers 
to  questions  such  as  ’’In  what  region  of  the  phase 
plane  does  sliding  occur?"  and  "Is  the  sliding 
motion  stable?"  are  needed. 

V.  Nonideal  Thrusting 

The  analysis  of  sliding  modes  is  done  by  the 
"equivalent  control  method"  in  which  the  actual 
control  is  replaced  by  an  equivalent  control  which 
idealizes  the  chattering  motion  (sliding)  in  the 
vicinity  of  the  s^^^tching  surfaces.  The  equivalent 
control  for  the  n  order  system 


9 


X  =  f (x)  +  B  L  , 


=  “  sgn[S^]  ,  i  =  1 ,  2,  .  .  .  m  , 


S  =  [S^, 


Hence  the  dimension  of  the  state  space  can  be 
reduced  to  4.  In  order  to  examine  the  stability 
of  the  system,  consider  the  Liapunov  function 


(Po  -  +  E  PI 

i=l 


It  can  be  shown  that 


is  given  by 


(GB)  Gf 


iti  "  ^ 


G  =  9S/8x  is  an  m  X  n  matrix. 

If  (GB)  is  a  diagonal  matrix,  then  the  suffi¬ 
cient  conditions  for  sliding  modes  to  exist  are 

lim  S.  >  0  (15) 


Equations  (19)  and  (21)  show  that  V  is  a  negative 
definite  function.  Hence  the  sliding  motion  is 
stable . 

Similar  analysis  for  the  second  control  law 
reveals  that  it  too  has  stable  sliding  properties, 
and  the  time  derivative  of  the  Liapunov  function 
of  equation  (20)  yields 


3  I.  - 


i  =  1,  2,  3 


lim  S.  <  0  . 


VI.  Conclusions 


The  properties  of  the  system  (13)  under  sliding 
conditions  are  obtained  by  replacing  L  in  equation 
(13)  by  L  from  equation  (14).  The  two  control 
laws  choseS  previously  are  now  studied  for  sliding 
conditions . 

Control  Law  1 


S-  =  P-  +  “fr- 

1  4L^ 


i  =  1,  2,  3 


The  large-angle  maneuver  problem  of  spacecraft 
with  reaction  wheels  and  on-off  thrusters  is 
treated.  The  feedback  controls  for  reaction  wheels 
are  obtained  by  the  use  of  Liapunov  theory.  The 
switching  functions  for  the  thrusters  are  the  same 
as  the  reaction  wheel  controls.  Simulations 
indicate  that  these  controls,  even  though  not 
optimal  in  any  sense,  perform  satisfactorily. 
Moreover,  since  the  same  functions  are  used  for 
both  modes  of  controls,  switching  from  thruster 
mode  to  reaction  wheel  mode  can  be  accomplished 
easily. 


It  can  be  shown  from  equations  (15)  and  (16) 
that  sliding  conditions  may  exist  if  the  following 
conditions  are  satisfied  on  the  switching  curves 

I'PQ^  ■  P3“2  P2“3^/^ 


For  nonideal  thrusting,  stability  in  the  small 
has  been  verified  through  Filipov  solutions  to  the 
sliding  modes.  Since  chattering  phenomena  may  not 
be  ideal  for  fragile  spacecraft,  it  may  be 
necessary  to  switch  from  thrusters  to  reaction 
wheels  when  the  sliding  conditions  are  satisfied. 
These  studies  are  currently  in  progress. 


^  4^:  '(^2  -  ^3^“2‘"3’l  "  I 


l'P3%  ^  Po"2  -  Pl^]/2 


'-^2^1  +  +  Poi03]/2 


+  ^  [(I3  -  <l  (18) 


For  sufficiently  small  states,  these  conditions 
may  be  satisfied.  On  the  switching  curves  (S.  =0) 
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Abstract 


This  paper  presents  the  stability  and  control 
analysis  for  large  angle  feedback  reorientation 
maneuvers  using  reaction  jets.  Strapdown  inertial 
reference  system  provides  spacecraft  attitude 
changes  in  terms  of  quaternions.  Reaction  jets 
with  pulse-width  pulse-frequency  modulation  provide 
proportional  control  torques.  The  use  of  quater¬ 
nions  as  attitude  errors  for  large  angle  feedback 
control  is  investigated.  Closed-loop  stability 
analysis  for  the  3-axis  maneuvers  is  performed 
using  the  Liapunovas  stability  theorem.  Unique 
characteristics  of  the  quaternion  feedback  are 
discussed  for  single-axis  motion  using  a  phase- 
plane  plot.  The  practical  feasibility  of  a  3-axis 
large  angle  feedback  maneuver  is  demonstrated  by 
digital  simulations. 

Introduction 

In  many  future  spacecraft  missions,  large  angle 
reorientation/ slew  maneuvers  will  be  required. 
Conventional  single-axis  small  angle  feedback  con¬ 
trols  may  not  be  adequate  for  the  3-axis  large 
angle  maneuvers.  Many  open-loop  schemes  (for 
example,  see  [1,  2]) have  been  proposed  for  large 
angle  maneuvers.  The  purely  open-loop  maneuvers 
do  not  require  any  measurement  for  feedback,  thus, 
there  is  no  possibility  of  the  closed-loop  insta¬ 
bility,  However,  in  practice,  they  are  sensitive 
to  the  spacecraft  parameter  uncertainties  and  to 
the  unexpected  disturbances.  In  general,  combina¬ 
tion  of  feedforward/feedback  controls  are  desir¬ 
able. 

In  an  earlier  work,  Mortensen  [3,  4J  suggested 
the  use  of  Cayley-Rodriguez  parameters  and  quater¬ 
nions  as  attitude  errors  for  large  angle  feedback 
control.  He  extended  the  conventional  linear 
regulator  concept  to  the  case  of  3-axis  large 
angle  motion.  Hrastar  [5]  applied  Mortensen^ s 
control  logic  to  the  large  angle  slew  maneuver  of 
an  Orbiting  Astronomical  Observatory  (OAO)  space¬ 
craft.  Recently,  similar  feedback  control  logic 
was  compared  with  the  model-reference  adaptive 
slew  maneuver  about  the  Euler  axis  [6]. 

In  most  of  the  slew  maneuver  studies,  reaction 
wheels  have  been  extensively  used  for  torquing 
devices.  The  use  of  on-off  reaction  jets  for  slew 
maneuvers  is  also  often  required.  The  so-called 
’’bang-of f-bang"  may  be  the  most  common  maneuver 
profile  using  the  on-off  reaction  jets.  Rapid 
slew  maneuver  about  the  Euler  axis  using  reaction 
jets  has  been  investigated  by  D’Amario  and  Stubbs 
[7]. 
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*  Engineering  Specialist,  Systems  Analysis  Dept., 
Member  AlAA 

**  Principal  Engineer,  Systems  Analysis  Dept., 
Member  AIAA 


In  general,  it  is  necessary  to  know  the  space¬ 
craft  attitude  at  all  times  for  feedback  controls. 
The  large  angle  orientation  can  be  represented  by 
direction  cosine  matrix,  Euler  angles,  or  by 
quaternions.  Quaternions  [8,  9],  also  called  Euler 
parameters,  allow  the  description  of  the  spacecraft 
orientation  in  all  possible  attitudes.  Quaternions 
have  no  inherent  geometrical  singularity  as  do 
Euler  angles;  there  are  no  singularities  in  the 
kinematical  differential  equations  as  do  Cayley- 
Rodriguez  parameters;  and  successive  rotations 
follow  the  quaternion  multiplication  rules.  More¬ 
over,  quaternions  are  well-suited  for  onboard  real 
time  computation  since  only  products  and  no  trig¬ 
onometric  relations  exist  in  the  quaternion  equa¬ 
tions.  Thus,  spacecraft  orientation  is  now  commonly 
described  in  terms  of  quaternions  (e.g.,  HEAD,  space 
shuttle,  and  Galileo  [10]). 

This  paper  presents  the  stability  and  control 
analysis  of  3-axis  large  angle  feedback  maneuvers 
for  a  spacecraft  which  has  an  onboard  microprocessor 
and  strapdown  inertial  reference  system.  The  rate 
integrating  gyros  operate  in  a  pulse  rebalance  loop 
to  provide  incremental  angle  changes  to  the  quater¬ 
nion  integration  algorithm.  The  spacecraft  has 
also  earth  and  sun  sensors,  but  not  star  sensor. 
Nearly  proportional  control  torques  are  provided  by 
pulse-width  pulse-frequency  modulated  reaction  jets. 
The  use  of  quaternions  as  attitude  errors  for  large 
angle  feedback  control  will  be  investigated.  Char¬ 
acteristics  of  quaternion  feedback  will  be  discussed 
using  phase-plane  plot  for  single-axis  motion. 
Closed-loop  stability  analysis  of  quaternion  feed¬ 
back  will  be  performed  by  using  Liapunovas  stability 
theorem.  The  practical  feasibility  of  the  large 
angle  feedback  maneuver  will  be  demonstrated  by 
digital  simulations. 

Reorientation  Maneuver  Requirements 

Future  spacecraft  systems  may  use  an  integrated 
high  efficiency  bi-propellant  propulsion  system  for 
both  apogee  and  perigee  maneuvers  thereby  reducing 
space  shuttle  launch  costs.  The  orbital  maneuvers 
will  then  be  performed  in  the  3-axis  stabilized 
mode  in  order  to  control  a  spacecraft  with  high 
liquid  mass-fraction. 

One  of  the  unique  characteristics  of  this  system 
is  the  non-spinning  deployment  from  the  space 
shuttle.  Many  current  satellites,  which  are  3-axis 
stabilized  in  orbit,  are  spin-stabilized  during 
orbit  injection.  Thus,  they  are  deployed  from  the 
space  shuttle  as  spin-stabilized.  However,  if  the 
spacecraft  is  3-axis  stabilized  by  using  gimballed 
main  engine  during  perigee  maneuver,  then  it  may  be 
beneficial  to  have  non-spinning  deployment  from  the 
shuttle.  Reaction  jets  with  5-lb  thrust  level  are 
being  considered  for  3-axis  attitude  control  of  the 
spacecraft  shown  in  Fig,  1. 
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Imperfect  deployment  could  induce  an  initial  tip- 
off  rotational  rate  which  may  induce  large  angle 
tumbling  motion,  if  it  is  not  actively  controlled. 
However,  the  reaction  jets  should  be  disabled  until 
the  spacecraft  is  separated  from  the  space  shuttle 
by  200  ft,  due  to  the  shuttle  safety  requirement. 
The  coast  period  without  an  active  attitude  control 
is  about  200  sec  since  the  expected  deployment  rate 
is  1  ft/sec  for  the  spacecraft  considered  in  this 
paper.  During  this  period,  the  spacecraft  will 
coast  with  large  attitude  drift  due  to  an  initial 
deployment  tip-off  rate  of  0.5  deg/sec  in  its 
transverse  axes  (negligible  in  longitudinal  axis) . 
The  strapdown  inertial  reference  system  must  track 
the  spacecraft's  attitude  drift  during  this  coast 
period.  After  being  separated  from  the  space 
shuttle  by  200  ft,  the  reaction  jets  are  enabled 
to  reorient  the  spacecraft  to  its  desired  attitude. 
Thus,  the  spacecraft  may  require  a  large  angle 
reorientation  maneuver  up  to  180  degrees. 

The  perigee  orbit  injection  maneuver  requires 
a  total  velocity  pointing  error  of  +3  deg  (3  sigma). 
Part  of  the  pointing  error  is  due  to  the  attitude 
determination  error  which  includes  the  bias  and 
scale  factor  errors  of  the  gyros  and  also  the 
computational  error  of  the  strapdown  attitude  algo¬ 
rithm.  The  reorientation  pointing  requirement  is 
allocated  as  +^.5  deg  (3  sigma)  which  is  mainly 
due  to  attitude  determination  errors.  A  functional 
block  diagram  for  the  attitude  determination  and 
control  system  is  shown  in  Fig.  2. 

Attitude  Determination  and  Control 


Consider  the  general  case  of  a  rigid  spacecraft 
rotating  under  the  influence  of  body-fixed  torquing 
devices.  The  Euler  equations  of  motion  about  the 
principal  axes  of  inertia  are: 


(la) 

I2W2  +  =  ^2 

(lb) 

+  (I^  -  I^)oj^ai2  =  T^  (Ic) 

where  (o)^,  ,  OJo)  >  (1]_»  ^2*  ^3^’  ^^1’  ^2’  *^3^ 

are  the  spacecraft  angular  rates,  the  moments  of 
inertia,  and  the  control  torques  about  the  princi¬ 
pal  axes,  respectively. 

Euler's  rotational  theorem  states  that  the  rigid 
body  attitude  can  be  changed  from  any  given  orien¬ 
tation  to  any  other  orientation  by  rotating  the 
body  about  an  axis,  called  the  Euler-axis,  that  is 
fixed  to  the  rigid  body  and  stationary  in  inertial 
space.  The  quaternion  then  defines  the  spacecraft 
attitude  as  an  Euler-axis  rotation  from  an  inertial 
reference  frame.  The  four  elements  of  quaternions 
are  defined  as: 


Ql  =  sln(<j)/2) 

(2a) 

Q2  =  ^2  sin(^/2) 

(2b) 

sin(<j)/2) 

(2c) 

=  cos((t)/2) 

(2d) 

where  c[)  is  the  magnitude  of  the  Euler-axis  rotation 
and  (C3,  C^,  C3)  are  the  direction  cosines  of  the 
Euler  axis  relative  to  the  inertial  reference  frane. 

The  kinematical  differential  equations  for  the 
quaternion  are: 


2Qi  = 

“1Q4  -  "2S  “3‘^2 

(3a) 

2Q2  = 

“1Q3  +  "2^4  ■  “3*^1 

(3b) 

2Q3  = 

(3c) 

^<^4  = 

-  “1^1  -  “2'^2  - 

(3d) 

with  the  constraint  equation  of  quaternion  unit  norm 


2  2  2  2 

‘^3  ^ 

The  initial  condition  of  Q.  in  Eq.  (3)  defines 
the  initial  spacecraft  attitude  w.r.t.  the  inertial 
reference  frame.  For  example,  initial  quaternions 
of  (0,  0,  0,  1)  define  that  the  spacecraft  is  ini¬ 
tially  aligned  with  the  inertial  reference  frame. 

For  small  attitude  changes  from  the  inertial 

,  Q  =  1) ,  we  have 
from  Eq .  (3)  .  Thus, 
for  small  angles: 
01  =  2Q^,  ©2  =  2Q2,  and  9^  =  2Q^  where  (0^,  0^,  ©3) 
are  the  conventional  Euler  angles.  For  a  simple 
rotation  about  the  fixed  Euler-axis,  we  also  h^ve 
the  relations:  CO3  =  ^  and  0O3  =  €3(1) 

where  Cj ,  C^,  and  C3  are  constant  direction  cosines 
of  the  Euler-axis  wTr.t.  the  inertial  reference 
frame . 


reference  frame  (Q  Q  =  Q  ^  0 
2Q^  =  0)3,  2Q^  =  and^2Q3 


the  folloxijing  approximations 


The  quaternion  kinematical  differential  equations 
are  linear  with  time-varying  coefficients  for  known 
body  rates.  They  have  repeated  eigenvalues  at 


/  2  2  2 
+j  ^  W3  +0)3  +0)3  /  2 . 

In  other  words,  the  quaternion  equations  are 
neutrally  stable  for  any  value  of  angular  rate 
input.  This  property  may  cause  some  difficulty  in 
the  numerical  integration  of  the  quaternion  equa¬ 
tions.  All  explicit  numerical  methods  which  are 
suitable  for  real-time  computation  have  stability 
boundaries  that  do  not  include  the  imaginary  axis 
except  the  origin.  Therefore,  any  truncation  or 
roundoff  errors  introduced  in  the  computation  will, 
in  general,  not  die  out.  The  strapdown  attitude 
algorithm  to  be  implemented  in  the  onboard  micro¬ 
processor  xizill  be  discussed  later. 


The  quaternion  feedback  control  laws  to  be  con¬ 
sidered  in  this  paper  are: 

Control  Law  #1 


-T 

c 

[ 

+ 

(4a) 

-T 

c 

[  Kq2 

K2U2  ] 

(4b) 

-T 

c 

[  Kq^ 

+ 

^3^3  1 

(4c) 
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Control  Law  //2 


Control  Law  //I: 


L  =  -L  t  ^ 

■^2  "  "^c  ^  ‘^'12 /‘l4^  ■*■  V2  ^ 

T3  =  -T^  [  Kq3/q/  +  K3a>3  ] 

Control  Law  #3 

T3  =  -T^  [  sgnCq^)  Kq^  +  ] 

L  "  "L  f  ^§"<^'14)  ^^2  ’^2'^2  ^ 


(5a)  !((;  +  T^Kj^(})  +  T^K  sln((f>/2)  =  0  (8a) 

(5b)  Control  Law  #2: 

10  +  T  K_<i>  +  T  K  sin(0/2)/cos^(0/2)  =  0  (8b) 

(5c)  c-R  c 

Control  Law  113: 

10  +  T  K  0  +  T  K  sgn  r  cos(0/2)  ]  sin(0/2)  =  0 

(6a)  (8c) 


where  i>  is  the  single-axis  attitude  error,  and 
(6b)  attitude  control  about  the  origin  is  considered 
here. 


T3  =  -T^  I  sgn(q^)  Kq^  +  ] 


(6c) 


where 


where  q^  is  the  control  error  quaternion,  is 
the  commanded  attitude  quaternion  w.r.t.  the  iner¬ 
tial  reference  frame,  Q.  is  the  currently  estimated 
spacecraft  quaternion  w.r.t.  the  inertial  reference 
frame,  and  is  the  control  torque  level  of  reac¬ 
tion  jets;  K  and  are  positive  control  gains. 


Eq.  (7)  is  the  result  of  successive  quaternion 
rotations  using  the  quaternion  multiplication  and 
inversion  rules.  The  control  error  quaternion, 
q^,  is  simply  the  current  spacecraft  attitude 
quaternion  w.r.t,  the  commanded  attitude.  For  a 
special  case  of  attitude  regulation  w.r.t.  the 
inertial  reference  frame,  the  commanded  quaternion 
is  (0,  0,  0,  1).  Then,  the  currently  estimated 
spacecraft  quaternion  simply  becomes  the  control 
error  quaternion.  Also  for  an  inertially-f ixed 
commanded  attitude  quaternion,  Q.  becomes  the  con¬ 
trol  error  quaternion  with  re-initialization  using 
Eq.  (7). 


The  three  control  laws  presented  above  are 
analogous  to  a  conventional  feedback  control  law 
in  that  the  control  torque  is  a  function  of  position 
and  rate.  The  first  is  linear  feedback  of  state 
variables,  while  the  second  and  third  are  nonlinear 
feedback  control.  The  pulse-width  pulse-frequency 
modulator  was  considered  as  a  linear  device  in  the 
above  equations.  The  theoretical  background  of 
such  assumption  will  be  discussed  later. 


A  Special  Case  of  Single-Axis  Large  Angle  Rotation 

Some  physical  insight  of  the  quaternion  feedback 
control  laws  can  be  obtained  by  considering  a 
single-axis  large  angle  rotation.  The  closed-loop 
equations  with  the  control  laws  #1,  2,  and  3  can 
then  be  written  as: 


We  notice  that  the  closed-loop  equations  have 
linear  viscous  damping  and  nonlinear  "spring"  terms, 
Eq.  (8a)  is  similar  to  the  nonlinear  equation  of  a 
simple  pendulum  with  viscous  damping.  Thus,  the 
closed-loop  behavior  of  the  control  law  #1  is  very 
much  similar  to  the  nonlinear  behavior  of  a  simple 
pendulum  with  large  angle  motion  [17,  18]. 

A  typical  phase-plane  plot  of  Eq.  (8a)  is  shown 
in  Fig.  (3).  Every  trajectory,  other  than  the 
separatrices  going  into  the  saddle  points,  ulti¬ 
mately  approaches  one  of  the  stable  equilibrium 
points.  The  number  of  full  rotations  before 
reaching  the  equilibrium  point  depends  on  the  ini¬ 
tial  magnitude  of  rate.  As  to  be  expected,  the 
greater  the  initial  rate,  the  greater  the  number  of 
full  rotation  before  reaching  the  stable  equilibrium 
point. 

The  separatrices  come  into  the  saddle  points  at 
(f)  =  +2'!r,  +6Tr,  whereupon  the  spacecraft  has  the 

choice  of  rotating  either  in  the  same  direction  or 
backward.  Such  saddle  points  in  Fig.  (3)  corres¬ 
pond  to  the  upside  down  position  of  a  simple  pendu¬ 
lum  problem  (but  with  (|)  =  180  deg).  The  stable 
equilibrium  points  are  (^  =  0,  +4Tr,  ...  as  can  be 
seen  from  Eq.  (8a).  For  the  control  law  #1,  the 
saddle  points  correspond  to  =  -1;  the  stable 
equilibrium  points  correspond  to  Q4  =  1.  It  is 
important  to  note  that  both  the  saddle  and  stable 
points  in  Fig.  3  correspond  to  the  physically 
identical  orientation. 

Similar  phase-plane  plots  for  Eqs.  (8b)  and  (8c) 
can  also  be  constructed,  which  have  saddle  points 
at  (J)  =  +Tr,  +37r,  ...  and  stable  equilibrium  points 
at  (j)  =  0,  ±2it,  +477,  ...  Simple  phase-plane  inter¬ 
pretation  discussed  here  may  be  useful  to  gaining 
physical  insight  into  3-axis  large  angle  motion. 

Liapunov  Nonlinear  Stability  Analysis 

Closed-loop  stability  is  the  major  concern  in 
any  feedback  control  system  design.  If  the  system 
is  linear  and  time-invariant,  many  stability  cri¬ 
teria  are  available.  If  the  system  is  nonlinear, 
such  stability  criteria  do  not  apply.  For  small 
angles,  the  system  with  the  control  laws  discussed 
previously  become  the  classical  single-axis  posi¬ 
tion  and  rate  feedback,  which  is  well-known  to  be 
closed-loop  stable.  For  single-axis  large  angle 
motion,  the  stability  can  be  easily  studied  using 
phase-plane  plot,  as  discussed  before.  However, 
for  3-axis  large  angle  motion,  it  is  not  obvious 
whether  such  control  laws  can  provide  global 
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closed-loop  stability  or  not. 


The  Liapunov  second  method  (also  known  as  the 
Liapunov  direct  method)  to  be  used  in  this  paper 
may  be  the  most  general  method  for  the  determina¬ 
tion  of  stability  of  nonlinear  systems.  By  using 
the  Liapunov  second  method,  we  can  determine  the 
stability  of  a  system  without  solving  the  state 
equations.  Only  inertailly-f ixed  commanded  attitude 
quaternion  is  considered  here. 

First,  consider  the  control  law  #1.  After 
substituting  Eqs.  (4)  and  (7)  into  the  Euler  equa¬ 
tions,  multiply  each  equation  by 

respectively.  After  multiplying  each  equation  of 
Eq.  (3)_by  TcKCQi-Qj^),  and 

T^K(Q^-Q/^)  respectively,  add  these  equations  to  the 
previously  modified  Euler  equations.  We  then  have 


V  =1  I  00.W.+2T  K  EO.  (O.-Q.)— T  EK.co.  <0  (9 

.^111  c.t'i  1  1  a.ii 

1^1  1=1  1=1 

A  positive  definitie  Liapunov  function,  V,  can 
then  be  found  as 


T  K  F (Q.  -  Q.)  >0 


Thus,  the  closed-loop  system  with  the  control  law 
#1  is  asymptotically  stable  in  the  large,  since  V <  0, 
lim  V(x)  =  0  and  lim  V(x)-x»,  where  x  is  the  state 

t-K»  1 1 X  1 1  ^ 

vector.  The  stable  equilibrium  point  with  this 

control  law  is:  "  ^2  ”  ^3  ~  ^  ^i  ~  ^i  ” 

1,  2,  3,  4).  Thus,  this  control  law  reorients  the 
spacecraft  to  the  desired  attitude  from  an  arbitrary 
initial  orientation. 

Similarly,  for  the  control  law  //2,  substitute 
Eqs.  (5)  and  (7)  into  the  Euler  equations,  then 
multiply  each  equation  by  2co^,  20)2,  ^^3 

respectively.  Multiply  each  equation  of  Eq.  (3)  by 
-T  K(Q.  +  2Q./q^'^),  i  =  1,  2,  3,  4.  Add  these 
equations  to  the  previously  modified  Euler  equa¬ 
tions,  we  then  have 


V  =2  Z  1.(0. 03.  -  2T  K  Z  Q.(Q.+Q.)+2T  K(l-2q,  )q, 

...111  C.i  l  ll  C  4  4 

1=1  1=1 


=-2T  Z  K.co.  <  0 
c ,  ,  1  1 
1=1 


A  positive  definitive  Liapunov  function,  V,  can 
then  be  found  as 


^2^-2  -2 
V  =  Z  I.CO.  -T  K  Z  (Q.+Q.)  +2T  K(q^+q^  ) 

i=l  i=l 


Q-  ^  equilibrium  point 

with  Q.^=  -Q.  is  physically  the  same  orientation 
with  Qi  =  Q.i  For  an  initial  error  of  q^  <  0,  the 
second^control  law  becomes  positive  position  feed¬ 
back;  it  provides  a  shorter  path  and  least  action 
to  reach  the  desired  equilibrium  point. 

For  small  angles,  the  three  control  laws  provide 
the  same  linear  performance.  However,  for  large 
angles,  they  provide  significantly  different  perfor¬ 
mances.  The  becomes  zero  as  the  Euler  rotation 
angle,  (|)  ,  becomes  180  degrees.  Thus,  the  second 
control  law  can  result  in  a  nearly  infinite  control 
signal  for  certain  initial  orientations.  The  first 
control  law,  however,  never  results  in  such  a  situ¬ 
ation  since  the  magnitude  of  q.  (i  =  1,2,3)  is  never 
greater  than  one.  For  an  initial  orientation  with 
q  <  0,  however,  the  second  control  law  provides 
more  efficient  reorientation  maneuvers  as  discussed 
before . 

The  3rd  control  law  provides  an  efficient 
reorientation  maneuver  for  an  arbitrary  initial 
orientation  without  the  possibility  of  an  infinite 
control  signal.  Feedforward  time-varying  slew 
command  can  also  be  generated  to  achieve  smooth  and 
time-  and/or  fuel-optimal  maneuvers.  In  this  paper, 
we  consider  feedback  reorientation  maneuvers  with 
simple  step  attitude  change  command;  time-varying 
slew  command  [7,  16,  20]  is  not  considered. 

In  the  previous  stability  analysis,  the  position 
gain  has  been  restricted  to  be  the  same  in  each 
axis.  Such  a  restriction  resulted  in  an  easy 
determination  of  the  Liapunov  function.  It  doesn't 
mean  that  the  control  laws  discussed  before  become 
unstable  without  such  constraint.  Asymptotic  sta¬ 
bility  in  the  large  has  not  yet  been  proven  when 
different  position  gain  is  used  in  each  axis.  Al¬ 
though  we  can't  conclude  anything  about  global 
stability  from  the  stability  of  linearized  system, 
it  is  known  that  when  a  linearized  system  is 
asymptotically  stable  the  nonlinear  system  from 
which  it  is  derived  is  also  asymptotically  stable 
[17]. 

Consider  the  control  law  #1  with  different 
position  gain  in  each  axis.  When  the  closed-loop 
system  is  linearized  near  the  equilibrium  point, 
the  result  is  three  uncoupled  linear  second-order 
systems.  These  are  easily  proven  asymptotically 
stable  by  conventional  methods.  Thus,  the  original 
nonlinear  system  is  also  asymptotically  stable  with 
different  position  gain  in  each  axis. 

For  a  special  case  of  3-axis  large  angle  motion 
but  with  small  angular  rate,  the  global  stability 
of  the  control  laws  (//I,  2,  3)  with  different 
position  gain  in  each  axis  can  also  be  easily 
proved  by  Liapunov  stability  theorem, 

PWPF  Modulator 


=  Z  I  (0  +2T  K(-l+q,  )>0  (since  q.  .<  1)  (12) 

.  T  1  1  c  ^4  4 

1=1 

Thus,  the  closed-loop  system  with  the  control  law 
//2  is  also  asymptotically  stable  in  the  large, 
since  V  <  0,  lim  V(x)  =  0,  lim  V(x)^. 

t-Ko  11x11^ 

Note  that  there  exist  two  asumptot ically  stable 
equilibirum  points  with  the  second  control  law: 


The  Pulse-Width  Pulse-Frequency  (PWPF)  modulator 
has  been  assumed  as  a  linear  device  in  the  previous 
analysis.  In  this  section,  the  theoretical  back¬ 
ground  of  such  assumption  will  be  briefly  discussed. 
The  PWPF  modulator  sho^m  in  Fig.  4a  produces  a 
pulse  command  sequence  to  the  thruster  valve  by 
adjusting  the  pulse  width  and  pulse  frequency.  In 
the  linear  range,  the  average  torque  produced 
equals  the  demanded  torque  input.  The  pulse  width 
is  very  short  and  the  pulse  frequency  is  usually 
fast  compared  ot  the  spacecraft  rigid  body  dynamics . 


The  static  characteristics  of  the  modulator  are 
good  enough  for  rigid  spacecraft  attitude  control, 
while  the  dynamic  characteristics  of  the  modulator 
are  needed  for  flexible  spacecraft  attitude  control, 
>  see  Wie  and  Plescia  [15]. 


With  a  constant  input,  the  PWPF  modulator  drives 
the  thruster  valve  with  an  on-off  pulse  sequence 
having  a  nearly  linear  duty  cycle  with  input  ampli¬ 
tude.  The  duty  cycle  or  modulation  factor  is 
defined  as  the  average  output  of  the  modulator. 

The  static  characteristics  of  the  continuous-time 
modulator  for  a  constant  input  E  are  as  follows: 


Minimum  Pulse  Width 

^  T  h/K  U 
m  mm 

(14a) 

Internal  Deadband 

E  =  U  /K 
d  on  m 

(14b) 

Saturation  Level 

E  =  U  +  U  ,,/K 
s  ra  off  m 

(14c) 

where  h  =  U  -  U  =  hysterisis  width, 
on  off 


The  U  ,  U  ,  K  ,  and  T  are  the  design 
parameters  of°the  modulator™  A  typical  plot  of  the 
duty  cycle  which  is  nearly  linear  over  the  range 
above  deadband  and  below  saturation  is  shown  in 
Fig,  4b, 


where  )^  +  (  )^  +  (  )2 

=  1/2  [  A6^Q^  -  A92Q3  +  A03Q2  ] 

=  1/2  [  AGj^O^  +  AG^Q^  -  AG^Qj^  ] 

R3  =  1/2  [-AGj^Q^  +  AG2Q3  +  AG3Q^  ] 

R4  =  1/2  [-AGj^Qj^  -  AG2Q3  -  A03Q^  ] 

and  incremental  angle 

outputs  from  the  gyros  over  the  quaternion  inte¬ 
gration  time  step,  T.  The  body  rates  to  be  used 
for  feedback  controls  are  simply  A0^/T. 

Different  strapdown  attitude  algorithms  can  also 
be  found  from  Refs.  [10-12],  Such  algorithms 
require  the  previous  samples  of  the  gyro  outputs 
as  well  as  the  current  ouptuts.  For  any  algorithms 
there  exist  computational  errors  due  to  Taylor 
series  truncation  and  microprocessor  finite  word 
length.  Another  type  of  error  also  exists  known  as 
degradation  of  quaternion  unit  norm  length.  However 
this  error  can  be  eliminated  by  normalization  of  the 
quaternion  update  equation.  Trade-off  between  algo¬ 
rithms  complexity  vs.  algorithm  truncation  and 
roundoff  errors  is  generally  required. 


A  discrete-time  PWPF  modulator  for  microprocessor 
implementation  is  also  shown  in  Fig.  4c.  The  modu¬ 
lator  gets  an  input  signal  every  T  sec  and  causes 
pulse  command  updates  every  T/4  sec.  Equation 
(13a)  derived  for  a  continuous-time  modulator 
becomes  invalid  for  a  discrete-time  modulator.  An 
equality  relation  for  the  discrete-time  modulator 
with  T/4  sec  minimum  pulse  width  can  be  obtained  as 

h  <  K  U  T/4T  <  2U  (15) 

mm  m  on 

where  T  is  the  microprocessor  sampling  period. 

The  modulator  provides  an  effective  loop  gain 
reduction  at  lower  frequency  and  additional  phase 
lag  at  higher  frequency.  The  phase  lag  of  the 
modulator  decreases  as  the  time  constant  T 
decreases.  Detailed  describing  function  analysis 
of  the  modulator  can  be  found  from  Ref.  [15], 

Quaternion  Integration  for  Strapdown  Inertial 
Reference 

There  are  a  number  of  numerical  methods 
available  for  solving  the  quaternion  equations. 
Methods  which  can  be  applied  to  the  strapdown 
attitude  algorithms  include  Taylor  series  expansion 
[5,  16],  rotation  vector  concept  [10-12],  Runge- 
Kutta  algorithms,  and  state  transition  matrix  [13]. 
Of  these  methods,  the  Taylor  series  expansion  lends 
itself  well  to  the  use  of  an  incremental  angle  out¬ 
put  from  the  digital  rate  integrating  gyros. 

The  strapdown  attitude  algorithm  using  the 
4th-order  Taylor  series  expansion,  which  requires 
only  the  current  information  from  the  gyros  can  be 
written  as  [16] ; 

Q^(t+T)  =  Q^(t)  +  R^(t)  -  D^Q^(t) 

1st  2nd 

-  D^R^(t)/3  +  D^Q^(t)/6  (16) 

3rd  4th-order 


Digital  Simulation 

A  digital  simulation  was  used  to  verify  the 
practical  feasibility  of  large  angle  feedback 
maneuvers.  The  spacecraft  inertias  are  given  in 
Fig,  1.  The  control  torque  level  of  reaction  jets 
is  assumed  as  20  N-m  in  each  axis,  with  negligible 
cross-axis  coupling.  The  gyro  has  quantization  of 
0.9  arcsec/pulse,  residual  drift  rate  of  0,1  deg/hr, 
and  scale  factor  error  of  0.5%.  It  was  assumed 
that  only  drift  bias  is  estimated  and  calibrated  in 
the  shuttle  before  deployment.  Thus,  the  scale 
factor  error  of  0.5%  is  relatively  large  and  con¬ 
sidered  as  the  worst  case.  The  32-bit  onboard 
microprocessor  has  64  msec  cycle  time  and  48  msec 
process  delay. 

The  attitude  determination  error  was  defined  as 
the  difference  between  the  true  spacecraft  attitude 
and  the  attitude  computed  from  the  strapdown  iner¬ 
tial  reference  system  using  the  gyros.  Thus,  the 
attitude  errors  consist  of  errors  due  to  residual 
drift  rate  and  scale  factor  error,  and  strapdown 
attitude  update  computational  error.  Because  of  a 
relatively  fast  sampling  period  of  64  msec,  the 
pointing  error  is  dominated  by  the  gyro  sensor 
error  not  by  computational  error.  Thus,  attitude 
update  algorithm  with  the  first-order  Taylor  was 
good  enough  for  preliminary  analysis  and  simulations 
The  true  spacecraft  attitude  was  computed  by  means 
of  a  4th-order  Runge-Kutta  routine  with  integration 
time  step  of  16  msec  in  double  precision. 

The  results  of  a  typical  simulation  using  the 
control  law  //I  are  shown  in  Fig.  5  through  8.  The 
desired  attitude  quaternion  is  assumed  as  (0,  0,  0,  1) 
The  initial  body  rates  are:  O)  =  0)  =  0.53  deg/sec 

and  co^  =  0.053  deg/sec.  The  control  loop  with  K  = 
0.5  and  -  200  is  enabled  at  t  =  200  sec.  Thus, 
for  the  reorientation  manevuer,  the  initial  orien¬ 
tation  is:  Qi  =  0.685,  =  0.695,  Q3  =  0.153,  and 

-  0.153  with  Euler  rotation  angle  of  162  deg. 

The  spacecraft  quaternions  shown  in  Fig.  5 
approach  the  desired  value  in  a  well-behaved 
manner.  Figure  6  shows  the  time  histories  of  the 
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body  rates  and  the  Euler  rotation  angles.  Note  that 
the  Euler  rotation  angle  decreases  in  an  exponential 
manner.  Figure  7  shows  the  time  histories  of  the 
jet-firings.  The  periods  of  acceleration  and  decel¬ 
eration,  and  attitude  hold  are  evident.  The  jet 
firings  are  acceptable  in  practical  sense,  although 
the  maneuver  was  not  "optimal**  like  an  ideal  "bang- 
off-bang".  Total  jet  firing  time  was  50  sec  during 
the  300-sec  reorientation  and  500-sec  attitude  hold 
mode.  Figure  7  also  shows  some  measure  of  spacecraft 
attitude  determination  error,  which  meets  the 
pointing  requirement  of  0.5  deg  after  reorientation 
maneuver.  The  attitude  determination  error  increases 
as  the  spacecraft  attitude  drifts  due  to  the  scale 
factor  error.  Once  the  control  loop  is  closed  (at 
t  =  200  sec),  the  pointing  error  decreases  with  an 
offset  error.  The  offset  error  is  due  to  the 
different  path  between  the  coast  and  the  reorienta¬ 
tion.  The  attitude  error  increases  very  slowly  as 
time  goes  on  due  to  the  gyro  drift  bias. 

The  attitude-hold  mode  with  K  =  100  and  =  200, 
which  is  automatically  initiated  at  the  end  of  the 
maneuver,  maintains  the  attitude  of  the  spacecraft 
inside  the  control  loop  deadband  as  shown  in  Fig. 

8.  The  effective  deadband  angle  was  chosen  as  0.1 
degrees . 

Conclusions 

The  stability  and  control  analysis  for  large 
angle  feedback  reorientation  maneuvers  with  strap- 
dovm  inertial  reference  system  have  been  presented. 
The  control  logic  was  a  simple  extension  of  the 
conventional  feedback  control  to  the  3-axis  large 
angle  coupled  motion.  Some  physical  interpretation 
of  quaternion  feedback  was  given  using  a  phase-plane 
plot.  Liapunov’s  stability  theorem  was  used  to 
determine  the  global  stability  of  the  closed-loop 
system.  The  maneuver  discussed  in  this  paper  was 
not  necessarily  optimal  in  the  theoretical  sense 
of  minimum  time  and/or  fuel.  However,  the  closed- 
loop  system  approached  the  desired  attitude  in  a 
well-behaved  manner.  Dominant  pointing  error  source 
was  shown  to  be  the  effect  of  the  gyro  scale  factor 
because  of  the  nature  of  large-angle  maneuvers. 
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COMPARISON  OF  VARIOUS  CONTROLLER-REDUCTION  METHODS: 
SUBOPTIMAL  VERSUS  OPTIMAL  PROJECTION 


84-1033 


D.  C.  Hyland* 

Harris  Corporation,  GASD,  Melbourne,  FL  32902 


Abstract 


Several  suboptimal  approaches  to  reduced-order 
controller  design  are  compared  with  the  new  optimal 
projection  formulation  of  the  quadratically  optimal 
fixed-form  compensator  problem.  The  substantial 
similarities  and  significant  differences  among  the 
various  design  techniques  are  highlighted  by 
placing  the  design  equations  of  all  methods  within 
a  common  notation.  Basically,  all  methods  charac¬ 
terize  the  reduced-order  controller  by  a  projection 
on  the  full  state  space.  The  suboptimal  methods 
construct  this  projection  on  the  basis  of  balancing 
considerations  while  the  optimal  projection  equa¬ 
tions  define  it  as  a  consequence  of  optimality  con¬ 
ditions.  Issues  relating  to  relative  computational 
simplicity  and  design  reliability  are  explored  by 
applying  two  of  the  methods  to  the  same  example 
problem. 

1 .  Introduction 

The  design  of  reduced-order  dynamic  controllers 
for  high-order  systems  is  of  considerable  impor¬ 
tance  for  applications  involving  large  spacecraft 
and  flexible  flight  systems  and  extensive  research 
has  recently  been  devoted  to  this  area.  This  paper 
reviews  and  compares,  both  theoretically  and  compu¬ 
tationally,  several  current  approaches  to  reduced- 
order  controller  design. 

One  procedure  for  addressing  this  problem  is 
to  first  apply  some  suitable  model  reduction  algo¬ 
rithm  to  reduce  the  plant  model  to  the  dimension 
desired  for  the  controller  and  then  obtain  an  LQG 
controller  which  is  optimal  for  the  reduced  model. 

A  second,  and  perhaps  more  satisfactory  approach  is 
to  predicate  the  control  design  upon  a  higher  order 
model  and  then  to  reduce  the  dimension  of  the  con¬ 
trol  ler .  Of  course,  this  technique  presupposes 
that  some  form  of  model  reduction  is  still  employed 
to  reduce  the  originally  very  high  order  plant 
model  to  a  "Riccati-sol vable"  dimension. 

Because  they  all  reflect  the  latter  "control¬ 
ler  reduction"  philosophy  and  exhibit  significant 
similarities,  we  confine  attention  here  to  the 
fol lowing  methods : 

1)  Balanced  Controller  Reduction  Altorithm  (BCRA) 

--This  is  the  internal  balancing  model  reduc¬ 
tion  approach  of  Moore^  applied  to  the  con¬ 
troller  reduction  problem. 

2)  Balanced  Controller  Reduction  Algorithm  - 

Modified  (BCRAM) 

--A  modification  of  BCRA  by  Yousuff  and 
Skelton  .2 


4)  Optimal  Projection  Conditions  (OPC) 

--These  design  equations  are  actually  the  nec¬ 
essary  stationarity  conditions  for  quadrati¬ 
cally  optimal,  fixed-order  compensator  design 
in  the  form  originally  derived  in  Reference  4. 
Subsequently,  the  derivation  was  significantly 
improved  and  strengthened  by  Hyland  and 
Bernstei n . ^ 

5)  Approximate  Optimal  Projection  Conditions  -- 
nth  iterate  (AOPCp,) 

--This  denotes  the  iterative  algorithm,  termi¬ 
nated  at  the  nth  iterate,  for  solution  of  the 
OPC  as  described  in  Reference  6.  Under  benign 
conditions,  this  algorithm  is  locally  conver¬ 
gent  so  that  AOPCp  becomes  equivalent  to  OPC 
as  n—  ^ . 

A  basic  distinction  among  the  above  methods 
should  be  noted:  (1)  -  (3)  are  admittedly  sub¬ 
optimal  approaches  based,  essentially,  upon  balanc¬ 
ing  considerations  while  formulation  (4)  and  its 
computational  implementation  (5)  arise  from  consid¬ 
eration  of  quadratically  optimal,  fixed-order  com¬ 
pensator  design. 

Of  course,  the  stationary  conditions  for  fixed- 
form  compensation  have  been  written  down  (see  [7- 
12],  for  example).  However,  full  exploitation  of 
the  stationary  conditions  has  no  doubt  been  retard¬ 
ed  by  their  extreme  complexity.  What  is  lacking, 
to  quote  the  insightful  remarks  of  [11 ],  "is  a 
deeper  understanding  of  the  structural  coherence  of 
these  equations."  The  contribution  of  References 
[4]  and  [5]  was  to  show  how  the  orginally  very  com¬ 
plex  stationary  conditions  can  be  reduced,  without 
loss  of  generality,  to  much  simpler  and  more  tract¬ 
able  forms.  The  resulting  equations  preserve  the 
simple  form  of  LQG  relations  for  the  gains  in  terms 
of  covariance  and  cost  matrices,  which,  in  turn, 
are  determined  by  a  coupled  system  of  two  modified 
Riccati  equations  and  two  modified  Lyapunov  equa¬ 
tions.  This  coupling,  by  means  of  a  projection 
(idempotent  matrix)  whose  rank  is  precisely  equal 
to  the  order  of  the  compensator,  represents  a 
graphic  portrayal  of  the  demise  of  the  classical 
separation  principle. 

The  compensator  form  which  naturally  emerges 
from  this  formulation  is  fully  defined  by  the  gains 
and  by  the  projection  matrix,  whose  row  and  column 
spaces  are,  respectively,  the  observation  and  con¬ 
trol  subspaces  of  the  compensator.  In  fact,  the 
stationary  conditions  are  of  such  a  form  that  they 
determine  this  "optimal  projection"  together  with 
the  gains. 


3)  Component  Cost  Algorithm  (CCA) 


--An  application  of  Component  Cost  Analysis  to 
this  problem  by  Yousuff  and  Skelton.^ 


*  Leader,  Control  Systems  Analysis  and  Synthesis 
Group,  Member,  AIAA. 


It  must  be  emphasized  that  the  emergence  of 
such  a  compensator  projection  does  not  represent  an 
a  priori  assumption  regarding  the  controller  struc¬ 
ture  but  rather  is  a  consequence  of  the  first- 
order  necessary  conditions. 
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The  highly  structured  character  of  the  optimal 
projection  conditions  not  only  gives  rise  to  direct 
numerical  solution  procedures  (as  has  been  illus¬ 
trated  in  [6])  but  also  sheds  light  on  the  various 
suboptimal  techniques.  One  aim  of  this  paper  is  to 
elucidate  the  fundamental  connections  existing  be¬ 
tween  the  fixed-order  compensator  optimality  condi¬ 
tions  and  the  balancing  approaches  of  methods  1-3. 


Js  4  lim  J/|ti  -  tol 
tj -tof“ 

J  —  f  6t  E[x'^R^x  +  u'*'R2u]  ■  (3) 

^  to 

R'j  >  0,  R2  >  0 


Note  that  since  method  4  above  constitutes  the 
optimality  conditions  for  fixed-order  compensation, 
it  theoretically  represents  the  "best"  controller- 
order  reduction  scheme--i.e.  it  gives  the  minimum 
(zero)  degree  of  suboptimality  and  can  thus  serve 
as  a  standard  of  comparison.  On  the  other  hand, 
solution  of  OPC  via  the  iterative  algorithm  of 
method  5  entails  more  computational  effort  than 
methods  1-3.  Thus,  the  second  major  goal  of  this 
paper  is  to  examine  the  tradeoffs  between  the 
greater  computational  simplicity  of  methods  such  as 
1-3  versus  the  possibilities  of  improved  perform¬ 
ance  and  design  reliability  offered  by  method  5. 

The  plan  of  the  paper  is  as  follows.  After 
presenting  the  general  problem  formulation,  we 
establish  a  common  notation  and  display  the  basic 
equations  of  all  methods  side  by  side  (see  Table  1 
below).  This  permits  the  various  design  approaches 
to  be  compared  quite  directly  and  introduces  con¬ 
siderable  efficiency  in  the  discussion.  After 
addressing  several  important  theoretical  issues,  we 
finally  apply  a  selection  of  the  methods  to  a  sin¬ 
gle  numerical  example  which  involves  a  20  state 
reduced-order  version  (see  Reference  [13])  of  the 
C5DL  ACOSS  Model  No.  2.  The  theoretical  and  numer¬ 
ical  results  allow  several  conslusions  to  be  drawn 
regarding  the  comparative  efficiency  and  subopti¬ 
mality  of  the  several  design  methods.  In  particu¬ 
lar,  it  is  shown  that  with  modest  increase  in  com¬ 
putational  effort  the  optimal  projection  approach 
produces  stable  and  optimal  designs  in  cases  where¬ 
in  some  suboptimal  methods  fail  to  yield  stable 
designs . 


is  either  minimized  (subject  to  the  structural  con¬ 
straints  implicit  in  (2))  or  at  least,  rendered  as 
small  as  is  practicable.  The  challenging  aspect  of 
the  problem  is  that  in  accordance  with  practical 
implementation  constraints  associated  with  the  lim¬ 
itations  of  on-line  software,  N^  (the  dimension  of 
the  compensator)  is  chosen  in  advance  to  be  some 
number  which  is  less  than  the  plant  dimension. 

Within  the  above  problem  formulation,  it  is  now 
possible  to  distill  all  methods  considered  here  in¬ 
to  a  common  notation.  Although  reasonably  obvious, 
the  assertions  made  below  beginning  with  equation 

(4)  and  concluding  with  equation  (16)  and  Table  1 
are  substantiated  for  methods  1-3  in  the  Appendix. 
No  additional  confirmation  is  required  for  the  op¬ 
timal  projection  equations  since  the  following 
ideas  were  explicitly  stated  for  OPC  in  [4]  and 

[5] . 

First,  it  can  be  shown  that  all  design  methods 
considered  establish  a  projection  of  rank  N^: 

7  e  f^NxN^  t2  -  t  ^  i-ank  (r)  =  N(-  (4) 

which  characterizes  the  observation  and  control 
subspaces  encompassed  by  the  compensator.  More¬ 
over,  a  factorization  of  7  is  always  employed  (at 
least  implicitly)  which  has  the  form: 

T  =  gTr  (5.  a) 

where  /"and  g  are  full-rank,  N^  x  N  matrices  satis¬ 
fying: 


2 .  Problem  Statement  -  Setting 
Up  a  Common  Notation 

The  problem  addressed  concerns  the  linear, 
finite-dimensional,  time-invariant  system: 

X  =  Ax  +  Bu  +  w^ ;  X  ^  IR^ 

Y  =  Cx  +  W2;  Ye  IR^ 


rgT  =  gpT  =  (5.b) 

Note  that  if  r  is  a  projection,  then  /"and  g 
satisfying  (5.b)  always  exist  such  that  (5. a)  holds. 

Secondly,  it  can  be  shown  that  methods  1-5  all 
produce  matrices  K,  F,  Aq  of  the  form: 

K  =  KgT  ] 


where  x  is  the  plant  state,  A  is  the  plant  dynamics 
matrix  and  B  and  C  are  control  input  and  sensor 
output  maps,  respectively.  W'j  is  a  white  distur¬ 
bance  noise  with  intensity  matrix  0  and  w^  is 

observation  noise  with  nonsingular  intensity  V2>0. 

The  problem  addressed  by  all  the  methods  listed 
above  is  to  design  a  constant  gain  dynamic  compen¬ 
sator  of  the  form: 

u  =  -Kq,  uelR^ 

q  =  A(-q  +  FY,  qelR^c  ■  (2) 


F  =  TF  L  (6) 

Ac  =  r(A  -  FC  -  BK)gT 

where 

K  =  R^  bT  P 
F  =  Q  C^ 

and  where  P  and  Q  are  both  symetric  and  positive 
semi-definite,  N  X  N  matrices. 


Nc  <  N  ■>  In  summary,  all  methods  yield  the  closed-loop 

system  equations: 

such  that  the  quadratic,  steady-state  performance 
index: 


X 


=  Ax  -  BKg'^q  + 
q  =  r(A  -  FC  -  BK)gTq  +rF(CX  =  W2) 


r  (8) 


with  K  and  F  given  by  (7).  In  other  words,  the  re¬ 
duced-order  compensator  takes  the  form  of  a  full- 
order  compensator  projected  down  to  an  -  dimen¬ 
sional  subspace.  The  fact  that  (4)  -  (8)  hold  for 
the  various  suboptimal  design  methods  was  recently 
recognized  in  [14]. 


Thus,  the  principal  distinction  among  the  de¬ 
sign  methods  rests  in  the  manner  in  which  P,  Q  and 
T(or  equivalently  -Tand  g)  are  constructed.  To 
elucidate  this  matter,  we  first  introduce  the  lemma 
(see  [15]): 

Lemma.  Suppose  M-j  €  IrNxN  €  IrNxN  ^^.0  posi- 

ti vY  semi -definite .  Then  the  product  M=  M^M2  is 
semi-simple  (i.e.  all  Jordan  blocks  are  of  order 
unity)  with  real,  non-negative  eigenvalues. 


For  convenience,  let  us  also  set  up  some  addi¬ 
tional  notation  relating  to  semi-simple  matrices. 

If  M  €  is  semi-simple,  then,  for  some  non¬ 

singular  (h  : 

M  X4>  -1  (9) 


where  a  is  the  diagonal  matrix  of  eigenvalues 
of  M. 


Now,  letting  uk  denote  the  column  of  4>  and 
vj  the  of  (9)  may  be  expressed  as: 


PI 


T 

k=1 


(10. a) 


where  the  sets  of  vectors  u-j 
mutually  biorthonormal --i .e. :  *  ^ 

'1  ;  K  =  j 


are 


0 


K  X  j 


(10. b) 


and  where  we  adopt  the  convention  that  the  Xk's 
are  arranged  in  order  of  descreasing  magnitude: 


|Xi  I  >  IX2I  >  .  •  •  >  1X^-1  I  >  I^nI  (IO.c) 

(10. a)  is  clearly  analogous  to  the  standard  re¬ 
sult  for  the  spectral  decomposition  of  a  normal 
matrix.  For  this  reason,  we  may  term  the  quantify: 


(11) 


the  ei gen-projection  of  M  associated  with  the 
eigenvalue  (under  convention  (10. c)).  In  view 
of  (10. b),  the  7r[^[M]  form  a  set  of  unit  rank, 
mutually  disjoint  projections: 


(7r^[M])  =  7r^[M] 

7rK[M]  TTj  [M]  =  0  if  K  5^  j 


and  PI  is  written: 

N 

M  =  E  ^k[M]  (13) 

K=1 


with  convention  (10. c). 

This  notation  together  with: 


Ap  A  A  -  TP,  Aq 
P  A  PXP,  q  A 

’i  A  In  -  T 


rA  C’^V'L 

A  A  -  QI,  Ac 

QAQ 


(14) 

A  A  -£P  -  Q£ 

(15) 

(16) 


allows  us  to  state  the  basic  design  equations 
rather  succinctly.  Table  1  lists  the  equations 
determining  P,  Q  and  7  for  BORA,  BCRAM,  CCA,  AOPC^ 
and  OPC,  where  P,  Q,  P  and  Q  are  required  to  be 
positive^semi-def inite.  In  view  of  the  above 
Lemma,  Qp  and  QP  are  all  semi -simple  with  real, 
non-negative  eigenvalues.  Thus  all  the  methods 
displayed  construct  the  projection  r  as  the  sum  of 
Nc  (disjoint)  eigenprojections  associated  with  the 
Nc  largest  eigenvalues  of  a  semi-simple  matrix. 

Not  shown  in  Table  1  is  the  computational  algo¬ 
rithm,  AOPCn  for  solution  of  the  optimal  projection 
equations.  This  algorithm  proceeds  as  follows: 

AOPCn 

1 )  To  start,  set  Tq  = 

2)  Using  the  previous  iterate,  '^k-1> 

solve  the  OPC  equations  for  P,  Q,  P  and  Q. 

3)  Determine  the  eigenvalues  and  eigenvectors 
of  QP  and  form  the  eigenprojections 
\[Qn;  K  =  1,...,  N. 

(In  general  there  will  be  N>N0  non-zero 
eigenvalues.  If  there  are  exactly  non¬ 
zero  eigenvalues  at  this  point,  then  the 
OPC's  are  satisfied  identically.) 

4)  SetTj^  equal  to  the  sum  of  eigenprojections 
corresponding  to  the  N^  largest  eigen¬ 
values  of  QP. 

5)  Terminate  if  either  (a)  K  =  n  or  (b)  ratio 

of  the  (Nq  +  1)’^*^  to  the  eigenvalues 

of  QP  falls  below  some  preassigned  conver¬ 
gence  tolerance,  €  «  1  (in  which  case  the 
optimal  projection  conditions  are  satisfied 
to  an  acceptable  approximation).  Other¬ 
wise,  increment  K  and  return  to  Step  2. 

In  the  following  discussion,  we  shall  con¬ 
stantly  refer  to  Table  1  using  the  equation  desig¬ 
nations  indicated--i .e.  the  first  OPC  equation  will 
be  referred  to  as  Equation  (OPC-a),  etc. 
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Table  1 


BCRAM 


::i;a 

BCRA 

&  AOPCj 

OPC 

:  =  PA  ^  A^p  -  3  + 

0  =  PA  .  aV  -  p  t  Rj 

0  •  PA  +  A^P  -  p  + 

0  .  PA  +  a"^?  -  p  +  px^+ 

(a) 

0  =  qa‘  +  AQ  -  q  + 

0  =  QA^  +  AQ  -  q  + 

0  =  QA^  +  AQ  -  q  +  Vj 

0  “  QA^  +  AQ  -  q  +  q  'cj+  V  ^ 

(b) 

0  =  OAJ  +  Ap  Q  t  q 

0  =  QaJ  +  A^Q  +  q 

0  *  QaJ  +  ApQ  +  ^ 

0  -  9aJ  +  ApQ  +  q  -  q  x j 

(0 

— 

0  *  PA^  +  a!  P  +  p 
c  c  ^ 

0  >  PAq  +  aJ  P  +  p 

0  »  PAq  .  aJ  P  .  p  -  xl  p  X, 

(d) 

X  •  t  TTJqM 
k=l 

x  ■  t  TTJqp] 

k.l 

X  •  7Tk  [  qM 

k-l 

X  •  ll  7T.[  qM 

k-l  ^ 

(e) 

3 .  Theoretical  Comparisons 

The  above  description  of  AOPCp  together  with 
Table  1  summarizes  all  the  design  methods  very 
succinctly.  The  similarities  among  the  methods 
are  evident.  First,  as  already  noted,  all  meth¬ 
ods  construct  the  compensator  projection  from  the 
eigenprojections  associated  with  the  largest 
eigenvalues  of  a  product  of  two  non-negative  defi¬ 
nite  matrices.  This  provides  additional  motivation 
for  the  use  of  the  term  "optimal  projection"  in 
connection  with  the  formulation  of  [4,5]  since, 
there,  the  projection  is  determined  via  optimality 
not  balancing  considerations. 

Secondly,  all  methods  compute  the  cost  ma¬ 
trices  Q  and  P  as  solutions  to  Riccati  equations 
or  modified  Riccati  equations.  Furthermore,  BCRA, 
BCRAM  and  OPC  construct  i  from  the  product  QP 
where  Q  and  P  are  either  controllability  and  ob¬ 
servability  grammians  for  the  compensator  (as  in 
the  case  of  BCRA)  or  are  closely  analogous  quanti¬ 
ties-  The  fact  that  CCA  lacks  a  Lyapunov  equation 
for  P  entails  less  of  a  distinctjon  than  might 
first  be  thought  since  the  term  p  (=PIP)  appearing 
in  (CCA-e)  is  essentially  the  nonhomogeneous , 
driving  term  in  the  Lyapunov  equations  determining 
P^in  the  other  methods.  Thus,  the  eigenvalues  of 
Qp  (termed  the  "component  costs"  in  [3])  assign  a 
relative  weighting  to  the  eigenprojections  in  a 
manner  analogous  to  the  other  methods. 

In  connection  with  equations  (a)  and  (b)  of 
the  various  methods,  it  was  stated  in  [14]  that  the 
optimal  projection  design  is  simply  the  projection 
of  an  LQG  controller.  Equati ons  (7 )  and  (8)  show 
that  this  would  indeed  be  so  if  P  and  Q  in  (7)  were 
determined  as  solutions  to  the  LQG  Riccati  equa¬ 
tions  (as  in  CCA,  BCRA  and  BCRAM).  However,  in 
contrast  to  the  suboptimal  approaches,  the  OPC 
equations  for  P  and  Q  are  modified  Riccati  equa¬ 
tions  containing  additional  terms  involving  the 
projection.  Thus,  except  under  very  special  cir¬ 
cumstances,  the  optimal  fixed-order  compensator  is 
generally  not  a  projection  of  an  LQG  design. 

Indeed,  the  one  striking  distinction  is  that 
in  OPC,  the  equations  determining  P,  Q,  P  and  Q  in¬ 
volve  the  compensator  projecitnn  explicitly.  In 
essence,  the  terms  and  ^i4.T|T  (which  are 

lacking  in  the  suboptimal  approaches)  serve  to 
couple  the  "model  reduciton"  portion  of  the  prob¬ 
lem  (equations  (OPC-C)  and  (OPC-d))  with  the  gain 
computation  portion  ((OPC-a)  and  (OPC-b)).  An 


indirect  result  of  this  feature  is  that  only  OPC 
fully  accounts  for  the  fact  that  the  loop  is  being 
closed  by  an  -  order  compensator.  In  fact,  as 
mentioned  previously,  OPC  constitutes  the  first- 
order  necessary  conditions  for  the  optimization 
problem--the  optimal  fixed-order  controller  design 
must  entail  satisfaction  of  the  optimal  projection 
equations.  Also,  under  mild  geometric  restrictions, 
solution  of  the  optimal  projection  equations  guaran¬ 
tees  closed-loop  stability.  In  view  of  these  prop¬ 
erties,  OPC  can  serve  as  a  theoretical  standard  of 
comparison  for  all  the  other  (suboptimal)  methods. 

Judging  from  the  appearance  of  the  design  equa¬ 
tions,  BCRAM  is  the  one  suboptimal  method  most  sim¬ 
ilar  to  OPC.  In  fact,  as  indicated  in  Table  1, 

BCRAM  and  AOPC^  are  identical.  Basically,  the 
BCRAM  equations  are  the  optimal  projection  equations 
with  the  coupling  terms  in  omitted,  and  numerical 
evidence  presented  in  [2]  suggests  that  BCRAM  gives 
improved  performance  over  BCRA  (from  which  BCRAM  was 
originally  derived  as  a  modification). 

Note  that  the  coupling  terms  and 

in  OPC  necessitate  an  iterative  solution  algorithm 
such  as  AOPCp  while  CCA,  BCRA  and  BCRAM  compute 
the  compensator  projection  in  only  one  step.  Never¬ 
theless,  the  suboptimal  methods  cannot  subsequently 
improve  r  if  it  happens  to  result  in  an  unsuitable 
design  (with  poor  performance  or  instability). 

AOPC^,  in  contrast,  offers  the  mechanism  for  pro¬ 
gressive  refinement  of  the  design  to  achieve  a  con¬ 
troller  which  is  as  nearly  optimal  as  desired, 

A  further  issue  of  general  importance  is  wheth¬ 
er  or  not  the  various  methods  can  produce  a  minimal 
order  optimal  compensator.  In  other  words,  there 
may  exist  a  compensator  of  order  M<N  which  yields 
the  same  performance  as  a  full -order  (Nc=N)  com¬ 
pensator.  It  is  highly  desirable  that  the  selected 
design  method  be  capable  of  producing  such  a  design 
when  it  exists.  It  turns  out  that  all  methods  con¬ 
sidered  here  meet  this  requirement.  This  is  sub¬ 
stantiated  for  BCRA,  BCRAM  in  [1]  and  [2]  respec¬ 
tively. 

The  capability  of  OPC  to  yield  minimal  order 
compensators  follows  generally  from  their  status  as 
optimality  conditions.  More  specifically,  however, 
if  the  LQG  compensator  has  unobservable  or  uncon¬ 
trollable  poles,  then  the  associated  subspaces 
appear  in  the  null  space  of  QP.  This  connection 
between  unobservable/uncontrollable  poles  and  the 
rank  of  QP  was  explored  in  [5],  Thus,  if  a  minimal 
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realization  of  order  M  exists,  then  rank  [QP]  =  M 
and  setting  =  M  in  OPC  gives  the  desired  reduced 
order  compensator. 

To  illustrate  the  point,  consider  the  example 
given  in  [2].  In  our  notation,  the  defining  ma¬ 
trices  are: 


u  =  -[2,  0]q 

It  is  clear  from  inspection  of  (20)  that  the  mini¬ 
mal  (unity  order)  compensator  is  obtained  by  delet¬ 
ing  to  get: 

q  =  -3q  +  y 

^(21) 

u  =  -2q 

At  the  same  time,  it  is  easily  verified  that 
the  optimal  projection  equations  yield  the 
solution: 


or 

r  =  [1,  0],  g  =  [1,a]  (24) 

Using  these  results  with  (6)  and  (7)  shows  that 
K  =  2,  F  =  1  and  Ac  =  -3.  Thus,  OPC  yields  the 
minimal  order  compensator,  (21).  When  one  appl ies 
the  iterative  solution  scheme,  AOPC,^,  it  is  found 
that  the  correct  projection  and  the  desired  values 
of  K,  F  and  A^  are  produced  on  the  first  iteration. 
Further  iterations  beyond  AOPC^]  yield  no  change  in 
T,  K,  F  and  A^.  Incidentally  this  also  illustrates 
how  both  AOPC'j  BCRAPI  yield  the  minimal  order 
compensator. 


(and  the  property  was,  in  fact,  never  claimed  by 
the  authors).  In  view  of  this  distinction,  and  be¬ 
cause  the  LQG  -  balancing  method  has  been  evaluated 
and  compared  extensively  in  [2]  and  [3],  it  is  not 
given  detailed  consideration  in  the  present  paper. 


4.  Numerical  Comparison  Using 
A  Common  Example  Problem 

Finally,  we  explore  issues  relating  to  practi¬ 
cal  design  efficiency  by  applying  two  of  the  meth¬ 
ods  considered  here  to  the  same  example  problem. 

We  considered  pointing  and  shape  control  of  the 
"Solar  Optical  Telescope"  spacecraft  example  dis¬ 
cussed  in  [3].  The  original  44  mode  model  was  re¬ 
duced  to  10  modes  (8  elastic  and  2  rigid-body  modes) 
by  a  Modal  Cost  Analysis  in  [13].  In  the  notation 
used  here,  the  matrices  defining  this  20-state 
problem  are: 


0  I^o 


?  =  0.001 

U)  =  diag  [Wkl 
k=1,...,  20 


C  =  [  P,  0] 


.-4  q 


p\  [0^'] 


1  0  0 

0  10  0  [  p  ,  0] 

0  0  10'3 


where  the  modal  frequencies,  (  k  =  1,...,  10) 
and  matrices  p  and  P  are  given  in  Table  1  and  2, 
respectively,  of  [3].  In  (28. b),  pis  a  positive 
scalar  used  to  adjust  the  relative  weighting  of  the 
state  and  control  input  penalties  of  the  perform¬ 
ance  index.  Clearly,  overall  controller  authority, 
actuator  mean-square  force  levels  and  compensator 
bandwidth  are  all  inversely  proportional  to  p. 

Here,  we  discuss  numerical  results  for  p  e 
[0.01,  100.0]  and  for  N^  in  the  range  from  20  to  4 
for  design  methods  CCA  and  AOPC^.  The  ap¬ 

proach  adopted  for  design  comparison  is  to  plot 
"regulation  cost"  (E[x'*^R'|x] )  as  a  function  of  "con¬ 
trol  cost"  (ECu^u])  (obtained  by  varying  p)  for  each 
value  of  Nc  and  for  each  of  the  design  methods. 

Results  for  these  tradeoff  curves  are  shown  in 
Fig.  1.  The  very  bottom-most  curve  represents  the 
full-order  (20  states)  LQG  design.  Since  this  is 
the  best  obtainable  when  there  is  no  restriction 
on  compensator  order,  the  problem  is  to  obtain  a 
lower  order  design  whose  tradeoff  curve  is  as  close 
to  the  LQG  results  as  possible. 


At  this  point,  it  should  be  mentioned  that  the 
new  "LQG  -  balancing"  method  of  Verriest  [16,  17] 
and  Jonckheere  and  Silverman  [18]  will  not  always 
yield  a  minimal  order  compensator  when  it  exists 


The  thin  black  lines  in  Figure  1  show  the 
Nc=10,  6,  and  4  designs  obtained  via  Component  Cost 
Analysis,  where  Nc  denotes  the  compensator  dimen¬ 
sion.  These  results  were  obtained  in  [3]  using  the 


385 


(OC  ACTUATOR  FORCE  LEVELSJ 

13278-? 

Fig.  1  Performance  Tradeoff  Curves  For  Component 
Cost  Analysis  and  Optimal  Projection 


Fig.  2  Optimal  Projection  Results  for  S.O.T.  Ex¬ 
ample  -  Percent  Performance  Increase  Over 
LQG  Design 


full  design  algorithm  described  in  Appendix  A,  [3] 
-  including  the  refinements  of  steps  III. a  through 
IlI.e.  Note  that  the  10th  and  6th  order  compensa¬ 
tor  designs  are  quite  good,  but  when  compensator 
order  is  sufficiently  low  (N^^A)  and  controller 
bandwidth  sufficiently  large  (P<5.0),  the  method 
fails  to  yield  stable  designs.  This  difficulty  is 
characteristic  of  suboptimal  techniques,  and  in 
fairness,  it  should  be  noted  that  other  suboptimal 
design  methods  (such  as  the  LQG  balanced  design 
method  proposed  by  Verriest  [16,  17])  fail  to  give 
stable  designs  for  compensator  orders  below  10. 


Note  from  Table  1  that  one  iteration  of  AOPC^ 
requires  only  slightly  more  computation  than  CCA 
since  CCA  involves  solution  of  only  one  Lyapunov 
equation  and  lacks  an  analogous  equation  for  P. 

Thus,  it  may  be  estimated  that  the  OPC  results  given 
here  required  rougly  4  to  8  times  the  computational 
effort  of  CCA.  This  increased  computational  burden 
for  OPC  is  offset,  in  the  higher  bandwidth  cases,  by 
the  reliable  production  of  very  low-order  but  excel¬ 
lent  performance  designs. 

5.  Conclusions 


In  contrast,  the  width  of  the  grey  line  in 
Figure  1  encompasses  all  the  optimal  projection  re¬ 
sults  for  compensators  of  order  10,  6,  and  4.  To 
provide  a  more  detailed  picture  of  the  optimal  pro¬ 
jection  results,  Figure  2  shows  the  percent  of  to¬ 
tal  performance  increase  relative  to  the  full-order, 
LQG  designs  (the  quantity  (100  x  ( Js(^c)~^s{20) )/ 
Js(20))  as  a  function  of  1/p  (proportional  to  con¬ 
troller  bandwidth  and  to  actuator  force  levels)  for 
the  various  compensator  orders  considered. 

Even  for  the  4th  order  design,  the  optimal 
projection  performance  is  only  --5  percent  higher 
than  the  optimal  full-order  design.  Furthermore, 
the  performance  index  for  the  optimal  projection 
designs  increases  montonically  with  decreasing 
controller  order  -  as  it  should.  Such  is  not  nec¬ 
essarily  the  case  for  suboptimal  design  methods. 

The  OPC  results  were  actually  obtained  via  the 
iterative  algorithm  AOPC^  outlined  in  Section  2 
(and  described  in  more  detail  in  [6]).  In  all 
cases  except  NC  =4,  p  =  0.5,  adequate  convergence 
in  performance  was  obtained  in  four  iterations. 

For  the  case  NC  =4,  p  =  0.5,  four  iterations  pro¬ 
duced  an  unstable  closed-loop  system.  This  is 
apparently  due  to  inadequate  convergence  in  this 
case,  since  four  additional  iterations  sufficed  to 
give  the  results  indicated  in  Fig's  1-2. 


In  the  preceeding,  we  have  established  a  com¬ 
mon  theoretical  framework  within  which  various 
"balancing"  approaches  (BCRA,  BCRAM  and  CCA)  to  con¬ 
troller  order  reduction  may  be  compared  directly  with 
a  new  formulation  (OPC)  of  the  quadrati cal ly  optimal 
fixed-order  compensation  problem.  The  optimal  and 
suboptimal  approaches  were  found  to  be  highly  anal¬ 
ogous,  each  technique  characterizing  the  reduced- 
order  compensator  by  a  projection  of  rank  equal  to 
the  desired  compensator  dimension.  The  major  dis¬ 
tinction  among  the  methods  is  that  in  OPC,  the  pro¬ 
jection  arises  as  a  consequence  of  optimality  condi¬ 
tions,  while  in  the  suboptimal  methods  it  is  con¬ 
structed  on  the  basis  of  other  considerations.  The 
ramifications  of  this  distinction  were  explored  by 
comparing  performance  results  obtained  via  CCA  and 
OPC  for  the  same  example  problem. 

The  above  comparisons  lead  to  the  following 
conclusions: 

1)  In  all  cases  considered,  the  total  perfor¬ 
mance  index  for  OPC  is  less  than  for  CCA. 
Even  in  the  case  N^  =  4,  the  OPC  regulation 
vs.  control  cost  plot  is  very  close  to  that 
of  the  full-order  (N^-  =  20)  design. 

2)  The  performance  index  for  OPC  increases 
monotonical ly  with  decreasing  controller 
order.  Such  is  not  generally  the  case  for 
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suboptimal  design  methods. 


(A. 3) 


3)  Various  suboptimal  methods  (including  CCA) 
fail  to  produce  stable  designs  when  the 
compensator  order  and  control  input  weight¬ 
ing  parameter,  p  ,  are  both  sufficiently 
small.  Contrasting  results  with  OPC  solu¬ 
tions,  we  see  that  this  effect  is  often  an 
artifact  of  the  suboptimal  character  of 
the  design  methods  and  does  not  necessari¬ 
ly  imply  non-existance  of  stabilizing  com¬ 
pensator  designs  for  small  Hq. 

4)  The  computational  effort  associated  with 
the  use  of  CCA,  BCRA  or  BCRAM  is  roughly 
equal  to  the  effort  of  one  iteration  of 
the  AOPCp  algorithm  used  for  solution  of 
the  optimal  projection  conditions.  On  the 
other  hand,  excellent  results  for  OPC  were 
obtained  in  4  -  8  iterations.  Thus,  while 
it  is  significantly  more  reliable  in  pro¬ 
ducing  satisfactory  designs,  OPC  does 
necessitate  an  increase  in  computational 
burden . 

The  above  remarks  would  seem  to  motivate  con¬ 
tinued  exploration  of  the  optimal  projection 
approach  and  additional  efforts  to  increase  its 
computational  efficiency.  It  is  also  possible  that 
the  optimal  projection  equations  may  provide  the 
insight  needed  to  devise  improved  suboptimal  (and 
non-iterative)  design  techniques. 

APPENDIX 

Here  we  verify  the  statements  made  in  Section 
2.  from  equation  (4)  through  (16)  and  Table  1  for 
the  design  methods  BCRA,  BCRAM  and  CCA. 


Wc(P)  =  p-l 

Wo(P)  =  pTs'p 

Obviously,  (A. 3)  indicates  that  P"^  is  the  right 
eigenvector  matrix  and  2^,  the  eigenvalues  of  W^Wq. 
Thus,  employing  the  notation  introduced  in  section 
2: 

*^0^0  ^  Wc'^o  J  (A. 4) 


where  the  tt ^  are  formed  directly  from  the  columns 
and  rows  of  P“^  and  P,  respectively.  As  recommend¬ 
ed  in  the  Internal  Dominance  section  of  [1],  one 
forms  a  reduced-order  model  of  (A.1)  by  deleting, 
in  the  internally  balanced  basis,  all  states  asso¬ 
ciated  with  the  N  -  Nq  smallest  second  order  modes. 
Setting: 

r=  Nc  rows  of  P 

j  '  (A. 5) 

9  =  Hq  columns  of  P”^ 

this  is  tantamount  to  defining  a  reduced  order  mod¬ 
el  of  (A.1)  via  (6)  and  (7).  Thus,  (6)  and  (7)  are 
verified  for  BCRA. 

Now  P  and  g  as  obtained  above  are  obviously 
one  factorization  of  the  projection: 


(A. 6) 


BCRA 

Here,  consider  the  internal  balancing  approach 
to  model  reduction  as  applied  to  a  full-order  LQG 
compensator: 

q  =  AcQ  +  FY  .  (A.1) 

u  =  -Kq 

where  Aq,  K  and  F  are  given  by  (6)  and  (7)  with 
g  =  r  =  Ij\j  and  P  and  Q  satisfying  the  LQG  Riccati 
equati^ons.  Considering  y  as  the  system  input 
and  u  as  the  output,  and  assuming,  in  this  dis¬ 
cussion  that  Aq  is  asymptotically  stable,  the  con¬ 
trollability  and  observability  Grammians  are  de¬ 
termined  as  unique  positive  semidefinite  solutions 
to  (see  Ref.  [1],  p-  21  and  make  allowance  for  no¬ 
tation  and  input,  output  definitions). 

0  =  AcWc  +  WcAc  +  FVjF"^ 

0  =  aJWq  +  WX  + 

Having  obtained  these  quantities,  it  is  clear 
from  the  discussion  of  [1],  p.  24,  or  from  the 
Lemma  in  the  main  text  of  this  paper  that  there 
exists  a  transformation  with  matrix  P  such  that 
and  Wq  can  both  be  reduced  to  the  diagonal  matrix 
of  2nd  order  modes,  (  2^  in  Moore's  notation).  ^ 
Referring  to  the  expressions  given  for  and  Wq 
under  coordinate  transformation  given  in  [1], 
p.  23,  we  have 


However,  any  factorization  of  r  can  be  related  to  a 
given  one  by  a  similarity  transformation  of  the  re¬ 
duced  order  system.  Since  the  second-order  modes 
and  the  compensator  performance  are  invariant  under 
such  transformations,  the  particular  factorization 
is  immaterial.  Thus  the  internal  balancing  ap¬ 
proach  to  controller  reduction  is  mathematically 
equivalent  to  defining  a  controller  of  the  form  (6) 
and  (7)  by  (1)  computing  P  and  Q  via  LQG  Riccati 
equations  (BgRA-a  and  B^RA-b  of  Table  1)  (2)  deter¬ 
mining  Q  =  Wq  and  P  =  Wq  from  eauations  (A. 2) 
(setting  Q  =  Wc,  P  =_Wo,  F  =  QC^Vil,  K  =  Ri^sTp  and 
and  Aq  =  A  -  2P  -  QS  ,  equations  (A. 2)  become 
BCRA-C  and  BCRA-d),  (3)  forming  the  compensator 
projection  via  (A. 6)  or,  equivalently,  (BCRA-e), 
and  then  effecting  any  suitable  factorization  in 
accordance  with  (5. a,  b).  This  verifies  (4) 
through  (16)  and  Table  1  for  BCRA. 

BCRAM 

This  design  method  is  a  modification  of  BCRA 
proposed  in  [2]  to  circumvent  difficulties  in  the 
application  of  BCRA  when  Aq  is  not  asymptotically 
stable.  Referring  to  equations  (2. 7, a)  and  (2.7.b) 
of  [2],  the  only  change  from  BCRA  is  that  in  (BCRA- 
c),  Aq  is  replaced  byA-BK  =  A-  2P  andjn 
(BCRA-d),  Aq  is  replaced  byA-FC  =  A-  Q2.  Note 
that  since  P  and  Q  are  LQG  Riccati  equation  solu¬ 
tions,  A  -  2  P  and  A  -  Q2  are  asymptotically  sta¬ 
ble  so  that  the  method  has  a  wider  field  of  appli¬ 
cation. 
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(A. 11) 


In  view  of  the  preceding  discussion,  of  BCRA, 
the  simple  changes  noted  suffice  to  substantiate 
(4)  through  (16)  and  Table  1  for  BCRAM. 

CCA 


For  simplicity,  we  consider  only  the  basic 
Component  Cost  Analysis  approach  (termed  the  Cost- 
Decoupled  Controller  Design  Algorithm)  given  in  [3], 
omitting  the  special  procedures  described  after 
Theorem  1  of  Section  III,  Ref.  [3]  for  identifying 
"nearly"  unobservable  states  by  use  of  a  set  of 
cost  decoupled  coordinates  closely  associated  with  a 
generalized  Hessenburg  representation.  This  means, 
that  we  confine  attention  to  the  algorithm  in  Appen¬ 
dix  A  of  [3]  without  the  computational  refinements 
of  steps  III  and  IV. 

Referring  now  to  Appendix  A,  Ref.  [3],  the 
Cost-Decoupled  design  algorithm  starts  in  steps  la- 
Ib  by  computing  the  full-order,  LQG  compensator  de¬ 
sign.  Allowing  for  differences  in  notation,  the 
expressions  (A. 3b)  -  (A. 3d)  of  Ref.  [3]  are  identi¬ 
cal  to  (6)  and  (7)  with  T  =  g  =  If\j.  Similarly 
(A.3e)  and  (A.3f)  of  Ref.  [3]  are  our  equations 
(CCA-a)  and  (CCA-b)  in  Table  1. 

Next  consider  step  I.C.  The  quantities  X,  BG 
and  FVpT  in  [3]  correspond  to  Q,  -  LP  and  Q2Q  in 
our  notation.  Thus,  equaiton  (A. 4)  of  Ref.  [3]^is 
equivalent  to  our  (CCA-c)  for  determination  of  Q. 
Noting  that  g'^'RG  of  [3]  corresponds  to  the  quantity 
P2P,  steps  I.d  through  II. a  define  a  transforma¬ 
tion  matrix  T'l : 


[Tp,  Tj]  4  ;  Tp  e  IR^xNc 


Lp 

Lf 


A  T-^ 
-  1 


Lp  c  IR^cxN 


Clearly  TpLp  defines  a  rank  N^  projection  on 
which,  in  view  of  (A. 10),  is  the  sum  of  the  eigen- 
projections  of  QP2P  associated  with  the  N^  largest 
eigenvectors.  This  verifies  (CCA-e)  of  Table  1. 
Also,  comparing  r  =  TpLp  with  (5. a),  it  is  seen 
that  Tp  and  Lp  correspond  to  g"^  and  r,  respective¬ 
ly.  Thus,  allowing  for  rotational  changes,  equa¬ 
tions  (A. 13b  -  A. 13d)  of  [3]  read: 


Ac  -  r  (A  -  Q2  -  2  P)gT 

F  =  rgc^v;^ 

K  =  Ri'l  B^p 


(A. 12) 


where  P  and  Q  are  solutions  to  (CCA-a)  and  (CCA-b). 
(A-12)  are  obviously  equivalent  to  (6)  and  (7). 
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Abstract 


The  design  of  a  stable  multiple  controller 
control  system  is  presented  in  this  paper.  Suffi¬ 
cient  conditions  are  given  for  both  the  total  de¬ 
coupling  of  the  multiple  controllers  and  for  coupl¬ 
ed  but  stable  operation  of  the  multiple  controll¬ 
ers.  The  satisfaction  of  these  conditions  is  shoim 
to  lead  to  requirements  on  the  minimum  numbers  of 
sensors  and  actuators.  The  control  of  a  thirty 
three  mode  model  of  the  CSDL  II  spacecraft  using 
direct  output  feedback  is  presented.  Three  sepa¬ 
rate  controllers  are  used  to  successfully  actively 
control  twenty  six  modes  leaving  seven  residual 
modes  uncontrolled  but  stable. 


trolled.  Specifically,  each  of  several  controllers 
may  control  as  many  modes  as  a  single  controller 
and  hence  the  number  of  modes  actively  controlled 
is  increased  p-fold  where  p  is  the  number  of 
separate  controllers.  The  technique  represents  a 
computational  decoupling  and  is  independent  of  the 
particular  gain  selection  technique  chosen.  In 
fact,  different  control  schemes  may  be  used  for 
each  of  the  several  independent  controllers.  The 
number  of  actuators  and  sensors  required  by  the 
multiple  controller  scheme  depends  upon  the  modal 
groupings  but  it  is  less  than  the  number  of  modes 
controlled . 


Introduction 


The  modelling  of  flexible  large  space  struc¬ 
tures  as  discrete  dynamics  1  systems  leads  to  ex¬ 
tremely  large  order  systems.  These  discrete  models 
are  normally  obtained  using  finite  element  modal 
analysis.  The  spacecraft  state  is  therefore 
typically  represented  by  its  rigid  body  orienta¬ 
tion  angles  and  their  rates  plus  the  modal  ampli¬ 
tudes  and  modal  rates.  The  large  system  order 
precludes  the  active  control  of  the  entire  model 
state  vector  and  hence  the  controller  is  designed 
about  a  reduced  order  model.  The  size  of  the 
reduced  order  model  is  in  large  part  determined  by 
considerations  of  either  on  board  computer  speed 
or  the  ability  to  accurately  determine  controller 
gains.  This  size  limitation  on  the  reduced  order 
control  model  is  a  serious  constraint.  Satisfying 
stringent  performance  criteria  may  be  impossible 
with  a  low  order  model.  The  reduced  order  model 
must  be  chosen  and  controlled  in  such  a  manner  that 
the  entire  system  remains  stable  and  meets  perform¬ 
ance  specifications  as  it  is  well  established 
that  the  uncontrolled  modes  affect  system  perform¬ 
ance  and  can  cause  instability  due  to  control  and 
observation  spillover. 

Techniques  for  reducing  or  eliminating  spill¬ 
over  effects  have  been  developed  by  several  authors. 
Sesak  developed  a  modal  suppression  technique 

which  was  later  extended  by  Coradetti^^^ ,  which 
could  be  used  to  either  reduce  or  eliminate  con¬ 
trol  and  observation  spillover.  Meirovitch  and 

developed  the  technique  of  independent  modal 
space  control  which  eliminated  spillover  by  desir¬ 
ing  separate  controllers  for  each  mode.  The  in¬ 
dependent  modal  control  however  requires  that  the 
number  of  actuators  and  sensors  at  least  equal  the 
number  of  modes  controlled.  Calico  and  Miller^  ^ 
extended  the  work  of  ref  erences  C2)and  (3)to  develop 
a  decentralized  control  scheme  using  multiple  con¬ 
trollers.  Conditions  were  developed  for  the 
preservation  of  stability  using  an  arbitrary  number 
of  controllers.  The  multiple  controller  technique 
of  ref erence (5 )provides  a  means  by  which  large 
numbers  of  spacecraft  modes  might  be  actively  con¬ 
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Calico  and  Aldridge  extended  the  work  of 
reference  (5)to  multiple  controllers  using  direct 
output  feedback.  Ref erence  (6 )demonstrated  that 
the  conditions  of  decoupled  direct  output  feed¬ 
back  control  were  the  same  as  those  for  optimal 
full  state  feedback  and  successfully  implemented 
a  suboptimal  direct  output  feedback  controller  for 
a  twelve  mode  model  of  the  CSDL  II (7)  spacecraft. 

This  paper  applies  the  techniques  of  reference 
(6)to  a  thirty  three  mode  model  of  the  CSDL  II 
spacecraft.  It  also  extends  the  work  of  reference 
(6)by  considering  the  effects  of  control  weightings 
on  the  several  controllers.  The  results  for  the 
three  controller  direct  output  feedback  system  are 
shown.  Excellent  control  results  are  sho^'/n  for 
the  system. 


Problem  Formulation 


The  equation  of  motion  for  a  large  space 
structure  acted  upon  by  n^  point  actuators  can  be 

written  in  terms  of  modal  variables  as: 


rt  +  ["2^a}^]ri  +["a3j]n  = 


[ci)^D^]u 


(1) 


where  q  is  an  n  vector  of  modal  amplitudes,  u  an 
m  control  vector,  ['‘ojJ]  an  n  x  n  diagonal  matrix 
of  modal  frequencies  squared,  [^2;;;cLV]a  diagonal 
damping  matrix,  c{)  an  n  x  n  modal  matrix  and  a 

matrix  describing  actuator  locations  and  orienta¬ 
tions  . 

Defining  a  2n  state  vector  x  of  modal  ampli¬ 
tudes  and  velocities  equations  (1)  are  written 
in  first  order  form  as: 


X  =  Ax  +  Bu 

The  matrices  A  and  B  are  given  by: 


0 


l["2roo.] 


-  ;  B  = 

i 

0 

.T 

cb  D 

a 

(2) 


(3) 
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Associated  with  the  system  (2)  is  the  output 
y  given  by: 

7  =  Cx  W 

In  the  case  where  n  sensors  measure  amplitude 
and  velocity  at  discrete  locations,  C  takes  the 
form: 

C  =  [D  c}),  D  (})]  (5) 

sp  sv^ 

where  D  and  D  describe  the  sensor  locations 
sp  sv 

and  orientations.  In  the  event  that  colocated  ^ 
actuators  and  position  sensors  are  used  ==  D^. 

The  satellite  model  available  to  the  control 
designer  is  therefore  that  given  in  expressions 
(1)  through  (5). 

Multiple  Decoupled  Controllers 


The  state  vector  x  is  of  order  2n  and  repre¬ 
sents  the  entire  spacecraft  structural  model 
plus  the  spacecrafts  rigid  body  motion.  The 
controller  is  typically  based  on  a  much  smaller 
number  of  modes,  If  we  assume  that  multiple 

controllers  are  present ,_each  controlling  n^ 
modes,  the  state  vector  x  is  conveniently 
represented  by: 


-  -T  -T 

X  ’  ^2  ^ 


T  T 

-T  -T->  r-T  -T-. 


where  the  x.  represent  vectors  of  dimension  n^ 

of  states  controlled  by  the  i’th  controller  and 

'k  is  an  n  -vector  of  residual  states, 
r  r 

The  controlled  state,  x^  is  that  portion  of 

the  state  which  must  be  controlled  in  order  to 
insure  satisfactory  system  performance.  The 
determination  as  to  which  modes  must  be  actively 
controlled  is  an  important  question,  especially 
when  only  a  small  number, of  modes  may  be  controll¬ 
ed.  Various  authors '  have  considered  this 
problem  and  suggested  selection  criteria.  In 
this  paper  control  model  selection  is  not  address¬ 
ed  and  the  selection  made  is  purely  based  on 
frequency.  However,  the  techniques  developed  can 
be  used  with  any  choice  of  control  model. 

Using  the  representation  of  equation  (6) ,  we 
may  now  express  our  state  equations  in  the  fol¬ 
lowing  form: 


X  =  A.x.  +  B  .u  i  =  1, - ,  N 

1  11  1 


-  ^ 

0 

;  B.  = 

”xT 

’  i 

(j)  D 

' 

where  in  the  above  equations, 


0  _  I  I 
I 


i  =  1,  2,  - ,  N,  r  (9a) 

^i  =  °sv  ^  ^  - ’ 

^i  i 

In  each  case  the  systems  described  by  (A^, 
are  completely  controllable  and  observable. 

The  non-zero  partitions  of  the  matrices 

have  dimensions  n.  x  n  and  the  partitions  of  the 
1  a 

C.  are  of  dimension  n  x  n.  where  n  and  n  are  the 
1  s  1  a  s 

numbers  of  actuators  and  number  of  sensors. 

Control  for  N  individual  system  of  the  form: 


x .  =  A.x.  +  B .u 
1  11  1 


y  =  C  X 


i  =  1, - ,  N 


is  now  considered.  It  is  important  to  note  that 
the  control  u  is  the  same  control  for  each  of  the 
N  systems  and  hence  couples  them.  In  addition,  the 
output  y  includes  not  just  the  modes  of  the  i'th 
system  but  all  of  the  original  system  modes.  Hence 
using  these  outputs  directly  will  couple  the  N 
separate  controllers.  The  coupling  due  to  u  is 
Referred  to  as  controller  spillover  and  that  due  to 
y  as  observation  spillover.  Our  interest  is  in 
designing  the  N  separate  controllers  such  that  the 
system  stability  is  not  affected  by  the  spillover 
effects.  To  this  end,  we  consider  the  conditions 
first  for  the  removal  of  all  spillover  and  then 
only  those  necessary  to  preserve  stability. 

The  spillover  terras  may  be  eliminated  from  the 
controlled  states  in  the  following  manner.  We  _ 
define  new  control  variables  v^  and  new  outputs  w^ 

by  the  relationships: 

N  _ 

u  =  Z  T.v.  (11) 

.,11 

1=1 


w  =  r  y 


The  matrices  T.  and  1.  will  be  chosen  to 

11  _ 

eliminate  spillove^  effects.  Substituting  for  u 

in  (7a)  and  using  y  from  (8)  and  ignoring  residual 

modes,  in  (12)  we  obtain: 


X  =  A  X  +  B  u 
r  r  r  r 


In  addition,  the  output  equation  has  the 


X.  =  A.x.  +  B.  (  Z  T.v.) 
1  11  1  .  ,  1  1 
j=i 


y  -  2  C.x.  +  *^r^r 

i=l  1  1  ^ 


w.  =  r.  (  z  c.x.) 
1  1  ,11 
j=i 


If  all  spillover  is  to  be  removed,  we  require 
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B.T.  =  0  ,  B.T.  =  0 

1  j  ’ll 


i,  j  =  1, - ,N 


r.c.  =  0  ,  r.c.  =  0 

1  J  ’ll 


Taking  into  account  these  relationships  the  state 
equations  for  the  N  systems  may  be  written  in  the 
form 


X  ,  =  A  .X  .  +  B  .V  . 
1  11  11 


and  the  N  output  relationships  as 


w .  =  C  .  X  . 
1  11 


-v^here  B.  =  B.T.  and  C.  =  F.C., 
1  11  1  11 


Since  the  conditions 


(14)  have  been  satisfied  in  (15)  and  (16) ,  no  coup¬ 
ling  exists  between  the  individual  controllers  and 
N  independent  control  systems  can  be  designed  for 
the  N  systems  which  when  operated  simultaneously 
would  not  interact.  The  systems  (A^,  B^^,  Cp  can 

be  sho\>7n  to  be  completely  controllable  and  observ¬ 
able  as  long  as  the  systems  (A^,  B^,  C^)  are  com¬ 
pletely  observable  and  controllable.  Less  restric¬ 
tive  conditions exist  which  allow  for  coupled 
but  stable  operation  of  the  N  controllers.  These 
conditions  are  given  by 


r.c.  =  0 

1  3 


i  =  - ^  N-1 

j  =  i  +  1,  - ,  N 


In  reference  [5]  full  state  feedback  control 
using  full  state  observers  was  implemented  based  on 
the  equations  (15),  (16)  and  (17)  for  a  simple  sys¬ 
tem.  The  results  of  that  study  showed  that  the  N 
controllers  were  coupled  but  that  the  coupling  did 
not  affect  system  stability.  The  eigenvalues  of 
the  entire  system  are  merely  the  sum  of  the  eigen¬ 
values  of  the  N  individual  controllers.  In  the 
foregoing,  the  residual  modes  have  been  ignored. 
Spillover  between  the  modes  contained  in  the  con¬ 
trolled  state  X.  and  the  residual  states  still 
exists.  This  is  of  course  true  for  any  reduced 
order  controller.  The  ability  to  control  a  large 
number  of  modes  can  be  used  to  provide  frequency 
separation  between  heavily  controlled  modes  and 
the  residual  modes.  The  effectiveness  of  this 
technique  will  be  demonstrated  in  what  follows. 

Direct  Output  Feedback 

The  case  of  direct  output  feedback  can  best  be 
understood  by  considering  the  relationships  (13): 


X.  -  A.x.  +  B.  (  Z  T.v.) 
1  11  1  .  .  1  1 
j  =  l 


w.  =  r.  (  z  c.x.) 
1  1  .  1  1  1 
j=i 


Using  direct  output  feedback,  the  control  v. 


V.  =  K.  w.  (18) 

3  3  3 

where  w^  is  the  output  for  the  j’th  system.  Sub¬ 
stituting  the  results  of  (18)  into  our  state  equa¬ 
tions  yields  the  closed  loop  state  equation  in  the 
form; 


3  =  1  '^'^k=l 

If  all  spillover  is  eliminated  (19)  becomes: 


X.  =  A.x.  +  B.T.K.r.C.x. 
1  11  111111 


Where  the  T^  and  1'^  satisfy  (14)  and  is  the  gain 

matrix  for  the  i’th  controller.  If  only  enough 
spillover  is  eliminated  to  ensure  stability,  only 
the  conditions  (17)  must  be  satisfied. 

The  closed  loop  state  equations  then  have  the 


X  =  Ax  +  B  IT  (K  r  I  C  X  )  i=l, - ,N  (21) 

1  j  =  l  J  J  J  k  X 

In  the  equations  (21)  the  conditions  (17)  are 
assumed  to  be  satisfied.  Careful  inspection  of 
(21)  shows  that  the  systems  eigenvalues  are  the  sum 
of  the  eigenvalues  of  those  of  the  individual 
A.  given  by: 

""cl  ...  ... 

\  =  \  K  C  i=l, - ,N  (22) 

cl 


where  B^  ,K^  ,  and  have  previously  been  defin¬ 

ed.  Hence,  direct  output  feedback  control  can  be 
designed  which  totally  decouples  the  N  separate 
controllers  or  with  less  restrictive  criteria  the 
responses  are  coupled  but  stability  is  assured. 
Before  moving  to  an  example,  a  few  words  concern¬ 
ing  the  requirements  for  sensors  and  actuations  are 
in  order. 

First,  consider  the  conditions  given  by 
expressions  (17).  In  order  to  satisfy  these 
expressions,  the  columns  of  T^  must  be  orthogonal 

to  the  rows  of  thru  That  is,  the  columns 

of  must  be  in  the  span  of  the  null  space  of  the 

matrix  B,^,,  where: 

IN’ 


is  given  by: 


Assuming  that  B^^  is  of  full  rank,  the  null 
space  of  B^^  has  dimension: 


(n  -  Z  n.) 
^  i=i  " 


Hence,  for  the  matrix  to  exist,  the  number 
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of  actuators  n  must  be  greater  than  the  total 
a 

number  of  modes  controlled  by  the  first  N-1 
controllers.  That  is: 

N-1 

n  >  I  n.  (25) 

^  i=i  " 

From  expressions  (11),  we  note  that  the  dimen¬ 
sions  of  the  control  for  the  N*th  controller  is 
N  __ 

of  dimension  That  is,  the  dimensions  of 

equals  the  dimension  of  the  null  space  of  hN- 

Without  the  transformation  T.,,  the  control  of  u  is 

N 

of  course  of  dimension  n  .  This  loss  in  control 

a 

dimension  is  the  price  paid  for  the  decoupling. 

It  is  easily  shown  that  the  other  conditions 
involving  T^  thru  T^_^^  can  be  met  if  inequality 

(25)  is  satisfied.  Similarly,  determining  the 

which  satisfy  expressions  (17)  requires  that  the 
number  of  sensors  be  such  that: 

N 

n  >  In.  (26) 

"  i=2  " 

In  a  manner  analogous  to  the  control  terms  of 
the  dimensions  of  the  outputs  of  the  individual 
system  w,  are  in  general  less  than  the  dimension 

of  y.  This  is  due  to  the  dimensions  of  the 

matrices  T.. 

1 

The  Model 

The  CSDL  II  spacecraft  model  was  used  in  this 
study.  Specifically,  revision  3,  as  described  in 
reference  (7)  of  the  CSDL  II  model  was  used.  The 
model  is  shown  in  figure  1  and  the  modal  charac¬ 
teristics  may  be  derived  from  reference  (7). 


The  specific  control  task  undertaken  in  this 
study  was  the  control  of  the  line-of-sight  and 
focus  for  the  optical  system.  The  calculation 
of  the  line-of-sight  parameters  LOSx  and  LOSy  as 
well  as  the  focus  parameter  involved  21  modal 

displacement.  So  that  each  of  these  modal  dis¬ 
placements  could  be  controlled  and  measured,  it 
was  assured  that  21  position  or  velocity  sensors 
and  21  colocated  force  actuators  existed  and  were 
aligned  with  the  appropriate  modal  displacement. 


Controller  Design 


Direct  output  feedback  will  be  used  to  provide 
control  gains  for  the  N  separate  systems.  That  is 
each  of  the  control  vectors  v.  will  be  determined 
from 

V.  =  K*  w.  (27) 

111 


The  gain  matrices  K.  will  be  computed  using  a 
suboptimal  approach  first  suggested  by  Kosut^^^^. 
This  technique  first  determines  a  set  of  optima^ 
gains  for  a  full  state  LQG  controller  and  the 

are  based  on  these.  That  is,  denoting  the  LQG  gains 
A  — 

by  G^,  the  controls  v^  are  given  by 


_  -k  — 

V.  =  G.  X. 
1  11 


(28) 


Substituting  the  output  relationship  into  (27)  and 
comparing  the  result  with  (28)  yields 


—  k  -k —  k — 

V.  =  K.C.x.  =  G.x. 
1  111  11 


(29) 


In  order  for  the  output  feedback  to  provide  the  same 
control  gains  as  the  LQG  controller  we  have 
*  *  * 

K.C.  =  G.  (30) 

111 

k 

In  general  the  C.  are  not  square  raatries  and  equa¬ 
tion  (30)  cannot  be  solved  exactly.  An  appropriate 
solution  is  however  available  in  the  form 

k  k  k  + 

Kf  =  G.  (C.)  (31) 

*  +  * 
where  (C^)  represents  the  psuedo-inverse  of  C^. 


This  approach  to  the  calculation  of  has  the 

advantage  of  being  straightforward  and  simple.  Un¬ 
fortunately,  no  assurance  of  stability  for  such  a 
controller  exists  and  the  stability  of  each  of  the 
N  separate  systems  must  be  checked.  If  the  systems 
are  not  stable  either  changes  to  the  LQG  weightings 
or  modal  regrouping  among  the  several  controllers  is 
necessary  until  a  stable  solution  is  found.  Once  N 
stable  controllers  direct  output  feedback  controll¬ 
ers  have  been  found,  the  stability  of  the  entire 
controlled  system  is  however  assured. 


Example 


The  control  of  a  thirty  three  mode  model  of  the 
CSDL  II  spacecraft  was  accomplished  using  three  in¬ 
dependent  controllers.  The  thirty  three  modes 
represented  the  rigid  body  rotations  of  the  space¬ 
craft  plus  the  first  thirty  structural  modes.  Table 
1  shows  the  frequencies  associated  with  the  space¬ 
craft  modes.  The  rigid  body  modes  were  assumed  to 
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be  undamped  and  one  percent  of  critical  damping  was 


assumed  for  each 
controller  case 


structural  mode, 
the  conditions ^ ^ 


For  the  three 
,  which  must  be 


met  to  insure  stable  operation  reduce  to 


•k 

In  order  to  determine  the  gain  K.  must  first 
'k 

calculate  the  LQG  gains  G,.  For  each  system  a  cost 
functional  of  the  form 


hh  =  Va  =  hh  =  ° 


ih  =  hS  =  hS  =  ° 


The  matrices  and  may  be  chosen  as  identities. 

From  considering  the  conditions  (32)  we  note 
that  the  columns  of  must  lie  in  the  null  space  of 

those  of  in  the  null  space  of  Since 

the  dimension  of  the  control  vectors  and 
equals  the  column  dimension  of  and  respec¬ 
tively,  the  vector  v^  is  of  smaller  dimension  than 
v^  and  both  are  of  smaller  dimension  than  u. 

The  dimension  of  v^  is  equal  to  that  of  u.  Roughly 

speaking,  we  have  the  most  control  over  system  one 
and  the  least  control  over  system  three,  A  similar 
situation  exists  with,  respect  to  output  but  in  re¬ 
verse  order.  We  are  best  able  to  observe  system 
three  and  least  able  to  observe  system  one. 


This  information  can  be  used  in  determining 
modal  groupings  for  the  various  controllers.  As 
an  example  if  we  consider  a  case  where  equal  numbers 
of  sensors  and  acuators  are  available,  the  modes 
identified  as  most  critical  to  performance  might 
be  put  in  controller  two  as  a  compromise  between 
controllability  and  observability.  On  the  other 
hand,  if  many  more  sensors  are  available  than 
actuators,  the  loss  in  observability  might  be  neg¬ 
ated  and  the  most  critical  modes  could  be  assigned 
to  controller  one,  the  next  most  critical  to  con¬ 
troller  two  and  the  least  critical  to  controller 
three. 


Table  1 

Modal  Frequencies 


Mode 

Freq. 

rad/sec 

Mode 

Freq. 
rad/ sec 

1 

0.0 

18 

6.11 

2 

0.0 

19 

7.28 

3 

0.0 

20 

9.75 

4 

.72 

21 

11.14 

5 

.92 

22 

14.14 

6 

.94 

23 

14.16 

7 

1.10 

24 

21.57 

8 

2.86 

25 

21.69 

9 

3.50 

26 

24.86 

10 

3.75 

27 

25.05 

11 

3.86 

28 

25.46 

12 

4.00 

29 

27.26 

13 

4.03 

30 

41.23 

14 

5.12 

31 

50.67 

15 

5.13 

32 

53.11 

16 

5.17 

33 

55.63 

17 

5.75 

The  modal  assignments  for  the  three  controllers 
were: 

Controller  1:  1,2,3,4,6,7,8,10 

Controller  2:  5,9,11,12,13,14,15,16,17 

Controller  3:  18,19,20,21,23,25,26,27,28 

Residuals:  22,24,29,30,31,32,33 


^oo  —  T  —  —  T  — 

J,  =  /  (x.  Q,x.  +  V,  R.v,)dt 

1  o  111  111 

was  minimized.  The  control  weighting  matrices  were 
all  chosen  to  be  identity  matrices  of  the  proper 
size  and  the  state  weighting  matrices  were  chosen 
to  be  diagonal  matrices.  The  weights  on  the  rigid 
body  states  1,  2,  3  were  chosen  to  be  2  and  those 
for  the  structural  modes  represented  by  states  4  - 
17  were  chosen  as  50,000.  The  weights  on  all  the 
modes  in  controller  three  x^^ere  50. 

This  choice  of  weights  was  made  in  order  to 
demonstrate  the  ability  to  provide  varying  amounts 
of  control  to  the  various  controllers.  The  reason 
for  this  choice  lies  in  trying  to  provide  control 
for  the  lower  seventeen  modes  and  then  a  "dead  zone" 
between  the  heavily  controlled  modes  and  the  residu¬ 
al  modes.  The  purpose  for  the  "dead  zone"  is  to 
provide  a  frequency  separation  between  the  residuals 
and  those  modes  heavily  controlled. 

The  LQG  gains  were  determined  and  the  direct 
output  gains  calculated  assuming  that  the  twenty  one 
sensors  were  all  rate  sensors.  The  resulting  system 
eigenvalues  are  shown  in  Table  2. 

Table  2 

Controlled  System  Eigenvalues 


Mode 

Ideal  Value 

Actual  Value 

1 

0.0, 0.0 

0. 0,0.0 

2 

0. 0,-4. 06 

0.0, -4. 04 

3 

-.10+.04i 

-.10+.04i 

4 

-.lH-.25i 

-.ll+.25i 

5 

-.21,-6.77 

-.21,-6.63 

6 

-.03+.86i 

-.03+.86i 

7 

-.26+2.381 

-.27+2.381 

8 

-.14+3.581 

-.14+3.591 

9 

-.50+3.731 

-.48+3.751 

10 

-5.32,-7.70 

-5.39,-7.68 

11 

-3.07+2.671 

-3.04+2.641 

12 

-.90+4.021 

-.91+3.921 

13 

-2.74+3.311 

-2.67+3.321 

14 

-1.98+3.89i 

-2.21+3.981 

15 

-2.01+4. 14i 

-1.99+4.261 

16 

-.39+4.861 

-.39+4.861 

17 

-1.28+4.831 

-1.22+4.821 

18 

-.06+7.101 

-.06+6.111 

19 

-.07+7.281 

-.07+7.281 

20 

-.10+9.751 

-.10+9.751 

21 

-.11+11.141 

-.11+11.141 

22 

-.14+14.141 

-.25+14.141 

23 

-.14+14.161 

-.14+14.161 

24 

-.22+21.571 

-.40+21.511 

25 

-.22+21.691 

-.22+21.691 

26 

-.25+24.861 

-.25+24.861 

27 

-.25+25.051 

-.25+25.051 

28 

-.26+25.461 

-.26+25.461 

29 

-.27+27.261 

-2.07+26.931 

30 

-.41+41.231 

-.57+41.041 

31 

-.51+50.671 

-.58+50.661 

32 

-.53+53.111 

-.35+53.191 

33 

-.55+55.631 

-.55+55.651 

The  column  labeled  Ideal  Value  in  Table  2  gives 
the  eigenvalues  associated  with  a  particular  mode 
as  obtained  by  the  individual  separate  controllers. 


For  the  residual  modes  the  ideal  values  are  their 
open  loop  values.  The  actual  eigenvalues  shown  are 
system  eigenvalues  obtained  when  running  the  three 
controllers  simultaneously.  The  movement  of  the 
eivenvalues  is  due  to  the  coupling  between  the  re¬ 
sidual  modes  and  the  controlled  modes.  From  Table 
2  we  see  that  in  general  the  modes  move  very  little 
due  to  the  coupling.  The  residual  modes  do  move 
some  and  in  particular  mode  29  has  a  significant 
shift  in  its  real  part.  In  the  case  at  hand  it 
becomes  more  stable.  This  much  movement  is  however 
not  desirable  as  it  could  easily  have  been  in  the 
destabilizing  direction.  This  mode  should  probably 
be  included  as  a  controlled  mode.  It  should  be 
noted  that  the  level  of  control  over  the  first 
seventeen  modes  is  quite  high  and  could  be  reduced 
by  lowering  the  state  weightings  on  the  LQG  solu¬ 
tions  for  controllers  one  and  two .  A  lower  level 
of  control  over  these  modes  would  result  in  corre¬ 
sponding  less  motion  of  the  residual  modes. 

Finally  a  comment  about  the  zero  frequency  rigid 
body  modes  is  appropriate.  These  zero  frequency 
roots  are  due  to  the  exclusive  use  of  rate  sensors 
by  the  direct  output  feedback  controller.  By  in¬ 
cluding  some  position  sensors  these  modes  may  be 
controlled . 
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Conclusions 


The  feasibility  of  decoupled  direct  output 
feedback  control  has  been  demonstrated  on  the 
CSDLII  spacecraft.  The  ability  to  actively  con¬ 
trol  a  large  numer  of  modes  has  been  demonstrated. 
This  ability  to  control  a  large  number  of  modes 
actively  greatly  reduces  the  reliance  on  model 
order  reduction  schemes  in  controlling  large  space 
structures.  The  decoupling  technique  was  also 
shown  to  be  successful  in  creating  a  dead  zone 
in  the  control  by  placing  a  very  lightly  controll¬ 
ed  set  of  modes  between  the  residual  modes  and 
the  more  heavily  controlled  modes. 
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Abstract 

One  of  the  major  difficulties  in  designing 
implementable  active  controllers  for  distributed 
parameter  systems  such  as  flexible  space  structures 
is  that  such  systems  are  inherently  infinite  dimen¬ 
sional  while  controller  dimension  is  severely  con¬ 
strained  by  on-line  computing  capability.  Subopti- 
mal  approaches  to  this  problem  usually  either  seek 
a  distributed  parameter  control  law  or  design  a  low- 
order  dynamic  controller  for  an  approximate  high- 
order  finite-element  model.  This  paper  presents  a 
more  direct  approach  by  deriving  explicit  optimality 
conditions  for  finite-dimensional  steady-state  fixed- 
order  dynamic  compensation  of  infinite-dimensional 
systems.  In  contrast  to  the  pair  of  operator  Riccati 
equations  for  the  "full-order"  LQG  case,  the  optimal 
fixed-order  dynamic  compensator  is  characterized  by 
four  operator  equations  (two  modified  Riccati  equa¬ 
tions  and  two  modified  Lyapunov  equations)  coupled 
by  a  projection  whose  rank  is  precisely  equal  to  the 
order  of  the  compensator  and  which  determines  the 
optimal  compensator  gains.  The  coupling  represents 
a  graphic  portrayal  of  the  demise  of  the  classical 
separation  principle  for  the  reduced-order  control¬ 
ler  case.  The  results  obtained  apply  to  a  semigroup 
formulation  in  Hilbert  space  and  thus  are  applicable 
to  control  problems  involving  a  broad  range  of 
specific  partial  and  hereditary  differential  equa¬ 
tions  . 

1.  Introduction 

Numerous  techniques  have  been  proposed  for  the 
problem  of  designing  an  optimal  finite-dimensional 
fixed-order  dynamic  compensator  for  an  infinite¬ 
dimensional  system.  Generally  speaking,  most  of 
these  methods  can  be  divided  into  two  main  categor¬ 
ies.  The  first  category,  largely  associated  with 
the  engineering  literature,  consists  of  methods  that 
first  replace  the  infinite-dimensional  system  with  a 
discretized  and  truncated  model  and  then  seek  a  rel¬ 
atively  low-order  controller  based  upon  the  approxi¬ 
mate  model.  A  survey  of  design  techniques  proposed 
for  this  latter  step  can  be  found  in  Ref.  2;  see 
also  Ref.  3.  Methods  of  the  second  category, 
associated  with  the  mathematical  literature,  init¬ 
ially  seek  a  control  law  for  the  infinite¬ 
dimensional  system  of  a  correspondingly  infinite¬ 
dimensional  nature . ^ 9 j Practical  implementa¬ 
tion  in  this  case  requires  subsequent  approxima¬ 
tion  by  a  finite-dimensional  controller. 

18  23 

A  more  direct  approach  ’  is  to  both  retain 
the  infinite-dimensional  model  and  fix  the  order  of 
the  finite-dimensional  compensator.  Although  this 
idea  is  conceptually  the  most  appealing,  progress 
in  this  direction  has  undoubtedly  been  impeded  by 
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the  lack  of  optimality  conditions  such  as  are  avail¬ 
able  for  the  infinite-dimensional  controller  case, 
i.e.,  the  operator  Riccati  equations.  The  purpose 
of  this  paper  is  to  make  significant  progress  in  fil¬ 
ling  this  gap  by  presenting  new,  explicit  conditions 
for  characterizing  the  optimal  finite-dimensional 
fixed-order  dynamic  compensator  for  an  infinite¬ 
dimensional  system.  In  contrast  to  the  pair  of 
operator  Riccati  equations  for  the  LQG  case,  the 
optimal  steady-state  fixed-order  dynamic  compensator 
is  characterized  by  four  coupled  operator  equations 
(two  modified  Riccati  equations  and  two  modified 
Lyapunov  equations) .  This  coupling,  by  means  of  a 
projection  (idempotent)  operator  whose  rank  is  pre¬ 
cisely  equal  to  the  order  of  the  compensator,  repre¬ 
sents  a  graphic  portrayal  of  the  demise  of  the  clas¬ 
sical  separation  principle  for  the  finite-dimensional 
reduced-order  controller  case.  The  optimal  gains  and 
compensator  dynamics  matrix  are  determined  by  the 
solutions  of  the  modified  Riccati  and  Lyapunov  equa¬ 
tions  and  by  a  factorization  of  the  product  of  the 
solutions  of  the  pair  of  modified  Lyapunov  equations. 
Considerable  insight  into  the  compensator  structure 
is  obtained  since  the  projection  operator  determines 
control  and  observation  subspaces.  Because  of  the 
use  of  a  projection  in  the  form  of  a  state-truncation 
operation  in  related  model-reduction  schemes, these 
equations  have  been  termed  the  "optimal  projection 
equations" . Xn  this  regard  it  is  briefly  pointed 
out  in  this  paper  that  the  mathematical  steps  involved 
in  characterizing  the  projection  are  analogous  to  the 
model-reduction  method  of  Ref.  21.  An  in-depth  in¬ 
vestigation  into  this  topic  is  reserved  for  Ref.  17. 

It  should  be  stressed  that  an  important  problem 
which  is  beyond  the  scope  of  the  present  paper  is 
stabilizability ,  i.e.,  the  existence  of  a  dynamic 
compensator  of  a  given  order  such  that  the  closed-loop 
system  is  stable.  Our  approach  is  to  assume  that  the 
set  of  stabilizing  compensators  is  nonempty  and  then 
characterize  the  optimal  compensator  should  it  exist. 
We  note  that  stabilizing  compensators  do  exist  for 
the  class  of  problems  considered  in  Refs.  4,  8  and  27. 

It  is  important  to  point  out  that  the  results  of 
this  paper  can  be  immediately  adapted  to  finite¬ 
dimensional  systems.  One  need  only  specialize  the 
Hilbert  space  characterizing  the  dynamical  system  to 
a  finite-dimensional  Euclidean  space.  Then  all 
"dense  domain"  considerations  can  be  ignored,  adjoints 
can  be  interpreted  as  transposes  and  other  obvious 
simplifications  can  be  invoked.  The  only  mathemati¬ 
cal  aspect  requiring  attention  is  the  treatment  of 
white  noise  which,  for  convenient  handling  of  the 
infinite-dimensional  case,  is  interpreted  according 
to  Ref.  1.  For  the  finite-dimensional  case,  however, 
the  standard  classical  notions  suffice  and  the 
results  go  through  with  virtually  no  modifications. 

The  finite-dimensional  case  has  been  discussed  in 
Refs.  14-16.  Proofs  of  the  results  in  the  present 
paper  can  be  found  in  Refs.  5  and  6. 


396 


2.  Preliminaries  and  Problem  Statement 

Let  E  and  E'  denote  real  separable  Hilbert 
spaces  with  inner  product  <•»•>  and  let  B{E,E^), 
and  B  {E,E')  denote,  respectively,  the 
spaces  of  bounded,  trace  class  and  Hilbert-Schmidt 
operators  from  E  into  ^ >  13 , 19 , 25  It  E  =  E^  then 
write  B{E)  =  B{E,E' )  ,  The  adjoint  of 

L  e  B{E,E')  is  L*,  l“  =  (L*)  ^  and  p (L)  denotes 
the  rank  of  L.  L  £  B{,E)  is  nonnegative  definite  if 
L  =  L*  and  <Lx,x>  >0,  x  e  E*  With  respect  to  fixed 
orthonormal  bases  in  Euclidean  spaces  we  identify 
^  z  IR  )•  transposes  of  x  eM  and 

M  £  ]R  are  denoted  by  x  and  M  and  M  =  CM  } 

I  is  the  n^n  identity  matrix  and  is  the  identity 
n  „  n 

operator  on  E, 

We  consider  the  following  steady-state  fixed- 
order  dynamic- compensation  problem.  Given  the  con¬ 
trol  system 

i(t)  =  Ax(t)  +  Bu(t)  +  H^w(t) 

y (t)  =  Cx(t)  +  H^wCt) , 
design  a  fixed-order  dynamic  compensator 

u(t)  =  C  X  (t) 
c  c 

to  minimize  the  performance  criterion 

J(A  ,B  ,C  )  ^  lim  ]EI<R  x(t)  ,x(t)>  +  u(t) "^R^uCt)  ] . 
c  c  c  ^  ^  i  z 

t^-x® 

The  following  data  are  assumed.  The  state  x  is 
an  element  of  a  real  separable  Hilbert  space  E  and 
the  state  differential  equation  is  interpreted  in 
the  weak  sense  (see,  e.g.,  Ref.  1,  pp .  229,  317). 

The  closed,  densely  defined  operator  A:  E  E 

generates  a  strongly  continuous  semigroup  e  ,  t  0 

The  control  u  £  IR™,  B  €  B(  IR  operator 

R  £  B  (E)  and  the  matrix  R  £  ]R  are  nonnegative 
definite  and  positive  definite,  respectively.  w(») 
is  a  "standard  white  noise  process"  in 
(see  Ref,  1,  p.  314),  where  E^  is  a  real  separable 
Hilbert  space,  e  £  B(H,TR^)  and  "E" 

denotes  expectation.  We  assume  that  H^H*  =  0,  i.e., 
the  disturbance  an^  measurement  noises  are  indepen¬ 
dent,  and  that  =  ^2^2  positive  definite,  i.e., 
all  measurements  are  noisy.  Note  that  is 

trace  class.  The  observation  y  £  IR^  and 
C  £  B(E,  JR^),  The  dimension  of  the  compensator 
state  X  is  of  fixed  order  n  and  the  optimization 
is  performed  over  the  matrices  A  ,  B  and  C  . 

Under  these  and  the  following  assumptions,  5  is 
independent  of  x(0)  and  q(0). 

In  order  to  guarantee  the  existence  of 

J(A  ,B  ,C  )  we  confine  (A  ,B  ,C  )  to  the  set  of 
C*  c*  c  c  c  c 

stabilizing  compensators 


the  value  of  J  is  independent  of  the  internal  real¬ 
ization  of  the  compensator,  we  can  further  restrict 

(A  ,B  ,C  )  to 
c  c  c 


=  {(A  ,B  ,C  )  e  A:  (A  ,B  )  is  controllable 

^  and^(C  ,A  )  is  observable}, 
c  c 


In  order  to  state  our  main  result  we  require  a 
factorization  lemma  (Lemma  3.3)  concerning  the  pro¬ 
duct  of  two  finite-rank  nonnegative-definite  opera¬ 
tors.  Since  the  existence  of  such  a  factorization 
is  crucial  to  Theorem  3.1,  we  first  discuss  simul¬ 
taneous  diagonalization  of  pairs  of  matrices  and 
then  generalize  to  the  case  of  finite-rank  operators. 

It  should  be  noted  that  since  ^  is  a  real  Hilbert 
space  we  restrict  our  attention  to  matrices  with 
real  entries . 

Let  U  We  shall  say  U  is  positive  (resp.  , 

nonnegative)  diagonal  if  U  is  diagonal  with  positive 
(resp,,  nonnegative)  diagonal  elements.  U  is  semi- 
simple  (Ref.  24,  p.  13),  or  nondefective  (Ref.  22, 
p.  375),  if  U  has  n  linearly  independent  eigenvectors 
(i.e.,  U  has  a  diagonal  Jordan  canonical  form  over 
the  complex  field).  Call  U  real  (resp.,  positive, 
nonnegative)  semisimple  if  U  is  semisiraple  with  real 
(resp.,  positive,  nonnegative)  eigenvalues.  Note 
that  U  is  real  (resp.,  positive,  nonnegative)  semi¬ 
simple  if  and  only  if  there  exists  nxn  invertible 
0  such  that  $U0  ^  is  diagonal  (resp.,  positive 
diagonal,  nonnegative  diagonal). 

The  following  terminology  concerns  simultaneous 
diagonalization, 25  Let  nxn  U,  V  be  symmetric  matrices. 
Then  U  and  V  are  cogrediently  diagonalizable  if  there 

T  T 

exists  nxn  invertible  O  such  that  both  OUO  and 
are  diagonal .  U  and  V  are  contragrediently  diagonaliz¬ 
able  if  there  exists  nxn  invertible  $  such  that  both 
T  -T  -1 

<I>U$  and  <&  V<J>  are  diagonal.  Since  these  two  situa¬ 
tions  coincide  when  $  is  orthogonal,  we  shall  say  in 
this  case  that  U  and  V  are  orthogonally  diagonalizable. 

The  following  lemma  gives  sufficient  conditions 
under  which  symmetric  U,  V  are  cogrediently  and 
contragrediently  diagonalizable.  Although  this 
result  goes  beyond  our  needs,  it  serves  the  useful 
purpose  of  bringing  together  related  results  from 
the  literature  and  hence  places  in  perspective  the 
results  we  actually  require  (see  Ref.  22,  p.  428  and 
Ref.  24,  pp.  122-123). 

nxn 

Lemma  3.1.  Suppose  that  U,  V  £  ]R  are  s3Tnmet- 
ric.  Then  if  either  i)  one  of  U  and  V  is  positive 
definite  or  ii)  both  U  and  V  are  nonnegative  defi¬ 
nite,  then  U  and  V  are  cogrediently  and  contragred¬ 
iently  diagonalizable. 


is  a  closed,  densely  defined  operator  on 

ff(A)  =  D(A)  x]R‘^cflandH  =  ff®K'^lsa  real 
separable  Hilbert  space  with  inner  product 


nxn 

Corollary  3.1.  Suppose  U,  V  £  IR  are  nonneg¬ 
ative  definite.  Then  UV  is  nonnegative  semisimple. 

In  generalizing  the  preceding  results  to  the 
case  in  which  U  and  V  are  finite-rank  selfadjoint 
operators  on  E,  we  shall  make  use  of  the  (infinite-) 
matrix  representation  of  an  operator  with  respect  to 
an  orthonormal  basis.  Note  that  all  matrix  repre¬ 
sentations  given  here  will  consist  of  real  entries 
since  the  Hilbert  spaces  are  real.  Also,  recall  that 
every  selfadjoint  operator  has  a  diagonal  matrix 
representation  with  respect  to  some  orthonormal  basis. 
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p(0)  =  P(^)  =  P(Q^)  =  n  , 


(3.6) 


Since  orthogonal  transformations  correspond  to 
a  change  in  orthonormal  basis,  let  us  say,  in  anal¬ 
ogy  to  the  matrix  case,  that  U,  V  c  B{H)  are  orth¬ 
ogonally  diagonalizable  if  there  exists  an  ortho¬ 
normal  basis  for  H  with  respect  to  which  both  U  and 
V  have  diagonal  matrix  representations  (Ref.  12, 
p.  181).  Also  in  analogy  to  the  finite-dimensional 
case,  call  U  e  BQI)  semisimple  (resp.,  real  semi¬ 
simple,  nonnegative  semisimple)  if  there  exists 
invertible  L  e  B{H')  such  that  LUL  is  normal 
(resp.,  selfadjoint,  nonnegative  definite).  This 
implies  that  WL  ^  has  a  complete  set  of  orthonor¬ 
mal  eigenvectors  and,  in  the  real-semisimple  or 
nonnegative- semi simple  cases,  has  real  or  nonnega¬ 
tive  eigenvalj^es.  Furthermore,  we  shall  say  that 
self-adjoint  Q,  P  e  B{H)  are  contragrediently 
diagonalizaj^le  if  the^^e  exists  invertible  L  e  B{H) 
such  that  LQL*  and  L  ?L  are  orthogonally  diago¬ 
nalizable.  Cogredient  diagonalization  is  not  needed 
and  hence  will  not  be  discussed  in  the  sequel.  The 
next  result  is  based  upon  Lemma  3.1  and  upon  Theo¬ 
rem  2.1,  p.  240  of  Ref.  12. 

Lemma  3.2.  Suppose  ^  e  B^H)  have  finite 
rank  and  are  nonnegative  definite.  Then  $  and  ^ 
are  contragrediently  diagonalizable. 

We  now  have  the  following  generalization  of 
Corollary  3.1. 

Corollary  3.2.  Suppose  ^  e  B(H)  have^fin- 
ite  rank  and  are  nonnegative  definite.  Then  is 
nonnegative  semisimple. 

The  next  result  is  a  straightforward  conse¬ 
quence  of  Corollary  3.2. 

Lemma  3.3.  Suppose  Q,  ^  e  B(H)  J^^ve  finite 

rank,  are  nonnegative  definite  and  p (QP)  =  n  . 

n  c 

Then  there  exist  G,  T  e  B^H,  M  ^)  and  n  xn  posi¬ 
tive-semisimple  M  such  that  ^  ^ 

=  G*Mr,  (3.1) 


rc*  =  I  .  (3.2) 

n 

c 

n 

We  shall  refer  to  G,  T  e  B{H,  H  ^)  and  n 
positive-semisimple  M  satisfying  (3,1)  and  (3?2)^ 
as  a  (G,M, r)-factorization  of  QP.  Also,  define 
the  notation 


and 

I  =  br“^b*,  Y  =  c*v’^c. 

Main  Theorem.  Suppose  (A^,B^,C^)  e  solves 

the  steady-state  fixed-order  dynamic- compensation 

problem.  Then  there  exist  nonnegative-definite 

Q,  P,  Q,  P  e  B  (H)  such  that  A  ,  B  and  C  are 
1  1  c  c  c 

given  by 


A  = 
c 

F(A  -  QZ  -  ZP)G*, 

(3.3) 

B  = 
c 

rQc*v‘^, 

(3.4) 

C  = 
c 

-r“^b*pg*. 

(3.5) 

for  som^  (G,M, r)-factorization  of  Q^,  and  such  that 
with  T  =  G*r  the  following  conditions  are  satisfied: 


Q:  Z}(A*)  P:  D{A)  D(A*)  ,  (3.7) 

Q:  H  ^  D{A)  ,  H  ^  D{A*) ,  (3.8) 

0  =  AQ  +  QA*  +  -  qYq  +  Tj^qYQtP  (3.9) 

0  =  A*P  +  PA  +  R,  -  PEP  +  t*PEPt  ,  (3.10) 

1  11 

0  =  (A  -  ZP)^  +  0(A  -  IP)*  +  QZQ  -  Tj^qlQTp  (3.11) 

0  =  (A  -  qY)*^  +  ^(A  -  qY)  +  PZP  -  t*PZPTj^.  (3.12) 

Remark  3.1.  When  FI  is  finite  dimensional  and 
n  =  dim  H  (i,e.,^the  full-order  case),  the  (G,M,r)- 
f act^rization  of  QP  is  given  by  G  -  F  =  I  and 
M  =  Q^ .  Since  x  =  I^,  and  thus  x^  =  0,  (3,9)  and 
(3.10)  yield  the  familiar  Riccati  equations. 

Remark  3.2.  Replacing  x  by  Sx  ,  where  S  is 
invertible,  yields  the  "equivalent"  compensator 

(SA  S''^,SB  ,C  S“^).  Since  J(A  ,B  ,C  )  =  J(SA  S"^, 

C  “J-C  C  c  c  c  c 

SB  ,C  S  )  one  would- expect  the  Main  Theorem  to 

apply^also  to  (SA  S  ,SB  ,C  S  ).  This  is  indeed  the 
case  since  transformation  o?  the  compensator  state 
basis  corresponds  to  the  alternative  factorization 

=  (S'^G)'^(SMS'^)(Sr)  . 


Ne: 

of  the  ' 
can  be 


Since  ( 
"index" 
inverse 
and  is 
or  Ref. 


xt  we  give  an  alternative  characterization 
optimal  projection  x  by  demonstrating  how  it 
expr^^sed  in  tej^ms  of  the  Drazin  pseudo- 
of  QP .  Since  QP  has  finite  rank,  its  Drazin 
exists  (see  Theorem  6,  p.  108  of  Ref.  20). 
^P^Q  =  G*M  F,  and  hence  p (QP)  =  p(Q^),  the 
’  of  QP  is  1.  In  this  case  the  Drazin 
is  traditionally  called  the  group  inverse 
denoted  by  (Q^)  (see,  e.g.,  Ref.  7,  p.  124, 


Proposition  3.1.  Let  $,  ^  and  x  be  as  in 
Theorem  3,1.  Then 

-  = 


Proof.  It  is  easy  to  verify  that  the  condi- 
tions  characterizing  the  Drazin  inverse  ^  for  Jhe 
case  that  QP  has  index  1  are  satisfied  by  G*M  F. 
Hence  (QP)  =  G*M  ^F  and  (3.2)  yields  the  desired 


The  next  result  is  useful  in  making  connec¬ 
tions  with  Ref.  21. 

Proposition  3.2.  Suppose  ^  e  Bill)  and 
n 

G,  F  e  B (H i  ]R  )  and  n  xn  real -semi simple  M  satisfy 
(3.1)  and  (3.2).  Then^there  exists  invertible 
L  e  B(H)  and  an  orthonormal  basis  for  H  with  respect 
to  which 


(3.13) 


G*r  =  L 


“i  o’ 

n 

c 

-0  0  _ 


(3.14) 


where  A  =  diag ( A,  , . . . , X  )  and  A-,..., A  are  the 
eigenvalues  of  M.  c  c 


We  can  now  point  out  some  interesting  similar-  5.  D.S.  Bernstein,  Explicit  optimality  conditions 

ities  between  the  technique  used  to  obtain  x  from  QP  for  fixed-order  dynamic  compensation  of  infinite- 

and  certain  methods  appearing  in  the  model-reduction  dimensional  systems,  submitted  for  publication, 
literature.  In  Ref.  21,  for  example,  the  positive- 

definite  controllability  and  observability  gramians,  6.  D.S.  Bernstein  and  D.C.  Hyland,  "The  optimal 

projection  equations  for  fixed-order  dynamic  com- 
A  At  T  A^t  A  “  A^r  T  At  pensation  of  infinite-dimensional  systems",  sub- 

W  =  /  e  BB  e  dt,  W  =  /  e  C  Ce  dt,  mitted  for  publication. 

0  0 

are  contragrediently  diagonalized,  i.e.,$is  7.  S.L.  Campbell  and  C.D.  Meyer,  Jr.,  Generalized 

^  ,  i.  j..-  inverses  of  linear  transformations,  Pitman,  London 

chosen  so  that  W  $  and  $  W  are  both  positive 

CO  1979 

diagonal.  If  $  is  chosen  so  that  these  matrices 


are  also  equal,  the  resulting  model  is  said  to  be 
"internally  balanced".  The  magnitudes  of  the  diag¬ 
onal  components  are  then  used  as  a  guide  for  deter¬ 
mining  a  suitable  reduced-order  model.  Specif i- 


8.  R.F.  Curtain,  Compensators  for  infinite¬ 
dimensional  linear  systems,  J.  Franklin  Inst.,  315 
(1983),  pp.  331-346. 


cally,  the  order  of  the  reduced  model  is  chosen  to 
be  the  number  of  "large"  eigenvalues  in  the  product 
of  the  Gramians  and  the  reduced  model  is  obtained 
by  applying  the  projection 


9.  R.F.  Curtain  and  A.J.  Pritchard,  Infinite¬ 
dimensional  linear  systems  theory,  Springer-Verlag, 
New  York,  1978. 


10.  J.S.  Gibson,  The  Riccati  integral  equations  for 
optimal  control  problems  on  Hilbert  spaces,  SIAM  J. 
on  Contr.  and  Optim.,  17(1979),  pp.  537-565. 


in  the  transformed  ("balanced")  basis.  Note  that 
Proposition  3.2  shows  that  our  "optimal"  projec¬ 
tion  T  is  indeed  ^f  this  form  in  the  basis  with 
respect  to  which  is  diagonal  (and  which  may 
very  well  be  different  from  the  balanced  coordi¬ 
nates)  .  Hence  one  would  suspect  that  Q  and  P  are 
somehow  analogous  to  W  and  W  .  Indeed,  since  the 
order  of  the  reduced  model  is  chosen  such  that 
(3,6)  is,  in  a  sense,  approximately  satisfied,  it 
is  not  surprising  that  in  the  optimal  model- 

reduction  problem,  W  and  W  can  be  shown^^  to  be 
■  A  c  ,  A  o 

approximations  to  Q  and  P. 

Since  Theorem  3.1  applies  to  closed-loop 
dynamic  compensation  with  quadratic  optimization, 
further  comparison  with  the  model-reduction  liter¬ 
ature  is  not  feasible.  It  is  important  to  point 
out,  however,  that  because  of  the  demise  of  the 
separation  principle  as  graphically  portrayed  by 
the  presence  of  x  in  all  four  equations  (3.8)- 
(3.12),  it  should  not  be  expected  that  either  an 
LQG  design  for  a  reduced-order  model  or  a  reduced- 
order  LQG  controller  would  correspond  to  an 
optimal  fixed-order  dynamic  compensator  as  char¬ 
acterized  by  Theorem  3.1, 

References 

1.  A.V.  Balakrishnan,  Applied  Functional  Analysis, 
Springer-Verlag,  New  York,  1981. 

2.  M.J,  Balas,  Trends  in  large  space  structure 
control  theory:  fondest  hopes,  wildest  dreams, 

IEEE  Trans,  on  Auto,  Contr.,  AC-24(1982),  pp. 
522-535. 


11.  J.S.  Gibson,  An  analysis  of  optimal  modal  regu¬ 
lation:  convergence  and  stability,  SIAM  J,  on  Contr. 
and  Optim.,  19(1981),  pp.  686-707. 

12.  I.  Gohberg  and  S.  Goldberg,  Basic  operator 
theory,  Birkhauser,  Boston,  1981, 

13.  I.  Gohberg  and  M.G.  Krein,  Introduction  to  the 
theory  of  linear  nonselfadjoint  operators.  Transla¬ 
tions  of  Mathematical  Monographs,  Vol .  18,  American 
Mathematical  Society,  Providence,  R.I,,  1966. 

14.  D.C.  Hyland,  Optimality  conditions  for  fixed- 
order  dynamic  compensation  of  flexible  spacecraft 
with  uncertain  parameters,  AIAA  20th  Aerospace 
Sciences  Mtg.,  Orlando,  FL,  January  1982. 

15.  D.C.  Hyland,  The  optimal  projection  approach 
to  fixed-order  compensation:  numerical  methods  and 
illustrative  results,  AIAA  21st  Aerospace  Sciences 
Mtg.,  Reno,  NV,  January  1983. 

16.  D.C.  Hyland  and  D.S.  Bernstein,  Explicit  opti¬ 
mality  conditions  for  fixed-order  dynamic  compensa¬ 
tion,  Proc.  22nd  IEEE  Conf.  on  Decision  and  Control, 
San  Antonio,  TX,  December  1983. 

17.  D.C.  Hyland  and  D.S.  Bernstein,  "The  optimal 
projection  approach  to  model  reduction  and  the  rela¬ 
tionship  between  the  methods  of  Wilson  and  Moore", 
in  preparation. 

18.  T.L.  Johnson,  Optimization  of  low-order  compen¬ 
sators  for  infinite-dimensional  systems,  Proc.  9th 
IFIP  Symp.  on  Optimization  Techniques,  Warsaw, 
Poland,  September  1979. 


3.  M.J.  Balas,  Toward  a  more  practical  control 
theory  for  distributed  parameter  systems,  in  Con¬ 
trol  and  Dynamic  Systems:  Advances  ii^  Theory  and 
Applications,  Vol.  19,  C.T.  Leondes,  ed. ,  Academic 
Press,  New  York,  1982. 

4.  M.J.  Balas,  The  structure  of  discrete- time 
finite-dimensional  control  of  distributed  parameter 
systems,  preprint. 


19.  T.  Kato,  Perturbation  theory  for  linear  opera¬ 
tors,  Springer-Verlag,  New  York,  1966. 

20.  D.C.  Lay,  Spectral  properties  of  generalized 
inverses  of  linear  operators,  SIAM  J.  on  Appl . 
Math.,  29(1975),  pp.  103-109. 

21.  B.C.  Moore,  "Principle  component  analysis  in 
linear  systems:  controllability,  observability  and 


399 


model  reduction'*,  IEEE  Trans,  on  Auto,  Contr., 
AC-26(1981),  pp.  17-32, 

22.  B.  Noble  and  J.W.  Daniel,  Applied  linear 
algebra,  Second  Edition,  Prentice-Hall,  Englewood 
Cliffs,  N.J,,  1977. 

23.  R.K.  Pearson,  Optimal  fixed-form  compensators 
for  large  space  structures,  in  ACOSS  SIX  (Active 
Control  of  Space  Structures),  RADC-TR-81-289 ,  Final 
Tech.  Report,  RADC,  Griffiss  AFB,  New  York,  1981. 

24.  C.R.  Rao  and  S.K.  Mitra,  Generalized  inverse 
of  matrices  and  its  applications,  John  Wiley  and 
Sons,  New  York,  1971. 

25.  J.R.  Ringrose,  Compact  non-self-adjoint  oper¬ 
ators,  Van  Nostrand  Reinhold  Co.,  London,  1971. 

26.  P.  Robert,  On  the  group-inverse  of  a  linear 
transformation,  J.  Math.  Anal,  Appl. ,  22(1968), 
pp.  658-669. 

27.  J.M.  Schumacher,  A  direct  approach  to  com¬ 
pensator  design  for  distributed  parameter  sys¬ 
tems,  SIAII  J.  on  Contr.  and  Optim,  21(1983),  pp. 
823-836. 


400 


ENHANCED  VIBRATION  CONTROLLABILITY  BY  MINOR  STRUCTURAL 

MODIFICATIONS 


84-1036 


* 

Raphael  T.  Haftka 
Zoran  N.  Martinovic 

•ki 

William  L.  Hallauer  Jr. 


Department  of  Aerospace  and  Ocean  Engineering 
Virginia  Polytechnic  Institute  and  State  University 


Abstract 

A  procedure  for  checking  whether  small 
changes  in  a  structure  have  the  potential  for 
significant  enhancements  of  its  vibration  control 
system  is  described.  The  first  step  in  the 

procedure  consists  of  the  calculation  of  the 
sensitivity  of  the  required  strength  of  the  control 
system  to  small  changes  in  structural  parameters. 
The  second  step  consists  of  the  optimization  of  the 
structural  parameters  to  produce  maximal  reduction 
in  required  control  system  strength  with  minimal 
change  in  the  structure.  The  procedure  has  been 
demonstrated  for  a  flexible  beam  supported  by  four 
cables  and  controlled  by  a  rate  feedback  single- 
colocated  force-actuator  velocity-sensor  pair. 
Large  changes  in  control  strength  requirement  were 
obtained  with  small  structural  modifications. 
Analytical  predictions  of  such  effects  have  also 
been  validated  experimentally. 

Nomenclatu  re 

[C]  damping  matrix  (n  x  n) 

actuator  force  per  unit  current 

sensor  voltage  per  unit  velocity 

c  viscous  damping  coefficient,  control 

strength 

e(t)  excitation  signal 

F  force  generated  by  control  system, 

defined  in  Eq.  (23) 

G  control  gain 

g^  limits  on  the  damping  ratio  or  real  parts 

of  eigenvalues  defined  in  Eqs.  (21)  and 

(22) 

g^j  jth  constraint  on  the  magnitude  of 

change  of  the  design  variable 
h.  thickness  of  the  ith  beam  element 

I 


i 

structural  design  variable 
electrical  current 

number,  or 

j 

K 

power  amplifier  transduction 

constant 

[K] 

stiffness  matrix  (n  x  n) 

[K  ] 

(2n  x  2n)  matrix  defined  in 

Eq.  (5) 

L 

subscript  denoting  a  lower 
eigen-pair  damping  ratio 

limit  on  rth 

[M] 

mass  matrix  (n  x  n) 

k 

[M  ] 

(2n  X  2n)  matrix  defined  in 

Eq.  (4) 

m. 

I 

ith  lumped  mass 
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n  number  of  system  degrees  of  freedom 

r  mode  number 

{q(t)}  state  vector  (2n  x  1) 

eigenvector  (2n  x  1) 

U  subscript  denoting  upper  limit  on  real 

part  of  rth  eigenvalue 
(u)  displacement  vector  (n  x  1) 

t  time 

(x)  design  variable  vector 

imaginary  part  of  rth  eigenvalue  defined 

in  Eq.  (8) 

Wqp  rth  frequency  defined  in  Eq.  (10) 

0^  real  part  of  rth  eigenvalue  defined  in 

Eq.  (8) 

rth  pair  of  eigenvalues  defined  in 
Eq.  (8) 

T  time  constant  defined  in  Eq.  (18) 

damping  ratio  of  rth  eigenvalue  defined 

in  Eq.  (10) 

Z  number  of  controlled  modes 

I  ntroduction 

Large  space  structures  will  face  difficult 
problems  of  vibration  control.  Because  of  the 
requirement  for  low  weight,  such  structures  will 
probably  lack  the  stiffness  and  damping  required 
for  adequate  passive  control  of  vibrations. 
Therefore,  a  great  deal  of  work  Is  currently  in 
progress  on  designing  active  vibration  control 
systems  for  such  structures  (see  Ref.1,  for  some 
recent  work) . 

Most  active  control  studies  assume  that  the 
structural  configuration  is  determined  from  other 
considerations  and  that  the  control  system  has  to 
be  designed  for  a  specified  structure.  Recently, 
however,  there  has  been  some  interest  in 
simultaneous  design  of  the  structure  and  the 

control  system  so  as  to  produce  a  truly  optimum 
configuration  (e.g.  Ref. 2).  Before  one  embarks  on 
such  an  ambitious  undertaking,  it  is  important  to 
determine  that  there  is  indeed  a  synergistic  effect 
in  designing  a  structure  and  its  control  system 
simultaneously.  The  purpose  of  the  present  paper 
is  to  investigate  the  possibility  of  such  a 
synergistic  effect. 

The  method  used  to  assess  the  potential 
synergistic  effect  is  determination  of  whether  small 
structural  modifications  can  produce  large 
reductions  in  the  control  strength  required  to 
achieve  a  desired  level  of  active  damping.  If  this 
is  indeed  the  case,  then  the  synergistic  effect  is 
established  and  there  is  justification  to  attempt 
simultaneous  structure-control  system  design  of 
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large  space  structures 


Two  methods  are  proposed  for  assessing  the 
potential  of  small  structural  modifications  for 
reducing  significantly  the  control  requrements. 
The  first  method  is  the  calculation  of  the 
sensitivity  of  the  control  requirements  with  respect 
to  structural  parameters.  The  second  method  is 
the  optimization  of  structural  parameters  towards 
the  goal  of  reducing  control  requirements,  subject 
to  a  constraint  limiting  variations  in  the  structural 
parameters  to  small  values. 

The  two  methods  are  demonstrated  for  a 
flexible  beam  supported  by  four  cables  and 
controlled  by  a  rate  feedback  single-colocated 
force-actuator  velocity- sensor  pair.  Small  changes 
in  the  structure  consist  of  adding  small  masses  and 
making  small  changes  in  the  thickness.  The 
synergistic  potential  is  predicted  from  a  finite 
element  model  of  the  system  and  then  validated  by 
a  laboratory  experiment. 

Calculation  of  Eigenvalues  and  thei r  Derivatives 

The  structu  re-control  system  equations  of 
motion  for  a  structure  with  n  degrees  of  freedom 
(DOF)  and  rate  feedback  control  produced  by  pairs 
of  colocated  velocity  sensors  and  actuators  is 

[M]{u)  -  [C]{u}  -  [K]{u}  =  {0}.  (1) 

For  a  single  sensor-actuator  pair,  the  damping 
matrix  [C]  has  only  one  nonzero  entry,  equal  to  c, 
at  the  diagonal  position  corresponding  to  the 
controlled  DOF. 


written  in  terms  of  a  nominal  frequency  w  and 

^  or 

C  as 
r 


T  1  /9 

(1  -  c;)  -  (10) 

For  the  design  of  the  structure  and  control 
system  we  require  the  derivatives  of  the 
eigenvalues  with  respect  to  design  parameters 

X..  These  derivatives  may  be  calculated  by  finite 

differences  but  this  can  become  quite  expensive. 
Therefore,  analytical  derivatives  have  been  derived 
and  employed. 

Differentiating  Eq.  (7)  with  respect  to  a 
design  variable  x.  for  the  rth  eigen-pair,  one 

obtai  ns : 

(y[M*]"[K*])  3{qQ}/ax.  ♦  axyax. 

*  3[M*]/3x.  {q^}^  -  3[K*]/3x.  {q^}  ^  =  {0} 

(11) 

After  premultiplying  Eq.  (11)  by  the 
transpose  of  the  rth  eigenvector,  and  re-arranging 
of  terms,  one  obtains: 

-  {^o^r  ^  ]/ax.)  {q^}^. 

ax.  {q^}^  [M*]  {qQ)|. 

(12) 


In  state  vector  form  Eq .  (1)  becomes 
[M*]{q}  -  [K*]{q)  =  {0}, 


is  the  state  vector  (2n  x  1),and 


[0]  [M] 


[M]  [C]J 
-[M]  [0]] 


[  [0]  [K]J 

Assuming  a  solution  of  Eq .  (2)  of  the  form, 

{q(t)}  =  e^^  {q^}  (f 

the  associated  eigenvalue  problem  becomes 

(X[M*]  -  [k"^])  (q^)  =  {0}  ( 

The  solution  of  Eq.  (7)  yields  n  complex 
conjugate  eigenvalue  pairs, 

X=a^joj,r  =  1,2,...,n.  ( 

The  damping  factor  of  the  rth  mode  is 
1  9  1/9 

C  -  -0  /  (o^  ^  ^  (! 

rr  rr 

The  real  and  imaginary  parts  of  X^  may  be 


Equation  (12)  can  be  expressed  also  in  the 
following  form, 

9X'3x.“3o/3x.'*’j9w/9x.  (13) 

r  I  r  I  -  r  i 

The  derivative  of  the  damping  ratio  for  the  rth 
mode  is  obtained  by  differentiating  Eq.  (9)  with 
respect  to  the  design  variable  x., 

9;  CO  (o  9u)  /9x.  -  9o  /3x.  co  ) 

^r  r  r  r  I  r  i  r 

_  =  -  (14) 

9  9  'i/1 

ax.  (o^  ^  w“)  '  ^ 

I  r  r 

One  of  the  design  parameters  x.  is  the 

amount  of  damping  c  supplied  by  the  colocated 
velocity  sensor  and  actuator.  The  effect  of  a  smat 
change  in  a  structural  design  variable  x.  on  the 

required  value  of  c  depends  on  the  required 
performance  of  the  system.  Assume,  for  example, 
that  we  require  a  minimum  level  of  C 


where  is  the  specified  minimum.  If  the 

requirement  of  the  Eq .  (15)  is  critical,  then  for 
our  nominal  structure  and  a  change 

in  a  structural  parameter  x.  can  be  useful  only  if 
it  tends  to  increase  The  possible  reduction 

in  c  due  to  a  change  in  variable  x.  can  be 

obtained  by  assuming  that  both  change 
simu  Itaneously 

dc^  “  (9C^/9c)dc  +  (9(;^/3x.)dx. 


(16) 


and  setting  dc^  -  0  to  obtain 
dc/dXj  =  -(9^^/3x.)  /  Oc/3c)  (17) 

If  the  requirement  of  Eq.(15)  is  critical  for  several 
modes,  then  Eq.(17)  has  to  be  evaluated  for  each 
critical  mode  and  the  lowest  value  of  dc/dx. 

represents  the  actual  possible  gain. 

Design  Method 

An  initial  structure  is  selected  first,  and  a 
simple  control  system  is  designed  for  it.  The 
control  system  design  has  to  satisfy  some 
prescribed  minimum  levels  of  active  damping.  This 
is  classical  control  system  design  based  on  an 
invariant  structure. 

Next,  a  set  of  structural  design  variables  is 
selected  and  an  optimization  procedure  is  employed 
to  calculate  the  values  of  the  structural  variables 
which  minimize  the  control  strength  required. 
Changes  in  the  structural  variables  are  constrained 
to  a  small  percentage  of  their  values  for  the  initial 
structure,  and  the  same  prescribed  minimum  levels 
of  active  damping  are  imposed  on  control  system 
design  as  before.  This  is  simultaneous  structure- 
control  system  design. 

The  synergistic  effect  is  considered  to  be 
established  if  the  percentage  reduction  in  the 
control  strength  is  much  larger  than  the  percent 
changes  in  structural  variables. 

Two  quantities  are  used  here  as  measures  of 
modal  control  effectiveness  or  level  of  damping  in 
the  system.  One  is  the  damping  factor  and 

the  other  is  the  real  part  of  eigenvalue  as 

defined  in  Eq.  (8).  Note  that  the  real  part  of  an 
eigenvalue  o  is  related  to  the  time  t  required  for 
the  amplitude  of  vibration  to  be  reduced  by  the 
factor  of  l/e  as 

T  -  -1/0  (18) 


Optimization  Pf'ocedure 


and  represents  constraints  on  the 

magnitude  of  change  of  the  design  variables. 

The  NEWSUMT  optimization  program  (Ref. 3) 
has  been  used  to  solve  the  optimization  problem. 
NEWSUMT  employs  an  extended  interior  penalty 
function  formulation  using  Newton's  method  with 
approximate  second  derivatives  for  each 
unconstrained  minimization. 

Finite  Element  Model 

The  theory  developed  above  has  been  applied 
for  several  numerical  cases  based  on  an  existing 
small  laboratory  structure,  which  consists  of  a 
vertical  beam  and  cables  in  tension  suspending  the 
beam.  Figure  1.  The  structure  is  represented  by 
a  uniform  steel  beam  2.03  m  long  with  rectangular 
cross  section  (51  mm  x  3.2  mm).  The  beam  is 
attached  to  floor  and  ceiling  by  four  2.3  mm 
diameter  steel  cables  as  shown  on  Figure  1.  Beam 
finite  elements  of  equal  length  with  displacements 
and  rotations  as  structural  DOFs  are  used  to  model 
the  beam.  A  string-in-tension  finite  element 
represents  each  cable.  The  model  includes 
differential  stiffness  matrices  accounting  for  tension 
in  beam  elements.  The  tension  used  at  the  top  of 
the  beam  is  362  N  and  it  is  proportionally  reduced 
down  the  beam  due  to  the  effect  of  gravity.  Small 
tumped  masses  representing  control  system  coils 
and  cable  clamps  are  added  to  the  model. 

Inherent  passive  structural  damping  is  not 
included  in  the  analysis  because  it  is  small  in 
comparison  with  the  active  damping  imposed  by  the 
controller.  Active  damping  is  effected  by  a  rate 
feedback  control  involving  a  single  force  actuator 
colocated  with  a  velocity  sensor.  The 
instantaneous  control  force  is  directly 
proportional,  but  opposite  in  sign,  to  the 
instantaneous  velocity.  This  is  equivalent  to  the 
attachment  of  a  viscous  dashpot  to  the  structural 
DOF  of  the  sensor,  with  the  ratio  of  controlling 
force  to  sensed  velocity  being  the  viscous  damping 
coefficient  c.  Therefore,  c  is  defined  to  be  the 
measure  of  control  strength.  The  control  sensor 
and  actuator  are  located  at  the  bottom  of  the  beam, 
as  shown  on  Figure  2  for  an  eight-element  model. 


Preliminary  studies  were  done  on  three 
analytical  models  with  the  beam  being  modeled  by 
four,  eight,  and  sixteen  equal  finite  elements 
respectively.  The  results  showed  that  the  eight 
element  model  was  sufficiently  accurate  for  further 
analysis. 

Results  and  Discussion 

All  results  were  obtained  for  the  beam 
structure  modeled  by  eight  beam  finite  elements, and 
having  18  DOF.  The  uniform-thickness  beam 

without  any  additional  masses  is  called  the  baseline 
design  . 

First,  the  control  system  was  designed  for  the 

baseline  design.  The  requirements  imposed  on  the 

control  svstem  for  the  first  five  modes  were 

0.9  >  c  >  0.03,  r  =  1,2, 3, 4, 5.  This 

-  r  - 

requirement  was  satisfied  with  c  =  0.2204  N-sec/cm, 
For  this  value  of  c,  was  equal  to  0.03  and 

first  four  damping  ratios  were  above  this  value. 


Next,  the  effect  of  adding  small  masses  at  the 
nine  nodes  of  the  finite  element  model  was 
investigated.  The  sensitivity  of  the  control 
strength  c  with  respect  to  the  masses  dc/dm. 

(i  =  1  thru  9)  was  obtained  for  the  baseline  design 
for  constant  (see  Table  1).  The  results  show 

that  dc/dmg  is  the  largest  negative  derivative 

and  predict  that  the  control  requirement  c  would  be 
reduced  by  88.5°o  relative  to  the  baseline  value  by 
adding  10°,  of  the  baseline  beam  mass  at  node  8 
which  is  25.4  cm  above  the  beam  bottom  (see 
Fig u re  2)  . 

Next,  the  optimization  was  performed  with 
actual  additional  lumped  masses  at  each  of  the  nine 
beam  nodes  defined  as  the  structure  design 
variables.  The  total  added  mass  was  constrained 
not  to  exceed  lOT  of  the  baseline  beam  mass  and 
the  same  requirements  were  imposed  on  the  control 
system  as  for  the  baseline  design.  The 
optimization  concentrated  the  entire  10°,  added  mass 
at  node  8  and  reduced  the  required  damping 
strength  c  to  0.1264  N-sec/cm,  a  42.6°o  reduction 
relative  to  the  baseline  value.  The  only  critical 
damping  constraint  was  the  lower  limit  on 

The  difference  between  the  linear  prediction  of 

88. 5o  reduction  in  c  and  the  actual  value  of  42.6° 
is  due  to  the  I'apid  changes  in  dc/dm.  as  mass  is 

added.  The  values  of  dc/dm.  for  the  final  design 

are  also  given  in  Table  1  and  show  that  the 
potential  for  further  improvements  in  c  are  much 
reduced . 

Table  1:  Control  strength  sensitivity 
to  added  masses, 

dc/dm.  (sec 


Lumped 

mass 

Baseli  ne 
design 

Optimal 

design 

1 

-24.23 

-10.82 

2 

8.18 

3.13 

3 

-22.71 

-9.06 

4 

5.17 

0.15 

5 

0.73 

2.77 

6 

-36.04 

-18.47 

7 

42.75 

18.50 

8 

-77.39 

-18.32 

9 

155.21 

72.17 

The  sensitivity  of  the  fifth  eigenvalue  decay 
rate  (the  most  critical  constraint)  was  plotted 

as  a  function  of  the  position  of  the  added  mass 
(see  Fig. 3)  for  the  beam  modeled  with  16  finite 
elements.  It  is  clear  from  the  figure  why  all  the 
added  mass  is  lumped  at  the  single  node  and  that 
there  are  also  several  local  extrema.  Figure  3  also 
indicated  that  there  is  very  little  difference 
between  8  and  16  element  models. 

The  42.6°o  reduction  in  required  control 
strength  by  lOo  mass  addition  is  a  clear  synergistic 
effect.  However,  it  was  considered  to  be  less 
attractive  than  achieving  a  similar  result  by  a 
redistribution  of  mass  in  the  structure  by  changing 
the  beam  thicknesses.  Therefore,  the  next  design 


study  was  performed  with  the  thickness  of  the 
beam  elements  h.  being  design  variables,  and 

constrained  to  vary  no  more  than  10°,  from  their 
original  baseline  value.  The  demands  on  the 
control  system  were  the  same  as  in  the  previous 
case . 

First,  the  potential  for  improvement  was 
assessed  by  calculating  dc/dh.  for  the  baseline 

design.  The  results  in  Table  2  show  that  the 
maximum  derivative  is  for  element  8  and  that  for 
this  element  a  10°,  decrease  in  thickness 
(Ah  -0.32  mm)  is  expected  to  reduce  c  by  9.4°,. 
Next,  an  optimization  was  performed  resulting  in  a 
thickness  distribution  shown  in  Figure  4,  and  the 
required  damping  strength  c  was  reduced  to  0.1625 
N-sec/cm  or  by  26.3°o,  with  a  2.5°,  incr'ease  in 
weight  over  the  baseline  design.  Again,  the 
constraint  on  the  damping  ratio  of  the  fifth  mode 
was  active,  indicating,,  therefore,  that  the 

structure  is  controlled  by  controlling  the  fifth  mode 
of  vibration , 

The  sensitivity  of  control  c  with  respect  to 
thickness  (dc/dh.  i  =  1  thru  8)  for  the  optimal 

design  is  also  given  in  Table  2.  The  results 
showed  in  both  cases  that  dc/dh,^  was  small 

compared  to  the  other  sensitivity  derivatives. 
Therefore,  the  thickness  of  the  second  element  of 
the  optimal  design  was  reduced  to  its  lower  limit. 
This  new  design  has  no  increase  in  mass  relative  to 
the  baseline  design,  and  it  requires  c  =  0.1637  N- 
sec/cm  or  25.7°,  less  than  baseline  design. 


Table  2:  Control  strength  sensitivity 

to  changes  in  element  thicknesses, 
') 

dc/dh.  (N-sec/cm^) 


Element  Baseline 

design 

Optimal 

design 

1 

-0.1356 

-0.0630 

2 

0.0138 

-0.0251 

3 

0.2139 

0.1517 

4 

-0.2371 

-0.0987 

5 

0.3217 

0.2340 

6 

-0.2461 

-0.2392 

( 

-0.2182 

-0.2062 

8 

0.6510 

0 . 5934 

Next,  the  effect  of  the  design  requirement  on 
the  damping  was  investigated  for  the  lOu  added 
mass  design.  The  demands  on  the  level  of  damping 
in  the  system  were  varied  from  0,035  to  0.010,  and 
the  same  design  procedure  applied  as  before  for 
the  different  limits  on  minimum  value  of  damping 
ratios.  The  results  are  shown  in  Table  3. 

In  ail  cases  the  optimization  procedure  tumped 
the  total  added  mass  25.4  cm  above  the  beam 
bottom  (node  8)  and  the  fifth  mode  damping  ratio 
was  the  only  active  behavior  constraint. 

Instead  of  imposing  constraints  on  damping 
ratios,  i.e.  on  the  number  of  cycles  required  for 
decay  of  vibration,  one  cam  possibly  impose 
constraints  on  the  time  of  vibration  decay  by 
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Table  3:  Effect  of  design  requirements  on  the  reduction  in  control  strength 
afforded  by  10°o  mass  increase,  constraints  imposed  on 


Required 
lower  limit 
on  damping 
ratio 

Control  strength 
c  (N-sec/cm) 

Baseline  Design 

design  with  10% 

added  mass 

Percentage 
in  control 

reduction 

strength 

0.010 

0.0658 

0.0413 

37.2 

0.015 

0.1002 

0.0620 

38.1 

0.020 

0.1364 

0.0830 

39.1 

0.025 

0.1756 

0.1044 

40.5 

0.030 

0.2205 

0.1264 

42.6 

Table  4:  Effect  of  design  requirements  on  the 
control  strength  afforded  by  mass  inc 
constraints  imposed  on 

reduction  in 
rease. 

Control 

Strength 

Requi  red 

c  (N- 

-sec/ cm) 

upper  limit 

Percentage 

on  real  part 

Baseline 

Design 

reduction 

of  eigen- 

Time 

design 

with 

in 

values 

decay 

added 

control 

(sec  ) 

(sec) 

mass 

strength 

-0.7175 

1  .39 

0.0520 

0.0510 

1.9 

-1 .4350 

0.69 

0.1033 

0.1010 

2.2 

-2.1525 

0.46 

0.1532 

0.1492 

2.6 

constraining  the  real  parts  of  eigenvalues 

Three  designs  obtained  by  imposing  constraints  on 

0  are  shown  in  Table  4. 
r 

In  all  these  designs  the  upper  limit  on 

was  the  active  constraint,  which  means  that  the 
first  mode  is  controlling  the  design.  These  results 
indicate  that  small  changes  in  design  variables 
affect  control  gain  very  little  and  that  the 
synergistic  effect  is  nonexistent  since  the  first 
mode  is  less  sensitive  to  structural  changes  than 
the  fifth  one. 

Experimental  Apparatus  and  Procedure 

An  experiment  was  conducted  to  determine 
how  w'ell  the  theory  predicts  reality.  The  cases 
tested  in  the  experimental  study  were  the  baseline 
beam-cable  design  and  the  design  which  was 
optimized  by  means  of  an  added  mass  for 
0*03.  Frequency  response 

functions  were  measured  on  the  beam-cable 

laboratory  structure,  and  values  of  c  and  w 

r  or 

were  inferred  from  the  data  for  comparison  with 
theoretical  predictions. 

The  basic  experimental  apparatus  and 

procedures  have  been  described  at  length  in  Ref. 4. 
That  description  is  summarized  here,  and  some  new' 
aspects  of  apparatus  and  procedure  relevant  to  this 
paper  are  described.  Figure  5  is  a  photograph  of 
the  lower  portion  of  the  beam  showing  the  mass 
added  around  node  8  and  the  control  sensor  and 
actuator . 


The  added  mass  consisted  of  several  small 
magnets  with  collective  weight  equal  to  10°o  of  the 
weight  of  the  beam.  The  magnets  were  held  firmly 
to  the  steel  beam  by  their  own  magnetic  field.  The 
added  mass  was  distributed  around,  rather  than 
concentrated  at,  node  8,  and  the  distribution 
clearly  also  added  some  rotational  inertia  to  the 
beam.  The  consequences  of  the  added  mass  being 
distributed  rather  than  concentrated  were 
considered  to  be  negligible  for  the  lowest  five 
structural  vibration  modes,  so  the  distribution  was 
not  included  in  the  theoretical  model.  The  small 
additional  beam  and  cable  tension  produced  by  the 
weight  of  the  magnets  also  was  considered 
negligible  and  was  not  accounted  for  theoretically. 

Figure  6  represents  the  structure  and  the 
control  and  instrumentation  systems.  The  velocity 
sensor  and  force  actuator  consisted  of  structure- 
borne  conducting  coils  interacting  w'ith 
concentrated,  radial  magnetic  fields  produced  by 
stationary,  noncontacting  magnetic  field  structures 
(Ref. 4)  . 

The  analog  controller  circuit  indicated  on 
Figure  6  consisted  simply  of  a  few  integrated 
circuit  operational  amplifiers,  and  some  resistors 
and  a  potentiometer  to  produce  gain  G  (Ref. 4).  In 
addition  to  producing  the  gain,  the  circuit  served 
as  a  high  impedance  buffer,  w'hich  helped  to 
minimize  current  flow  in  the  velocity -sensing  coil. 

The  power  amplifier  indicated  on  Figure  6 
was  designed  to  produce  controlled  current  output 
rather  than  the  more  standard  controlled  voltage 
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output  (Ref.  5).  This  was  necessary  to  establish  a 
constant  transduction  of  controller  output  voltage 
into  actuator  force,  eliminating  the  effect  of  voltage 
induced  by  motion  of  the  actuator  coil.  The 
transduction  constant  was  calibrated  as  K  =  0.25 
ampere/'volt . 

The  data  acquisition  and  analysis  system 
indicated  on  Figure  6  was  developed  by  Synergistic 
Technology,  Inc.  of  Cupertino,  California.  It 
provided  excitation  signal  e(t),  as  well  as  acquiring 
response  and  excitation  signals  and  performing  all 
data  analysis.  The  excitation  signal  was  added  to 
the  control  feedback  signal  as  input  into  the  force- 
producing  coil.  Thus,  that  coil  served  the  dual 
function  of  control  actuator  and  exciter. 

The  relationship  of  the  control  system  to  the 
theoretical  viscous  damping  constant  c  can  be 
developed  with  use  of  the  notation  given  on 
Figure  6.  From  elementary'  electromechanics 
theory,  the  voltage  generated  by  the  velocity- 
sensing  coil  moving  with  velocity  u  is  C^u,  and 

the  force  generated  by  the  force-producing  coil 
carrying  current  i  is  C^i.  and  are 

constants  (for  u  within  the  linear  range)  measured 
on  the  apparatus  of  Figure  5  to  be  2.4  volts/m  per 
sec  and  2.4  N/ampere,  respectively.  Thus,  from 
Figure  6  the  force  generated  is 

F  =  C,K(-GC  u  ^  e).  (23) 

f  V 

Hence  the  viscous  damping  constant  is 

c  =  GKCX  .  (24) 

f  V 

With  the  desired  value  of  c  given,  control  gain  G  is 
calculated  from  this  equation. 

Velocity-to-force  (u/F)  frequency  response 
functions  (FRF)  were  measured.  Random  excitation 
e(t)  was  used.  To  achieve  a  good  signal-to-noise 
ratio,  the  general  excitation  level  was  set  as  high 
as  possible  consistent  with  maintaining  linear 
behavior  of  the  velocity-sensing  and  force- 
producing  coils.  The  linear  range  was 
approximately  ju]  <2  mm.  Fast  Fourier  transforms 
of  the  response  and  excitation  signals  were 
calculated,  and  the  former  was  divided  by  the 
latter  to  produce  an  FRF.  The  frequency 
resolution  was  0.0781  Hz.  in  all  cases,  the  FRF 
calculated  from  a  single  excitation  period  without 
data  windowing  was  reasonably  smooth  and 
reproducible,  so  neither  averaging  nor  windowing 
were  used.  FRF's  relating  velocity  output  at  node 
9  to  force  input  at  node  8  also  were  measured  (see 
the  shaker  in  Figure  5),  but  the  data  are  not 
included  in  this  paper. 

Table  5: 


Experimental  Res ults  and  Compa ri son  with  Theory 

Representative  FRF  magnitudes  are  plotted  on 
Figure  7.  The  solid  curves  are  the  experimentally 
measured  data  fot'  the  baseline  and  1 0° -added-mass 
designs,  and  the  dashed  curves  are  curve  fits  to 
the  experimental  data.  The  curve  fitting  was 
based  on  a  five-mode  theoretical  model,  and  it  was 
performed  by  the  standard  software  of  the  data 
acquisition  and  analysis  system.  The  curve  fits 
are  clearly  very  good.  The  only  significant 
deviation  is  at  frequencies  above  that  of  the  fifth 
mode,  and  this  had  a  negligible  effect  on  the 
calculated  values  of  modal  damping  and  frequency. 
The  high  frequency  deviation  was  due  to  the 
absence  of  a  sixth  mode  in  the  curve  fit  theoretical 
model . 

The  curve  fit  analysis  calculated  for  each 
complex  structural  mode  a  damping  ratio  a 

frequency  and  a  complex  amplitude  value. 

The  former  two  are  relevant  to  this  study  and  are 
listed  in  Table  5,  along  with  the  theoretically 
predicted  values. 

Experimental  and  theoretical  frequency  values 
agree  very  well.  The  differences  sliown  for  mode  5 
ar'e  probably  due  to  the  relatively  low  order  of  the 
structure  finite  element  model,  which  gives  an 
undamped  natural  frequency  of  mode  5  about  1  Hz 
too  high. 

There  is  good  quantitative  agreement  betw'een 
experimental  and  theoretical  damping  ratios.  The 
differences  may  be  explained  in  part  by  the 
omission  of  inherent  passive  damping  fi'om  the 
theoretical  model.  Inherent  damping  of  the  lightly 
damped  beam-cable  structure  has  proven  difficult  to 
measure  accurately.  It  has  been  determined, 
however,  that  the  inherent  damping  ratios  are  on 
the  order  of  0.001  for  modes  1  and  2  (cable 
deformation  modes  in  which  the  beam  moves 
primarily  as  a  rigid  body),  0,01  for  mode  3  (free- 
free  beam  first  bending  mode),  and  0.005  for  modes 
4  and  5  (free-free  beam  higher  bending  modes). 
The  higher  inherent  damping  in  mode  3  may  explain 
why  this  is  the  only  mode,  for  both  designs,  for 
which  experimental  damping  exceeds  theoretical 
damping . 

Comparison  of  theoretical  and  experimental 
damping  values  suggests  strongly  tfiat  the  control 
system  produced  a  damping  constant  c  which  was 
iow'er  than  expected,  or  that  some  calibration  factor 
or  factors  were  Incorrect.  However,  several 
independent  checks  of  both  the  control  system  and 


Experimental  and  theoretical  damping  and  frequency  values 


Structu  ral 
vibration 
mode,  r 

Baseline  Design 

lOT 

Added  Mass  Design 

V 

£ 

O 

“3 

ro 

(Hz) 

u)  /2'rT 
or 

(Hz) 

Experiment 

Theory 

Experiment 

Theory 

Experiment 

Theory 

Experiment 

Theory 

1 

0.177 

0.200 

2.5 

2.5 

0.116 

0.125 

2.2 

2.2 

2 

0.270 

0.314 

5.6 

5.5 

0.116 

0.121 

5. 1 

5.0 

3 

0.169 

0.156 

8.9 

8.8 

0.080 

0.071 

9.2 

9.3 

4 

0.061 

0.064 

15.2 

15.3 

0.046 

0-049 

15.5 

15.6 

5 

0.025 

0.030 

23.9 

24.9 

0.025 

0.030 

23.4 

24.2 
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the  data  acquisition  system  failed  to  confirm  these 
suspicions.  So  the  small  but  consistent 
discrepancies  in  damping  values  remain 
unexplained,  and  the  search  for  an  explanation 
continues  at  this  writing.' 

The  search  has  produced  one  significant 
observation.  Formerly,  the  centerline  of  the 
sensor-actuator  pair  of  coils  was  positioned  about  1 
cm  above  the  beam's  bottom  edge  (node  9),  and  the 
value  of  measured  for  both  designs  was  about 

0.020.  But  the  vicinity  of  the  bottom  edge  is  a 
region  of  very  steep  gradient  in  the  normal  mode 
shape  of  the  fifth  undamped  structure  mode,  as 
shown  on  Figure  8.  So  this  positioning  error  was 
important  relative  to  the  active  damping  provided  to 
that  mode.  Repositioning  the  centerline  of  the  coils 
downward  by  only  1  cm  produced  the  25°o  increase 
in  shown  in  Table  5. 

The  reader  might  note  on  Figure  7  the 
significant  difference  In  fifth  mode  peak  magnitude 

between  the  baseline  and  added  mass  designs,  even 
though  both  have  the  same  value  of  This  is 

explained  by  Figure  8,  which  shows  that  the  added 
mass  design  has  substantially  greater  modal 
displacement  at  the  beam's  bottom  edge  than  does 
the  baseline  design. 

Concluding  Remarks 

A  procedure  for  checking  whether  small 
changes  in  a  structure  have  the  potential  for 
significant  enhancements  of  its  vibration  control 
system  was  developed.  The  first  step  in  the 
procedure  consists  of  the  calculation  of  the 
sensitivity  of  the  required  strength  of  the  control 
system  to  small  changes  in  structural  parameters. 
The  second  step  consists  of  the  optimization  of  the 
structural  parameters  to  produce  maximal  reduction 
in  required  control  system  strength  with  minimal 
change  in  the  structure. 

A  flexible  beam  structure  supported  by  four 
cables  and  controlled  by  a  rate  feedback  single- 
colocated  force-actuator  velocity-sensor  pair  was 
used  to  demonstrate  the  procedure.  Analytical 
calculations  were  performed  and  predicted  that 
substantial  reduction  in  control  strength 
requirement  can  be  achieved  with  minimal  changes 
in  the  structure.  These  theoretical  predictions 
were  validated  experimentally  with  good  agreement 
between  theory  and  test. 
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Figure  5.  Lower  portion  of  beam,  including  added  mass,  velocity  sensor,  and  force  actuator 
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Figure  6.  Schematic  diagram  of  experimental  apparatus 
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Figure  7.  Experimental  driving-point  frequency  response  magnitudes  for  beam  s 
bottom  edge.  Solid  curves  are  experimental  data,  dashed  curves  are 
theoretical  fits  to  the  data. 


Figure  8.  Calculated  fifth  mode  shape  of  the  beam 


OPTIMAL  DESIGN  FOR  SINGLE  AXIS  ROTATIONAL  MANEUVERS  OF  A 
FLEXIBLE  STRUCTURE 


84-1041 


Ronald  J.  Lisowski  ,  and  Arthur  L.  Hale 
Department  of  Aeronautical  and  As tronaut ical  Engineering 
University  of  Illinois  at  Ur bana-Champaign 
Urbana,  Illinois 


Abstract 

An  optimization  problem  for 
rotational  maneuvers  of  a  flexible 
structure  is  considered.  Both  structural 
parameters  and  active  control  torques  are 
to  be  determined  so  that  a  specific  cost 
functional  is  minimized.  Obtaining  a 
numerical  solution  to  the  problem  is 
shown  to  be  practical  if  reduced-order 
structural  models  are  employed.  The  time 
and  frequency  nature  of  the  problem  is 
discussed,  and  numerical  examples  are 
presented  for  a  single  axis  slew  maneuver 
of  a  symmetric  four  boom  structure. 

1  .  Introduction 

1  2 

As  in  our  earlier  papers  ’  ,  this 

paper  explicitly  adresses  optimally 
designing  a  flexible  structure  as  well  as 
its  active  control  system.  The 
discussion  is  restricted  to  maneuvers 
from  an  initial  state  to  a  final  state  in 
a  finite  time  interval.  An  active 
control  that  accomplishes  the  desired 
maneuver  is  optimal  if  it  minimizes  a 
given  quadratic  cost  functional.  If,  in 
addition,  a  set  of  structural  parameters 
(constant  in  time)  can  be  varied  to 
further  minimize  the  cost  functional,  a 
parameter  optimization  problem  combined 
with  the  optimal  control  problem  results. 
The  optimization  problem  with  specified 
terminal  times  is  well  posed  so  that  a 
solution  for  both  the  control  and  the 
parameters  exists.  This  is  in  direct 
contrast  to  parameter  optimization  for 
optimal  free  vibration  regulation,  where 
the  problem  is  singular. 

The  combined  optimization  problem 
must  be  solved  numerically^*^.  First, 
the  necessary  conditions  for  an  optimum 
are  divided  into  1)  those  for  the  optimal 
control  with  given  structural  parameters, 
and  2)  those  for  the  optimal  parameters. 
The  former  necessary  conditions,  in 
conjunction  with  the  specified  initial 
and  final  states,  constitute  a  two-point 
boundary  value  problem  in  time.  Because 
the  latter  conditions  are  nonlinear,  they 


must  be  solved  iteratively.  The 
iterative  solution  requires  that  a 
separate  optimal  control  problem  be 
solved  at  each  iteration.  Assuming  that 
the  equations  of  motion  are  linear,  i.e., 
already  linearized,  solving  each  linear 
optimal  control  problem  is  tantamount  to 
calculating  the  transition  matrix  between 
the  terminal  times  for  the  coupled  system 
of  state  and  costate  equations.  Using 
the  transition  matrix,  initial  values  of 
the  costates  can  be  determined  for  the 
specified  initial  and  final  states. 
Finally,  the  trajectory  of  the  state- 
costate  system  must  be  calculated  inside 
the  time  interval.  From  the  trajectory, 
the  cost  itself  and  the  residuals  in  the 
necessary  conditions  for  the  parameters 
are  computed. 

While  the  above  numerical  solution 
procedure  is  applicable  to  actual  complex 
structures,  it  is  computationally 
expensive  when  a  structure's  mathematical 
model  has  many  degrees  of  freedom. 
Moreover,  a  real  limitation  exists  on  the 
size  of  the  two-point  boundary  value 
problem  that  can  be  solved  accurately, 
the  upper  limit  being  approximately  one 
hundred  state  variables.  Because  the 
finite  element  model  of  a  complex 
structure  often  has  thousands  of  degrees 
of  freedom,  it  is  not  a  practical 
mathematical  model  for  direct  use  in  the 
optimization.  The  purpose  of  this  paper 
is  to  investigate  the  viability  of  using 
reduced-order  models,  obtained  from  the 
finite  element  model,  for  parameter 
optimization  purposes. 

A  candidate  reduced-order  model  is 
one  containing  only  the  lower  modes  of 
free  vibration  of  a  structure.  For 
maneuvers,  one  expects  that  only  the 
lower  natural  modes  contribute 
substantially  to  the  response  and,  hence, 
to  the  control  cost.  This  is  ensured  if 
the  higher  modes  are  not  significantly 
excited.  However,  the  higher  modes  are 
excited  by  rapid  changes  in  the  control, 
such  as  the  terminal  jump  discontinuities 
that  result  from  using  a  cost  functional 
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depending  quadrat ically  on  the  control. 

A  "smooth"  control  that  contains  no 
discontinuities,  on  the  other  hand,  will 
never  excite  the  higher  modes 
significantly.  One  way  to  obtain  a 
"smooth"  control  is  to  penalize  time 
derivatives  of  the  control  and  to  specify 
the  initial  and  final  values  of  the 
control  to  be  zero  .  The  smooth  control 
is  optimal  for  a  modified  cost  functional 
containing  the  control  derivative 
penalties.  The  presence  of  control 
derivative  penalties  affects  the 
structural  optimization,  and  a  secondary 
purpose  of  this  paper  is  to  consider  the 
viability  of  using  reduced- or der  models 
for  parameter  optimization  in  the 
presence  of  these  penalties. 

Section  2  below  presents  the 
parameter  optimization  problem  with 
penalties  on  control  derivatives  and 
gives  the  necessary  conditions  for  an 
optimum.  Section  3  discusses  an 
idealized  structure  with  four  booms 
appended  to  a  rigid  hub.  The  idealized 
structure  has  served  as  the  basis  for 
many  illustrative  examples  in  the 
literature,  e.g..  Refs.  2-4,  and  it  is 
used  again  in  this  paper.  Finally, 
Section  4  presents  several  numerical 
examples  that  illustrate  the  practical 
aspects  of  solving  the  combined 
structural  and  control  optimal  design 
problem.  Optimal  designs  that  are 
obtained  with  and  without  the  inclusion 
of  control  derivative  penalties  are 
compared . 


u(x,t^)  =  u^(x),  u(x,t^)  =  v^(x), 

xe^2+6S2  (3c, d) 

where  6^2  is  the  smooth  boundary  of  ^2 .  In 
Eq.  (2),  the  boundary  operators 
involve  derivatives  of  order  <  2p-l  and 
they  form  a  normal  covering  on  6^2.  Both 
geometric  and  natural  boundary  conditions 
are  included  in  Eq.(2).  Moreover,  the 
initial  and  final  conditions  of  Eqs.(3) 
define  the  desired  maneuver. 

For  structures  of  most  concern  here 
an  analytical  solution  of  Eq.(l)  is 
impossible  to  obtain.  To  solve  Eq,(l) 
numerically  an  appropriate  spatial 
discretization  must  be  introduced.  To 
this  end,  using  the  Ray leigh-Ri t z  method, 
u(x,t)  is  represented  by  the  finite  sum 

N 

u(x,t)  = 

where  the  are  called  admissible 

functions.  For  the  functions  (l)^(x)  to  be 
admissible,  they  need  satisfy  only  the 
geometric  boundary  conditions  embedded 
in  Eq.(2)  and  be  p  times  differentiable^. 
The  functions  chosen  as 

assumed  modes ,  or  they  can  be  obtained 
by  the  finite  element  method.  Substi¬ 
tuting  Eq.(4)  into  Eq.(l),  multiplying 
by  (|)^,  and  integrating  over  ^2  yields 


Optimal  Control  of  Parametric 
Structures 


Problem  Statement 


Because  the  emphasis  is  on 
maneuvering  a  flexible  non-gyros copi c 
structure,  the  formulation  commences  with 
a  general  second  order  in  time  partial 
differential  equation  governing  the 
structure's  motion,  namely. 


M(i)  U(t)  + 

K(^)U(t)  =  G  F(t) 

(5) 

where 

p(x)(|>|^(x)  ij)^(x)dx 

(6a) 

(6b) 

II 

o 

f  (x  ,  t  )  (J)^(x)dx 

(6c) 

p(^,x)u(x,t)  +  L^u(x,t)  =  f(x,t)  (1) 

Equation  (1)  must  be  satisfied  at  all 
points  X  e  ^2  of  the  domain  f2  and  times  t 
in  the  open  interval  (0,t£),  where  u(x,t) 
is  the  distributed  displacement,  p(^,x) 
is  the  structure's  mass  distribution, 
is  a  self-adjoint  linear  differential 
operator  of  even  order  2p,  and  f(x,t)  is 
a  control  force  distributed  over  the 
domain  f2 .  In  addition,  u(x,t)  must 
satisfy  the  following  boundary  conditions 
in  space  and  time 

B^[u(x,t)]=0,  i=0,l,...,p-l, 

xe6n,t>0  (2) 

u(x,0)  =  u^(x),  u(x,0)  =  v^(x). 


Note  that  appropriate  integrations  by 
parts  are  necessary  to  obtain  Eq.(6b). 

The  discrete  Eqs.(5)  are  subject  to  the 
discrete  initial  and  final  conditions 
obtained  by  discretizing  Eqs.(3), 

U(0)  =  U  ,  U(0)  =  V  (7a, b) 

—  — o  —  ~o 

U(t^)  =  ,  U(t^)  =  (7c,d) 

In  Eqs.(6)  the  mass  and  stiffness 
matrices  actually  depend  on  the 
distributed  design  parameter  ^(x)  which 
is  a  function  of  x,  i.e.,  both  p  and  the 
linear  operator  L(.)  actually  depend  on 
C(x).  For  a  simple  beam,  for  example, 
one  could  consider  p(x)  =  PqC(x)  where  ^ 


is  a  function  to  be  designed.  However, 
corresponding  to  the  spatial 
discretization  of  u(x,t),  a  spatial 
discretization  of  C(x)  is  also  desired. 

To  this  end,  ^(x)  is  represented  as  the 
sum 

where  the  \j;.(x)  are  known  functions. 
Therefore,  the  symmetric  NxN  dimensional 
mass  and  stiffness  matrices  M(^)  and 
K(^)  ,  respectively,  depend  on  the  N^- 
dimensional  vector  of  discrete  structural 
parameters  Because  ^(x)  often 

represents  a  physical  parameter,  such  as 
a  physical  dimension,  which  cannot  be 
negative,  the  discrete  parameters  ^  are 
constrained.  For  simplicity,  herein  the 
functions  (x)  will  be  assumed  to  be 

chosen  in  such  a  way  that  the  individual 
explicit  constraints 

C.  ^  0,  i=i,2,...,N^  (9) 

are  sufficient.  One  such  choice  of  the 
functions  .  ( x )  is  a  set  of  piecewise 
constant  positive  functions  with  local 
support  in  the  domain  Finally,  the 

NxN^  input  matrix  G  (N^  <  N)  reflects  the 
spatial  distribution  of  actuators  that 
apply  generalized  control  forces 
Note  that  if  _C_  is  considered  known, 
Eqs.(5)  are  linear. 

One  possible  generic  optimization 
problem,  and  the  one  of  Refs.  1  and  2, 
seeks  a  control  vector  (t)  and  a  set  of 
structural  parameters  that  minimize  the 
cost  functional 

1  T 

J(^,0  =  ap(0  +  y  /  {  F  RF  (10) 

0 

where  R  is  an  N^xN^  and  ,  Qq  are  NxN 
symmetric  weighting  matrices,  R  is 
positive  definite,  ,  Qq  are  positive 
semidef inlte ,  P(^)  represents  a  non¬ 
negative  cost  depending  on  the  structural 
parameters  only,  and  a  is  a  non-negative 
real  number.  The  minimization  is,  of 
course,  subject  to  the  differential 
equation  constraints  (5)  and  the 
inequality  constraints  (9).  For 
simplicity,  other  explicit  constraints 
such  as  bounds  on  displacements,  on 
velocities,  or  on  controls  are  not 
considered. 

To  eliminate  jump  discontinuities  in 
the  controls,  however,  terminal 
conditions  on  the  control  and  its 
derivatives  must  be  specified. 
Specifically,  the  control  and  one  or  more 
of  its  time  derivatives  should  be  zero  at 
the  terminal  times.  Because  J  is  a 
quadratic  function  of  attempting  to 


constrain  the  control  results  in  an  ill 
posed  problem  from  the  calculus  of 
variations  standpoint.  However,  a  well 
posed  problem  can  be  obtained  by 
introducing  penalties  on  derivatives  of 
the  control  into  the  cost  functional^. 
The  presence  of  control  derivative 
penalties  introduces  a  differential 
equation  in  time  for  the  control  vector 
F «  Thus,  as  a  generalization  of  the 
previous  optimization  problem,  the 
present  effort  is  to  find  a  control  F ( t ) 
and  a  set  of  structural  design 
parameters  ^  that  minimize  the  new  cost 
functional 


J  (F,0  =  aP(5)  +T  / 


T  •  1 

U  QqU  4*  u'-Q^Ujdt 


where  F' 


is  the  ith  derivative  of  F 


with  repsect  to  time  and  R^^ 

(i=i,  ...  »Np)  is  the  N^xN^  corresponding 

symmetric  positive  semidefinite  weighting 
matrix.  Note  that  only  the 
weighting  matrix  must  be  positivS 
def ini t  e . 

Necessary  Conditions 

Necessary  conditions  for  an  extremal 
control-parameter  pair  are  obtained  using 
the  calculus  of  variations®  to  minimize 
Eq.(ll)  subject  to  the  dynamic 
constraints  (5)  and  the  inequality 
constraints  (9).  Because  ^  and  P(^)  are 
not  time  dependent,  the  necessary 
conditions  are  separated  into:  1)  those 
for  the  optimal  control  of  a  structure 
with  given  parameters  and  2)  those  for 
the  optimal  structural  parameters. 

Using  the  same  notation  as  in  Ref. 

2,  the  cost  functional  is  augmented  by 
introducing  the  N-dimens ional  vector  of 
auxilliary  coordinates  _^  =  Li  and  the  N- 
dimensional  vectors  and  _U_  of  Lagrange 
multipliers  ana  aujoint  displacements, 
respectively,  to  yield 


xP(p  +  y  / 


[  .1.  F^^^  R.  .F^^^ 

Li=0  —  11— 


+  U  Qq-  I  QjVldt  +  /  {w^s(v-u) 


+  U  +  K(_|)U  -  GF]}dt  (12) 


The  matrix  S  is  any  positive  definit€ 
symmetric  matrix. 
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Optimal  Control  With  Given  Parameters 


satisfied  along  with  Eqs.(13a-h). 


With  the  initial  time  t=0  and  the 
final  time  t=t.  fixed,  and  with  ^ 
specified,  taking  the  first  variation  of 
J  yields  the  4N+N^  necessary  conditions 
for  an  optimal  control 


Ir  "  /  V 

i  o  1 


i£o 


(  2  i  )  T  * 


-  MU  )U  +  SW  +  Q^V 


SW  +  K(^)U  +  QqU  -  _q 


su  -  SV  =  0 


M(OV  +  K(OU  =  GF 


(13a) 


(13b) 


(  13c) 


(  13d) 
(  13  e  ) 


Because  ihe  vectors  {iJ  ^  }  and 
{w^  U  }  are  commonly  referred  to  as  the 
state  and  costate  vectors,  respectively, 
Eq s . (  1  3 b ) - ( 1 3 e )  are  the  usual  coupled 
state-costate  equations.  However, 
Eq.(13a)  is  a  2N  -th  order  differential 
equation  in  the  derivatives  of  the 
control  vector  which  is  coupled  to  the 
adjoint  displacements.  Upon  defining 
2N  -1  auxiliary  coordinates,  Eq.(13a) 
can  be  replaced  by  a  system  of  2Np  first 
order  equations,  so  that  Eqs.(13)  are  a 
system  of  4N+2N  coupled  equations. 

The  system  of  Eqs.(13)  must  satisfy  the 
boundary  conditions 


U(0)  =  U  ,  V(0)  =  V  , 
—  — o  —  —o’ 


u(t^)  =  u^,  V(t^)  =  v^. 


F^^ho)  =  _0,  =  0, 


(13f) 


(13g) 


(13h) 


Necessary  Conditions  for  Op t imal 


Parameters 

In  addition  to  Eqs.(13a-h),  it  is 
necessary  for  the  structural  parameters 
to  satisfy 

k  Hr  ^ 


V  =  0 

1  1 


where  6^^  is  the  variation  of  When 

an  optimal  parameter  is  on  the  boundary 
of  the  admissible  parameters,  ^.=0  must 
be  used.  In  the  neighborhood  ot  extrema 
not  on  the  boundary,  the  coefficient  of 
each  6^.  must  vanish,  yielding  the 
following  necessary  conditions  to  be 


Ujdt  =  0,  i=l,2,...  ,N^ 


Numerical  Solution  for  an  Optimum 


The  necessary  conditions  (13)  and 
(15)  are  a  hybrid  system  of  coupled 
nonlinear  equations  which  must  be  solved 
numerically.  The  iterative  method  used 
in  the  numerical  examples  of  this  paper 
is  nearly  identical  to  that  presented  in 
the  Appendix  of  Ref.  2.  The  only 
differences  are  the  inclusion  of  the 
control  derivative  penalties  and  the 
terminal  boundary  conditions  (13h)  on  the 
control  and  its  derivatives,  and  the 
consideration  of  a  reduced-order  model  as 
discussed  below. 

Reduced-Order  Problem 

For  complex  structures,  the 
dimension  N  of  the  equations  of  motion 
(5)  can  be  large.  A  direct  approach  to 
the  solution  of  the  necessary  conditions 
involves  solving  a  linear  optimal  control 
problem,  i.e.,  a  two-point  boundary  value 
problem  in  time,  at  every  iteration  in 
the  algorithm  for  updating  the  structural 
parameters.  Solving  the  two-point 
boundary  value  problem  accurately  is 
possible  only  for  relatively  low 
dimension  systems  (e.g.,  N<100).  Even 

ignoring  the  accuracy  limitation,  the 
entire  solution  process  would  be 
prohibitively  expensive  for  large 
dimension  systems.  Therefore,  a  method 
of  reducing  the  number  of  degrees  of 
freedom  is  necessary. 

Before  actually  reducing  the  number 
of  degrees  of  freedom,  let  us  transform 
Eqs.(13)  by  choosing  N  orthogonal  vectors 
as  a  new  basis  for  each  of  the  vectors  _U_, 
V,  W,  and  U  .  One  apparent  choice  of 
vectors  is  the  set  of  N  real  eigenvectors 
associated  with  the  force-free  response 
of  Eq.(5).  Although  the  eigenvectors 
depend  on  the  mass  and  stiffness 
matrices,  i.e.,  on  the  structural 
parameters  _C,  the  solution  of  Eqs.(13) 
and  (15)  is  not  changed  provided  all  N 
eigenvectors  are  used.  The  time 
dependent  coefficient  of  each  eigenvector 
is  referred  to  as  a  modal  coordinate.  In 
terms  of  the  matrix  E  (_C )  of  eigenvectors, 
the  transformation  equations  are 


U  =  E  u 


V  =  E  V 


W  =  E  w 


(16b) 

(16c) 
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u 


(16d) 


parameters . 


The  matrix  E(^)  is  normalized  so  that 
E^ME  =  I  and  e'^KE  =  A(^)  where  A(J^)  is  the 
diagonal  matrix  of  eigenvalues. 
Introducing  Eqs.(16)  into  Eqs.(13)  and 
Eq.(i5),  premultiplying  appropriate 
equations  by  E*^  and  choosing  S=M,  the 
necessary  conditions  in  terms  of  _u^,  _y_, 
and  u  are 


P  1  2  1  ")  T  * 

^11  Eu 


(17a) 


u  +w+EQ^Ev=^ 


(17b) 


+  A(l)u  +  E  QgEu  =  0i 


(17c) 


^  f  *T  r^T  3M  „• 
+  J  ii  [E  Ev 


(17d) 


v+A(5)u=EGF 


(17e) 


+  e"^  ||-  Eu]dt=0,  1  =  1,2,. ..,N^  (17f) 

Note  that  in  solving  Eqs.(17) 
iteratively,  the  transformation  matrix 
E(^)  must  be  updated  when  the 
parameters  ^  are  updated.  However,  no 
derivatives  of  the  eigenvalues  or  the 
eigenvectors  with  respect  to  the 
parameters  are  present. 

Having  transformed  the  necessary 
conditions  to  modal  coordinates,  a 
reduced-order  model  can  be  obtained  by 
using  only  the  eigenvectors  associated 
with  the  N  <  N  smallest  eigenvalues  so 
that  E(^)  is  only  NxN  dimensional.  The 
necessary  conditions  1 7 )  are  4N 
coupled  equations  that  approximate  the 
original  necessary  conditions,  and  they 
can  be  written  as  a  system  of 
4N  ■•■2N  N^+N^  equations.  The  solution  of 
Eqi.(l7)  approximates  the  optimal  control 
and  parameters  for  the  original 
problem.  Of  course,  the  initial  and 
final  conditions  of  Eqs.  (13f)  and  (13g) 
are  also  only  approximately  satisfied. 

How  well  the  approximate  solution 
represents  the  actual  solution  depends  on 
the  participation  of  those  modes  that 
have  been  ignored  (the  residual  modes). 

If  the  optimal  control  determined  from 
Eqs. (17)  excites  the  residual  modes 
appreciably,  the  reduced  order  design  of 
the  parameters  is  invalid.  However,  the 
inclusion  of  control  derivative  penalties 
yields  a  smooth  optimal  control  so  that 
the  level  of  excitation  of  the  higher 
modes  is  small,  thus  possibly  lending 
credence  to  the  solution  for  the 


Since  4n  +2N_N_+Nj  first  order 
u  p  c  d 

equations  must  be  solved,  as  Np  is 
increased  by  two,  N  can  be  decreased  by 
one  for  the  same  computational  effort. 

In  practice,  values  of  Np  of  one  and  two 
cause  a  rapid  rolloff  of  the  high 
frequency  content  of  the  optimal 
control.  Thus,  if  a  small  number  N  of 
eigenvectors  is  sufficient  when  Np  ^  0, 
numerical  solution  of  the  combined 
problem  is  less  costly. 

Finite  Time  vs.  Bandwidth 

Only  the  always  zero  signal  is  both 
time-limited  and  band-limited'.  The 
optimal  control  and  the  corresponding 
response  of  _U_  and  y_  (either  exact  or 
approximate)  are  solutions  to  a  two-point 
boundary  value  problem  in  time.  Hence, 
the  control  is  always  time-limited. 

Often,  the  terminal  conditions 
and  _V  are  specified  so  that  all 
elastic  deformations  are  desired  to  be 
quiescent  at  the  final  time,  i.e.,  the 
response  of  the  flexible  body  modes  is 
desired  to  be  time-limited  also. 

However,  because  the  optimal  control  is 
time-limited,  it  always  has  an  infinite 
bandwidth  (taking  the  Fourier  transform 
one  integrates  over  <  t  <  °°).  If  a 

number  of  modes  are  neglected  when 
solving  the  two-point  boundary  value 
problem,  the  calculated  control  will 
excite  these  modes  and  they  will  always 
have  some  excitation  at  times  greater 
than  tj,  i.e,  their  response  is  not  time- 
limited.  What  is  needed  next  is  the 
notion  that,  if  the  response  is  small  for 
t  >  t£,  say  less  than  e,  then  the 
response  is  essentially  time-limi  ted. 
Intuitively,  if  the  control  were  band- 
limited  with  no  frequeny  content  greater 
than  the  highest  modeled  mode,  the 
response  of  the  residual  modes  would  be 
nearly  zero,  and  the  total  response  would 
be  essentially  time-limited.  However, 
the  control  always  has  infinite  bandwidth 
and  the  companion  concept  of  an 
essentially  band-limited  control  is 
needed.  The  effect  of  including 
penalties  on  the  derivatives  of  the 
control  is  to  add  a  low  pass  prefilter  of 
a  sort  to  the  control,  with  the  filter 
parameters  depending  on  the  entries  in 
each  Rjij  matrix.  These  entries  are,  in  a 
sense,  design  parameters  which  allow  a 
particular  "essential”  bandwidth  for  the 
prefilter  to  be  specified.  The  number  of 
control  derivatives  penalized  affects  the 
order  of  the  prefilter  which,  in  turn, 
determines  its  rolloff  properties.  The 
structural  optimization  yields  the  best 
physical  design  for  a  particular  time- 
limited  maneuver  and  a  particular 
"essential"  bandwidth  of  the  optimal 
control . 
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3,  Single  Axis  Slew  Maneuvers  of  a 


/mmetric  Flexible  Structure 


An  idealized  four  boom  structure 
(Fig.  1)  is  used  to  illustrate  the  design 
process.  The  booms  are  of  length  L  and 
are  fixed  to  a  rigid  hub  with  radius  r 
and  moment  of  inertia  about  the  axis 

of  rotation.  They  are  capable  of  bending 
displacements  in  the  plane  of  rotation, 
which  are  assumed  to  be  the  same  for  each 
boom  and  to  be  antisymmetric.  As  in  Ref. 
2,  the  mass  per  unit  length  p(x,_^)  and 
the  bending  stiffness  EI(x,_§_)  depend 
explicity  on  A  control  torque  f^Ct) 

acts  on  the  rigid  hub  and  additional 
idealized  control  torques  f2(t)  ...  fj^^ 

can  be  applied  on  each  boom  at  distances 
X2  ,  ,  ^Nc’  I'espec  t  ively ,  from  the 

center  of  rotation. 


Equations  of  Motion 


Linearized  equations  of  motion 
governing  the  single  axis  rotation  and 
antisymmetric  in-plane  elastic 
deformations  of  the  structure  are  derived 
in  Refs.  3  and  4.  The  equations  are 
valid  for  small  elastic  deformations 
about  a  trivial  equilibrium  and  have  the 
form  of  Eq.(5).  Herein,  a  dimensionless 
form  of  the  equations  of  motion  is 
helpful.  The  characteristic  constants 
used  in  normalizing  the  equations  are  the 
characteristic  length  of  each  boom,  L,  a 
characteristic  mass  per  unit  length,  p  , 
and  the  maneuver  time,  t^.  The 
dimensionless  parameters  are 


El 

o 


a 


and  x=(x-r)/L,  t=t/t£  are  the 
dimensionless  length  along  each  boom  and 
the  dimensionless  time,  respectively. 

The  bending  displacement  for  each 
boom  is  spatially  discretized  using  a 
finite  element  representation  for  a 
cantilever  beam,  i.e.,  the  elastic 
deformations  are  represented  as  the  sum 
of  N  interpolation  functions  c{).(x-r) 

(r  <^x  <  r+L)  multiplying  the  time 
dependent  generalized  coordinates  M.(t) 
(i-i,  ...  ,  N  ).  The  interpolation 

functions  are^standard  Hermite  cubics.  A 
total  of  finite  elements  are  used,  and 

each  element  in  the  discretization 
requires  four  separate  interpolation 
functions  corresponding  to  the 
displacement  and  rotation,  respectively, 
of  each  end,  or  node,  of  the  element. 
Denoting  the^angle  of  the  hub  by  0(t), 
and  letting  (^  .  ( x )  =  4>./L,  the 

dimensionless^generalized  coordinate 
vector  _U_(  t)  in  Eq.(5)  is 


alternately  dimensionless  displacements 
and  rotations  for  the  finite  elements. 

The  vector  U  has  N=2N^+1  entries.  The 
dimensionless  coefficient  matrices  have 
the  partitioned  forms 


M  (i) 
ey 


(  18a) 


K(U  = 


(  18b) 


0  K  (O 

—  yy  — 


The  entries  in  the  vectors  are  all 
zero  except  for  the  entry  corresponding 
to  the  rotational  coordinate  of  the  node 
at  which  the  ith  control  torque  is 
applied,  in  which  case  the  entry  is 
one.  The  dimensionless  moment  of  inertia 
of  the  undeformed  structure  about  the 
axis  of  rotation  is 


I(^)  =  I,  +  4  /  p(x,C)x  dx ,  (19a) 

“  ^  0  “ 


the  ith  entry  of  Mq^(J.)  Is 


^0,,  I  p(x,_|_)J  (x)x  dx, 

^i  0 


(19b) 


and  the  i  i  th  entries  of  M  (O  and 

K  (5)  are  “ 

UP  — 


I  P  (  X  ,^)  J  .  (  x  )  4)  .  (  X  )  dx  , 


(_§_)=4  /  El  (x  ,_C)^.  (x)  (x)dx  , 


i,  j  =  i 


(19d) 


where  the  notation  denotes 
dimensionless  quantities. 


_The  explicit  dependence  of  p(x,J^) 
and  EI(x,_g_)  on  the  entries  of 

remains  to  be  considered.  It  is 


convenient  to  take  all  elements  of  each 
boom  to  be  of  uniform  length  and  to  have 
rectangular  cross  sections  of  uniform 
height  with  piecewise  constant 
dimensionless  width  w(x,J_).  The 
piecewise  constant  widths  are  the 
structural  parameters  C.  to  be  designed 
(Fig,  2).  Each  boom  is  solid  and  made  of 
the  same  homogeneous  material  as  the 
others.  The  dimensionless  width, 
w(x,_^)  is,  of  course,  non-negative. 
Moreover,  it  is  essential  in  order  to 
meet  some  mission  requirement  that  each 
boom  has  at  least  a  small  uniform  ^ 
nondimens ional  mass  per  unit  length,  p  , 
and  negligible  stiffness.  Thus, 

p(x,£)  =  pQ  +  w(x,_C)  (20a) 

EKx.C^)  =  EI^  (20b) 

where  El  depends  on  the  specific 
material  and  w  is  the  dimensionless  width 
of  the  added  structure. 

The  nature  of  the  interpolation 
functions  makes  the  evaluation  of  the 

integrals  in  Eqs.  (19)  a  task  that  is 
generalized  for  any  element.  Thus,  the 
global  matrices  are  assembled  from  local 
mass  and  stiffness  matrices^.  An 
assembly  process  is  also  needed  for  the 
the  evaluation  of  Eq.(17f). 

4.  Numerical  Examples 

The  following  numerical  examples  use 
the  specific  dimensionless  quantities 


El  =  1000.0 
o 


Moreover,  they  consider 
a  =  0,  R.  .  =  R.  [I]  ,  Qq  =  [0]  ,  Q^=  [0] 

where  [I]  is  the  identity  matrix. 

For  the  purpose  of  demonstrating  the 
concepts,  each  boom  is  first  modeled  by 
four  finite  elements  of  equal  length, 
constant  thickness,  and  variable  width. 
Thus,  the  design  parameters  are  C  , 
where  ^  is  the  root 
width  and  is  the  tip  width. 

There  are  a  total  of  nine  eigenvectors 
representing  the  rigid  body  mode  and 
eight  bending  modes.  Unless  otherwise 
stated,  only  the  lowest  four  modes  are 
retained  in  a  re du ced - or de r  model  for 
determining  the  optimal  parameters 
(N  =4).  Using  the  hub  torque  only,  the 
structure  is  slewed  from  _u_(  0  )  =  v(  0  )=_0_  to 
_v(l)=^,  and  _^(1)  =  {1  ,0,  ...  ,0}^,  l.e., 

0(1)=1.  For  each  resultant  set  of  design 


parameters,  the  control  determined  from 
the  reduced-order  model  is  applied  to  the 
full-order  structural  model  to  obtain 
time  histories  of  the  control,  rigid  body 
displacement  and  velocity,  and  tip 
deflection  and  velocity.  The  magnitude 
spectrum  of  the  control  provides 
additional  insight  into  the  frequencies 
of  the  structure  that  are  excited. 

Maneuver  Without  Control  Derivative 
Penal  ties  (N^  =  4,  N^=4 ,  Np  =  0) 

Table  1  presents  the  optimal 
parameters  for  the  maneuver  with  the 
control  penalized  using  and  no 

penalties  on  the  control  derivatives.  A 
non-optimal  set  of  constant  parameters, 
each  of  which  is  the  average  value  of  the 
optimal  parameters,  is  also  included. 

The  natural  frequencies  corresponding  to 
the  eigenvalues  used  in  the  reduced-order 
model  are  listed  along  with  the  natural 
frequencies  corresponding  to  the  residual 
modes.  The  table  also  presents  the  final 
values  for  the  residual  mode 
displacements  and  velocities  for  both 
cases.  Note  that  all  quantities  are 
actually  dimensionless. 

Time  histories  in  dimensionless 
physical  coordinates  resulting  from  the 
full-order  simulation  are  shown  in  Fig.  3 
and  Fig.  4  for  the  optimal  and  non- 
optimal  parameter  sets,  respectively. 

Fig.  5  presents  the  magnitude  spectrum  of 
the  control  with  the  optimal  parameter 
case  in  solid  lines  and  the  non-optimal 
parameter  case  in  dashed  lines. 

It  is  evident  from  the  figures  that 
the  optimal  control  for  the  structure 
with  optimal  parameters  is  lower  in 
magnitude  and  "quieter”  than  the  optimal 
control  for  the  structure  with  non- 
optimal  parameters.  The  content  of  the 
former  at  frequencies  of  about  2  Hz  and 
higher  is  almost  two  orders  of  magnitude 
(40  db)  lower  than  that  of  the  latter. 

The  maximum  tip  deflections  and 
velocities  are  also  much  lower  for  the 
optimal  structure. 

The  results  tabulated  in  Table  1 
indicate  that  the  final  values  for  the 
first  few  residual  modes  in  the 
simulation  are  smaller  for  the  optimal 
structure.  This  comparison  is  roughly  by 
equivalent  frequency  since  most  of  the 
natural  frequencies  of  the  non-optimal 
structure  are  higher  than  those  of  the 
optimal  structure.  While  the  final 
displacements  of  the  residual  modes  are 

small  for  both  structures,  final 

*  —  3 

velocities  are  on  the  order  of  10  . 

Maneuver  With  Two  Control  Derivative 
Penalties  (N^-4,  N^  =  4  ,  Np  =  2  ) 

The  optimal  parameters  for  the 
maneuver  with  the  second  derivative  of 
the  control  penalized  using  Rq=R2=0,  R2“1 
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are  presented  in  Table  2.  As  before,  a 
non-optimal  set  of  parameters  is  included 
for  comparison.  The  same  information  on 
natural  frequencies  and  residual  modes  is 
presented  as  in  the  previous  section. 

Fig.  6  and  Fig.  7  present  the  time 
histories  from  the  full-order  simulation 
for  both  sets  of  parameters.  Fig.  8 
shows  the  magnitude  spectrum  for  both 
sets,  overlayed  as  before. 

As  expected,  the  control  magnitude 
at  the  higher  frequencies  is  greatly 
attenuated,  on  the  order  of  -40  db  down 
from  the  no  derivative  penalty  control  at 
about  5  Hz  and  greater.  Additionally, 
the  spectrum  of  the  optimal  control  of 
the  optimal  structure  is  still  about  30 
db  lower  than  that  of  the  non-optimal 
structure.  Again,  the  maximum  tip 
deflection  and  velocity  are  lower  for  the 
maneuver  of  the  optimal  structure. 

From  Table  2  it  is  evident  that  the 
final  displacements  and,  in  particular, 
velocities  of  the  residual  modes  are  very 
nearly  quiescent  for  both  structures. 

When  compared  roughly  by  equivalent 
frequencies,  those  for  the  optimal 
structure  are  actually  slightly  better 
than  those  for  the  non-optimal  structure. 

Effects  of  Varying  and 


Table  3  presents  the  optimal 
parameters  determined  for  the  structure 
when  slewed  with  a  control  calculated 
without  control  derivative  penalties 
using  various  numbers  of  modes  N  in  the 
model.  For  the  configuration  wi^h  four 
elements  it  is  evident  that  the  optimal 
structural  parameters  calculated  using 
N  =4  are  not  significantly  different  to 
tHe  fourth  decimal  place  from  those  using 
higher  numbers  of  modes.  In  fact,  the 
parameters  using  N  =4  compare  as  well 
with  those  calculated  using  all  nine 
modes  in  the  model.  Table  4  presents 
similar  results  using  a  control 
calculated  with  the  second  derivative  of 
the  control  penalized.  Again,  the 
parameters  do  not  change  significantly  to 
the  fourth  decimal  place  for  N^>4. 

For  comparison  with  the  four 
parameter  results,  Table  5  presents  the 
optimal  parameters,  frequencies  and 
residual  response  using  two  modes, 
for  a  case  of  only  two  design 
parameters.  Each  boom  is  now  considered 
to  be  modeled  by  four  finite  elements  but 
with  i«e-,  although 

N=9.  In  this  case,  all  of  the  modes  are 
more  accurate  than  for  N=5 ,  so  that  a 
more  definite  statement  concerning 
optimization  using  a  reduced-order  model 
can  be  made.  Results  with  no  control 
derivative  penalties,  Np=0,  and  two 
penalties,  Np  =  2  ,  are  given  in  Table  5. 
Note  that  the  final  values  for  the 
residual  mode  displacements  and 


velocities  are  much  less  when  Np=2  than 
when  Np=0 . 

All  of  the  above  results  tend  to 
support  the  hypothesis  that  the  optimal 
parameters  can  be  determined  with  a 
reasonable  level  of  confidence  using  a 
considerably  reduced  order  model.  Such  a 
reduction  in  degrees  of  freedom  offers 
signifcant  savings  in  computational 
effort. 

Additional  Observations 

A  comparison  of  the  control  spectrum 
with  the  natural  frequencies  of  the 
reduced-order  model  was  made.  The 
natural  frequency  of  each  mode  included 
in  the  model  falls  at  a  minimum  of  the 
spectrum  (within  the  frequency 
discretization  level).  This  does  not 
occur,  of  course,  with  the  residual 
modes.  It  occurs  for  both  the  optimal 
and  non-optimal  structures  and  is  due  to 
the  nature  of  the  optimal  control.  If 
all  of  the  modes  were  included  in  the 
model,  each  corresponding  frequency  would 
lie  at  a  minimum  of  the  control  spectrum, 
i.e.,  the  control  is  tuned  to  the 
structure  over  the  time  interval.  Note 
that  the  spectrum  is  in  terms  of  cycles 
per  dimensionless  unit  of  time.  Since 
the  present  concern  is  to  use  fewer  modes 
in  the  model,  the  obvious  tradeoff 
involves  deciding  at  which  frequencies 
the  ma  xima  of  the  spectrum  are 
sufficiently  low  to  allow  modes  with 
higher  frequencies  to  be  ignored. 

Clearly,  employing  control  derivative 
penalties  lowers  this  frequency 
threshold.  As  these  results  indicate, 
optimizing  the  structure  for  the  maneuver 
offers  additional  improvement. 

5.  Concluding  Remarks 

The  unified  problem  of  synthesizing 
a  control  and  structural  configuration 
for  a  maneuver  can  be  made  practical  by 
using  reduced-order  structural  models. 
Incorporating  control  derivative 
penalties  to  smooth  the  optimal  control 
allows  the  designer  to  have  greater 
confidence  in  the  validity  of  the 
r e du ced- o r der  model.  For  simplicity, 
only  open  loop  maneuvers  between 
specified  states  in  a  specified  time 
interval  have  been  considered.  The  ideas 
are  applicable  to  other  types  of  control 
system  design  problems  where,  for 
instance,  the  final  state  is  unspecified 
but  penalized  in  the  cost  functional  or 
the  controls  and  states  are  required  to 
be  within  certain  bounds,  to  name  a  few. 

Numerical  examples  for  a  rest-to- 
rest  rotational  maneuver  of  a  structure 
with  four  flexible  booms  have  been 
presented.  Results  indicate  that  the 
control  effort  for  an  optimally  designed 
structure  is  less  than  that  for  a  non- 
optimal  structure  of  the  same  mass.  The 
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control,  while  certainly  not  band- 
limited,  is  more  attenuated  at  high 
frequencies  for  the  optimal  structure, 
and  much  more  attenuated  if  control 
derivatives  are  penalized.  Finally,  for 
the  example  considered,  a  reduce-order 
model  of  a  dimension  equal  to  the  number 
of  design  parameters  is  all  that  is 
ne  ces  s  ary  . 
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Table  1  Parameters,  Frequencies 

,  and  Residual 

Response 

(N^j=4,  Ny=4, 

!l 

o 

OPTIMAL  PARAMETERS 

NON-OPTIMAL  PARAMETERS 

.07533,  . 

04065,  .01837, 

.00723 

.03539 

MODELED  NATURAL 
FREQUENCIES  (HZ) 

0,  1.396, 

3.434,  7.508 

0. 

.778,  3.972, 

11.097 

RESIDUAL 

NATURAL 

FINAL 

FINAL 

NATURAL 

FINAL 

FINAL 

MODE 

FREQUENCY  (HZ) 

DISPLACEMENT 

VELOCITY 

FREQUENCY 

DISPLACEMENT 

VELOCITY 

5 

17.354 

.9x10"^ 

-.2x10”^ 

21.864 

.5x10”^ 

.3x10”2 

6 

23.558 

.6xl0~^ 

.5x10  3 

40.650 

-.3x10"^ 

-.1x10"^ 

7 

40.627 

-.4x10”° 

-.2x10”^ 

65.279 

.1x10”^ 

-.6x10  ^ 

8 

72.831 

-.7x10”^ 

-.2x10”^ 

103.480 

-.2x10”^ 

.2x10”^ 

9 

141.034 

1 

o 

CM 

r 

.2x10  ^ 

169.779 

-.4x10”' 

.4x10"^ 

Table  2  Parameters,  Frequencies,  and  Residual  Response  (N^=4,  N^=4 ,  Np=2) 


OPTIMAL  PARAMETERS 

NON-OPTIMAL  PARAMETERS 

^r«4 

.12738,  .05918,  .02888,  .01101 

•05661 

MODELED  NATURAL 

0,  2 

.197,  5.358,  12.432 

0,  1.363, 

6.394, 

17.768 

FREQUENCIES  (HZ) 

RESIDUAL 

NATURAL 

FINAL  FINAL  NATURAL 

.  FINAL 

FINAL 

MODE 

FREQUENCY 

(HZ)  DISPLACEMENT  VELOCITY  FREQUENCY  DISPLACEMENT 

VELOCITY 

5 

27.377 

-.2x10  ^  .7x10  ^  34.982 

-.7x10 

-1 

-.9x10”^ 

6 

36.480 

-.2x10”^°  .7x10”^  65.028 

.4x10' 

-8 

-.1x10"^ 

7 

62.753 

.8x10”^  .3x10”^  104.418 

-.3x10' 

-10 

. 6xl0~^ 

8 

112.076 

.1x10”^  -.2x10”^  165.517 

.2x10' 

-12 

.4x10"® 

9 

228.693 

.3x10”^^  .7x10”^  271.553 

.4x10' 

-13 

.4x10”^ 

Table  3 

Optimal  Parameters  for  Various  Reduced  Order  Models  (N^-4, 

.  Np=0) 

PARAMETER 

N  -  2 
y 

N,  =  3  =  4  N^  =  5 

N  =  6 

y 

% 

-  9 

1 

.067553 

.079908  .075331  .075554 

.075720 

.075780 

2 

.037145 

.039533  .040646  .040875 

.041025 

.041019 

3 

.020166 

.018555  .018373  .018391 

.018377 

.018409 

4 

.006601 

.007156  .007232  .007222 

.007173 

.007166 

Table  4 

Optimal  Parameters  for  Various  Reduced  Order  Models  (Nj-4 

.  Np=2) 

PARAMETER 

N  =  2 
y 

N,  =  3  =  4  N^  =  5 

N  -  6 

y 

N 

y 

=  7 

1 

.101783 

.120395  .127384  .127498 

.127553 

.127579 

2 

.056789 

.060238  .059175  .058978 

.059101 

,059073 

3 

.031252 

.028675  .028882  .028895 

.028895 

.028653 

4 

.010324 

.011127  .011011  .011065 

.011031 

.010904 

Table  5  Parameters, 

Frequencies,  and  Residual  Response  (N^s=2 , 

Np=2) 

Np=0 

Np=2 

C1-C4 

.06575,  .02050 

.09796,  .03152 

MODELED  NATURAL 
FREQUENCIES  (HZ) 

0,  1.370 

0,  2.170 

RESIDUAL 

MODE 

NATURAL 

FREQUENCY  (HZ) 

FINAL 

DISPLACEMENT 

FINAL 

VELOCITY 

NATURAL 
FREQUENCY  (HZ) 

FINAL 

DISPLACEMENT 

FINAL 

VELOCITY 

3 

4.297 

-.9x10”2 

.3x10”^ 

6.623 

.3x10”'^ 

.3x10”2 

4 

10.192 

-.9x10"^ 

.4x10”2 

15.651 

.3x10”^ 

.5x10"^ 

5 

24.502 

.3x10  ° 

.7x10”^ 

36.836 

-.3x10”' 

-.3x10  3 

6 

35.226 

-.3x10  ^ 

.6x10  3 

53.838 

-.3x10”® 

.5x10”® 

7 

79.800 

.5x10  ^ 

.2x10  3 

119.782 

-.7x10”^° 

-.4x10”' 

8 

96.999 

.3x10"® 

-.5x10”6 

147.930 

.3x10”^° 

.6x10”® 

9 

190.500 

.3x10 

-.2x10”^ 

283.163 

.2x10 

-.2x10  ® 
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DYNAMICS  AND  CONTROL  OF  LATTICE  BEAMS  USING  COMPLEX 
AND  SIMPLIFIED  FINITE  ELEMENT  MODELS 


D.T.  Berryt  T.Y.  Yangt"*"  R.E.  Skelton"^ 
Purdue  University 
W.  Lafayette,  IN  47907 


Abstract 

Simple  beam  finite  element  analysis  models  for  a 
flexible  lattice  beam  with  repetitive  geometry  are 
developed  using  the  strain  and  kinetic  energies 
formed  by  replacing  the  lattice  with  an  equivalent 
continuum.  This  beam  element  has  6  degrees-of- 
freedom  at  each  of  its  two  nodes:  three  orthogonal 
displacements  and  three  rotations.  The  performance 
of  the  simple  finite  element  formulation  in  free 
vibration  analysis  is  evaluated  by  comparison  with 
free  vibration  results  of  a  full  or  complex  finite 
element  model  of  the  lattice  formed  by  using  truss 
bar  elements.  The  accuracy  of  the  frequencies  pre¬ 
dicted  by  the  simple  analysis  models  increases  as 
the  number  of  repeating  cells  in  each  half-wave- 
length  increases.  Modal  Cost  Analysis  is  performed 
on  the  modes  obtained  using  both  the  simple  analysis 
and  complex  models  and  the  results  are  compared. 

Based  on  this  information,  model  reduction  decisions 
are  influenced  by  the  control  objectives.  The  con¬ 
vergence  of  the  modal  costs  is  also  illustrated.  A 
set  of  reduced  order  controllers  are  designed  based 
upon  the  resulting  reduced  order  models.  These 
controllers  are  used  to  control  an  evaluation  model 
based  on  the  full  complex  model.  For  low  control 
energies,  these  controllers  perform  well  when  com¬ 
pared  with  the  optimal  controller  based  on  the  eval¬ 
uation  model  itself.  The  example  analysis  shows 
that  the  simple  finite  element  analysis  models  can 
be  used  with  accuracy  in  the  control  law  design  pro¬ 
cess  for  lattice  beams  with  low  bandwidth  controllers. 

Introduction 

The  dynamics  and  control  of  lattice  structures 
has  attracted  increasing  attention  recently  due  to 
their  possible  use  in  space  applications.  Structur¬ 
al  and  control  design  analyses  of  these  lattices 
must  be  highly  reliable  since  they  cannot  be  tested 
full-scale  in  their  operational  environment  prior  to 
flight.  Furthermore,  simplified  structural  modeling 
techniques  will  be  needed  due  to  the  size  of  these 
structures.  For  example,  a  full  finite  element 
analysis  using  truss  bars  of  a  structure  containing 
large  numbers  of  elements  and  nodes  may  be  uneco¬ 
nomical  especially  during  the  initial  design  phases 
when  the  structure  and  associated  systems  are  sub¬ 
ject  to  change.  At  the  same  time,  the  structure's 
high  flexibility  requires  a  relatively  large  number 
of  vehicle  elastic  modes  to  be  accurately  predicted. 
The  controls  analyst  may  also  require  accuracy  in 
the  structure's  high  frequency  modes  rather  than 
just  those  of  low  frequency. 

This  paper  describes  techniques  which  result  in 
simple  structural  analysis  models  that  contain  the 
dynamic  information  of  the  full  complex  model  with¬ 
out  the  need  for  direct  analysis  on  the  complex 
model  itself.  Specifically,  "simple  finite  element 
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analysis"  models  based  upon  an  equivalent  continuum 
of  a  given  lattice  beam  are  developed.  To  evaluate 
the  accuracy  of  these  finite  element  analysis 
models,  natural  frequencies  and  mode  shapes  are 
compared  to  a  complete  truss  bar  element  model  of 
the  structure  (the  "complex  model").  The  accuracy 
of  the  simple  analysis  models  is  good  especially 
when  the  half-wavelength  of  a  mode  spans  many  re¬ 
peating  cells.  These  simple  analysis  models  will 
also  be  used  as  a  basis  for  control  law  design  after 
modal  truncation  using  Modal  Cost  Analysis  is  per¬ 
formed.  The  resulting  reduced  order  models  will  be 
called  the  "control  design  models."  It  will  be 
shown  that  even  the  design  model  containing  only  one 
mode  may  yield  a  satisfactory  control  law  design, 
depending  on  the  control  accuracy  requirements. 


LATTICE 

BEAM 

(MCA) 


Fig.  1  Block  diagram  of  the  modeling  process. 

A  graphic  outline  of  the  paper  is  shown  in  Fig. 
1.  A  typical  beam-like  lattice  structure  is  ideal¬ 
ized  as  an  equivalent  continuum  Timoshenko  beam. 

The  strain  and  kinetic  energies  of  this  continuum 
are  used  to  formulate  a  12  degree-of-freedom 
(d.o.f.)  beam  finite  element.  This  element  is  used 
to  produce  a  set  of  "simple  finite  element  analysis 
models"  of  the  lattice  containing  one  to  ten  equal 
length  elements.  Free  vibration  analysis  is  per¬ 
formed  on  these  simple  analysis  models  and  the  re¬ 
sults  are  compared  with  a  full  truss  bar  element 
model  of  the  complete  lattice  grid.  This  full 
model  will  be  referred  to  as  the  "complex  model." 
The  simple  analysis  models  and  the  complex  model 
are  analyzed  using  Modal  Cost  Analysis  (MCA)  in  or¬ 
der  to  judge  the  importance  of  the  various  modes  in 
a  given  control  problem.  Modal  truncation  decisions 
are  made  at  this  point  by  retaining  those  modes 
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which  have  the  largest  modal  cost.  The  resulting 
models  are  called  the  reduced  order  control  "design 
models."  Control  laws  are  designed  based  on  these 
control  design  models  using  Linear  Quadratic  Gaus¬ 
sian  (LQG)  control  theory.  These  control  laws  are 
used  to  control  an  evaluation  model  constructed 
from  the  complex  model.  The  evaluation  of  these  con¬ 
trol  laws  proceeds  as  shown  in  Fig.  2.  The  result 
of  this  analysis  is  the  performance  plot  also  shown 
in  Fig.  2.  It  is  essentially  a  plot  of  the  magni¬ 
tude  of  the  control  variable  y  (the  output)  vs.^  the 
magnitude  of  the  control  force  u  (the  input).  Using 
the  performance  plot,  the  usefulness  and  accuracy 
of  the  simple  analysis  models  based  on  the  equiva¬ 
lent  continuum  and  used  in  control  law  design  are 
evaluated. 


Structural  Modeling 


Fig.  3  Repeating  cell  geometry:  single  bay,  double 
lace  lattice  beam. 
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Fig.  4  Axial  force  bar  element  used  in  complex 
model . 


The  lattice  beam  model  chosen  for  analysis  is  a 
10  bay,  simply  supported  beam  with  a  repeating  cell 
of  the  "single  bay,  double  lace"  type.  The  geometry 
of  the  cell  is  shown  in  Fig.  3.  Three  different 
types  of  bars  are  used  in  the  lattice:  longitudinal, 
diagonal  and  batten  bars.  The  geometry  and  material 
characteristics  of  these  bars  are  listed  in  Fig.  3. 
Overall  length  of  the  lattice  beam  is  75  meters. 

The  lattice  beam  has  33  nodes  and  123  bars.  Al¬ 
though  a  lattice  beam  with  more  repeating  cells 
could  easily  be  modeled,  it  is  shown  later  that  the 
ten  cell  lattice  has  enough  beam-like  and  non-beam- 
like  behavior  to  illustrate  the  proposed  method. 


The  equations  for  a  representative  bar  are 


The  complex  model  is  produced  by  using  axial 
truss  bar  elements  of  the  type  shown  in  Fig.  4. 
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c^,  =  cosa,  =  cos3,  =  sina,  ^  sin3, 

and  L  =  length  of  the  truss  bar  element, 

A  consistent  mass  formulation  has  been  used.  Each 
bar  in  the  lattice  is  modeled  using  one  such  ele¬ 
ment.  The  complex  model  has  a  total  of  99  d.o.f.'s 
The  equations  of  motion  for  the  assembled  structure 
are  of  the  following  symbolic  form 

[M]{q}  +  [K]{q}  =  {F}  (2) 

The  simple  finite  element  models  are  produced 
using  the  strain  and  kinetic  energies  of  a  Timo¬ 
shenko  beam  continuum  which  is  "equivalent"  to  the 
full  lattice.  Here,  "equivalence"  means  that  the 
lattice  and  the  continuum  contain  equal  kinetic  and 
strain  energies  when  both  are  subjected  to  the  same 
displacement  and  velocity  fields.  The  method  used 
to  produce  the  continuum  model  is  presented  in  Ref¬ 
erence  1.  Briefly,  the  technique  involves  develop¬ 
ing  expressions  for  the  strain  and  kinetic  energies 
of  a  repeating  lattice  cell  as  functions  of  dis¬ 
placement  and  strain  components  along  the  center- 
line.  These  strain  components  are  then  expanded  in 
a  Taylor  series  about  a  suitably  chosen  origin. 

This  expansion  is,  in  effect,  an  assumption  of  a 
uniform  state  of  strain  across  each  repeating  cell. 
This  means  that  the  half-wavelength  of  a  structural 
mode  must  contain  a  reasonable  number  of  repeating 
cells  for  that  mode  to  be  predicted  accurately. 

The  numerical  coefficients  on  these  displacement 
and  strain  components  become  the  stiffness  and  mass 
coefficients  of  the  equivalent  continuum.  They  are 
calculated  explicitly  in  Reference  1  for  several 
lattice  beam  geometries,  including  the  one  used 
here.  The  strain  energy  has  the  form 

U  =  {e}'^[C]{£}  (3) 

where  {£>=  beam-1 i ke  strain  components  (6x1) 

L  =  length  of  a  repeating  cell 
and  [C]=  stiffness  coefficients  of  the  equivalent 
continuum  (6x6). 

The  kinetic  energy  is  similarly  represented  as 

T  =  lU  {C(}’'’[M]{u}  (4) 

where  {£>  =  beam-like  displacement  components  (6x1) 
L  =  length  of  a  repeating  cell 
and  [M]  =  inertia  coefficients  of  the  equivalent 
continuum  (6x6) 

For  the  lattice  beam  shown  in  Fig.  3,  the  equiva¬ 
lent  continuum  is  homogeneous  and  isotropic  so  the 
matrices  [C]  and  [M]  are  diagonal  and  the  stiffness 


properties  in  the  xy  and  xz  planes  are  equal.  The 
stiffness  and  mass  properties  of  the  equivalent  con¬ 
tinuum  are  as  follows: 

Bending  rigidity  El  =  8.011  x  lol  N/m^ 

Axial  rigidity  EA  =  2.528  x  10^  N 

Shear  rigidity  GA  =  2.203  x  10^  N  ^ 

Torsional  rigidity  GJ  =  9.178  x  10°  N/m'^  ^  ^ 

Mass  per  unit  length  pA  =  1.795  kg  ^ 

Rotary  inertia  coefficient  pi  =  5.123  kg  m2 

Torsional  inertia  coefficient  pJ  =10.246  kg  m 


Once  the  strain  and  kinetic  energies  of  the  con¬ 
tinuum  are  known  as  functions  of  the  constants  list¬ 
ed  in  Eq.  (5),  finite  element  models  are  generated 
using  a  set  of  suitable  displacement  functions  and 
Castigl iano' s  theorem.  As  shown  in  Fig.  5,  the 
simple  finite  element  formulated  is  a  12  d.o.f. 
prismatic  bar  element  with  shear  and  rotary  inertia 
effects  included.  The  shear  and  rotary  inertia  are 
included  in  the  same  fashion  as  that  by  Archer? 

The  matrix  equations  of  motion  for  the  beam  finite 
element  can  be  obtained  by  using  Lagrange's  equa¬ 
tions  . 
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where  T  and  U  are  the  strain  and  kinetic  energies  of 
the  continuum  in  terms  of  the  beam  element  d.o.f.'s. 
These  are  obtained  by  using  Eqs.  3  and  4  and  the 
displacement  functions  for  a  Timoshenko  beam?  The 
resulting  equations  take  the  form 


[M]{q}  +  [K]{q}  =  {F} 


(7) 


These  are  identical  in  form  to  the  equations  listed 
in  Ref.  3  for  a  12  d.o.f.  homogeneous,  isotropic 
Timoshenko  beam. 


Fig.  5  Prismatic  bar  finite  element  used  in  simple 
analysis  models. 


Ten  models  with  from  one  to  ten  equal  length  beam 
elements  are  constructed.  The  number  of  d.o.f.'s  in 
each  model  varies  from  12  in  a  one-element  model  to 
66  in  a  10-element  model.  If  it  is  known  beforehand 
that  only,  say,  bending  motions  are  observable  in 
the  output  vector  of  interest,  axial  and  torsional 
d.o.f.'s  may  be  discarded  leading  to  much  smaller 
models.  Modal  Cost  Analysis,  the  modal  reduction 
technique  used  in  this  paper  will  do  this  automati¬ 
cally,  however.  The  homogeneous,  undamped  equations 
of  motion  for  the  various  models  are  of  the  form 


[M]{q}  +  [K]{q}  =  {0} 


Free  Vibration  Analysis 

To  evaluate  the  performance  of  the  present  form¬ 
ulation,  free  vibration  analysis  is  performed  on 
the  simple  analysis  and  complex  models.  Since  the 
complex  model  does  not  have  a  node  at  its  center- 
line,  a  multipoint  constraint  procedure  is  used. 

For  example,  if  the  average  v  displacement  in  the 
y-direction  of  the  end  cross-section  (which  con¬ 
tains  nodes  1,  2,  and  3  as  shown  in  Fig.  3)  is  to 
be  constrained,  an  equation  of  the  form 

v-j  +  v^  +  V3  =  0  (9) 

is  written.  This  equation  is  used  to  express  one 
of  the  displacements  in  terms  of  the  others.  The 
equations  are  substituted  into  the  equations  of  mo¬ 
tion  for  the  lattice  and  the  dependent  d.o.f.  is 
eliminated.  Nine  constraint  equations  of  the  form 
of  Eq.  (9)  are  needed  to  enforce  the  nine  simply 
supported  boundary  conditions.  The  constrained 
complex  model  has  90  d.o.f. 's.  The  equations  of 
motion  for  all  of  the  models  in  free  vibration  are 
of  the  form 

-Jm  +  [K]  {<!>}  ={0}  (10) 

Natural  frequency  results  for  the  lattice  beam 
example  are  shown  in  Table  1.  Seven  different 
models  are  used:  1)  complex  truss  bar  model, 

2)  five  simple  finite  element  analysis  models  with 
1,  2,  3,  5,  and  10  elements  per  model,  and  3)  an 
analytical  solution  of  an  equivalent  homogeneous 
Timoshenko  beam^  These  data  show  that  frequencies 
of  the  simple  models  converge  to  the  equivalent 
Timoshenko  beam  frequencies  of  the  continuum  as  the 
number  of  simple  finite  elements  increases. 

Table  I  :  Natural  Frequencies  of  the  Simply 


Supported  Lattice  Beam  Models 


Mode  i 

Number  of  Simole  Finite  Elements 

Analytic  Complex 
Solution!  Model 

Number 

muoc 

1 

2 

3 

5 

to 

1,2 

1st  Bending 

12.98 

11.71 

11,67 

11.66 

11.66 

11.65 

11.44 

4,5 

2nd  " 

59.22 

51.52 

.46.57_ 

46.01 

4589 

4580 

42.90 

8,9 

3rd _ ^ _ 

1278 

114.5 

102.0 

100.8 

100.4 

88.37 

11,12 

4th  "  ^  232.4 

20a3 

17^.9 

174.2 

1724 

142.4 

15,16 

5th  " 

369.2 

306.4 

264.1 

258.9  '201.1  1 

21,22:6th  - 

507.4 

425S._ 

3694 

357.0 

261..2  1 

24,25 

7th  ■'  ; 

6085 

489.8 

464.4 

OJ 

00 

26,27 

8th  "  ^ 

849.9 

625.2 

579.2 

367.8 

29,30 

19th  " 

1126. 

772.6 

699.8 

401.6 

3 

1st  Torsion  ,  43.7! 

41.47 

40.30 

39.8! 

39.64 

39.55 

7 

2nd  •• 

127.8 

92.73^ 

84.55 

80.60 

79.29 

78.05 

10 

3rd  ■'  ^ 

136.0 

123.6 

118.9 

1  16.3 

13 

4th  ■■ 

190.5 

169.1 

158.6 

152.2 

14 

5th  ’■ 

218.6 

198.2 

185.2 

17 

6th  " 

272.0 

237.9 

214.5 

19 

7th  ■■  ^  ^  ' 

327.8 

277.51238.9  1 

20 

8th  " 

: 

381.0 

317.2 

257.3 

23 

9th  " 

421.6 

356.8 

268.8 

[■  '■ 

6  ‘ 

1st  Axial  86.67 

80.63!  79.50 

78.92 

78.68 

78.60 

78.05 

i  18  ■2nd  ■' 

281.7:260.0 

244.6 

23ao 

235.6 

235.2 

j  28 

3rd  "  j  :  471.7 

433.3 

403.2 

393.0 

395.3 

1  31 

4th  "  :  ! 

649.8 

578.1 

550.2 

559.2 

Notes:  I)  Units  are  radians  per  second. 

2)  Analytic  solution  is  of  an  equivalent  homogeneous 
Timoshenko  beam  (Ref  .  4) 


The  rest  of  the  data  shows  the  comparison  be¬ 
tween  the  simple  analysis  models  and  the  complex 
model  of  the  lattice.  It  is  noted  that  the  complex 
model  has  approximately  31  beam-like  modes.  The 
term  “beam-l i ke"  is  used  here  to  refer  to  bending, 
axial,  and  torsional  behavior  of  the  complex  model. 


The  second  torsional  and  second  bending  modes  are 
plotted  in  Figs.  6  and  7.  The  31  beam-like  modes  are 
those  with  the  lowest  frequencies.  The  highest  59 
modes  are,  for  the  most  part,  non-beam-like  modes 
which  cannot  be  predicted  by  the  simple  models.  Fur¬ 
thermore,  the  size  of  the  complex  models  (90  d.o.f. 's) 
indicates  that  these  upper  59  modes  cannot  be  very 
accurate.  They  all  have  a  frequency  above  102  Hz 
while  the  beam-like  modes  all  have  frequencies  be¬ 
low  89  Hz.  Modes  were  identified  strictly  based 
upon  their  plotted  shapes.  While  it  is  true  that 
even  the  mode  labeled  as  the  first  bending  mode 
contains  local  non-beam-like  effects  (for  example, 
distortion  of  the  cross  section  in  its  own  plane), 
these  modes  are  characterized  as  "beam-like"  and  are 
compared  to  the  modes  of  the  simple  analysis  models. 
Fig.  7  shows  the  second  bending  mode  for  the  complex 
model  and  the  second  bending  mode  for  the  simple 
analysis  model  containing  five  elements.  Both 
modes  have  been  normalized  by  their  respective  mass 

MODE  7 

FREQUENCY  =  12,50  HZ 


MODE  4 

FREQUENCY  =  6.83  HZ 
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transformation  to  modal  coordinates  is  made  by  using 
the  modal  matrix  associated  with  the  undamped,  homo¬ 
geneous  system  equations. 


matrices.  No  unequal  scaling  was  done  for  one  mode 
relative  to  the  other.  The  displacement  functions 
used  to  generate  the  simple  finite  elements  were 
used  to  interpolate  values  for  the  displacement  be¬ 
tween  nodes.  The  rest  of  the  beam-like  modes  have 
been  plotted  and  match  those  of  an  equivalent  simple 
analysis  model.  The  31  pairs  of  beam-like  modes  are 
given  in  Ref.  5. 

Several  comments  can  be  made  at  this  point  about 
the  comparison  between  the  frequencies  generated  by 
the  two  models.  First,  low  order  bending,  axial 
and  torsional  frequencies  are  predicted  quite  ac¬ 
curately.  This  accuracy  decreases  significantly 
for  the  higher  modes,  however.  This  is  due  to  the 
fact  that  the  half-wavelength  of  the  higher  modes 
span  fewer  repeating  cells  so  the  assumptions  made 
in  the  development  of  the  continuum  are  violated. 

For  example,  the  half-wavelength  of  the  nth  mode 
spans  10/n  repeating  cells.  Physically,  the  non¬ 
beam-like  behavior  of  the  lattice  becomes  dominant 
in  the  higher  modes.  This  behavior  cannot  be  pre¬ 
dicted  with  a  Timoshenko-type  continuum  beam  model. 
The  present  example  beam  contains  only  ten  repeat¬ 
ing  cells.  However,  the  method  is  developed  for 
handling  lattice  beams  with  considerably  more  cells. 
In  fact,  the  simple  models  are  developed  specific¬ 
ally  for  use  in  the  simultaneous  structural  and 
control  optimization  of  structures  with  relatively 
large  numbers  of  d.o.f.'s. 

Modal  Cost  Analysis 

The  aim  of  this  study  is  to  develop  reduced  order 
controllers  based  on  the  simple  finite  element  anal¬ 
ysis  models  and  to  use  these  controllers  to  control 
an  evaluation  model  based  on  the  full  complex  model. 
Model  reduction  of  the  complex  model  to  an  evalua¬ 
tion  model  is  needed  due  to  the  large  size  of  the 
complex  model.  The  issue  of  model  reduction  is, 
therefore,  considered.  Modal  Cost  Analysis  is  used 
to  evaluate  the  importance  and  contribution  of  each 
mode  in  a  given  control  problem. 


Modal  Cost  Analysis  is  presented  in  detail  in 
Refs.  6  and  7.  It  is  a  method  which  determines  the 
importance  of  a  particular  mode  to  a  given  control 
problem.  While  the  details  are  available  in  the 
above  mentioned  references,  a  brief  description  is 
given  here.  The  total  cost  function  is 


where  E  is  the  expected  value  operator  and  V.(y)  is 
the  cost  associated  with  the  ith  mode.  V^,  (y)^i$  de- 
fined  by  r  r  . 


{q}  =  [®]{n}  (14) 

The  modal  matrix  [®]  is  normalized  with  respect  to 
the  system  mass  matrix.  After  premultiplying  by 

,  the  resulting  equations  are 
{fi}  +  [$]^[D][$]{n}+  ^]{n}  =  {u}  +  {v} 

{y)  =  [Cimcr,}  +  [C'][$]{n}  (15) 

(z)  =  [Z][$]{n}  +  [Z'][$]{n}  +  {V} 


where  (n)  is  an  nxl  vector,  n  is  the  number  of 
modes  in  the  model.  Although  damping  must  be  in¬ 
cluded  in  the  system  equations,  it  is  a  highly  un¬ 
certain  parameter.  It  is  assumed  small  for  the 
present  structure  and  has  the  form 

[$]V][$]  =  C2?.a3.J  (16) 

and  the  modal  damping  ratio  ^  -005  for  all  modes. 
Defining  ^ 


LbTj=  ith  row  of  [$]'^[B] 
|c.|=  ith  column  of  [C][$] 
|c!|=  ith  column  of  [C'][®], 


it  can  be  shown"^  that  for  a  system  in  the  above  form, 
the  modal  cost  V.(y)  associated  with  the  mode  x.  is 
given  by  ^ 


where  the  notation 


I'^i  I  Iq  "  {cy'''[Q]{c.}  is  used. 


[Q]  is  a  weighting  matrix  on  the  outputs  and  [W]  is 
the  intensity  of  the  actuator  noise.  Note  that 
V^.  (y)  are  defined  strictly  in  terms  of  modal  data. 

That  is,  {c^. },  {c^. },  and  {b^. }  are  composed  of  the 

values  of  the  ith  mode  shape  at  the  input  and  output 
locations,  respectively. 


MCA  is  used  to  reduce  the  size  of  simple  analysis 
models.  The  resulting  models  are  called  control  de¬ 
sign  models,  A  set  of  reduced  order  controllers 
is  then  designed  from  these  control  design  models. 
MCA  will  also  be  used  to  reduce  the  total  set  of 
complex  model  modes  to  an  evaluation  model  which 
will  be  used  to  assess  the  performance  of  the  re¬ 
duced  order  controllers. 


Results  of  Modal  Cost  Analysis 


where  x-j  is  the  ith  modal  coordinate,  and  v.{y)  are 
the  modal  costs. 

\/.(y)  can  be  written  in  terms  of  modal  data.  Let 
the  System  be  represented  by  the  following  matrix 
second  order  equations. 

[M]{q}  +  [D]{q}  +  [K]{q}  =  [B]  {u}  +  {w} 

{y}  =  [C]{q}  +  [C']{q}  (13) 

{zl  =  [Z]{q}  +  [Z']{q}  +  {v} 

The  forcing  term  is  a  control  input  from  noisy  ac¬ 
tuators.  The  measurement  also  includes  noise.  The 


The  results  of  the  Modal  Cost  Analysis  are  now 
used  to  evaluate  the  importance  of  the  modes  of  the 
complex  model  and  of  the  simple  analysis  models  in 
a  particular  control  problem.  The  control  problem 
analyzed  is  illustrated  graphically  in  Fig,  8.  A 
single  force  actuator  is  located  at  a  distance  of 
7.5  meters  from  one  end  of  the  simply  supported 
lattice  beam.  It  is  located  at  the  top  vertex  of 
that  particular  triangular  cross  section  and  drives 
the  z  direction.  The  noise  in  the  actuator  is 
assumed  to  be  uncorrel ated  Gaussian  white  noise 
with  intensity  W  =  1.0x10"'^  N^.  The  sensor  is  lo¬ 
cated  at  the  same  point  and  measures  the  w  displace¬ 
ment.  Noise  in  the  sensor  is  assumed  to  be 


uncorrelated  Gaussian  white  noise  with  intensity 
V=1.0xl0  m^.  The  control  output  variable  is  the 

w  displacement  at  the  top  vertex  of  the  midspan 
cross  section.  The  sensor,  actuator,  and  output 
for  the  simple  analysis  models  are  located  at 
equivalent  axial  stations  and  measure  the  same  dis¬ 
placements  in  the  same  directions.  For  this  examp¬ 
le,  both  [Q]  and  [R]  equal  1.0.  These  examples 
have  been  constructed  so  that  only  the  lateral  z 
direction  bending  modes  will  have  significant  modal 
costs. 


Fig.  8  Schematic  of  example  control  problem 


Modal  costs  of  the  complex  model  modes  and  the 
simple  analysis  model  modes  generated  with  2,  5, 
and  10  elements  per  model  are  shewn  in  Figs.  9,  10, 
and  11,  respectively.  The  modal  cost  data  has  been 
normalized  so  that  the  maximum  modal  cost  has  a 
value  of  1.0.  Costs  below  1.0x10"^  are  set  to 
this  value.  Several  comments  are  in  order  about 
these  figures.  First,  not  every  analysis  model 
predicts  every  complex  mode.  As  the  number  of  ele¬ 
ments  in  the  analysi s  model s  increases,  the  number 
of  modes  predicted  also  increases.  Second,  the  anal¬ 
ysis  model  frequencies  do  not  monotonically  increase 
with  mode  number.  They  have  been  reordered  to  show 
the  equivalence  with  the  complex  model  modes.  Third, 
only  the  odd  bending  modes  have  significant  modal 
costs  because  the  output  location  is  at  a  node  of 
the  even-numbered  modes.  These  modes  are  unobserv¬ 
able  for  this  particular  output  location.  Thus, 
these  modes  have  no  contribution  to  the  cost  func¬ 
tion  and  can  be  dropped  from  any  control  design 
model.  If  a  two  mode  model  were  needed,  tradition¬ 
al  modal  truncation  based  on  frequency  would  keep 
bending  modes  1  and  2  which  is  no  better  than  a  one 
mode  model  of  mode  1  since  mode  2  has  no  effect  on 
the  output.  Therefore,  model  reduction  decisions 
cannot  be  divorced  from  the  control  objectives. 

Figures  9,  10,  and  11  show  that,  when  compared 
with  the  complex  model,  the  analysis  models  accur¬ 
ately  predict  the  modal  costs  of  the  complex  model 
for  the  lowest  modes.  The  accuracy  begins  to  de¬ 
crease  as  the  mode  number  increases.  This  is  be¬ 
cause  the  modal  costs  are  inversely  proportional  to 
the  cube  of  the  natural  frequency.  For  example, 
the  complex  model  has  a  lower  frequency  in  the 
third  bending  mode  (mode  15)  than  the  analysis  mod¬ 
els.  This  causes  that  mode  of  the  complex  model  to 
have  a  higher  modal  cost  than  the  equivalent  mode 
of  the  analysis  models.  This  higher  modal  cost  in¬ 
dicates  that  the  third  bending  mode  is  more  impor- 
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Fig.  9  Modal  cost  and  frequency  data  for  complex 


model  and  two  element  analysis  model. 
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Fig.  10  Modal  cost  and  frequency  data  for  complex 
model  and  five  element  analysis  model. 

tant  to  the  minimization  of  the  cost  function  than 
the  analysis  models  would  predict.  It  is  noted, 
however,  that  the  trends  of  the  modal  cost  data  are 
accurately  predicted  by  the  analysis  models.  That 
is,  modal  truncation  decisions  based  upon  Modal  Cost 
Analysis  of  an  analysis  model  will  at  least  preserve 
the  relative  importance  of  the  modes  of  this  anal¬ 
ysis  model  to  the  overall  control  objective.  It  is 
also  noted  that  as  the  number  of  elements  in  the 
analysis  models  increases,  the  accuracy  of  the  modal 
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MODE  NUMBER 


□ - B  FREO’JiMCY  -  CGYPieX 

O - 0  FREQUENCY  -  SIYP^E 

o - ^  MGDQl  cost  -  CONFLEX 

- >  MOOhL  cost  -  SIQFlE 

Fig.  n  Modal  cost  and  frequency  data  for  complex 
model  and  ten  element  analysis  model. 


I  »,ly> 

where  V{y)  is  the  total  modal  cost  and  n  is  the  num¬ 
ber  of  modes  in  the  reduced  order  model.  For  a  re¬ 
duced  model  which  contains  all  of  the  cost  informa¬ 
tion  of  its  parent,  CPr=1.0.  It  is  clear  that  those 
modes  with  the  smallest  V-j(y)  should  be  deleted. 

The  reduced  order  design  models  and  their  associat¬ 
ed  cost  perturbation  indices  are  listed  in  Table  2. 


Table  2: 

Reduced  Order 

Design  Models 

Reduced 

Reduced 

Order 

from 

Mode 

Cost 

Model 

which 

Numbers 

Pa'turbation 

Number 

Model 

Retained 

Index 

Evaluation 

!  Complex 

1,8,15,24,29 

.9997 

1 

1  Element  Analysis 

1 

.9940 

2  1 

5  Element  Analysis 

1,8 

.9996 

3  i 

10  Element  Analysis 

1,8,15,24  1 

.9999 

Reduced  Order  Controller  Design 

All  of  the  reduced  order  design  models  are  fully 
observable  and  controllable.  A  controller  for  each 
model  is  designed  using  Linear  Quadratic  Gaussian 
techniques.®  The  equations  of  motion  in  state 
space  form  are 


costs  converge,  but  that  the  error  does  not  go  to 
zero.  This  is  to  be  expected  since,  although  the 
frequencies  of  the  analysis  models  converge,  they 
converge  to  the  frequency  of  the  equivalent  Timo¬ 
shenko  beam  continuum  and  not  to  the  frequency  of 
the  complex  model  (see  Table  1).  For  example,  the 
errors  in  the  frequency  of  the  second  bending  mode 
of  the  analysis  models  with  one,  two,  three,  and 
four  elements  with  respect  to  the  complex  model  is 
38.0,  20.1,  8.5,  and  7.6  percent,  respectively. 

This  is  noted  to  show  that  the  number  of  elements 
in  the  analysis  model  needed  to  converge  to  a  par¬ 
ticular  frequency  and  modal  cost  can  be  estimated 
beforehand . 

Model  Reduction 

Model  reduction  using  Modal  Cost  Analysis  is 
straightforward.  For  an  n  mode  reduced  order  de¬ 
sign  model,  the  n  modes  with  the  highest  modal  cost 
are  selected.  Based  on  the  information  in  Figures 
9,  10,  and  11,  three  reduced  order  design  models 
are  formed:  1)  a  1  mode  model  containing  the  first 
bending  mode  of  the  two  element  analysis  model, 

2)  a  2  mode  model  containing  the  first  and  third 
bending  modes  of  the  seven  element  analysis  model, 

3)  a  4  mode  model  containing  the  first,  third, 
fifth,  and  seventh  bending  modes  of  the  ten  element 
analysis  model.  Modal  Cost  Analysis  is  also  used 
in  the  formation  of  an  evaluation  model.  This  re¬ 
duced  model  is  needed  since  the  full  complex  model 
has  too  many  modes  to  use  as  a  basis  for  controller 
design  and  evaluation.  The  evaluation  model  is 
constructed  from  the  first,  third,  fifth,  seventh 
and  ninth  bending  modes  of  the  complex  model. 


{Xr}  =  [Ar]{xr}  +  [Br]  {u}  +  {w} 
{y}  =  [Cr]{Xr} 

{z}  =  [Zr]{Xr}  +  {v} 

E(w(t))  =  0 
E{v(t))  =  0 

E(w{T)wFt))  =  [W]6(t-T) 
E(v{T)vTt))  =  [V]5(t-T) 
E(w(t)xR(0))  =  0 

E(v(t)xj(0))  =  0 

E(v(t)w^{T))  =  0 


The  cost  function  to  be  minimized  is 


V  =  li!  L  E 

t^  t 


|y(T)l|§  +  a||y(T)||2)dT 


The  resulting  controller  is 


{Xc>  =  +  [F]{Z} 

{u}  =  [G]{X(,} 

[G]  =  -^  [R]'^[B]Fk] 
[F]  =  [P][Zr]Fv]-^ 


(20) 


(21) 


(22) 


A  measure  of  how  completely  a  reduced  order 
model  matches  the  total  cost  information  of  its 
parent  model  is  given  by  the  Cost  Perturbation 
Index  (CPI).  The  CPI  is  defined  as 


[A^]  =  [Ar]  +  [Br][G]  -  [F][Zr] 

where  p  and  k  satisfy  the  Riccati  equations 
[K][Ar]  +  [Ar]^[K]  -  T[K]  [Br][R]‘^[Br]Fk] 
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(23) 


+[Cr]^[Q][C^]  =  [0] 

[P][Ar]^  +  [Ap][P]  -  [P][Zr]^[V]-^[Zr][P] 

+  [Dr][W][D^]^  =  [0] 


This  controller  is  optimal  for  the  reduced  order 
design  model  itself  but  will  not  perform  optimally 
when  used  to  drive  the  evaluation  model.  The  eval¬ 
uation  model  can  be  written 


{x^}  =  [A^]{x^}+  [B^]  {u}  +  {wl 

{y}  = 

{z}  =  +  {V} 

The  entire  closed  loop  system  has  the  form 

{y^}  =  [C^]{x,} 


(24) 


where 


{Xa}  = 


(25) 


t°a^  = 


LU 

B^G 

II 

'1  ty  = 

’^E 

r 

o 

1  V 

[uj  " 

f 

O 

"E 

0  F 


{».)■ 


(25a) 


The  regulation  cost  V(y)  and  control  energy  V(u) 
are  calculated  as  follows 


|y(T)||^dT  =tr  [C^]'[Q][C^][X^^] 


(26) 


v(u)=;i:iE 


|u(t) I Ipdx 


0 


-tr  [G]  [G][X22] 


where  x  satisfies 


[X][A^]^+  [Ag][X]  +  =  0 


[Wa]  = 


[X] 


W  0 
0  V 

^21 


(27) 


^21 


22 


The  evaluation  process  proceeds  as  follows.  For 
a  given  reduced  order  design  model ,  a  set  of 
reduced  order  controllers  dependent  upon  the  con¬ 
trol  weighting  parameter  a  is  designed.  These  con¬ 
trollers  are  used  to  close  the  evaluation  model 
loop  and  calculate  a  set  of  regulation  cost  vs. 
control  energy  values.  Finally,  a  full  order  con¬ 
troller  using  the  evaluation  model  itself  as  the 
control  design  model  is  designed.  This  serves  as  a 
comparison  for  the  performance  of  the  reduced  order 
models.  The  resulting  controller  will  be  optimal 
while  the  controllers  designed  using  the  reduced 
order  control  design  models  will  not  be.  The  re¬ 
sulting  performance  plots  of  regulation  cost  vs. 
control  energy  will  have  the  form  shown  in  Fig.  2. 


The  plot  has  a  limiting  value  for  regulation  cost. 
V(y)(a->0)  is  the  lowest  possible  regulation  cost 
value  regardless  of  controller  effort.  This  value 
is  non-zero  due  to  errors  in  reconstructing  the 
state.  Now,  for  the  reduced  order  controllers,  the 
regulation  cost  will  decrease  as  a^O,  then  increase. 
This  is  due  to  controllability  of  those  higher 
modes  which  were  not  included  in  the  control  design 
model . 


Fig.  12  Performance  plot— 3  reduced  order  con¬ 
trollers 


A  performance  plot  for  the  models  in  Table  2  has 
been  calculated  and  is  shown  in  Figure  12.  As  ex¬ 
pected,  all  reduced  order  controllers  are  able  to 
increase  the  performance  of  the  system  for  low  con¬ 
trol  effort.  As  control  effort  increases,  however, 
system  performance  is  degraded.  The  performance  of 
all  the  reduced  models,  however,  is  exceptional. 

The  1  mode  reduced  order  controller  achieves  a  min¬ 
imum  regulation  cost  of  5.874e-ll  m?  before  it  be¬ 
gins  to  diverge  from  the  optimal  controller.  When 
compared  with  the  best  theoretical  system  regula¬ 
tion  cost  of  5.8497e-ll  m?,  this  controller  has  an 
error  in  regulation  cost  of  only  .4  percent.  The 
other  two  reduced  order  controllers  perform  better 
at  higher  control  energies,  but  only  slightly  bet¬ 
ter  at  the  "design  point."  Although  in  general  the 
design  point  is  a  function  of  controller  order,  it 
is  not  in  this  case,  since  the  first  mode  dominates 
the  dynamic  behavior  of  the  lattice.  It  was  also 
expected  that  for  low  values  of  a,  the  controllabil¬ 
ity  of  the  truncated  modes  would  drive  the  system 
unstable  as  the  control  effort  approaches  infinity 
(a^O).  All  of  the  closed  loop  systems  were  still 
stable,  however,  for  o  as  small  as  a  =  l.e-25. 

Concl usions 


A  basic  procedure  for  simple  and  efficient  finite 
element  modeling  of  flexible  beam-like  lattice 
structures  with  repetitive  geometry  has  been  devel¬ 
oped.  The  formulation  is  based  on  the  strain  and 
kinetic  energies  of  an  equivalent  continuum.  The 
method  is  general  and  is  not  restricted  to  the  par- 
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ticular  lattice  geometry  studied  here.  Although 
the  example  studied  contains  ten  repeating  cells, 
the  method  is  particularly  suited  to  cases  in 
which  the  number  of  repeating  cells  is  considerably 
more  than  ten.  The  method  will  yield  accurate  re¬ 
sults  as  long  as  there  are  a  sufficient  number  of 
repeating  cells  per  half-wavelength  of  a  mode. 

The  present  method  can  be  extended  in  a  straight- 
forv;ard  manner  to  cases  of  plate-  and  shell -like 
lattice  structures.  These  structures  have  been 
considered  for  such  applications  as  large  solar  ar¬ 
rays  for  pov/er  generation  and  large  curved  antennas 
for  communication  purposes. 

The  present  finite  element  analysis  models  allow 
the  application  of  control  theory  to  actual  lattice 
structures  in  the  form  of  the  simple  models.  It 
has  been  common  that  the  controls  analyst  has 
worked  mostly  with  homogeneous  isotropic  finite 
element  formulations  or  with  large  truss  bar  ele¬ 
ment  models.  The  simple  analysis  models  developed 
here  present  a  modeling  alternative.  Using  these 
models,  free  vibration  analyses  for  beam-like  lat¬ 
tice  structures  can  be  performed  efficiently.  The 
simplicity  and  efficiency  of  the  simple  models 
allows  their  application  in  preliminary  control 
law  design  studies.  The  present  formulation  and 
procedures  are  also  expected  to  be  useful  for 
studies  on  the  optimization  of  sensor/actuator  lo¬ 
cations,  the  minimization  of  structural  mass,  etc. 

Specifically,  this  study  has  used  the  simple 
finite  element  formulation  in  the  control  design 
process  for  a  typical  lattice  beam.  Modal  trunca¬ 
tion  has  been  applied  to  these  simple  analysis 
models  using  Modal  Cost  Analysis,  a  standard  model 
reduction  technique.  Other  model  reduction  tech¬ 
niques  and  analysis  methods  may  be  similarly  ap¬ 
plied.  The  reduced  order  models  resulting  from 
modal  truncation  have  been  used  in  the  control  law 
design  process.  The  example  chosen  has  shown  that 
the  structural  modeling  problem  and  the  control 
design  problem  are  not  separable  since  the  model 
reduction  process  is  influenced  by  the  control  ob¬ 
jectives.  This  study  has  demonstrated  a  fundamen¬ 
tal  procedure  for  the  integration  of  the  structural 
modeling  and  control  modeling  problems  which  usual¬ 
ly  proceed  separately. 
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Introduction 

Vibration  Control  is  an  important  consideration 
in  the  design  of  dynamic  systems  on  the  ground,  in 
the  air  and  in  space.  The  disturbances  in  ground 
and  air  vehicles  are  primarily  caused  by  rough  road 
(runway)  profiles  and  air  flow,  such  as  gusts  and 
power  plants.  Similarly  in  large  space  structures 
the  disturbances  are  the  result  of  slewing/pointing 
maneuvers,  thermal  transients,  and  mechanical 
machinery  such  as  coolers,  generators,  etc.  Control 
of  the  dynamic  response  is  essential  for  maintaining 
the  ride  quality  and  performance  requirements  as 
well  as  for  the  safety  of  the  structure. 

The  response  of  a  structure  is  basically  gov¬ 
erned  by  three  sets  of  parameters.  The  mass,  damp¬ 
ing  and  stiffness  represent  the  structural  parame¬ 
ters.  The  second  set  of  parameters  is  due  to  the 
sources  of  external  disturbances.  These  are  gener¬ 
ally  external  to  the  system  and  are  considered  as 
fixed  inputs  or  their  alteration  is  not  within  the 
realm  of  the  structures/controls  designer.  The 
third  set  represents  the  control  system,  assuming 
that  the  structure  is  actively  controlled.  Control 
of  the  dynamic  response  by  modification  of  the 
structural  parameters  alone  is  considered  as  passive 
control.  Passive  control  is  most  appealing  both 
from  the  reliability  and  maintainability  point  of 
view  if  it  can  be  achieved  at  all  economically. 
Basically  the  stiffness  and  mass  modifications 
result  in  frequency  and  mode  changes,  while  the 
damping  effects  the  dissipation  energy  of  the  sys¬ 
tem.  The  damping  can  be  significantly  altered  by 
either  viscoelastic  coatings  (or  constrained  layer 
damping)  or  by  the  provision  of  discrete  dashpot 
mechanisms . 

The  objective  of  vibration  control  is  to  design 
the  structure  and  its  controls  either  to  eliminate 
vibration  completely  or  to  reduce  the  mean  square 
response  of  the  system  to  a  desired  level  within  a 
reasonable  span  of  time.  In  addition,  it  is  impor¬ 
tant  that  this  objective  be  achieved  in  some  optimal 
way.  For  a  structural  designer  the  optimal  design 
represents  an  adjustment  of  structural  parameters  to 
minimize  the  structural  mass  while  improving  the 
dynamic  characteristics  (such  as  changes  in  frequen¬ 
cies  and  mode  shapes)  to  reduce  the  dynamic  response. 
For  a  control  designer,  on  the  other  hand,  optimiza¬ 
tion  represents  sizing  of  the  controllers  in  such  a 
way  that  a  specified  performance  index  is  minimized. 
If  the  locations  and  the  number  of  actuators  and 
sensors  are  predetermined  and  fixed,  then  the  indi¬ 
vidual  actuator  inputs  are  the  variables  in  the 
control  optimization  problem.  Otherwise  both  the 
number  and  the  locations  of  the  actuators  can  also 
be  variables  in  the  optimal  control  design. 
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The  interaction  between  the  structures  and  con¬ 
trols  designers  has  been  very  minimal  in  the  past. 
The  structural  designer  develops  his  designs  based 
on  strength  and  stiffness  requirements  derived  from 
the  peak  maneuver  loads  expected  during  the  opera¬ 
tion  of  the  flight  vehicle.  His  primary  concern  is 
to  design  light  weight  (minimum  mass)  structures 
that  satisfy  the  strength,  stiffness  and  other  per¬ 
formance  requirements.  In  general  the  designer  of 
active  controls  has  little  input  in  the  evolution  of 
the  basic  structural  design.  Similarly  the  struc¬ 
tural  analyst's  participation  in  the  control  design 
is  limited  at  best  to  providing  information  about 
the  frequencies  and  mode  shapes  of  the  primary 
structure.  This  practice  of  compartmentalizing 
designs  is  promoted  by  the  attitude  that  optimal 
controls  can  be  designed  for  any  structure  and  vice 
versa.  This  may  be  true  to  a  great  extent  because 
many  successful  systems  were  designed  in  the  past 
based  on  this  philosophy.  However,  there  has  been 
strong  indication  in  recent  years  that  significant 
performance  as  well  as  cost  improvements  can  be 
realized  by  optimizing  the  structure  and  the  con¬ 
trols  together.  There  is  general  agreement that 
future  research  in  large  space  structures  dynamics 
and  controls  should  develop  algorithms  to  promote 
such  an  interdisciplinary  approach  to  design. 

Recent  advances  in  digital  computers  and  computa¬ 
tional  algorithms  provide  ample  opportunity  for  such 
development.  Reference  (2)  contains  a  number  of 
papers  supporting  this  theme  and  also  some  ideas 
about  how  to  formulate  the  combined  optimization 
problem.  However,  there  is  also  a  realization  that 
this  combined  optimization  problem  is  not  easily 
tractable  for  a  number  of  reasons.  For  example,  in 
structural  optimization  treatment  of  time  response 
constraints  can  be  quite  involved,  and  the  solution 
is,  in  general,  not  unique.  Multiple  minimums  with 
the  same  or  different  merits  can  exist.  The  linear 
optimal  control  problem,  on  the  other  hand,  is 
naturally  a  time  response  problem,  and  when  the 
solution  exists  it  is  unique.  The  issues  of  how 
the  relative  minimums  in  structural  optimization 
affect  the  control  optimization  problem  are  not 
clear  and  must  be  explored. 

The  object  of  this  paper  is  to  study  the  effects 
of  modification  of  structural  parameters  on  the  dy¬ 
namic  response  of  flexible  structures  with  and  with¬ 
out  active  controls.  The  resulting  automated  analy¬ 
sis  procedure  is  expected  to  be  a  precursor  to  the 
development  of  a  sensitivity  analysis  in  which  the 
issues  of  both  optimal  structure  and  controls  can  be 
addressed.  The  problem  will  be  treated  as  having 
dual  objective  functions.  The  optimization  will  be 
carried  out  independently,  but  the  combined  effect 
of  structural  optimization  and  controls  on  the 
dynamic  response  will  be  studied.  The  structural 
optimization  will  be  posed  as  a  problem  of  the  mini¬ 
mization  of  structural  mass  with  the  constraint  on 
the  fundamental  frequency.  In  the  optimal  control 
design  a  quadratic  performance  function  involving 
the  energy  of  the  vibrating  structure  and  the 
actuators  will  be  minimized. 


This  paper  is  declared  a  work  of  the  U.S. 
Government  and  therefore  is  in  the  public  domain. 
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Equations  of  Motion  and  Control  Objectives 

The  second  order  differential  equation  that 
governs  the  forced  vibration  of  a  large  space  struc¬ 
ture  with  active  controls  can  be  written  as 

m(^)r (t)+c(^)r (t)+k(d)r(t)=F^(u, t)+F2(t) 


The  n  coupled  differential  equations  represent  the 
matheinatical  model  of  a  discretized  (finite  element 
model)  large  space  structure.  The  nxl  vector  r(t) 
represents  the  system  response  in  the  configuration 
space.  The  nxn  mass  (m) ,  damping  (c)  and  stiffness 
(k)  matrices  are  functions  of  the  structural  varia¬ 
bles  (^)  .  The  number  of  structural  variables  can 
be  as  few  as  one  or  as  many  as  a  multiple  of  the 
number  of  finite  elements  in  the  structure.  In 
addition  the  mass  matrix  generally  consists  of 
structural  and  non-structural  components.  Only  the 
structural  mass  will  be  a  function  of  the  structural 
variables.  In  a  finite  element  formulation  the  mass 
and  stiffness  matrices  are  S3mimetric  and  positive 
definite  or  at  least  semidef inite.  The  damping 
matrix  will  be  assumed  proportional  to  the  stiffness 
and  the  mass  matrices  in  this  formulation 


c(d)=ak(d)+3m(^) 


where  a  and  3  are  proportionality  constants. 


(2) 


m(^)f (t)+c(^)r (t)+k(d)r (t)=bu(t) 


(3) 


It  is  assumed  that  the  control  system  consists  of  a 
set  of  discrete  actuators.  The  mxl  vector  u(t)  rep¬ 
resents  the  input  of  the  actuators,  while  b  is  an 
nxm  matrix  that  identifies  the  position  and  the 
relationship  between  the  controllers  and  the 
actuators. 

The  state  space  representation  of  the  governing 
differential  equations  for  the  open  loop  system  is 
written  as(3"3) 

X=^-fBu  (4) 

where  the  2nxl  vectors  X  and  X  are  given  by 


X= 


L-  J2nxl 


(5) 


2nxl 


The  open  loop  plant  matrix  A  and  the  control  matrix 
B  are  given  by 


A= 


-1  »  -1, 
n  9j  k 


L  ~  I  ^  -J2nx2n 


B= 


“■"Ih 

m  b 


(6) 


2nxm 


The  governing  differential  equations  as  given  in 
equations  (4)  to  (6)  represent  the  full  system 
formulation  without  modal  reduction.  The  usual 
procedure  to  reduce  the  dimensionality  of  the  sys¬ 
tem  is  by  modal  reduction  which  is  obtained  by  sub¬ 
stituting 


r(t)=<5q(t) 


(7) 


in  equation  (3).  The  pxl  vector  Ti(t)  represents  the 
normal  coordinates.  The  matrix  $  is  an  nxp  modal 
matrix  which  is  a  solution  of  the  eigenvalue  problem 


0)  mr=kr 


(8) 


The  number  of  modes  (p£n)  required  to  represent  the 
dynamic  response  depends  on  the  type  of  disturbances 
and  the  number  and  locations  of  the  actuators  and 
sensors,  represents  the  eigenvalues  of  the 

system. 

In  the  case  of  modal  reduction  the  state  vectors 
X  and  X  in  equation  (4)  are  given  by 


x= 

ii 

x= 

n 

n 

n 

L""  J 

2pxl 

L  -J 

(9) 


2pxl 


The  right  side  of  equation  (1)  contains  two 
parts.  Fj^Cujt)  represents  the  control  input.  The 
function  F2(t)  represents  the  external  disturbances, 
v7hich  initiate  or  continue  the  vibration  of  the  sys¬ 
tem.  In  this  investigation  only  the  vibration  ini¬ 
tiation  will  be  considered  (no  forced  motion, 
F2(t)=0).  In  such  a  case  the  governing  differential 
equation  can  be  written  as 


Now  the  plant  and  the  control  matrices  of  the  open 
loop  system  are  given  by 


A= 


[  ]l  [  ] 


[  I  ] 


I 


[0] 


B= 


i 2px2p 

The  submatrices  in  A  are  given  by 


(10) 


J  2pxm 


[  2C.03.  ]  = 


0 - 0 

0 


0 - 2c  W 

P  P 


(11a) 


[  ]= 


0 


2 

?2- 


0  0 - 

The  damping  ratio  C^  is  given  by 


*2 

■“03 

P 


(lib) 


2/w.  2(j3  . 

1  1 


(12) 


The  damping  ratio,  Cj_<l,  which  represents  the 
underdamped  case,  is  of  interest  to  this  discussion. 

Returning  to  the  open  loop  plant  of  the  full 
system  formulation 


X=AX4*Bu 


(13) 
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the  output  of  the  system  can  be  represented  by 


^sxl  ~sx2n~2nxl 


Equation  (14)  includes  both  the  velocity  and  the 
displacement  sensors.  s=2n  represents  the  case 
where  there  are  enough  sensors  to  measure  the  entire 
state.  For  most  practical  systems  this  would  be  an 
unrealistic  assumption.  s<2n  represents  a  more 
realistic  case. 

The  output  as  given  by  equation  (14)  represents 
the  ideal  state,  while  the  actual  observer  state 
and  the  corresponding  output  will  be  represented  by 

X=^+Bu+L(y-y)  (15) 

where  y  is  given  by 


a’^p-pbr  ^b’^p+pa+q=o 


Substitution  of  equation  (18)  in  equation  (13)  gives 
the  governing  equations  for  the  optimal  closed  loop 
system  in  the  form 


•  ii  -k  k 

X  =A  X 


where  the  closed  loop  plant  matrix  A*  is  given  by 
A*=A-BG  (22) 

Now  the  standard  procedure  for  the  solution  of 
the  optimal  control  problem  for  a  given  plant,  con¬ 
trol  system  and  weighting  matrices  is  as  follows: 
The  first  step  is  to  determine  the  controllability 
and  observability  of  the  system. 


The  condition  of  complete  controllability  is 
satisfied  if 


and  L  is  a  2nxs  observer  matrix.  The  elements  of 
the  observer  matrix  can  be  determined  by  an  eigen¬ 
value  and  eigenvector  assignment (^) . 


RANK  H^=RANK[B  AB 


A^’^  ^B]=2n  (23) 


As  stated  earlier  the  control  variables  are 
given  by  an  mxl  vector  u  which  represents  the  in¬ 
puts  from  the  m  actuators.  To  determine  the  optimal 
state  feedback  control  law,  modern  control  theory 
minimizes  a  quadratic  performance  index  (PI)  which 
is  a  function  of  the  state  and  control  vectors  X(t) 
and  u(t)  and  is  given  by 


where  the  matrices  B  and  A  are  2nxm  and  2nx2n  dimen¬ 
sions  respectively.  Similarly  complete  observabil¬ 
ity  is  satisfied  if 

,iANK  M  =RANK[H  a'^H - (A*^) =2n  (24) 


(x’^QX+u’^Ru)dt 


where  the  factored  matrix  H  is  given  by 


where  Q  and  R  are  weighting  matrices.  Their  selec¬ 
tion  can  be  somewhat  arbitrary  except  that  they  must 
satisfy  the  requirements  of  positive  definiteness. 
Matrix  R  must  be  positive  definite  while  Q  must  at 
least  be  positive  semidef inite.  By  adjusting  these 
weighting  matrices  the  control  objectives  such  as 
amplitude  of  dynamic  response,  settling  time  (tg) 
etc.  can  be  altered.  In  addition,  the  weighting 
matrices  can  also  be  used  as  a  means  of  imposing 
amplitude  constraints  on  the  control  vector  u(t). 

A  brief  discussion  of  how  the  matrices  Q  and  R  are 
selected  for  this  investigation  is  given  in  the  next 
section. 

The  result  of  the  minimization  of  the  quadratic 
performance  index  (while  satisfying  the  state  equa¬ 
tion)  is  the  optimal  state  feedback  control  law 

u  (t)  =  -GX  (t)  (18) 

where  u*(t)  is  the  optimal  control  input  vector  and 
X*(t)  is  the  corresponding  state.  The  feedback 
matrix  (control  gain  matrix)  G  is  given  by 

G=r”^bS  (19) 

where  P  is  a  symmetric  positive  definite  matrix 
known  as  the  Riccati  matrix  and  is  obtained  by  the 
solution  of  the  algebraic  Riccati  equation 


For  this  investigation  it  was  assumed  that  the  sen¬ 
sors  are  located  at  the  same  place  as  the  actuators 
and  also  that  the  true  state  is  the  observable  state. 
The  next  step  in  the  solution  of  the  optimal  control 
problem  is  to  solve  for  the  Riccati  matrix  P  from 
equation  (20) .  The  third  step  is  to  determine  the 
control  gain  matrix  G  by  substituting  the  Riccati 
matrix,  P,  in  equation  (19).  The  fourth  step  is  to 
determine  the  state  transition  matrix  from  the  solu¬ 
tion  of  equation  (21) .  From  the  state  transition 
matrix  and  the  initial  state,  the  optimal  state  can 
be  determined.  Then  the  control  input  vector  u*(t) 
can  be  determined  by  equation  (18).  With  this  pro¬ 
cedure,  there  is  a  facility  to  monitor  the  complete 
state,  the  control  input,  and  the  performance  index 
PI.  The  weighting  matrix  R  will  be  selected  in  such 
a  way  that  the  second  term  in  the  performance  index 
contains  all  the  information  about  the  power  require¬ 
ments  of  the  individual  actuators. 

The  Weighting  Matrices  Q  and  R 

It  is  evident  from  the  foregoing  discussion  that 
there  are  five  important  input  matrices  involved  in 
the  solution  of  the  optimal  control  problem.  The 
matrices  A  and  B  are  unique  to  a  given  plant  and 
control  system.  The  matrix  C  is  also  unique  for  the 
desired  output.  The  weighting  matrices,  on  the 
other  hand,  are  not  unique,  and  they  can  be  selected 
to  achieve  certain  desirable  control  objectives. 
However,  the  matrix  R  must  be  positive  definite. 
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where  the  quantities  0^  and  0]^  are  the  scaling 
parameters  that  can  be  adjusted  to  achieve  the 
desired  control  objectives.  Oj^  is  an  mxm  diagonal 
matrix  which  will  be  used  for  similar  scaling  pur¬ 
poses  on  the  matrix  R.  Some  of  the  possible  param¬ 
eters  that  can  be  adjusted  are  the  amplitude  of  the 
dynamic  response,  the  settling  time  (tg) ,  etc.  In 
addition,  amplitude  constraints  on  the  control  vec¬ 
tor  u(t)  can  also  be  imposed. 

In  equation  (26)  k  is  assumed  to  be  a  nonsingu- 
lar  matrix.  However,  for  a  free-free  structure  k“^ 
does  not  exist,  and  the  necessary  modification  is 
outlined  in  the  sequel.  The  dimension  of  the  sing¬ 
ular  matrix  is  nxn  and  its  rank  would  be  n-5-,  where 
i  represents  the  number  of  rigid  body  degrees  of 
freedom  of  the  system.  In  such  a  case  the  x^^eighting 
matrix  R  can  be  written  symbolically  as 


Dyd)=Dyd^,d2, . 

i=l , 2 , . .  . ,  q 

and 

(31) 

where  W  is  the  structural  mass  and  the  constraints 
are  the  fundamental  frequencies  in  this  discus¬ 
sion.  Hox^ever,  the  problem  can  also  be  posed  as  the 
maximization  of  the  fundamental  frequency  with  an 
equality  constraint  on  the  structural  mass.  The  q 
variables,  dj^,  are  the  structural  variables.  The 
mass,  stiffness  and  damping  properties  as  well  as 
the  structural  mass  are  functions  of  the  structural 
variables.  The  vectors  d^^^  and  d^U)  ^re  the  (non¬ 
negative)  lower  and  upper  limits  on  the  structural 
variables . 

The  Lagrangian  formulation  for  constrained  min¬ 
imization  can  be  written  as 


where  k  is  a  nonsingular  matrix  of  dimension  (n-l) 

X  (n-il).  In  other  words  k  is  the  original  stiffness 
matrix  x^jith  the  rows  and  columns  corresponding  to 
the  rigid  body  degrees  of  freedom  removed.  The  ZxZ 
identity  matrix  takes  the  place  of  the  rigid  body 
degrees  of  freedom.  It  x^7as  assumed,  for  convenience, 
that  the  elastic  and  rigid  body  degrees  of  freedom 
are  neatly  partitioned  as  shoxm.  However,  in  an 
actual  structure  these  are  generally  interspersed, 
and  they  can  be  handled  routinely  without  much 
difficulty.  In  the  foregoing  discussion  it  X'zas 
tacitly  assumed  that  a  free-free  structure  will 
have  txv^o  types  of  controllers,  one  set  for  control¬ 
ling  rigid  body  modes  and  the  other  for  elastic 
modes.  The  interest  of  the  present  paper  is  only 
to  address  controllers  with  authority  over  the 
elastic  modes. 

In  a  modal  formulation  the  R  matrix  remains  the 
same  as  given  by  equation  (26),  but  the  Q  matrix 
takes  the  follox^ing  form: 


L(d)=W(d)+  ^  X  ij;  (d)  (32) 

i=l 

where  L(^)  is  the  Lagrangian  function,  and  the  X’s 
are  the  Lagrangian  multipliers  corresponding  to  the 
g  constraints.  It  is  assumed  that  there  are  g  con¬ 
straints  of  the  form 

V.(d)=D.(d)-D.  <0  (33) 

^  ±o~- 

Minimization  of  the  Lagrangian  L(^)  with  respect  to 
the  structural  variables,  and  the  Lagrangian 
multipliers  A®  gives  the  q+g  necessary  conditions 
for  optimality  as  follox<fs: 

I  e  L=1  1=1,2, (34) 

j=l  ^  ^ 

and 


Nox^  that  the  main  aspects  of  the  optimal  control 
problem  are  outlined,  a  brief  description  of  the 
structural  optimization  problem  would  be  appropriate 
before  presenting  the  results  of  this  study. 


EX=D 

~o 

where  the  quantity  is  given  by 


(35) 


(36) 
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and  the  matrix  E  is  given  by 


(weight  density) . 


Ibs/in^ 


E=e'^de 


(37) 


Based  on  the  above  optimality  conditions  an  algo¬ 
rithm  for  the  minimization  of  the  structural  mass 
with  frequency  constraints  was  derived and  used 
for  the  structural  modifications  in  this  investiga¬ 
tion. 


Numer ical  Results  and  Discussion 


The  purpose  of  this  numerical  study  is  to  high¬ 
light  the  effects  of  the  changes  in  the  parameters 
associated  with  the  weighting  matrices  (0^)  and  the 
structural  variables  (_d)  on  the  dynamic  response  of 
an  actively  controlled  structure.  The  dynamic 
response  X(t),  the  actuator  input  u(t),  the  settling 
time  tg,  and  the  performance  index  PI  are  a  measure 
of  the  effectiveness  of  the  control  system.  The 
object  of  vibration  control  is  either  to  damp  out 
the  vibration  completely  or  bring  it  to  a  predeter¬ 
mined  level  in  a  finite  settling  time  tg.  Another 
practical  limitation  is  on  the  actuator  inputs. 
Actuator  inputs  can  be  limited  because  of  their  size 
and  cost,  particularly  in  large  space  structures. 

In  the  basic  formulation  of  the  optimal  control 
problem  (sections  2  and  3)  none  of  these  constraints 
were  included.  In  the  definition  of  the  performance 
index  both  the  actuator  inputs  and  the  time  were 
assumed  to  be  unbounded.  However,  by  adjusting  the 
scaling  parameters  in  the  weighting  matrices  (0®) , 
control  objectives  can  be  achieved  with  bounds  on 
the  actuator  inputs  and/or  the  settling  time.  The 
trade  is  between  the  actuator  inputs  and  the  settl¬ 
ing  time.  Larger  actuator  inputs  can  reduce  the 
settling  time,  or  by  increasing  the  settling  time 
the  demands  on  the  actuators  can  be  reduced.  To 
study  the  effects  of  changes  in  the  0®  on  the  con¬ 
trol  parameters,  an  equivalent  damping  parameter  as 
defined  by  the  logarithmic  decrement  will  be  moni¬ 
tored 


Fig.  1  Two  Bay  Truss  with  4  Actuators 

The  feed  back  control  system  on  the  structure 
consists  of  four  actuators  located  at  nodes  1,  2,  3, 
and  4.  The  sensor  locations  are  assumed  to  coincide 
with  the  actuators.  The  actuator  forces  are  to  be 
applied  only  in  the  transverse  direction  of  the 
truss,  in  which  case  R  is  a  4x4  matrix.  Two  primary 
truss  designs  are  considered  for  this  study.  The 
first  design  which  will  be  called  the  original 
structure,  is  a  non-optimal  structure  with  all  the 
truss  elements  having  the  same  cross-sectional  area. 
The  second  one  (called  the  optimal  structure)  is  the 
same  structure  but  its  weight  is  minimized  with  the 
fundamental  frequency  constraint.  Table  1  gives  the 
details  of  the  member  cross-sectional  areas  and  the 
natural  frequencies  for  the  two  structures. 

Table  1-  Characteristics  of  Two  Structures 


where  ^  is  the  equivalent  damping  parameter  which 
includes  the  actual  damping  and  the  damping  intro¬ 
duced  by  the  control  system,  yp  and  yq  are  the 
amplitudes  of  the  dynamic  response  in  two  consecu¬ 
tive  cycles.  For  a  given  control  system  and  a 
structure  the  variation  of  ^  with  the  0®  can  be 
monitored. 

To  test  the  effects  of  the  parametric  changes 
of  the  weighting  matrices  and  the  structural  vari¬ 
ables,  the  truss  shown  in  figure  1  was  selected  for 
vibration  control.  The  total  length  of  the  truss 
is  100"  and  it  is  divided  into  two  equal  bays.  It 
is  a  cantilever  truss  with  depth  36"  at  the  base 
and  24"  at  the  tip.  The  truss  is  fixed  at  the  base 
and  free  everywhere  else.  It  is  assumed  to  move 
only  in  its  plane,  giving  two  degrees  of  freedom 
per  node.  Excluding  the  four  degrees  of  freedom  at 
the  supports  (base) ,  the  truss  has  8  degrees  of 
freedom  in  the  configuration  space  (displacements) 
and  16  degrees  of  freedom  in  the  state  space  (dis¬ 
placements  and  velocities) .  A  non-structural  mass 
of  1.29  Ibs-sec^/in  per  node  was  assigned  to  all 
the  nodes  except  the  two  at  the  base.  The  truss  is 
made  of  aluminum  with  E=10.0xl0^  psi  and  p=0.1 


EL. /FREQ. 
NO. 

Member 

Areas 

Frequencies  HZ 

Orig  Str 

Opt  Str 

Orig  Str 

Opt  Str 

1 

0.1 

0.054 

3.44 

3.44 

2 

0.1 

0.010 

12.47 

9.35 

3 

0.  1 

0.054 

15.07 

12.21 

4 

0.1 

0.153 

26.56 

13.28 

5 

0.1 

0.010 

36.22 

17.66 

6 

0.1 

0.153 

37.86 

19.82 

7 

0.1 

0.056 

39.28 

33.11 

8 

0.1 

0.056 

43.74 

35.28 

9 

0.  1 

0,056 

10 

0.  1 

0.056 

STR.  WT 

LBS 

4.88 

3.44 

Table  2  gives  the  concentrated  non-structural  masses 
at  the  nodes  for  both  the  structures. 

Table  2.  Non-Structural  Mass 


f  .  -T 

Node  No. 

1 

2 

3 

4  ■ 

Mass* 

1.29 

1.29 

1.29 

1.29 

*lbs-sec^ 

in. 
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As  can  be  seen  from  the  two  tables,  the  structural 
mass  is  quite  insignificant  compared  to  the  non- 
structural  mass.  The  optimal  and  non-optimal  struc¬ 
tures  have  the  same  fundamental  frequency,  but  the 
optimal  structure  is  about  30%  lighter.  Even 
though  there  is  a  significant  reduction  in  weight 
due  to  the  optimization,  it  is  accompanied  by  a 
movement  of  the  higher  frequencies  to  the  lower 
frequency.  In  some  dynamic  response  problems  this 
may  not  be  a  desirable  feature.  In  such  cases  mul¬ 
tiple  frequency  constraints  have  to  be  imposed. 

For  this  particular  study  the  closing  in  of  the  fre¬ 
quencies  is  not  significant  enough  to  present  diffi¬ 
culties. 

A  list  of  the  cases  studied  in  this  paper  is 
given  in  table  3. 


Table  3*  Control  Response  Cases  Studied 


r - ^ - —1 

Case 

Str. 

Damping 

Controls 

* 

* 

®mo  ®Ko 

^Ro 

1 

Orig 

No 

No 

0 

0 

2 

Orig 

No 

Yes 

0.1 

1.0 

3 

Orig 

No 

Yes 

0.2 

1.0 

4 

Orig 

No 

Yes 

0.5 

1.0 

5 

Orig 

No 

Yes 

1.0 

1.0 

6 

Orig 

No 

Yes 

1.0 

0.1 

7 

Orig 

Yes 

Yes 

0.1 

1.0 

8 

Orig 

Yes 

Yes 

0.2 

1.0 

9 

Opt 

No 

Yes 

0. 1 

1.0 

10 

Opt 

No 

Yes 

0.2 

1.0 

11 

Opt 

No 

Yes 

1.0 

1.0 

12 

Opt 

Yes 

No 

0 

0 

13 

Opt _ , 

Yes 

Yes 

0. 1 

1.0 

“e  =  0,^  =  e  = 

mo  Ko  Ro  r- 

/2 


These  cases  include  both  the  original  and  the  opti¬ 
mal  structure.  In  all  cases  the  initial  state  was 
assumed  to  be  a  static  displacement  vector  resulting 
from  the  application  of  a  1000  lbs  force  at  each  of 
the  actuator  locations  and  a  zero  velocity  vector. 
The  details  of  the  initial  state  for  both  the  struc¬ 
tures  are  given  in  table  4. 

Table  4.  Details  of  the  Initial  State 


Original  | 

Optimal 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-2.64 

-2.33 

18.89 

18.98 

2.64 

2.33 

18.89 

18.98 

-2.51 

-1.44 

7.06 

7.96 

2.51 

1.44 

7.06 

7.96 

_  — 

j 

—  .. 

In  cases  7,  8,  12,  and  13,  a  passive  damping  of 
approximately  1.0%  of  the  critical  damping  in  the 
fundamental  mode,  was  assumed  in  the  structure. 

In  all  cases  studied  the  system  is  controllable 
and  observable  according  to  equations  (23)  and  (24) . 
The  full  system  formulation  (no  modal  reduction)  was 
used  in  all  cases.  Tables  of  the  open  loop  and 
closed  loop  eigenvalues  are  given  (for  cases  3  and 
10  as  examples)  in  tables  5  and  6  respectively. 

Table  5.  The  Open  Loop  Eigenvalues 
(for  Cases  3  and  10) 


- - - - — — - . .  . 

Original  Structure 

Optimized  Structure] 

Real 

Imaginary 

Real 

Imaginary 

Part 

Part 

Part 

Part 

0. 

.275E+03 

0. 

.222E+03 

0. 

-.275E+03 

0. 

-.222E+03 

0, 

.247E+03 

0. 

.208E+03 

0. 

-.247E+03 

0. 

-.208E+03 

0. 

.238E+03 

0. 

,125E+03 

0. 

-.238E+03 

0. 

-.125E+03 

0. 

.227E+03 

0. 

.inE+03  ] 

0. 

-.227E+03 

0. 

-.  lUE+03  i 

0. 

.167E+03 

0. 

.835E+02 

0. 

-. 167E+03 

0. 

-.835E+02 

0. 

.947E+02 

0. 

.767E+02 

0. 

-.947E+02 

0. 

-.767E+02 

0. 

.784E+02 

0. 

.588E+02 

0. 

-.784E+02 

0. 

-.588E+02 

0. 

.216E+02 

0. 

.216E+02 

0. 

-.216E+02 

0. 

-.216E+02 

Table  6.  The  Closed  Loop  Eigenvalues 
(for  Cases  3  and  10) 
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Real 

Imaginary 
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.269E+03 
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-.222E+02 
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-.636E+00 

.208E+03 

-.222E+02 

-,250E+03 

-.636E+00 

-.208E+03 

-.316E+02 

.240E+03 

-.279E+01 

. 125E+03 

-.316E+02 

-.240E+01 

-.279E+01 

-.125E+03 

-.799E+00 

.227E+03 

102E+02 

.lllE+03 

-.  799E4-00 

-.227E+03 

-.102E+02 

-.lllE+03 

-.371E+01 

. 167E+03 

-.  116E+02 

.834E+02 

-.371E+01 

-. 167E+03 

-. 116E+02  1 

-.834E+02 

-.318E+01 

'  .947E+02 

-.793E+01  ' 

.769E+02 

-.318E+01 

-.947E+02 

-.793E+0i 

-.769E+02 

-.109E+02 

.784E+02 

~.818E+0l 

.588E+02 

-.109E+02 

-.784E+02 

-,8i8E+01 

-.588E+02 

-.305E+01 

.216E+02 

-.305E+01 

.216E+02 

-.305E+01 

-.216E+02 

-,305E+01 

,  -.216E+02 

The  number  of  iterations  required  for  the  Riccati 
solution  in  each  case  is  given  in  table  7.  The 
equivalent  damping  (as  calculated  from  equation  38) 
resulting  from  the  use  of  feedback  controls  is  given 
in  table  8  for  the  cases  1-5.  In  these  cases  only 
the  multipliers  of  the  Q  matrix  were  assumed  to  vary 
while  keeping  the  R  matrix  multipliers  constant. 

As  the  value  of  the  Q  multipliers  increases,  the 
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equivalent  damping  increases.  As  the  equivalent 
damping  increases,  the  settling  time  decreases. 
However,  the  power  requirements  of  the  actuators 
(controllers)  increase.  The  matrix  is  a  diagonal 
matrix,  and  it  is  an  identity  matrix  when  there  are 
no  bounds  on  the  input  of  the  actuators.  If  some  of 
the  actuators  have  amplitude  constraints  (individual 
actuators)  on  their  inputs,  then  the  corresponding 
elements  on  the  diagonal  would  be  different  from 
unity  but  nevertheless  positive  multipliers.  A 
comprehensive  description  outlining  the  procedure 
for  selecting  these  scalar  multipliers  will  be 
included  in  a  future  study. 


Table  7.  Number  of  Iterations 
for  Riccati  Solution 


f— . . ; — - - - - - '"i 

Case 

2 

3 

4  5 

6 

7 

8 

9 

10 

11 

13 

Riccati 

Itera¬ 

tions 

15 

14 

13  11 

11 

12 

11 

14 

13 

11 

12 

presence  of  external  disturbances  (persistent)  in 
addition  to  the  initial  conditions,  the  structural 
parameter  changes  are  expected  to  have  a  more  pro¬ 
nounced  effect  on  the  control  systems  design.  This 
aspect  of  combined  structural/control  optimization 
will  be  the  subject  of  our  future  study. 


Table  8.  Equivalent  Damping 


Fig.  2a  Truss  Tip  Displacement  in  inches  -  Case  1 
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The  tip  displacement  in  the  transverse  direction 
is  plotted  against  time  for  all  thirteen  cases  (see 
figures  2a-14a) .  The  actuator  input  at  the  tip  is 
plotted  against  time  for  cases  2-5  and  9  (see  fig¬ 
ures  3b-6b  and  10b).  Due  to  symmetry,  actuators  1 
and  2  have  the  same  input.  Similarly  the  input  of 
actuators  3  and  4  is  the  same.  In  the  interest  of 
saving  space,  plots  of  the  third  actuator  input  are 
given  only  for  cases  2  and  3  (see  figures  3c  and 
4d) .  The  performance  index  is  plotted  against  time 
for  cases  1,  3,  and  5  (see  figures  2c,  4c,  and  6c). 

Summary  and  Conclusions 

A  brief  outline  of  the  optimal  control  and 
structural  design  problem  is  presented  from  a 
structural  dynamicist*s  point  of  view.  Selection 
of  the  weighting  matrices  in  the  definition  of  the 
performance  index  and  their  implication  in  control 
response  is  discussed  in  detail.  By  introducing 
simple  scaling  parameters,  the  weighting  matrices 
were  used  effectively  to  achieve  the  desired  control 
objectives.  A  number  of  case  studies  were  made 
using  a  simple  truss  structure.  A  non-optimal  and 
an  optimal  truss  were  used  in  this  study  with  the 
same  set  of  actuators.  Modification  of  the  struc¬ 
tural  parameters  did  not  significantly  alter  the 
control  design  in  this  study.  However,  in  the 


0  12  3 

Fig.  2c  Performance  Index  -  Case  1 


Fig.  3a  Truss  Tip  Displacement  in  inches  -  Case  2 
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Abstract 


optimal  for  the  fully  distributed  system. 


In  many  applications  in  dynamics  and  control, 
discrete  springs,  dashpots  and  masses  are  added 
to  distributed  mass  structures  in  an  attempt  to 
alter  the  structure's  natural  frequencies  and 
response  characteristics.  This  work  examines  the 
use  of  transforms  to  obtain  a  frequency  domain 
analysis  of  distributed  parameter  model  of  a 
plate  with  various  arrangements  of  attached  dis¬ 
crete  masses,  springs  and  dashpots,  and  subject 
to  point  loads.  The  general  equations  of  motion 
are  given  in  d i  s t r ibut ed  form.  Then,  following 
the  method  reported  by  Satter  for  beams,  a  trans¬ 
form  of  the  solution  is  calculated  and  presented 
in  closed  form.  This  solution  is  then  truncated 
and  programmed.  The  program  is  then  used  to 
perform  a  numerical  study  on  the  plate  deflection 
(response  magnitude)  at  a  specified  point  due  to 
a  unit  impulse  for  various  combinations  and  loca¬ 
tions  of  the  attached  discrete  elements.  The 
numerical  example  is  that  of  a  simply  supported 
stainless  steel  rectangular  plate. 

Introduction 

Current  interest  in  the  active  and  passive 
control  of  flexible  structures  has  been  sparked 
by  increased  activity  in  the  design  of  large 
space  structures.  The  work  presented  here  is  an 
attempt  to  provide  some  insight  into  the  effect 
of  lumped  dampers,  masses  and  springs  on  the 
vibration  of  a  plate.  Previously,  Satter^  per¬ 
formed  a  similar  study  on  the  transverse  vibra¬ 
tions  of  a  beam  using  a  Fourier  Transform  on  the 
temporal  variable  in  order  to  examine  the  deflec¬ 
tion  spectrum  of  the  beam.  The  work  presented 
here  also  uses  the  Fourier  Transform  and  can  be 
considered  as  an  extension  of  Satter's  work  to  a 
plate  with  lumped  appendages. 

The  problem  is  formulated  in  general  terms. 
First,  a  modal  expansion  of  the  deflection  is 
performed.  Then  the  Transform  is  used  so  Fourier 
that  the  temporal  coefficients  in  the  expansion 
can  be  solved  for  algebraically.  This  yields  a 
closed  form  expression  for  the  deflection  of  a 
plate  subject  to  arbitrary  point  forces  and  cor¬ 
rected  to  lumped  elements  in  the  frequency 
domain.  However,  rather  than  inverting  the 
transform,  the  response  is  studied  in  the  fre¬ 
quency  domain.  This  allows  truncation  of  the 
problem  to  be  performed  as  late  in  the  analysis 
process  as  possible  in  keeping  with  the  flexible 
nature  of  the  structure.  By  appealing  to  control 
theory,  it  is  shown  that  any  optimal  choice  of 
discrete  dampers  based  on  the  truncation  will  be 

♦  The  work  of  the  second  author  was  sponsored  in 

part  by  AFOSR  grant  ^5^820242 
*♦  Graduate  Student 
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The  example  studied  is  that  of  a  rectangular 
plate  with  simply  supported  boundary  conditions 
subjected  to  an  impulsive  load  at  a  point.  The 
plate  is  connected  to  several  combinations  of 
discrete  springs  and  dampers. 

Equation  of  Motion 

Following  the  usual  assumptions  for  the 
transverse  vibrations  of  a  plate  of  uniform 
thickness^,  the  equation  for  the  deflection  of  a 
plate  attached  to  B  springs,  Q  dampers,  R  point 
masses  and  J  concentrated  forces  can  be  expressed 
as  (see  ref,  3  for  a  derivation) 

R 

^ph  +  ^  M  6(x-x^) 6(y-y^) ]w^^(x,y , t) 

% 

+[c  +  ^  c  6(x-x^)(y-y^)]w^(x,y,t) 

1=^  B 

+[^DV^  +  ^  k^6(x-x^)6(y-y^)  jw(x,y,  t) 

b=l 

J 

f^(t)6(x-Xy)8(y-y J  (1) 

on  the  bounded  simply  connected  domain,  fi,  a 
region  of  the  x-y  plane.  Here  w(x,y,t)  is  the 
deflection  of  the  plate  perpendicular  to  the  x,y 
plane,  p  is  the  mass  density,  h  is  the  plate 
thickness,  Mj.  is  the  mass  of  the  r^^  point  mass 
attached  to  the  plate  at  the  point  (xj.»yr^»  S  is 
the  usual  dirac  delta  function,  W|.|.  denotes  the 
second  partial  derivative  of  w  with  respect  to 
the  time  t,  c  is  the  damping  coefficient  for 
internal  damping  of  the  plate,  Cq  is  the  damping 
rate  for  the  q discrete  damper  acting  at  the 
point  (xq,yq),  D  is  constant  consisting  of  the 
appropriate  plate  parameters,  is  the  bihar¬ 
monic  operator,  k|j  is  the  stiffness  coefficient 
of  the  b^^  discrete  spring  attached  at  the  point 
(xb»yb^  and  fj(t)  is  the  j^^  concentrated  forcing 
function  acting  at  the  point  (xj.yj)  which  repre¬ 
sents  an  outside  disturbance  to  the  structure. 
In  addition  the  deflection  w(x,y,t)  must  satisfy 
certain  boundary  and  initial  conditions. 

If  each  of  the  terms  involving  delta  func¬ 
tions  is  moved  to  the  right  hand  side  of  equation 
(1).  then  the  left  hand  side  is  the  usual  expres¬ 
sion  for  the  vibration  of  a  thin  plate^  with 
several  point  forcing  functions.  As  such,  it  can 
easily  be  shown^  that  the  solution  w(x,y,t)  can 
be  expanded  in  the  eigenfunctions  associated  with 
the  operator  V^,  provided  the  boundary 

conditions  are  such  that  V**  is  self  adjoint.  In 
particular 
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(2) 


(4) 


W(3 


GO  CO 


n=l  in=l 


a  (t)t  (x,y) 
mn  lun 


where  the  coefficients  chosen  to 

satisfy  (1)  and  the  initial  conditions. 


Since  \/*  has  a  compact  resolvent,  the  conver¬ 
gence  in  (2)  is  uniform  and  the  set 
a  complete  orthonormal  set^.  Taking  the  Fourier 
transform  of  (2)  then  yields 


W(x,y,s)  -  ^  ^ 


n=l  m=l 


A  (s)i)  (x,y) 

nm  nm 


(3) 


Where  the  capitals  indicate  a  transformed  vari¬ 
able  and  where  s  is  the  parameter  in  the  trans¬ 
form.  Equation  (3)  now  represents  the  solution 
of  (1)  in  the  frequency  domain.  Analyzing  the 
deflection  in  the  frequency  domain  allows  a  more 
direct  link  to  control  theory  as  well  as  allowing 
the  temporal  coefficients  Ajjjjj(s)  to  be  calculated 
algebraically  as  shown  in  the  next  section. 

Mathematical  Analysis 

The  procedure  for  solving  for  each  Aj^^jCs), 
and  thus  W(x,y,s).  is  to  substitute  (3)  into  (1) 
and  use  the  orthogonality  of  the  (ljjm(x,y). 
Rather  than  inverting  W(x,y,s)  to  get  w(x,y,t), 
analysis  of  the  effect  of  the  discrete  appendages 
is  carried  out  in  the  frequency  domain.  In  order 
to  solve  for  the  magnitude  of  W  the  series  in  (3) 
must  be  truncated  as  must  the  various  series  used 
to  calculate  the  Aj^^Cs).  The  effect  of  various 
arrangements  of  the  discrete  elements  is  then 
studied  using  the  truncated  model.  The  validity 
in  using  this  type  of  study  for  an  optimal  choice 
of  discrete  elements  is  derived  from  a  control 
theory  result^. 

If  the  terms  involving  delta  functions  in 
equation  (1)  are  treated  as  compact  feedback 
controls  and  if  the  natural  damping,  C,  is  chosen 
such  that  the  distributed  system  is  underdamped®, 
then  and  optimal  selection  of  the  discrete  ele¬ 
ments  based  on  the  truncated  model  will  converge 
to  and  optimal  selection  for  the  fully  distri¬ 
buted  model.  In  addition,  stability  is  guaran¬ 
teed  (which  is  obvious  in  this  case,  since  the 
controls  are  passive). 


With  the  eventual  truncation  in  mind,  con¬ 
sider  the  substitution  of  (2)  into  (1).  Multi¬ 
plying  the  result  by  and  integrating  over 
SI  then  yields 


phaaii(t)  +  aCaij^(t)  +  ^^ilPsil^t) 

R 

09  03 

^  ^  ^  M  t  (x  ,y  .y  )a  (t) 

L,  Z,  Z,  r  mn  r  -^r  il  r  r  nm 
m=l  n=l  r=l 


GO  CD 


+  5  S  ^  C  i  (x  ,y  )t.-(x  ,y  )a  (t) 

Z,  Z,  Z,  q  mn  q  q  il  q  q  nm 
m=l  n=l  q=l 

B 

GO  OG 


m=l  n=l  b=l 


Here,  x\i  denotes  the  eigenvalues  of  the 
operator  and  a  and  p  are  constants  of  orthogon¬ 
ality  reflecting  the  geometry.  Equation  (4) 
follows  from  the  or thogani 1 ity  of  the  eigenfunc¬ 
tions  and  the  use  of  the  Dirac  delta  function 
integral.  Taking  the  Fourier  transform  of  (4) 
and  solving  the  resulting  expression  for  A£]^{s) 
yields 


(s)=  Ts^  ^  M  4  (x  , 
L  Z,  r  il  r 


y  )B  - 
■'r  r 


Q 

/  C 

,4i  ’  ■* 


'il 


.y  ) B 

q  q  q 


B  j 

F.(s)0,^)x..y.)]/A.^(s) 

(5) 

where  Fj(s)  is  the  Fourier  Transform  of  the 
applied  force,  where  j=/-l  and  where 

4 

AffCs)  =  aphs^  +  aCs  +  (6) 

03  00 

B  =  y  5  *  'y  (s)  (7) 

r  Z,  Z,  mn  r  •'r  mn 

m=l  n=l 

00  00 

B  =  5  ^  ^  (x  ,y  )A  (s)  (8) 

q  nm  q  q  mn 

m=l  n=l 
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OO  00 

B,  =  5  5  *  (s)  .  (9) 

b  Z,  Z,  mn  b  b  mn 

m=l  n= 1 

Now  the  expression  for  A^j(s)  in  equation  (5)  can 
be  written  as  Ajjjjj(s)  and  substituted  into  (7), (8) 
and  (9)  above.  The  resulting  expressions  can, 
after  much  ^Igebraic  manipulation,  be  solved  for 
By,  Bq  and  independent  of  A^jCs).  Onj;e  the 
independent  expressions  for  By,  Bq  and  B^  are 
found  they  can  be  placed  in  the  right  hand  side 
of  (5).  The  expression  for  Ajqjj(s)  along  with  the 
eigenfunction  then  be  used  to  expand 

the  series  in  (3). 


It  should  be  noted,  that  while  the  coeffi¬ 
cients  By,  Bq  and  Bi,  can  be  manipulated  to  elim¬ 
inate  the  A,jjjj(s)  dependence,  the  expressions  for 
these  functions  are  not  constants  but  rather 
depend  on  s.  In  addition,  each  element  requires 
the  evaluation  of  an  infinite  series  to  compute. 
Hence,  equation  (5)  can  not  be  simply  inverted  as 
a  first  glance  may  suggest.  Thus  the  analysis  of 
the  response  is  carried  out  in  the  frequency 
domain  and  by  using  only  a  truncated  portion  of 
the  series  in  (5), (7), (8)  and  (9). 

The  undamped  natural  frequencies  of  the 
plate  may  be  obtained  by  solving  equation  (1) 
when  the  damping  forces  and  dorcing  function  are 
zero.  A  periodic  solution  will  have  the  form 


W{x.y.t) 


00 
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(x.y) 


cosw  t 


mn 


(10) 
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By  substituting  (10)  into  (1)  and  after  some 
manipulation  the  natural  frequencies  are 

found  to  be  (see  ref.  3) 


2 

w 

mn 


DpX  + 
mn 


B 

b— 1 


r=l 


(11) 


For  a  simply  supported  rectangular  plate  of 
dimensions 


mn 


nnx  .  mnv 

sin -  sin— 

a  b 


a  by  b  the  geometric  factors  a  and  p  become 


a  =  p 


ab 
4  * 


Then 


=  [(^)"  +  (”)"] 
mn  L  a  b  J 


(12) 


can  be  substituted  into  (11)  to  yield  the  undam¬ 
ped  natural  frequencies. 

The  algebra  involved  in  making  the  above 
calculations  greatly  simplifies  if  a  small  number 
of  lumped  elements  are  used.  This  is  the  case  in 
the  following  example. 

Example 

The  numerical  study  consisted  of  examining 
the  vibrations  of  a  simply  supported  rectangular 
plate  of  width  a  and  length  b.  The  plate  is 
disturbed  by  a  single  pulse  (J=l  in  equation 

(4)),  located  at  the  point  x=.75a,  y=.75b.  This 
location  was  chosen  to  avoid  the  nodal  points  of 
the  first  few  modes.  The  material  properties 
were  chosen  to  coincide  with  those  of  a  10  ft  by 
12  ft  stainless  steel  plate  .2  ft  thick.  A  five 
mode  model  of  the  plate  was  used,  i.e.,  the  first 
five  terms  of  (3)  where  kept. 

The  first  study  consisted  of  moving  a  single 
damper  (Q=l  in  equation  (1))  of  fixed  rate  with 
no  other  attachments  (B=R=0)  along  the  length  of 
the  plate  and  the  amplitude  of  W(x,y,s)  calcu¬ 
lated  at  several  positions.  The  result  is  the 
plot  of  figure  1  which  clearly  indicates  that  the 
dashpot  should  be  placed  at  the  center  (L/2=x) 
for  maximum  reduction  of  amplitude 

It  should  be  noted  that  from  equation  (11), 
the  natural  frequencies  of  the  plate  are  depen¬ 
dent  on  the  lumped  masses  and  the  discrete 
springs  constants.  Equation  (11)  can  be  used  to 
alter  the  natural  frequency  of  the  system  when  it 
is  necessary  to  avoid  resonance  by  adjusting  the 
lumped  masses  and/or  springs  constants. 

Passive  control  of  distributed  system  with 
lumped  appendages  may  be  an  effective  way  to 
control  vibrations.  Further  examination  of  such 
systems  in  the  frequency  domain  may  be  fruitful. 


W(x,a/2, t) 

♦ 


\  / 


0  L/IO  '  L/V  L 


Fig.  1 
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Introduction 


The  most  common  approach  used  to  achieve  the 
feedback  control  of  elastic,  distributed  parameter, 
dynamic  systems  requires  the  positioning  of  several 
sensors  at  various  locations  on  an  elastic  region. 
Data  from  these  sensors  are  used  to  estimate  the 
amplitude  of  the  first  few  modes  of  vibration  at 
any  instant.  These  amplitudes  are  then  used  in 
a  f inite-degree-of-f reedom  feedback  control  law 
designed  to  achieve  a  desired  final  distributed 
state  of  the  system.  Because  the  number  of  sensors 
is  finite  and  because  higher  modes  remain  unraodeled, 
the  resulting  control  histories  are  in  error  [1]. 

This  error  can  be  difficult  to  estimate. 

The  present  approach  adopts  a  different  philoso¬ 
phy.  Acceleration  data  is  assumed  to  be  available 
at  a  single  location  in  the  system  at  which  the  con¬ 
trolling  force  or  torque  acts  (for  example,  the 
"rigid”  hub  of  the  torsion  member  of  Fig.  1,  or  that 
of  the  satellite  model  of  Fig.  2).  This  acceleration 
history  is  used  to  correct  the  motion  at  any  current, 
mid-maneuver  instant.  Disturbances  of  several  kinds 
acting  on  the  hub  would  be  permitted  including  mass 
loss,  non-elastic  deformation,  extraneous  torques,  or 
small,  unmodeled  elastic  regions.  But  the  modeled 
elastic  appendages  must  be  regarded  as  undisturbed 
(directly)  and  perfectly  modeled  insofar  as  their 
response  to  the  central  "rigid”  hub  is  concerned. 

The  method  allows  for  the  specification  of  final 
velocities  and  positions  of  the  hub  region  as  well 
as  a  finite  number  of  points  on  the  modeled  elastic 
appendages.  It  should  be  noted  that  while  a  dis¬ 
tributed  final  state  cannot  be  specified  with  the 
present  method,  it  has  been  shown  that  the  residual 
elastic  and  kinetic  energy  of  a  system  in  which  only 
a  few  points  are  brought  to  a  zero-displacement  state 
of  rest  tends  to  be  very  low  [2] .  Moreover,  the 
constraint  of  one  additional  appendage  point  incre¬ 
mentally  reduces  this  residual  energy  dramatically - 


The  Performance  Index 


E  =  MODULUS  OF  ELASTICITY 
I  =  TRANSVERSE  AREA  MOMENT  OF  INERTIA 
p  =  MASS/LENGTH 


>f 


Fig.  1.  The  rigid  hub /flexible  appendage  system 
(rotational  motion) , 


e(t) 


y(z,t) 

-A— 


The  performance  index  treated  here  is  given  by 


J  =  /  u^(A)dA 

t  =0 


(1) 


p  =  axial  mass  moment  of  inertia/length  of  non- 
rigid  shaft 

Jh  =  axial  mass  moment  of  inertia  of  torqued  mass 
(rigid) 

Jp  =  axial  mass  moment  of  inertia  of  load  at 
right  end  (rigid) 

9(t)  =  angular  position  (absolute)  of  left  end 
y(z,t)  =  angular  position  relative  to  left  end 


*  Fig.  2.  Rotational  manipulator  arm  model. 

Asst.  Prof. ,  Engineering  Science  and  Mechanics 
Member,  AIAA. 

Graduate  student.  Engineering  Science  and 
Mechanics . 


Copyright  ©  American  Institute  of  Aeronautics  and 
Astronautics,  Inc.,  1984.  All  rights  reserved. 


445 


where  u  is  the  controlling  force  or  torque.  This 
control  is  assumed  to  be  continuously  variable,  and 
it  acts  on  the  hub  as  indicated  in  the  configurations 
of  Figs.  1  and  2.  The  performance  index  of  Eq.  (1) 
has  been  treated  by  other  investigators  in  the  con¬ 
text  of  satellite  attitude  control,  although  it  is 
not  the  only  index  for  which  the  approach  described  where, 
herein  is  applicable  [3] .  It  has  the  disadvantage  of  the 

of  tending  to  require  non-zero  control  torques  at  the  with  C 
initial  and  final  times  of  a  maneuver.  While  this  choice 

disadvantage  can  be  eliminated  through  the  addition 
of  a  u  term  to  the  integrand  of  Eq.  (1),  the  illus-  E 

tration  of  the  method  is  most  easily  accomplished  (3),  ( 

using  the  simpler  performance  criterion. 


u(A)g  (t-A)dA 


where,  for  the  configuration  of  Fig.  1,  g  and  g  are 
of  the  form  given  in  Eqs -  (A)  and  (5),  respectively, 
with  C  0  and  the  remaining  C.  dependent  upon  the 
choice  of  the  point  location  z. 

Equation  (1)  may  now  be  augmented  using  Eqs.  (2), 
(3),  (6),  and  (7)  to  have  the  form  [4] 


The  Feedback  Control  Law 


J  =  J  {u^(X)  +  K  [u(A)g(t  -A)  -  e  /t  ] 


To  illustrate  the  method,  it  is  assumed  that 
the  hub  of  the  model  of  Fig.  1  is  to  be  brought  to  a 
prescribed  final  angular  position  6^  and  velocity 
0^  at  time  t^.  Likewise,  the  displacement  and  rela¬ 
tive  velocity  of  the  opposite  end  ((y(L,t^)  and 
y(L,t^)  in  Fig.  1)  must  be  brought  to  zero  at  t  . 

The  system  is  assumed  to  be  initially  undeformed  and 
in  a  state  of  rest. 

Convolution  integrals  which  describe  the 
response  of  the  torqued  hub  of  Fig.  1  to  an  arbi¬ 
trary  input  u  can  be  found  to  have  the  form 


+  K^[u(A)gj^(t^-A)]  +  K^[u(A)g^(t^-A)  ]  }dA 


j'  F(u(A))dA 
t  =0 


e(t)  =  J  u(A)g(t-A)dA 


where  ,  K^, ,  K  ,  and  are  Lagrange  multipliers 
and  where  9^  and  0  are  desired  final  values  of  the 
hub's  angular  position  and  velocity. 


6(t)  =  J  u(A)g(t-A)dA 


g(t)=Ct+  y\  C.  sinw.t 
*  o  .  ,  1  1 

1-1 


Consider  an  intermediate  time  0  <  T  <  t^  during 
the  maneuver.  Eq.  (8)  may  be  rewritten 


J  =  P(T)  +  J  F(u(A))dA 


1 

P(T)  =  r  F(u  (A))dA 


gCt)  = 


A  similar  convolution  integral  form  holds  for  the 
system  of  Fig.  2.  The  constants  C.  and  to.  of  Eq.  (4) 
are  shown  in  the  next  section  to  be  derivable  from 
the  p.d.e.  description  of  the  system's  response.  It 
should  be  noted,  however,  that  the  practical  useful¬ 
ness  of  the  method  outlined  here  will  depend  upon  the 
ability  to  recover  these  values  experimentally  for 
any  actual  linear  elastic  system. 


The  function  u  (t)  is  the  actual  "effective"  torque 
history  that  has  been  applied  to  the  hub  prior  to 
time  T.  As  will  be  shown,  this  function  can  be 
recovered  from  the  hub's  accelerometer  data. 

The  minimization  of  J  in  Eq.  (9)  for  all  time 
greater  than  or  equal  to  T  requires 


Similarly,  convolution  integrals  that  describe 
the  response  of  a  displacement  y  located  at  any  point  or 
z  along  the  shaft  are  available,  such  that 


y(t)  =  J  u(A)g^(t-A)dA 


u(t)  =  - 


2  [K^g(t^-t)  +  K^gCt^-t) 


^  VLCtf-t)  ^  VL(t,-t)] 
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Eq.  (12)  is  of  the  form 


The  Convolution  Integral 


u(t)  =  K^f^(t)  +  K^f^Ct)  +  K^f3(t)  +  K^f^(t) 


This  is  the  form  of  the  optimal  control  for  all  time 
t  >  T  regardless  of  disturbances  to  the  hub  prior 
to  time  T.  The  value  of  the  multipliers  K.  may  be 
updated  by  substituting  Eq.  (13)  into  Eq.  ^2)  eval¬ 
uated  at  t  =  t^,  yielding 


In  Fig.  1,  the  moment  of  inertia  of  the 
rigid  mass  at  the  untorqued  end  of  the  shaft  is,  for 
simplicity,  assumed  to  be  zero.  The  equations  and 
boundary  conditions  associated  with  that  system  are 
given  by 


+  P  r  dz  =  u 

0 


=  Pe(T) 


[Kjfj(A)  +  +  K3f3(A) 


2  2 

3  y  ^  ^ 

2  2 

at  dt  , 


+  K^f^(A) ]g(t^-A)dA 


y(0,t)  =  0 


P  (T)  =  J  u  (\)g(t  -A)dA 


(L,t)  =  0 


J3,  is  the  total  system  mass  moment  of 

inertia  about  the  z  axis 


and  where  u  (A)  is  determined  from  the  hub's 
measured  acceleration  using 


p  is  the  mass  moment  of  inertia  per 

unit  length  of  the  shaft 


(A)  =  r  x(4)i(A-4)d4 

’  -0 


The  function  g  is  the  appropriate  convolution  inte¬ 
gral  kernel.  The  derivation  of  g  is  shown  below  for 
the  system  of  Fig.  1.  Because  x  is  the  measured 
acceleration  of  the  hub,  Eq.  (16)  must  be  evaluated 
numerically . 

The  integral  on  the  right  side  of  Eq.  (14)  may 
be  integrated  analytically  and  rearranged  to  have 
the  form 


6^  -  Pg(T)  =  Kjgjj(T)  +  K2g^2(T) 


GJ  is  the  shaft's  torsional  rigidity 

y(z,t)  is  the  angular  deflection  of  a 

point  along  the  appendage  measured 
relative  to  the  rotating  rigid  part 

L  is  the  appendage  length 

u(t)  is  the  control  torque 


A  Laplace  transformation  of  Eqs .  (19)  yields 


2  2  r 

J3,  s  0  +  p  s  /  Y  dz  =  U 


+  K38j3(T)  +  K^gj^(T) 


GJY"  -  p  s  [Y  +  0]  =  0 


A  similar  treatment  using  Eqs.  (3),  (6),  and  (7) 
would  yield  a  matrix  equation  from  which  the  multi¬ 
pliers  K.  can  be  determined: 

J 


Y(0)  =  0 


Y'(L)  =  0 


Sf  -  Pe(T) 

6,  -  P^(T) 


[8,j(T)]  I 


(Note  that  upper-case  variable  names  represent  the 
Laplace  transform  of  each  lower-case  counterpart 
in  the  time  domain.) 


Eqs.  (20)  may  be  solved  to  have  the  form 


0  =  G(s)  U 


These  values  of  the  multipliers  K.  would  finally  be 
substituted  into  Eq.  (13)  to  prodAce  the  optimal 
feedback  control. 
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where 
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A  new  approach  to  the  use  of  feedback  in  the 
control  of  distributed  parameter  systems  is  outlined. 
The  method  is  exact  in  the  sense  that  it  does  not 
truncate  the  system  model  at  a  preset  number  of  modes. 
It  also  allows  for  a  direct  interpretation  of  sensory 
data  in  that  accelerations  of  actual  points  are 
required  by  the  control  law  rather  than  modal  ampli¬ 
tude  estimates,  which  are  based  upon  point  measure¬ 
ments.  The  method  also  has  disadvantages.  Greatest 
of  these  is  that,  at  the  present  time,  no  experi¬ 
mental  method  has  been  devised  to  find  the  response 
of  points  of  interest  on  a  distributed  parameter 
system  to  a  unit  impulse  of  the  actuator.  Also,  as 
presently  formulated,  the  method  will  not  work  if 
appreciable  disturbances  act  on  the  modeled  append¬ 
ages  . 
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ABSTRACT 

Closed-form  solutions  are  derived  for  coupled 
Riccati-like  matrix  differential  equations  describ¬ 
ing  the  solution  of  a  class  of  optimal  finite  time 
quadratic  regulator  problems  with  terminal  con¬ 
straints.  Analytical  solutions  are  obtained  for 
the  feedback  gains  and  the  closed-loop  response 
trajectory.  A  computational  procedure  is  presented 
which  introduces  new  variables  for  efficient  compu¬ 
tation  of  the  terminal  control  law.  Two  examples 
are  given  to  illustrate  the  validity  and  usefulness 
of  the  theory. 


differential  equations  for  a  terminal  controller. 
Second,  a  closed  form  expression  for  the  closed- 
loop  system  state  trajectory  is  developed.  Third, 
a  set  of  new  formulations  is  described  for  the 
computation  of  control  laws.  The  new  formulation 
leads  to  an  alternate  representation  of  the  ter¬ 
minal  control  problem.  Computation  of  the  time 
varying  gains  is  based  on  matrix  transformations 
which  reconstruct  the  three  coupled  nonlinear 
matrix  differential  equations  into  two  uncoupled 
linear  matrix  differential  equations  and  one  alge¬ 
braic  matrix  equation.  It  is  not  necessary  to 
specify  all  the  terminal  states. 


INTRODUCTION 


Many  engineering  applications  involve  maneu¬ 
vering  a  system  between  two  quiescent  or  known 
moving  states.  These  applications  have  motivated 
the  research  and  development  of  a  number  of  opti¬ 
mal  maneuver  strategies.  Traditi onal ly ,the  approach 
in  treating  the  maneuver  problem  is  typified  by 
optimal  control  theory  which  leads  to  a  system  of 
coupled  differential  equati ons describing  a 
two-point  boundary  value  problem.  The  boundary 
conditions  are  usually  divided  with  half  specified 
at  the  initial  time,  and  the  rest  at  the  final  time. 
As  a  consequence,  the  most  common  tool  for  attacking 
this  type  of  problem  involves  the  use  of  numerical 
algorithms  for  solving  two-point  boundary  problems. 
The  main  cost  of  this  method  is  the  computational 
burden,  particularly  in  situations  where  high  fre¬ 
quency  modes  are  included  in  the  system.  In  such 
cases,  the  simulation  time  may  be  substantially 
longer  than  the  real  time  for  control  maneuvers, 
making  real  time  control  impossible. 


For  the  problem  of  designing  an  optimal  ter¬ 
minal  controller^,  some  references^'lO  exist  and 
a  fair  amount  of  success  has  been  obtained.  The 
major  drawback,  as  is  common  with  penalized  ter¬ 
minal  states  used  in  these  papers,  is  numerical 
difficulties  associated  with  handling  a  very  large 
terminal  weighting  matrix.  Furthermore,  repeated 
simulation  of  a  complex  system  over  various  ter¬ 
minal  weighting  matrix  ranges  can  be  very  costly 
and  sometimes  not  feasible. 


This  paper  describes  three  new  developments  re¬ 
lated  to  a  class  of  optimal  finite  time  quadratic 
regulator  problems  with  terminal  constraints.  First, 
analytical  solutions  are  presented  for  time  varying 
gains  given  by  three  coupled  Riccati-like  matrix 


Examples  including  a  first-order  and  a  third- 
order  system  are  used  to  demonstrate  the  validity 
of  all  the  analytical  solutions  developed  in  this 
paper.  In  the  second  example,  associated  with  the 
third-order  system,  the  plant  state  is  augmented 
to  include  the  control,  which  enables  the  penaliza¬ 
tion  of  the  control  rate. 


OPTIMAL  TERMINAL  CONTROLLER 


The  optimal  terminal  control  problem  is  formu¬ 
lated  by  finding  the  control  inputs  u(t)  to  minimize 
the  typical  cost  function 

1 

j  =  .  /  (xTfTqfx  +  uTru)  dt  (1) 

2  to 
for  the  system 

X  =  Ax  +  Bu  ,  given  x(to)  (2) 

with  outputs 

y  =  Fx  (3) 

subject  to  the  specified  terminal  constraints 

xi(tf)  =  ,  i  =  1 ,  .‘..q;  q  1  n  (4) 

where  x  is  the  state  vector,  u  is  the  control 
vector,  A  is  the  system  dynamics  matrix,  B  is  the 
control  influence  matrix*,  F  is  the  measurement 
influence  matrix,  Q=qT>_0  is  the  output  weighting 
matrix  and  R=rT>0  is  the  control  weighting  matrix. 
It  is  assumed  that  the  [a4,f’^]  pair  is  completely 
observable  and  [A,B]  stabilizable.  Of  particular 
interest  is  the  fact  that  the  performance  index  of 
Eq.  (1)  does  not  contain  a  terminal  weight  matrix. 


Aerospace  Engineer,  member  AIAA 
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*For  maneuvers  where  the  state  is  augmented  by  the 
control  and  control-rate  penalties,  the  matrices 
A  and  B  are  modified  as  shown  in  the  reference  [8]. 
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which  penalizes  the  final  values  of  the  state. 
Indeed,  it  is  the  principal  intent  of  this  paper 
to  present  a  numerical  technique  which  enforces  the 
satisfaction  of  the  constraints  of  Eq.(4),  without 
incurring  the  numerical  difficulties  associated 
with  a  very  large  terminal  weighting  matrix  approach 
for  the  problem.^ 


As  shown  in  Ref.[l],  the  necessary  conditions 
defining  the  optimal  solution  are  given  by  the 
following  coupled  Riccati-like  matrix  differential 
equations 


P  +  PA  +a''’p  -  PBR'^b’'^P  +  f’'’qF  =  0  ;  P(tf)  =  0  (5) 

S  +  (A^  -  PBR'1b''')S  =  0  ;  S^(tf)  =  (3t/3x)|  (6) 

G  =  S^BR'^b’^’s  ;  G(tf)  =  0  (7) 


where  ,X2,  • . .  ,x  ]  is  the  terminal  constraints 

on  the  state  vector  and  the  optimal  continuous  feed¬ 

back  law  is  given  by 

u(t)  =  -C(t)x{t)  -  D(t).|.  (8) 

and  C  =  R-1bT{P  -  SG'lsT)  (9) 

D  =  R-1bTsG-1  (10) 

The  control  vector  u  will  take  the  state  vector  from 
x{to)  at  time  tg  to  ij;  at  time  tf  while  minimizing 
the  cost  function  of  Eq.(l). 


In  order  to  compute  C(t)  and  D{t)  efficiently 
in  Eqs.(9)  and  (10),  closed  form  solutions  for 
Eqs.  (5)-(7)  are  presented,  thus  reducing  the 
solution  for  the  control  problem  to  the  direct  com¬ 
putation  of  algebraic  equations  without  numerical 
integration.  The  solution  for  Eq.  (5)  has  been 
previously  obtained  in  Refs.  [7-9]  and  can  be 
written  as 

P{t)  =  P55  +  Z-l(t)  (11) 

where  P^s  is  the  positive  definite  solution  for  the 
algebraic  Riccati  equation 

a'''Pss  +  Pjs^  -  +  f''’qF  =  0  (12) 


For  a  completely  observable  and  stabilizable 
system^,  and  Z“'^{t)  exist  for  t^  ^  t  >  tp. 

The  differential  equation  for  Z(t)  is  given  by 


Z  =  AZ  +  ZaU  BR'^bT  ;  Z(tf)  =  -P’^  (13) 

with  the  solution 

Z(t)  =  Z35  -  e^(^"^f)(Zj.5+pj5)e^  (t-tf)  (14) 

where  eO)  is  the  exponential  matrix,  A’=A-BR"^B^Pjj 
is  a  stability  matrix  with  eigenvalues  having  nega¬ 
tive  real  parts  and  Zss  satisfies  the  algeraic 
Lyapunov  equation 

AZjj  +  ZjjA'’’  =  BR-lpT  (15) 

Obviously,  there  exists  a  continuous  solution  for 
the  square  matrix  Z(t) . 


The  new  solution  for  the  rectangular  time-vary¬ 
ing  matrix  S(t)  in  Eq.  (6)  follows  on  assuming  the 
product  form  solution 

S(t)  =  Z-^(t)Sc(t)  (16) 

Substitution  of  Eq.  (16)  into  Eq.  (6)  with  the  aid 
of  Eq.  (13)  leads  to  the  following  linear  matrix 
differential  equation  for  Sc(t) : 

-1 

Se(t)  -  A  Sc(t)  =  0  ;  Sc(tf)  =  -Pss  S(tf)  (17) 

The  solution  for  Se(t)  is 

Sc(t)  =  -e^(^-V)p-ls(tp  (18) 

Now  from  Eq.  (7),  making  use  of  Eqs. (6)  and  (13), 
the  following  solution  for  G(t)  is  obtained: 

G(t)  =  s'''(t)Z(t)S(t)  +  S'''(tf)p-ls(tf)  (19) 


which  can  be  easily  verified  by  direct  differenti¬ 
ation  of  Eq.(19).  Note  that^ 

G(t)<0  for  tf>  t  >  Iq  since  G(t)  ^  0  and  G(tf)=0. 


CLOSED-FORM  SOLUTION  FOR  THE  STATE  TRAJECTORY 

Introducing  the  control  input  u  into  Eq.(2) 
yields  the  closed-loop  system  dynamics  equation  as 
fol 1 ows 

X  =  [A  -  BR'^b’'’z"^]x  -  (20) 

where,  with  the  aid  of  the  matrix  inversion  lemma^, 
Z^(t)=[Z-l(t)-S(t)G-l(t)sT(t)]-l  (21-a) 

=Z(t)+S(.(t)WsAt)  ;  W=[sT(tf)p;^S(tf)]'^ 

and 

S^(t)  =  S(t)G-l(t)  (21-b) 

It  is  obvious  that  Zn^(t)  exists  for  tf  >t  >  tg 
since  Z(t),  Sg(t)  and  W  exist.  Direct  differenti¬ 
ation  of  Eq.(21)  leads  to 

4  =  Zm'^^  +  K  -  BP-^bT  (22) 

To  obtain  the  homogeneous  solution  xh  for  Eq.(20), 
consider  the  following  coordinate  transformation 
for  the  variable  xh(t) 

Xh{t)  =  Z^(t)  r(t)  (23) 

where  r(t)  is  a  vector  function  to  be  determined. 
Differentiating  Eq.(23)  in  combination  with  Eq.(22), 
and  inserting  into  Eq.(20)  with  =  0,  leads  to 

l^{r  +  aV)  =  0  (24) 

Choose  r(t)  to  satisfy 

r  +  ATr  =  0  (25) 

which  possesses  the  solution 

r  =  e'^  (t-toLo  (B6) 

where  ro  is  an  integration  constant  vector. 


Let  the  dependent  state  vector  x  be 
x(t)  =  $(t)(ro  +  Xp(t)) 


(27) 


It  follows  that 


(40) 


where 

t(t)  =  Zjt)e-^  (t-to)  (28) 

In  view  of  Eqs.(20)  and  (22)  ,  it  is  easy  to  show  that 

i(t)  =  [A  -  BR-lBTz-l(t)]$(t)  (29) 

Let  be  the  inverse  of  $  .  Note  that  is  a 
nonsingular  matrix  for  tf  >  t  >  to-  Pre  and  post 
multiplying  Eq.(29)  by  lead  to 

$l(t)  =  -  4.^(t)[A"-  BR-lB^Z'^d)]  (30) 

Substituting  Eq.(27)  into  Eq.(20)  with  the  aid  of 
Eq.(29)  yields 

^p(t)  =  -  $i(t)BR-lB\(t)t  (31) 

Now  making^use  of  Eq,(30)  and  the  following  formula¬ 
tion  for  Sf^: 

dS„/dt  =  [-A^  +  Z-^BR-1bT]S„  (32) 

Eq.(31)  can  be  solved  by 

Xp(t)  =  ["^i(t)Z^(t)Sni(t)  +  Xpo]^  (33) 

where  Xpo  is  an  integration  constant  matrix  to  be 
determined  by  the  initial  condition-  Eqs.(32)  and 
(33)  can  be  easily  verified  by  direct  differentia¬ 
tion.  Combination  of  Eqs.(29)  and  (32)  yields 


d[$T(t)S^(t)]/dt  =  0  (34) 

i.e,  4^(t)Sj^(t)  5  constant  ;  tp  >  t  >  t^ 

Direct  subsitution  of  Eq.(33)  into  Eq.(27)  and 
evaluation  of  the  equation  obtained  at  t  =  tg 
provides 

^p(^o)  "  ^  ^po  "  ^m(^o)  (35) 

and  xh(to)  =  x(to)  =>  ro  =  ^*i(to)x(to)  (36) 


by  noting  that  ij;  is  an  arbitrary  constant  vector. 
The  solution  for  the  state  vector  x  becomes 

x(t)  =  «*(t)$l(to)x(to) 

+  [<J>(t )  Sp^(tQ)  -  Zp^(t )  S||^(t )  ]i|7  (37) 

For  the  special  case  where  all  the  terminal 
states  are  specified  (i.e.  q=n)  ,  S  is  a  nonsingular 
square  matrix  and  algebraic  manipulation  leads  to 

=  -[Z  +  S^P55sT]-leA(t-tf)  (38) 

and 

Z-l  =  1-^  -  SG-IsT  =  [Z  +  S^PgsST]-!  (39) 

=  -[ZjjO^  (t-tf )_e"Mt-tf ^ 


Zjt)S^(t)  =  -e*(t-tf) 

For  single  degree  of  freedom  reduces  to  a  hyper¬ 
bolic  function  multiplied  by  a  constant.  Eq.(37) 
becomes 

x(t)  =  ®(t)4'l(to)x(to)  (41) 

+  [eMt-tf)  +  $(t)S„(t„)]-|; 

It  is  immediately  seen  that,  when  t  =  tf  ,  Zf|i(tf)  =0 
and  $(tf)  =  0  from  Eqs.(39)  and  (28)  and  thus  x(tf) 
=  iF  . 


PRACTICAL  COMPUTATION  FOR  THE  SOLUTIONS 

The  above  results  allow  solutions  for  a  termi¬ 
nal  controller  with  any  given  dimension  (where  by 
the  dimension  is  meant  the  number  of  the  states  n 
and  terminal  constraints  q).  First,  we  obtain  the 
solutions  (14),  (16),  (18)  and  (19)  at  time  t. 

Then  Eqs.(ll),  (16)  and  (19)  will  determine  gains 
C  and  D  in  Eqs.  (9)  and  (10).  The  control  u(t)  is 
thus  calculated  from  Eq.(8)  at  any  time  t. 

An  alternative  way  to  implement  these  solutions 
is  introduced  as  follows.  Examination  of  Eq.(22) 

reveals  that  can  be  solved  by 

Z^(t)  =  Z55  +  eA(t-tf)[Z^(tf)-Z55]e'^  (42) 

where  Zgs  satisfies  the  algebraic  equation  (15)  and 
Zm(tf)  is  the  terminal  condition  given  by 

+p-is(tp)[sT(tp)p-is(tf)]-isT(tp)p;i 

which  can  be  easily  obtained  from  Eq.(21).  For  the 
case  where  all  terminal  states  are  specified  (i.e. 
q  =  n  and  Zfp(tf)  =  0)  Eq.(43)  obviously  becomes 
Eq.(39).  Eq.(34)  suggests  that  have  the  solution 

S^(t)=S(t)G-l(t)=Z-l(t)eA(^-tf)z^(tp)S^(tf)  (44) 

Now  combination  of  Eqs.(21-a)  and  (21-b)  with  some 
matrix  manipulations  leads  to 

Zni(t)Sni(t)  =  Sc(t)W  (45) 

which  provides,  with  the  aid  of  Eq.(18),  the  termi¬ 
nal  condition 

Zjtf)^(tf)  =  -p;ls(tf)w  (46) 

For  q  =  n,  Eq.(45)  is  replaced  by  Eq.(40).  Eqs. (42) 
and  (44)  thus  constitute  the  feedback  control  u  as 
fol 1 ows. 

u(t)  =  -R'^bTPss  +  Z-Tt)]x(t)  -  R-lB\(t)t  (47) 

The  solution  for  the  state  trajectory  is  given  by 
Eq.(37).  It  is  seen  that  this  alternative  procedure 
for  the  numerical  implementation  of  the  terminal 
controller  eliminates  the  computation  G”^(t).  This 
considerably  reduces  the  computational  time  and 
errors  particularly  when  the  size  of  matrix  G(t) 
is  large. 
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_Efficient  methods  for  the  computation  of 
exp[Mt”tf)]  and  are  needed  to  reduce  the  com¬ 
putational  burden  on  costs  and  numerical  errors. 
For  jiumerical  simulations,  the  exponential  matrix 
exp[A{t-tf)]  is  propagated  forward  in  time  using 
the  relation 

exp[A(t+At-tf) ]  =  exp[A(t-tf )]exp[AAt]  (48) 

where  exp  [A’(to-tf)]  and  exp[AAt]  are  computed  only 
once,  using  a  Fade'  series  expansion  approximation 
which  is  highly  efficient  and  accuratet^^] .  When 
time  proceeds,  the  matrix  exponential  at  any  other 
time  will  simply  be  the  multiplication  of  the 
result  at  the  previous  time  step. 

The  inverse  of  the  time-dependent  symmetric 
matrix  l^it)  becomes  the  most  time  consuming  oper¬ 
ation  for  the  terminal  controller.  As  far  as 
computational  speed  is  concerned,  factorization 
methods  developed  in  Ref. [12-13]  are  appropriate 
for  this  application. 


ILLUSTRATIVE  EXAMPLES 
First  order  system: 

As  the  first  example,  given  the  first-order 

system 

X  =  -x/a  +  u  (49) 

determine  a  terminal  controller  that  will  drive 
the  state  x  from  its  initial  position  Xq  to  the 
termi  nal  positi  on  i)  . 

p  o 

If  X  is  aimed  to  be  kept  below  X|^=constant, 
using  u^  below  u^=constant,  the  following  perfor¬ 
mance  index  is  considered 


where  Q  =  x"^  and  R  =  ,  which  is  subjected 


to  the  terminal  constraints 

x(tf)  =  !{.  (51) 

The  corresponding  solution  P5S  for  the  steady  state 
Riccati  equation  (12)  is 

=  R[-l/a  +(Q/R  +  l/a2)l/2]  (52) 

Other  related  constants  are  given  below 

A  =  -  (Q/R  +  l/a2)l/2  (53) 

and 

Z55  =  -[2R(Q/R  +  l/a2)l/2]-l  (54) 

Then  Eqs.(14)  and  (18)  lead  to 

Z^=Z+S^P35sT=-2Z33SinhA(t-tf)e*(t-tf)  (55) 


which  gives 

$  =  2Z^5SinhA(t-tf)e^(^o”^f^  (56) 

Application  of  Eqs.(38)  and  (39)  to  Eq.(47)  thus 
yields  the  control  input  u  for  Eq.(2)  as  follows 

u  =  -R'^  {[P5^-e“^(^"^fV2Z5^sinhA(t-t^)]x 

+  [l/2ZssSinhA(t-tf)]ikl  (57) 

The  value  of  x  at  any  time  t  from  Eq,(41)  becomes 

x(t)  =  x(to)sinhA(t-tf) /sinhA(tQ-tf )  (58) 

+  \l;[coshA(t-tf)  -  si  nhA(t-tf )cothA(to-tf )  ] 

For  t  =  tf,  the  feedback  gains  C  and  D  approach  “ 
and  the  terminal  state  becomes  ik  .  Eq.(58)  can 

also  be  obtained  by  direct  integration  of  Eq.(20). 

Suppose  that  a  =  10,  Q  =  R  =  1.  If  ^  =  0, 

x(to)  =  1  and  tf  =  5,  the  control  u  and  the 
state  trajectory  x  are  given  in  Figure  1,  The 
final  state  x(tf)  is  zero. 

For  the  second  case,  if  x(to)  =  0  and  = 
1,  Figure  2  shows  the  control  u  and  the  state 
history  x  for  this  case.  The  final  state  x(tf) 
i  s  1 . 

Third  order  system: 

As  the  second  example,  consider  the  third-order 
system 

0=01  (59) 

a)=-a)/a  +  bu/a  (60) 

4)  =  u)  (61) 

where  a  and  b  are  constants.  Using  quadratic 
synthesis,  consider  the  minimization  of  the  follow- 
i ng  performance  index 

2J  =  ?[(^/4>m)2+(u/uj2+(u,/u-,^)2]dt  (62) 

^0 

subject  to  the  terminal  constraints 

Tk  =  x(tf)  =  (u,  0),  (k)"^  (63) 

t=tf 

where  Uj^  and  u-j^p  are  constants  representing 

weighting  coefficients.  The  analytical  solution 
Pss  Riccati  equation  (12)  for  this  case 

can  be  found  in  Ref.  [1],  pp.  170.  The  solution 
Zss  0^  algebraic  Lyapunov  equation  (15)  can 

easily  be  obtained  by  straightforward  manipulation 
in  terms  of  elements  in  the  matrix  Ps^.  -..Note 
that  P35  and  Z^^  can  be  numerically  computed^^“^^. 

For  the  rest-to-rest  case,  suppose  that  a=100, 
b  -  tm  ~  ^m  “  ^Im  “  ^  ’  '^(bo)  “  ^(Tq)  ~  Li(tf)  = 
a)(tf)=  (k{tf)=0,  (k{tQ)  =  1  with  to=  0  and  tf=10. 
This  is  a  rest-to-rest  maneuver  because  co  =  (f)  =  0  at 
t  =  0  and  t  =  10.  Figure  3  presents  time  histories 
of  the  states  u,  w  ,  and  (k  computed  from  Eq.(37)  in 
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conjunction  with  Eqs.  (42)  and  (44).  The  control 
input  u]  is  also  shown  in  Fig.  (3)  which  shows 
the  jump  discontinuities  at  the  initial  time  to 
and  final  time  tf.  However,  the  state  u  which 
is  the  integral  of  the  control  input  u^,  has  a 
smooth  curve.  The  state  u  is  actually  the  control 
input  for  the  state  w  which  may  represent  the 
spinning  rate  for  a  rigid  body  such  as  an  aircraft 
undergoing  a  1  radian  rotation  in  10  seconds  sub¬ 
ject  to  the  air  resistance  with  time  constant  a. 

For  the  spin-up  case,  figure  4  presents  a  spin- 
up  maneuver,  in  which  the  final  angle  <j)  is  free  to 
be  determined  by  the  controller,  while  u( tg)  =a)(to)  = 
^  (to)==u(tf )=0  and  w(tf)  =  l.  This  case  is  typical 
of  the  problem  of  increasing  the  rotation  rate  of 
a  rigid  satellite  for  on-orbit  stabilization. 


CONCLUDING  REMARKS 

The  contribution  of  this  paper  is  the  closed- 
form  solutions  for  the  feedback  control  gains  and 
the  state  trajectory  with  terminal  constraints  on 
state  and  time.  In  addition,  a  new  way  of  imple¬ 
menting  these  solutions  is  developed.  This  is  a 
particularly  interesting  result  which  leads  to  an 
alternate  representation  of  the  coupled  differen¬ 
tial  matrix  Riccati-like  equations  required  to 
solve  feedback  gains  of  the  terminal  controller. 
Computational  procedures  have  been  considerably 
simplified  to  increase  the  computational  speed. 
Results  of  example  maneuvers  are  shown  demonstrat¬ 
ing  the  validity  of  the  formulations  developed  in 
this  paper. 
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Figure  1  ;  Initial-position-to-zero  state  maneuver  eor  a  first-order  system 


Time  (sec) 


Figure  2  ;  Zero-to-prescribed-position  state  maneuver  for  a  first-order  system 


Figure  ^  ;  Free  final  angle  spin-up  maneuver 
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Abstract 


The  response  of  linear  damped  gyroscopic 
systems  can  be  obtained  by  means  of  techniques 
of  linear  systems  theory,  which  involves  the 
computation  of  the  transition  matrix.  The 
response  is  in  terms  of  complex  quantities, 
which  is  likely  to  cause  computational  diffi¬ 
culties  as  the  order  of  the  system  increases. 

In  the  absence  of  damping,  it  is  possible  to 
derive  the  response  of  a  linear  gyroscopic 
system  with  relative  ease  by  working  with  real 
quantities  alone.  When  damping  is  small,  one 
can  use  a  perturbation  approach  to  produce  the 
response  by  regarding  the  undamped  gyroscopic 
system  as  the  unperturbed  system.  In  a  previous 
paper,  a  perturbation  analysis  was  used  to 
derive  the  response  of  a  gyroscopic  system  with 
small  internal  damping.  This  paper  extends  the 
approach  to  the  case  of  external  damping,  which 
is  characterized  not  only  by  symmetric  coeffi¬ 
cients  multipying  velocities  but  also  by  skew 
symmetric  coefficients  multiplying  displacements, 
where  the  latter  terms  are  known  as  circulatory. 

A  numerical  example  is  presented. 

1  INTRODUCTION 

Certain  space  structures  require  mathematical 
models  of  relatively  large  order,  so  that  the 
need  exists  for  computationally  efficient 
algorithms  for  the  response  of  large-order 
systems.  The  equations  of  motion  for  such 
structures  can  be  expected  to  include  gyroscopic, 
damping  and  circulatory  effects,  in  addition  to 
the  inertia  and  stiffness  terms.  The  response 
of  dynamical  systems  including  all  of  these 
effects  can  be  obtained  by  methods  from  linear 
systems  theory.  This  involves  the  computation 
of  the  transition  matrix  and  use  of  complex 
quantities  (Ref.  1),  which  is  likely  to  cause 
difficulties,  especially  for  large-order  systems. 

The  simplest  case  is,  of  course,  that  in 
which  gyroscopic,  damping  and  circulatory  effects 
are  absent.  Even  for  gyroscopic  systems, 

Meirovitch  (Refs.  2  and  3)  has  shown  how  the 
eigensolution  and  response  can  be  obtained  with 
relative  ease  when  damping  and  circulatory 
effects  are  not  present.  Quite  often,  damping 
and  circulatory  forces  are  small,  so  that  one 
may  consider  obtaining  the  eigensolution  by  a 
perturbation  analysis,  where  the  unperturbed 
system  includes  gyroscopic  effects.  In  a  previous 
paper  (Ref.  4) ,  a  perturbation  analysis  was  used 
to  solve  the  eigenvalue  problem  of  a  gyroscopic 
system  subject  to  small  internal  damping.  This 
paper  extends  that  work  to  include  small  external 
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damping  forces,  which  contribute  not  only 
symmetric  coefficients  multiplying  the  generalized 
velocities,  but  also  skew  S3aiimetric  coefficients 
multiplying  the  generalized  coordinates.  These 
latter  terms  are  often  called  circulatory  (Refs. 

5  and  6) , 

Perturbation  analyses  for  the  eigenvalue 
problem  are  well  documented.  Franklin  (Ref.  7), 
Wilkinson  (Ref.  8)  and  Lancaster  (Ref.  9) 
present  equivalent  perturbation  analyses  based 
on  the  statement  of  the  eigenvalue  problem 
itself,  which  utilize  the  biorthogonality  of  the 
unperturbed  eigenvectors.  In  contrast,  the 
perturbation  analysis  presented  here  is  based  on 
the  statement  of  biorthonormality  of  the  perturbed 
eigenvectors.  Such  a  basis  is  considered  more 
appropriate  because  it  is  the  biorthogonality  of 
the  eigenvectors  that  allows  the  decoupling  of 
otherwise  coupled  equations  of  motion. 

2  GENERAL  PERTURBATION  THEORY 

Consider  the  algebraic  eigenvalue  problem 

A^Bu^  =  Au^,  i=l,2,..,,n  (la) 

and  its  adjoint 

A.B^v,  =  A^v.,  i-l,2,,..,n  (lb) 

1^1  ...1  777 

where  the  n  x  n  matrices  A  and  B  are  assumed  to 
possess  no  symmetries.  The  eigenvalues  of  both 
eigenvalue  problems  are  the  same,  and  for  each 
eigenvalue  A^  there  is  a  right  eigenvector,  u^, 

and  a  left  eigenvector,  v^.  Upon  normalization, 

the  right  and  left  eigenvectors  satisfy  the 
biorthonormality  relations 

T  T 

v.Bu.  =  A..,  v.Au.  =  A.A..,  i,j=l,2,.,.,n 

.1  O  ij’  .1  .j  1  ij’ 

(2a, b) 

where  A.,  is  a  modified  Kronecker  delta;  it  is 
ij 

zero  when  i  ^  j  and  either  4-1  or  -1  when  i  =  j. 

The  right  and  left  eigenvectors  u^  and  v^ 

(i=l, 2, , , , ,n)  can  be  used  to  construct  the 
square  matrices  U  and  V  as  follows : 

u  =  “2  ...  Ujjl.V  =  ^2  ...  V^]  (3a, b) 

Similarly,  the  eigenvalues  and  the  modified 
Kronecker  deltas  can  be  arranged  in  the  diagonal 
matrices 


A  =  diag[A-  A^  ...  A  1 

'  '  "  (3c.d) 

A  =  diag[A^^  A22  ...  A^^] 

Equations  (2)  can  now  be  expressed  as 
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v'^BU  =  A,  v’^AU  =  AA 


(4a, b) 


Let  us  consider  the  case  in  i^hich  matrices 
A  and  B  can  be  written  as 


A  -  Aq  + 


(5a, b) 


where  the  norms  of  matrices  and  are 
significantly  smaller  that  the  norms  of  A^  and 
Bq,  respectively.  This  difference  in  magnitude 

can  be  used  to  define  an  ordering  scheme  in 
which  matrices  A^  and  B^  are  0(0)  quanities, 

while  A^  and  are  0(1)  quanities.  The  scheme 

can  be  extended  to  higher  orders,  denoted  as 
0(2),  0(3),  etc.  Note  that  the  modified  Kronecker 
delta  is  an  0(0)  quantity. 

Substituting  Eqs.  (5)  into  Eqs.  (4),  we 
obtain 

v'^(Bg  +  B^)U  =  A,  v''’(Aq  +  A^)U  =  AA  (6a, b) 


Substituting  Eqs.  (8)  into  Eqs.  (6)  and 
using  Eqs.  (7)  we  obtain 

r'^(A  +  B)E  =  A  ,  r'^(AQA  +  A)E  =  AA  (10a, b) 


I  =  vJa^Uo  ,  b  =  vJb^Uo 


(11a, b) 


are  0(1)  quantities.  Because  A  and  B  are  small, 

the  matrices  (AqA  +  A)  and  (A  +  B)  are  nearly 

diagonal.  Then,  it  is  reasonable  to  assume  that 
the  transformation  matrices  E  and  F,  which 

diagonalize  (AqA  +  A)  and  (A  +  B),  represent  near 

identity  transformations.  Hence,  \<fe  consider  the 
expansions 


I  +  E^  +  E^  +  . . .  , 

I  +  +  ... 


(12a, b) 


Let  us  assume  for  the  moment  that  A^  =  B^  =  0. 
Then  Eqs.  (6)  reduce  to 


(7a, b) 


We  refer  to  Eqs.  (6)  as  the  perturbed  biortho¬ 
normality  relations,  and  their  solution,  U,  V 
and  A,  as  the  perturbed  eigensolution.  Similarly, 
Eqs.  (7)  are  referred  to  as  the  unperturbed,  or 
0(0)  biorthonormality  relations,  and  their 
solution  is  the  unperturbed,  or  0(0)  eigen¬ 
solution. 


A  -  Aq  +  +  A2  +  ...  (13) 

where  I  is  the  identity  matrix  and  where  the 
subscripts  indicate  the  order  of  magnitude.  We 
assume  that  these  expansions  are  convergent, 
which  implies  that  any  one  term  is  one  order  of 
magnitude  smaller  than  the  preceding  term.  In 
writing  the  expansions  of  Eqs.  (12)  and  (13),  we 
assume  that,  as  the  perturbing  matrices  A^  and 

tend  to  zero,  we  must  have  E^,  ...  -^0, 

^1’  ^2’  *  •  •  0  and  A^,  ...  -^0,  or  equiva- 


Let  us  assume  that  the  0(0)  eigensolution 
is  available.  Then,  our  objective  is  to  develop 
a  solution  to  the  perturbed  biorthonormality 
relations,  based  upon  the  known  0(0)  eigen¬ 


solution  and  matrices  A^  and 


Furthermore, 


in  generating  this  solution,  we  wish  to  avoid 
solving  another  eigenvalue  problem.  To  this 
end,  we  consider  transformation  matrices  E  and 
r,  which  relate  U  and  V  to  and  V^,  respectively, 

as  follows: 


U  =  UqE 


V  =  V  r 
0 


Equations  (8)  can  also  be  written  as 


=  I 


u  e  . 
.Oq  qi 


(8a, b) 


,n  (9a) 


V .  =  V^Y •  =  y  Y  . 

-,1  Oil  ,.0p  pi 

p=i 


i=l,2,...,n  (9b) 


where  e.  and  y-  are  the  ith  columns  of  E  and  F, 

-.1  li 

respectively,  and  where  and  Ypj_  are  the 

(q,i)th  and  (p,i)th  elements  of  E  and  F,  respect¬ 
ively.  Equations  (8),  and  hence  Eqs.  (9),  are 
valid  because  the  u^^  and  v^  (p^q  =  l,2,...,n) 

both  span  the  space  L^,  and  u^  and  v^  (i=l, 2, . . . ,n) 
are  vectors  in  that  space. 


lently,  U  ^  U^,  V  and  A  ^  A^. 

Substituting  Eqs.  (12)  and  (13)  into  Eqs. 

(10)  and  separating  according  to  order,  we  obtain 


0(0):  A  =  A  ,  AqA  =  A^A  (14a, b) 

0(1):  AE^  +  r^A  =  -B  (14c) 

AjjAE^  +  T^AqA  =  -a  +  A^A  (14d) 

The  0(0)  equations,  Eqs.  (14a, b),  are  satisfied 
identically,  as  anticipated. 

Turning  our  attention  to  the  0(1)  equations, 
let  us  equate  homologous  elements  on  both  sides 
of  these  equations,  so  that 

A-.e^..  +Yt.*A,.  =  -b..,  i,j  =  1,2,. ..,n 
11  lij  Iji  JJ  ij 


.  .  +Y-i..1^.A..  =  -a..  +  X^.A.., 

Oi  11  lij  I31  Oj  J3  13  li  13 

i,3=l,2,...,n  (15b) 

where  e,..,  y^..,  b..  and  a.,  are  the  (i,j) 

I13’  'I13’  13  ij 

elements  of  E^,  B  and  A,  respectively.  When 

i  =  3,  Eqs.  (15)  become 
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A  .  .  (e^  . .  +  Yt  . .)  =  -b . . ,  i=l, 2, . . . ,n  (16a) 

11  111  ’lii^  ii’  ’  ’  ’ 


X^.A..(eT..  +  Yi**)  “  -3..  .  +  A-.A.., 
Ol  11  111  ’ll!  11  li  ll’ 


i=l,2,... ,n 


Clearly,  these  equations  indicate  that  = 

A.,  (a,.  -  X^  .b .  .) (i=l, 2, . . . ,n) ,  but  they  provide 

no  unique  solution  for  ^nd  2, . . .  ,n)  . 

To  divide  the  weighting  equally,  let  us  take 

e,  .  .  =  Y-i  -  •  =  -  4  A .  .b .  .  (i=l,  2, . . .  ,n)  ,  which  is 

consistent  with  the  condition  that  and  0 

as  and  0.  Alternatively,  when  i  ^  j, 

A^^  =  0,  and  Eqs.  (15)  can  be  solved  independently 

for  £-  .  .  and  Y-t  •  •  •  Hence,  we  have 

lij  'lij 

a. .  -  b. .X. . 

P  =  _A  -U _ Oj 

lij  ii  > 

i  5^  J  .  i.j=l.  2 . n  (17a) 

=Y,..  =-XA..b..,  i=j=l,  2, . . .  ,n(17b) 

111  'll!  2  11  ll’ 

^  i  -  Ji 

^lij  ii  Xq.  -  Xqj  ’ 

i  j  >  i>  j=l>  2, , . .  ,n  (17c) 

Hi  =  Hi(^ii  -  HiHi>  ’  i=1.2,....n  (18) 

Determination  of  the  perturbed  eigensolution  is 
now  complete  through  0(1).  The  analysis  can  be 
readily  carried  to  higher  orders.  indeed,  using 
similar  arguments,  we  obtain  solutions  to  the 
0(2)  equations  in  the  form 


y  [(X^  -  X  )Yt  .a  . 
A  Op  Oj-'Upj  pp  Ipi 


+  (Xp, .  -  X- .  )Yt  .y,  .  a  .  .  ] 
^  Ol  Oj  ' Ipj  lip  11 


1  ^  j  j  i> j"l> 2, , . , ,n  (19c) 


e.  .  .  +  Yi  •  -^1  -A  .  .) 


2ij  Xq.  -  X  (  ^''li^ii-iij  'ijrij^jj 


Hi  =  Hi^Hii  +  Hid 


+  A ,  .  y  (X^.  -  X^  )Yt  .a  .  , 

11  Ol  Op  Ipi  pp  Ipi  ’ 


i=l, 2, . . . ,n  (2 

where  Eqs.  (15  have  been  used  to  express  a_ 

and  b.  .  in  terms  of  e.,  .  . ,  Yt  •  • »  A .  .  and  X,  . 
ij  lij’  'lij  ij  li 

(i, j=i, 2, . . . ,n) .  The  0(3)  equations  yield  the 
following  eigenvalue  perturbations: 


X„ .  =  X  (e  . .  +  Yo- J 
3i  li  2ii  2ii 


+  A . .  y  Yt  . (a  -  X^.b  )£t  .  j 

11  ^  ^  Ipi  pq  Ol  pq  Iqi 

p,q=l 

i=l,2,...,n  (21) 

Third-order  eigenvector  perturbations  are  deemed 
unnecessary. 

We  observe  that  the  expressions  for 

£o..>  Y-i  .  .  and  Yo-.  involve  division  by 
2ij’  'lij  '2ij 

(Xoi  -  Xqj)  where  i  #  j,  i, j=l,2, . . . ,n.  Then, 

recalling  the  discussion  regarding  convergence, 
we  conclude  that  the  validity  of  the  above 
results  depends  on  the  distinctness  of  the  0(0) 
eigenvalues,  i.e.  the  quantity  (Xq^  ~  ^qj) 

(i  7!^  j,  i,  j=l,  2, . .  .  ,n)  cannot  be  as  small  as 

0(1). 


+  1  [  (^n .  -  X^.)A. .e^  .  . 

Ol  Oj  11  lip  Ipj 


Op  03^ 'Ipi  pp  Ipj- 


i  j  j  i,  j=l,2, . . .  ,n  (19a) 


.  .  =  Yn  •  ♦  =  *77  A .  . 
2ii  2ii  2  11 


A-.  I 
11 

P-1 


One  method  of  judging  accuracy  is  to  simply 
compare  the  magnitudes  of  successive  terms  in 
the  expansions  (12)  and  (13).  A  more  pertinent 
measure  of  eigenvector  accuracy  is  how  well  the  ^ 
expansions  (12)  diagonalize  the  matrices  (A^A  +  A) 

and  (A  +  B) .  Tn  the  numerical  example  presented 
later,  such  a  computation  will  be  referred  to  as 
a  "biorthonormality  check", 

3.  GENERAL  DAMPED,  CIRCULATORY, 

GYROSCOPIC  SYSTEMS 


^^ii^lip^lpi  ^Ipi^pp^lpi 

+  WlipHd  .  i  =  j  .  i  =  1.2,..., n 


The  linear  equations  of  motion  describing 
an  n  degree  of  freedom,  damped,  circulatory 
gyroscopic  system  can  be  written  in  the  matrix 
form 


^Oi  ^Oj 


-(X,,A,,e,,,  +  Y,,,1i,.A,,) 


“  \  -(.X,  .A,  .e,  .  .  +  Y,  .  . 
j  (  Ij  JJ  Iji  lij 


Mq(t)  +  (G  +  C)q(t)  +  (K  +  H)q(t)  =  Q(t) 
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(26) 


M  =  real,  symmetric,  positive  definite  n  x  n 
mass  matrix 

G  =  real,  skew  symmetric  n  x  n  gyroscopic 
matrix 

C  =  real,  symmetric,  positive  semidefinite 
n  X  n  damping  matrix 

K  =  real,  symmetric  n  x  n  generalized 

stiffness  matrix  including  elastic  and 
centrifugal  effects. 

H  =  real,  skew  symmetric  n  x  n  circulatory 
matrix 

q(t)  =  n  X  1  column  vector  of  generalized 
coordinates 


M''x(t)  +  K  x(t)  =  X(t) 


x^  +  K  x^  =  0  ,  i=l,2,...,2n 


(27a) 


=  0  ,  1=1,2,. ..,2n  (27b) 


where 


x(t)  = 


q^(t)  '  q’'(t) 

I  . 


,  x(t)  = 


T  T 

Q  (t)  I  0^ 


,  X  A 

X  .q  .  q  . 


’  h 

i=l, 2, . . . , 2n 


1  T  ,  T 
X  .p  .  P  . 

ill  I  ii 


(28a, b) 


(29a, b) 


Q(t)  =  n  X  1  column  vector  of  generalized 
forces 

For  details  of  the  derivation  of  Eq.  (22),  the 
interested  reader  is  referred  to  Meirovitch 
(Ref.  1).  We  note  that,  due  to  the  presence 
of  centrifugal  effects  in  the  generalized  stiff¬ 
ness  matrix,  we  cannot  assume  that  K  is  positive 
definite.  The  eigenvalue  problem  corresponding 
to  Eq.  (22)  and  its  adjoint  are 

X^Mqi  +  X^(G  +  C)q^  +  (K  +  H)q^  =  0, 

i=l, 2, . .  .  ,  2n  (23a) 

X^Mp.  +  X.(-G  +  C)p.  +  (K  -  H)p.  =  0, 
ill  1  fi 

i=l,2,. ,2n  (23b) 

where  X^  (i=l, 2, . . . , 2n)  is  the  ith  eigenvalue 
and  q^  and  p^  (i=l, 2, . . . , 2n)  are  the  ith  right 
and  left  eigenvectors,  respectively. 

Now,  because  the  coefficient  matrices  in 
Eqs,  (23)  are  real,  the  coefficients  in  the 
characteristic  polynomial  are  also  real.  Hence, 
complex  eigenvalues  must  occur  in  conjugate 
pairs.  Defining  primed  subscripts  as  i'  =  i  +  n 
(i=l, 2, . . . ,n)  and  i'  =i-n(i=n+l,  n+ 

2,...,  2n) ,  the  preceding  statement  can  be 
written  compactly  as 

X^T  =  X^,  when  X^  =  complex  (24a) 

It  follows  that 

qfi  =  Ti  >  Pi*  ""  Pi»  ^i  "  complex 

(24b) 

An  eigenvalue  and  the  corresponding  eigenvectors 
can  also  be  real.  We  indicate  this  as 

q.,  p.  =  real,  when  X,  =  real  (25) 

1 

There  appear  to  be  no  relations  analogous  to 
Eqs.  (24)  for  real  eigenvalues.  Due  to  the 
presence  of  matrices  C  and  H,  we  do  not  antici¬ 
pate  purely  imaginary  eigenvalues. 

It  is  convenient  to  express  the  equations 
of  motion,  Eq .  (22),  and  the  right  and  left 
eigenvalue  problems,  Eqs.  (23),  in  the  state 
form 


and 


•k 

"M  1  0  1 

M  - 

_  _l - 

.  0  '  (K  +  H)  -* 

, 

■  (G  +  C)  1  (K  +  H)  ■ 

k"  = 

.-(K  +  H)  1  0 

(30a) 

(30b) 


Upon  normalization,  the  right  and  left  eigen¬ 
vectors,  x^  and  y^(i=l,2, . . . ,2n)  respectively, 

satisfy  the  biorthonormality  relations 

y'^M^x.  =  A..  ,  y'^'K  x  =  -X  A  , 
ij  ’  ..j  1  ij 

i,j=l,2,...,2n  (31a, b) 

To  achieve  a  quasi-standard  form,  we 
consider  the  2n  x  2n  matrix 

■  M  I  0^ 


°  Lo  '  Kj 

and  express  it  as 

.T 


0 


LDL 


(32) 


(33) 


where  L  is  a  real  lower  triangular  matrix  and  D 
is  a  real  diagonal  matrix  with  entries  equal  to 
either  +1  or  -1.  The  determination  of  matrices 
L  and  D  is  accomplished  by  a  procedure  similar 
to  the  Cholesky  decomposition  (Ref.  1),  where 
the  matrix  D  has  been  inserted  to  accommodate 
minus  signs. 

■k 

Due  to  the  partitioned  nature  of  M^, 

matrices  L  and  D  can  also  be  written  in  partit¬ 
ioned  form  as  follows: 


hi : 

0  " 

- 1 

G 

1  0  ■ 

1 

L  = 

“  “  f" 
-0  ) 

^2- 

,  D  = 

_  0 

where  L^. 

,  L^, 

D^  and  D^ 

are  n 

where 

M  = 

hh 

.^1  ’ 

K  = 

^2^2^ 

Let 

us  inspect 

Eq. 

(34c) 

(34a, b) 


are  n  x  n  matrices  and 


(34c, d) 


Because  the 

matrix  M  is  positive  definite,  D^  is  in  fact  the 
identity  matrix.  However,  because  the  positive 
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definiteness  of  matrix  K  cannot  be  assured, 
is  not  generally  the  identity  matrix. 

Next,  let  us  rewrite  Eq.  (26)  as 

-1  *  -T  T»  ,  ->1  *  -T  T  -1 

L  M  L  ^  L  x(t)  =  -L  L  ^  L  x(t)  +  L  -^XCt) 


Then,  if  we  define 


u(t)  =  L^x(t)  ,  U(t)  =  L  h(t) 


(36a, b) 
(37a, b) 


product  ^2^2  lower  triangular,  the  matrix 
Aq  is  banded,  with  half-bandwidth  n.  Thus,  if 
matrices  C  and  H,  and  hence  and  are 

negligible,  we  obtain  an  eigenvalue  problem 
characterized  by  a  real  diagonal  matrix  and  a 
real  skew  symmetric  matrix,  the  eigensolution  of 
which  can  be  generated  with  relative  ease,  as  we 
shall  see  in  the  following  section.  Hence,  the 
justification  for  using  a  perturbation  analysis 
is  evident. 


4.  UNPERTURBED  GYROSCOPIC  SYSTEMS 


Eq,  (35)  can  be  written  compactly  as 

Bi(t)  -  Au(t)  +  U(t)  (38) 

The  eigenvalue  problems  and  biorthonormality 
relations  corresponding  to  Eqs.  (38)  are 

X^BUi  =  Au^,  =  Ah^,  i=l,2,...,2n 

(39a, b) 

T  T 

v.Bu.  =  A..,  v.Au.  =  A.A..,  i, j=l, 2, . . . , 2n 

_i  ij’  .1  1  ij ’  ’ 

(40a, b) 


Consider  the  eigenvalue  problem  for  an 
undamped  gyroscopic  system.  Setting  C  =  H  =  0, 
we  obtain  B  =  D  and  A  =  A^,  so  that  Eqs.  (39) 

now  appear  as 


X^.Du^.  =  A„u^ . ,  A^.Dv^.  =  A^v^ . , 

Oi  ,.0i  O^Oi’  Oi  0,.0i’ 

i=l , 2 , . . . , 2n 


(46a, b) 


where  the  zero  subscript  has  been  inserted  to 
indicate  this  special  case.  Equations  (46) 
possess  the  same  eigenvalues  because  the  char¬ 
acteristic  polynomials 


=  L^X^,  i=l,2,...,2n  (41a, b) 

and  where  matrices  A  and  B  are  as  given  by  Eqs. 
(36).  Relations  analogous  to  Eqs.  (24b)  and 
(25)  are 

u^,  =  u^,  v^,  -  ^^9  when  =  complex  (42a, b) 


u.,  V.  =  real,  when  X.  =  real 
,.1  ,.1  1 


(43a, b) 


It  is  instructive  to  express  matrices  B  and 
A  in  partitioned  form.  Furthermore,  let  us 
assume  that  the  damping  and  circulatory  effects 
are  small,  i.e,,  that  the  matrices  C  and  H  are 
small.  Then  substituting  Eqs.  (30)  and  (34) 
into  Eqs.  (36)  and  recalling  Eqs.  (5),  we  can 
write 


B  =  D  =  -  - 

L°  .  ®2 


-  --- V 

L  0  ' 


(44a, b) 


-T  I  -.-1.  ^ 

-Li  GL^  ^  ^1^2®2 


T  -T 


-1  ~T 

■h 


-1  -T 

-h 


-1  -T  I 


which  provides  the  motivation  for  considering  a 
perturbation  analysis.  We  note  that  the  matrix 
Bq  is  diagonal,  B^  and  A^  are  skew  symmetric  and 

A^  is  symmetric.  Furthermore,  because  the 


FlqCV  e  IAq  -  X,d|  =  0  (47b) 

are  the  same.  Now,  because  Aq  is  skew  symmetric, 
Eq.  (47b)  can  be  written  as 

FloCXq)  =  IAq  +  XqDI  =  0  (48) 

Comparing  Eqs.  (47a)  and  (48),  we  conclude  that 
if  Xq  is  an  eigenvalue,  then  -Xq  is  also  an 

eigenvalue.  Hence,  we  have 

^Oi'  "  ”^0i  ’  i=l,2,...,2n  (49) 

Let  us  rewrite  Eq.  (46b)  in  the  form 

^Oi'^^Oi’  ^O^Oi'  ’  i=l,2,...,2n  (50) 

which  can  also  be  written  as 

^0i%i’  "  Voi’  ’  i=1.2.---.2n  (51) 

Comparing  Eqs.  (46a)  and  (51),  we  conclude  that 

^Oi'  "  ^Oi  ’  i=l»2,...,2n  (52) 

Because  the  system  considered  in  this 
section  is  a  special  case  of  that  in  the  previous 
section,  the  properties  indicated  in  Eqs.  (24a), 
(42)  and  (43)  are  certainly  applicable  here. 
Comparing  Eqs.  (24a)  and  (49),  we  conclude  that 
if  an  unperturbed  eigenvalue  is  complex,  then  it 
must  be  pure  imaginary.  Hence,  we  can  state 
that  any  one  of  X^^  (i=l,2, . . . ,2n)  is  either 
real  or  imaginary.  If  an  unperturbed  eigenvalue 
is  real,  we  can  draw  no  additional  conclusions 
regarding  the  corresponding  eigenvectors  beyond 
that  reached  from  Eqs.  (52).  Alternatively,  if 
an  unperturbed  eigenvalue  is  imaginary,  Eqs. 

(42)  and  (52)  indicate  that 
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Vq!  =  when  =  imaginary  (53) 

Equation  (53)  is  a  most  convenient  property. 
However,  because  it  was  derived  from  the 
statement  of  the  eigenvalue  problem,  there  is  no 
guarantee  that  eigenvectors  satisfying  Eq.  (53) 
can  be  normalized  to  +1.  Indeed,  let  us  inspect 
T  T 

the  product  V/..Du^.  =  u^.Du^.,  where  the  corres- 

^  ^0i  ^0i  ^0i  ^0i 

ponding  eigenvalue  A^^  is  imaginary.  Because 

the  diagonal  matrix  D  may  contain  -1  entries, 

the  above  product  is  merely  real.  Hence,  to 

preserve  Eq.  (53),  it  may  be  necessary  to 

allow  -1  normalizations,  as  indicated  by  the 

modified  Kronecker  delta,  A..,  discussed  earlier. 

ij 

Note  that  if  the  generalized  stiffness  matrix  K 
is  positive  definite,  matrices  and  hence  D, 

are  identity  matrices,  all  of  the  unperturbed 
eigenvalues  are  imaginary  and  all  of  the  eigen¬ 
vectors  enjoy  a  +1  normalization.  We  note  that 


A.  ,  .  ,  =  A.  . 

11  11 


i=l,2, . . . ,2n 


The  solution  of  Eqs.  (46)  is  generally 
complex,  so  that  it  is  undesirable  from  a  compu¬ 
tational  point  of  view.  In  the  following,  we 
reduce  Eqs.  (46)  to  a  single  eigenvalue  problem 
involving  a  single  real  matrix  and  possessing  a 
real  eigensolution.  We  note  that  the  procedure 
is  a  slight  generalization  of  that  presented  by 
Meirovitch  (Ref.  2) ,  which  was  developed  for  a 
positive  definite  generalized  stiffness  matrix. 

Recalling  the  skew  symmetry  of  the  matrix 
Aq,  Eqs.  (46)  can  be  written  as 


the  determination  of  orthogonal  eigenvectors  may 
cause  difficulties. 


Let  us  suppose  that  the  n  eigenvalues  A^^, 

each  with  multiplicity  two,  and  the  corres¬ 
ponding  real  orthogonal  eigenvectors  of  the 
matrix  are  available.  Then,  the  question 

arises  as  to  how  these  results  should  be 

2 

interpreted.  If  an  eigenvalue  A^^  is  positive, 


“  +/^0i 


,  and  A^ , » 
1  Oi 


-  J  Aq^  and  we  can 


regard  the  corresponding  eigenvectors  as  u^^ 
and  Equations  (52)  provide  the  eigen¬ 
vectors  and  Alternatively,  if  an 

2  /  2 
eigenvalue  A^^  is  negative,  then  A^^  =  +  iy^ -A^^ 

and  Aq^,  =  -  recalling  Eq.  (53),  we 

can  regard  the  corresponding  pair  of  eigen¬ 
vectors  as  the  real  and  imaginary  parts  of  u^^ 

and  Once  again,  Eq.  (52)  provides  the 

eigenvectors  and  We  note  that  when 

the  stiffness  matrix  K  is  positive  definite, 
matrix  D  is  the  identity  matrix  and  is  not 

only  symmetric  but  also  negative  definite.  Then 
2 

the  eigenvalues  A^^  are  all  real  and  negative, 

leading  to  pure  imaginary  eigenvalues  A^. 

(i=l,2,...,2n). 


PERTURBED  GYROSCOPIC  SYSTEMS 


^Oi^l^Oi  =  Voi 


■^0i°Y0i  ^O^Oi 


i=l, 2, . . . , 2n 


(55a, b) 


Premultiplication  of  Eqs.  (55)  by  -DA^D  yields 


-XoiDAoD  Uq. 


-(DAq)  Uq., 


In  the  present  section,  we  first  discuss 
some  special  properties  arising  from  the  various 
symmetries  of  the  matrices  B^,  B^,  A^  and  A^,  as 

given  by  Eqs,  (44)  and  (45).  Then,  we  apply  the 
perturbation  theory  to  a  whirling  shaft  with  a 
lumped  mass  at  its  midspan. 


Yoi  ^^^0^  Yoi’ 

i=l,2,.. . ,2n 


(56a, b) 


Because  the  matrix  D  is  equal  to  its  inverse,  we 
2 

have  D  =1.  Then,  using  Eqs.  (55),  Eqs.  (56) 
can  be  reduced  to 

^0il!0i  ""  ‘"0“01’  ^01^01  "  ^oYoi’ 

i=l,2,...,2n  (57a, b) 

2 

where  =  (DA^)  .  Examining  Eqs.  (57),  we 

observe  that  u^^  and  v^^  (i=l, 2, . . . , 2n)  satisfy 

the  same  eigenvalue  problem,  so  that  one  need 
solve  only  one  eigenvalue  problem.  The  matrix 
Cq  is  real,  and  it  has  already  been  shown  that 


Let  us  rewrite  the  expansions  indicated  by 
Eqs.  (8)  and  (12)  as 


bi  +  "li  +  bi 


V.  =  V„ .  +  V- . 

^0i  ^li 


.... 

i=l, 2, . . . , 2n 


(58a, b) 


Then,  use  of  Eqs.  (9)  reveals  that 


"ok''iki’  ::2i 


2n 

"  ,  bk^2ki’ 
k=l 


i=l,2,. . . ,2n 

2n  2n 

"  ,  Yok'^^lki’  321  " 
k=l  k=l 


(59a, b) 


Aqi  (i=l , 2 , . . . , 2n)  is  real,  so  that  the  eigen¬ 
vectors  are  also  real.  The  matrix  possesses 

no  symmetries.  Furthermore,  each  eigenvalue 
2 

Aq^  (i=l, 2 , . . . , 2n)  has  multiplicity  two,  so  that 


i=l, 2, . . . ,2n 


(59c, d) 


From  Eqs.  (49)  and  (52)  and  the  results  of  Sec, 
2,  it  can  be  shown  that 
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^2i'  ^2i’  ^3i’  ^3i’ 

i=l,2,...,2n  (60a, b,c) 

^li’  "  “^li’  ^2i’  "  ^2i’  i=^>2,...,2n  (60d,e) 

Equations  (60)  can  be  used  to  reduce  the  computa¬ 
tional  effort.  Additional  effort-reducing 
properties  can  be  derived  from  the  fact  that  the 
(i=l, 2, . . . , 2n)  are  either  real  or  imaginary. 

In  particular,  we  can  show  that 

^li’  ^2i’  ^3i  ^  when  A^^  =  real  (61a) 

u-.,  u„ . ,  Vt  . ,  Vo .  =  real,  when  A^.  =  real 

^li  ^2i’  ^li’  ^2i  *  Oi 


make  no  statement  regarding  the  sign  of  this 
quantity.  Then,  even  if  =  1,  the  possi¬ 
bility  exists  that  the  inclusion  of  circulatory 
effects  can  lead  to  unstable  solutions.  This 
variety  of  instability  is  discussed  by  Huseyin 
(Ref.  5)  and  by  Ziegler  (Ref.  6)  and  is  known  as 
flutter. 

Alternatively,  let  us  assume  that  A^^  is 
real.  Then,  p^^  and  are  real,  but  we  cannot 
make  any  statements  regarding  the  sign  of  c^^. 

In  general,  there  are  two  ways  that  A^^  can  be 

negative,  and  two  ways  that  it  can  be  positive. 
They  are  as  follows: 


(61b)  Case  i:  A ,  .  ==  1, 

11 


^li»  >^3^  =  real,  A^^  =  itnag. 


A^Tc..  +  A^.h..  <  0  A  <  0  (64a) 

Oi  11  Oi  11  li 


when  “  imag  (62a) 

^li  "  “^li’  ^2i  "  ^2i’  ^Oi  "" 

Equations  (61)  indicate  that  the  perturbed 
eigenvalues,  summarized  through  0(3),  and  the 
perturbed  eigenvectors,  summarized  through  0(2), 
satisfy  Eqs.  (43).  Equations  (60)  and  (62) 
indicate  the  same  satisfaction  of  Eqs.  (24a)  and 
(42). 


(64b) 


(64c) 


The  stability  of  a  dynamical  system  is  of 
prime  importance,  so  that  we  focus  attention  on 
the  real  parts  of  the  eigenvalues.  The  purpose 
of  the  present  chapter  is  to  investigate  the 
effect  of  damping  and/or  circulatory  forces  on 
the  undamped  gyroscopic  system.  Because 
A^^  (i=l, 2, . . . , 2n)  is  real,  and  because  it  is 

the  largest  eigenvalue  perturbation,  we  wish  to 
examine  whether  it  tends  to  stabilize  or 
destabilize  the  unperturbed  system.  It  is 
advantageous  to  express  A^^  in  terms  of  "orig¬ 
inal"  variables  as  follows: 


A-  .  =  A..(A^.c..  +  A^.h..), 
li  11  Oi  11  Oi  11  ’ 


i=l, 2, . . . , 2n 


h. .  =  p  .Hq^ . 
11  fOi  20i 


i=l,2,...,2n  (63b) 


Let  us  suppose  that  A^ .  is  imaginary.  Then, 

—  2'' 

P/^•  -  and  it  follows  that  is  real 

f.0i  !:0i  Oi  11 

because  of  the  symmetry  of  the  matrix  C  and 
nonpositive  because  of  the  positive  semidef¬ 
initeness  of  the  matrix  C.  Then,  if  A . .  =1, 

we  observe  that  the  dissipative  effect  of  the 
matrix  C  causes  the  free  response  to  attenuate. 

The  quantity  A^.h. .  is  also  real  because  of  the 

skew  symmetry  of  the  matrix  H.  However,  we  can 


Case  iv:  A^^  =  -1, 


A„^c..  +  A^.h..  >  0  A  <  0  (64d) 

Oi  11  Oi  11  li 


Consider  the  small  bending  motions  of  a 
slender,  rotating  beam  with  a  rigid  disk  at  the 
midspan,  as  depicted  in  Fig.  1.  Axes  X  and 
Y  are  inertial,  and  axes  x  and  y  are  parallel  to 
a  set  of  axes  embedded  in  the  shaft  and  rotating 
with  respect  to  X  and  Y  at  the  constant  angular 
rate  0  =  Axes  Z  and  z  pass  through  the 

bearings.  The  disk  has  mass  M  and  the  shaft  is 
uniform  with  mass  per  unit  length  m^  and  stiff¬ 
nesses  El  and  El  about  x  and  y,  respectively. 

X  y 

The  ends  are  prevented  from  translating  and  they 
are  mounted  on  springs  that  produce  restoring 
bending  moments  proportional  to  the  angular 
deflections,  where  the  spring  stiffnesses  are 
at  Z  =  0  and  at  Z  =  L.  Furthermore,  we 

assume  that  there  is  uniformly  distributed 
internal  dissipation  proportional  to  the  local 
velocity,  where  the  constant  of  proportionality 
is  c.  Similarly,  we  assume  uniformly  distri¬ 
buted  external  dissipation  proportional  to  the 
absolute  velocity,  where  the  constant  of  propor¬ 
tionality  is  h.  Note  that  the  deflections 
X(z,t),  Y(z,t)  and  x(z,t),  y(z,t)  are  related 
according  to 

X(z,t)  =  x(z,t)  cos  0  -  y(z,t)  sin  6  (65a) 

Y(z,t)  =  x(z,t)  sin  0  +  y(z,t)  cos  0  (65b) 

where  0  =  f2t. 
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The  kinetic  and  potential  energies  and 
Rayleigh's  dissipation  function  are 

1  ^ 

T(t)  =  -  /  [m  +  M6(z  -  L/2)] 

0  ^ 

[X^(z,t)  +  Y(z,t)]dz  (66a) 

V(t)  {El  [x"(z,t)]^  +  El  [y"(z,t)]hdz 

+  |Kj^{[x'(0,t)]^  +  [y’(0,t)]^} 

+  i  K2{[x'(L,t)]^  +  [y’(L,t)]^}  (66b) 

F(t)  =  “  /  {c[x^(z,t)  +  y^(z,t)] 

0 

+  h[X^(z5t)  4-  Y^(z,t)]}dz  (66c) 

where  the  overdots  and  primes  represent  partial 
derivatives  with  respect  to  t  and  z,  respectively. 
Application  of  Hamilton's  principle  (Ref.  10), 
yields  the  equations  of  motion  and  boundary 
conditions . 


[mo 

4  M6(z  - 

L/2) 

][x(z,t) 

-  2ny(z 

^,t) 

- 

2 

^2  x(z. 

,t)]  • 

4  (c4h)x( 

z,  t) 

4 

El  X 
X 

iV/  V 

(z,  t) 

- 

hf2y  (z. 

,t)  = 

Fx(z,t) 

(67a) 

x(0. 

,t) 

=  0  , 

El  X 
X 

”(0,t)  - 

K^x' 

(0, 

,t)  = 

0 

(67b, c) 

x(L, 

,t;) 

=  0  , 

El  X 

X 

”(L,t)  4 

K2X' 

(L, 

.t)  = 

0 

(67d,e) 

[mo 

4  M5(z  “ 

L/2] 

[y(z,t)  4 

■  2S7x(z, 

t) 

- 

Q^y{z. 

,t)]  • 

4  (c4h)y( 

z,  t) 

4 

El  y 

y 

^''(z,t) 

+ 

hS7x  (  z . 

,t)  = 

F^{z,t) 

(68a) 

y(0. 

,t) 

=  0  , 

El  y 

y 

"(O.t)  - 

K^y' 

(0, 

t)  - 

0 

(68b, c) 

ya, 

,t) 

=  0  , 

El  y 

y 

"(L,t)  + 

K^y’ 

(L, 

,t)  = 

0 

(68d,e) 

where  and  are  the  components  of  the 
nonconservative  forces. 

To  discretize  Eqs.  (67a)  and  (68a)  in 
space,  we  use  Galerkin’s  method  in  conjunction 
with  admissible  functions,  which  requires  that 
we  integrate  by  parts  and  consider  the  natural 
boundary  conditions.  Admissible  functions 
suitable  for  both  the  x  and  y  components  of 
motion  are 

(f)  (z)  =  /2  sin  ^  z  ,  j-1,  2,  . .  .  (69) 

J  ^ 


Hence,  let  us  take 


x(z, t) 


m=l 

2P 


y(z,t)  =  I  (j)  (z)q  (t) 
j=p+l  -J  J 


(70a) 

(70b) 


where  (2)  =  ^j^p(z)  (j=l, 2, . , . ,p) .  Substituting 

Eqs.  (69)  and  (70)  into  Eqs.  (67a)  and  (68a), 
multiplying  Eq.  (67a)  by  4>j_(2)  (i=l,  2, .  .  .  ,p)  and 

Eq.  (68a)  by  4^j^(z)  (i=p+l,  p+2,  .  . .  ,  2p)  and  inte- 

grating  from  z  =  0  to  z  =  L,  we  obtain  a  set  of 
ordinary  differential  equations  of  motion,  which 
can  be  written  in  the  matrix  form 

Mq(t)  +  (G  +  C)q(t)  4  (K  +  H)q(t)  =  Q(t) 


(71) 


Equation  (71)  is  identical  to  Eq.  (22)  if  we 
take  2p  =  n.  The  n  x  n  coefficient  matrices  in 
Eq.  (71)  are  partitioned  into  p  x  p  submatrices 


-Mil ; 

0 

M  = 

—  - 

-  -  - 

0  ' 

^’22- 

-  0  I 

S2' 

rsi  ■ 

0  " 

G  = 

_  -  j 

c  = 

J  _ 

_  - 

-■^12  ' 

0 

0  1 

C22- 

-Kii  , 

0 

■  0  , 

»12' 

K  = 

-  _  _ 

> 

H  = 

_  .. 

0  1 

K22- 

L-Hi2i 

0  - 

elements  of 

which 

are 

given 

as 

(72a) 


(72b, c) 


(72d,e) 


[M  ] . .  =  [M  ] . .  =  m^L5 . , 

11  ■'ij  *■  22-'ij  0  X3 

+  2M  sin  ^  sin  i,j=l,2,,..,p  (73a) 


^^12^ij  ^  ’  i.j=1.2,...,p  (73b) 

[C,, ] . .  =  [C..]  .  .  =  (c  +  h)L6 . .  , 

11  ij  22  ij  ^  ij  ’ 

i,j=l,2,. ..,p  (73c) 

^^ll^ij  ^^^1  ^2 

+  El  f^l  M  L6  .  .  -  [M  ]  .  .  , 

X  L  L  11  11  11 


iJ 

i, j=l,2,. . .,p 


^^22^ij  "  ^^^1  ^2  jir)— ^ 


(73d) 


4  El 

y[L 


2 

irl  ^  , 


13 


11^  ij 


i, j=l,2,. 


(73e) 
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i,j  1,2,. .»,p 


(73f) 


[H,  .]  .  .  =  -h5^L6.  .  , 

12" ij  ij 

The  vector  Q(t)  of  nonconservative  forces  has 
the  components 

!L 

/  4>.(z)F  (z,t)dz  ,  j=l,2 . . 

0  J  X 

L 

/  41.  (z)F  (z.t)dz  ,  j=p+l,  p+2,...,2p 

0  J  y 

(74) 

We  consider  three  terms  in  each  of  Eqs.  (70), 
p  =  3,  so  that  the  submatrices  ^22’  ^12’ 

Cfi,  ^22^  ^11’  ^22  ^12  dimensions  3x3. 

Matrices  M,  G,  C,  K  and  H  have  dimensions  6x6, 
so  that  the  equations  of  motion  and  the  eigen¬ 
value  problem  have  dimensions  12  x  12  when 
expressed  in  state  form.  Let  us  choose  the 
numerical  values 


through  various  orders,  along  with  the  exact 
eigenvector  for  comparison.  We  note  that  u^ 

is  real  as  discussed  earlier.  Another  measure 
of  eigenvector  accuracy  is  available  in  the  form 
of  a  biorthonormality  check  in  which  we  inspect 

the  products  z'^(Aq  +  A^)W  and  +  B^)W, 

where  the  columns  of  the  matrices  W  and  Z  are 
the  right  and  left  eigenvectors  summarized 
through  various  orders.  In  Table  3  we  present 
the  upper  left  3x3  portion  of  the  matrix 
T 

Z  (Bq  +  B^)W  as  representative  of  the  entire 

12  X  12  matrix.  Of  the  three  generally  complex 
numbers  at  each  location  in  this  table,  the 
uppermost  is  the  result  of  using  unperturbed 
eigenvectors,  while  the  second  and  third  numbers 
were  computed  used  the  perturbed  eigenvectors 
summarized  through  0(1)  and  0(2),  respectively. 
It  appears  that  the  perturbation  theory  of  Sec. 

2  has  produced  reasonably  accurate  representa¬ 
tions  of  the  eigenvalues  and  eigenvectors. 


m^  =  1  kg/m,  M  =  1  kg,  L=lm  (75a, b,c,) 

El  =  4L^/5tt^  Nm^,  El  =  9L^/5  I  Nm^  (75d,e) 
X  y 

Ki  =  K2  =  L^/20  Nm,  c  =  h  =  1/4  Nsm"^  (75f,g) 

Q  =  /21. 6  7T  rad  s  ^  (75h) 

Following  the  developments  of  Secs,  3  and 
4,  we  regard  the  matrices  C  and  H  as  pertur¬ 
bations.  In  reducing  the  eigenvalue  problem  to 
quasistandard  form,  we  find  that 


=  diag  [-1,  -1,  +1,  -1,  +1,  +1]  (76) 

indicating  that  K  is  sign- variable.  Upon 
solving  the  unperturbed  eigenvalue  problem,  we 

find  that  and  are  real  and  that  the  0(0) 

UZ  Oo 

eigenvectors  indexed  1,  2,  7  and  8  satisfy  -1 
normalizations  and  the  remaining  eigenvectors 
satisfy  +1  normalizations. 

In  the  following  tables,  we  list  a  few 
pertinent  results  from  the  perturbation  analysis. 
In  Table  1  we  present  the  eigenvalues  indexed 
1  -X  6,  8,  summarized  through  various  orders, 
along  with  exact  eigenvalues  for  comparison. 

The  eigenvalues  indexed  7 ,  9-^12  are  the 
complex  conjugates  of  those  indexed  1,  3  6, 

and  hence  are  not  included.  We  also  note  that 
X^  is  real  and  positive,  so  that  the  system  is 
unstable.  We  observe  that  X^2 


negative.  Then,  because  =  Agg 


-1,  these 


perturbations  represent  examples  of  Case  iv,  as 
in  Eq.  (64d).  Alternatively,  X^^  and  X^^  are 

positive,  and  because  A^^^  ==  A^y  =  ~1,  these 

perturbations  are  examples  of  Case  iii,  as  in 
Eq.  (64c).  The  remaining  0(1)  eigenvalue 
perturbations  are  negative,  and  since  the 
corresponding  unperturbed  eigenvectors  satisfy 
+1  normalizations,  they  are  examples  of  Case  i, 
as  in  Eq.  (64a).  We  conclude  that  the  system  is 
unstable  due  to  one  eigenvalue  that  is  real  and 
positive,  and  due  to  a  pair  of  complex  conjugate 
eigenvalues  with  positive  real  parts.  In  Table 
2,  we  present  the  eigenvector  u^  summarized 


6.  DYNAMIC  RESPONSE 

Consider  the  set  of  linear  ordinary 
differential  equations  of  motion  having  the 
matrix  form  indicated  by  Eq.  (38).  The  equation 
is 

Bu(t)  =  Au(t)  +  U(t)  (77) 

where  B  and  A  are  constant  2n  x  2n  coefficient 
matrices,  u(t)  is  the  2n  x  1  column  vector  of 

coordinates  and  U(t)  is  the  2n  x  1  column  vector 

of  excitations.  To  solve  for  the  response 
u(t) ,  a  modal  analysis  is  often  employed  (Ref. 

1) .  Such  an  analysis  involves  solving  the 
eigenvalue  problems 

T  T 

X , Bu .  —  Au X.Bv.  Av.,  i— 1 , 2 , . . . , 2n, 

X  ^x  1 

(78) 

The  eigenvectors  are  then  used  as  the  basis  of  a 
coordinate  transformation  whereby  the  biortho¬ 
gonality  property  of  the  eigenvectors  allows  the 
equations  of  motion  to  be  decoupled  and  then 
solved  independently. 

In  practice,  exact  eigenvectors  are  rarely 
available.  However,  let  us  assume  the  availa¬ 
bility  of  approximate  eigenvectors  w^  -  u^ 

and  z^  -  v^  (i=l, 2, . . . , 2n) ,  which  can  be 

arranged  as  the  columns  of  the  2n  x  2n  matrices 
W  and  Z,  respectively.  Then,  we  consider  the 
linear  transformation 

u(t)  =  Wri(t)  (79) 

and  substitute  Eq.  (79)  into  Eq.  (77).  Upon 
T 

premultiplication  by  Z  ,  we  have 

z^BWn(t)  =  z'‘^AWn(t)  +  z'^u(t)  (80) 

Because  the  vectors  and  are  approximations 
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to  the  eigenvectors  u.  and  v.  (i=l, 2, , . . , 2n) , 

respectively,  it  follows  that  the  products  Z  BW 
T 

and  Z  AW  are  nearly  diagonal  matrices.  We 
approximate  these  matrix  products  as  follows: 

Z^BW  =  diag  (Z^BW),  z’^AW  -  diag  (z'^AW)  (81) 

Then,  Eq.  (80)  can  be  written  in  the  approximately 
decoupled  form 


terms  of  the  unperturbed  response  and  matrices 
and 

Let  us  return  to  the  example  of  Sec.  5  and 
compute  the  response  of  the  system  depicted  in 
Fig.  1  to  the  forces 


F^(z,t)  =  Fg5(Z  -  L/2)6(t), 

Fy  =  0,  Fp  =  1  NTn“^s"^ 


(88) 


n(t)  =  Rri(t)  +  N(t) 


(82) 


where  the  elements  of  the  diagonal  matrix  R  are 
given  by 


z  .  Ax^ . 

R.  =  ,  i=l,2,...,2n 

^  zTBw, 

-.1  ..1 


(83) 


and  where 


N(t)  =  [diag(zLw)]  LL(t) 


(84) 


The  solution  of  Eq.  (82)  can  be  written  in  terms 
of  a  convolution  integral  as  follows: 


n(t)  =  e^""n(0)  +  /  e"'"  ^'N(T)dT 
0 

Rt 


(85) 


x^here  the  diagonal  matrix  e  has  the  form 

R,  t  R^t  R^  t 
Rt  ,  .  r  1  2  2n  , 

e  =  diag[e  e  ...e  J  (86) 

R  C  t “T  ^ 

and  the  diagonal  matrix  e  ^  is  constructed 

similarly.  We  note  that  the  quantities  u(t) 

and  U(t)  are  related  to  n(t)  and  N(t),  respect¬ 
ively,  according  to 

u(t)  =  Wn(t)  <=>  n(t)  -  [diag(Z^BW)]”^Z^Bu(t) 


(87a, b) 

U(t)  =  BWN(t)  <->  N(t)  =  [diag(z'^BW)]”^Z^U(t) 


The  initial  conditions  are  assumed  to  be  zero. 

In  place  of  the  approximate  eigenvectors  w^  and 

z^  (i=l, 2 , . . . , 2n) ,  we  use  the  eigenvectors  from 

the  example  of  Sec,  5,  summarized  through 
various  orders,  and  compute  the  response 
according  to  Eqs.  (82)  -  (87).  The  deflection 
of  the  center  of  the  beam  in  inertial  coordi¬ 
nates  is  plotted  in  Fig.  2  in  the  form  of  Y(L/2,t) 
versus  X(L/2,t),  x^ith  t  as  a  parameter  for 
0  <  t  <  7s.  The  curve  labelled  0(0)  x\ras  generated 
using  the  unperturbed  eigenvectors.  Similarly, 
the  curve  labeled  0(0)  +  0(1)  was  generated 
using  eigenvectors  summarized  through  0(1),  We 
note  that  xvithin  the  accuracy  of  this  plot,  the 
curve  generated  using  eigenvectors  summarized 
through  0(2)  is  identical  to  the  exact  response. 
The  instability  should  be  evident. 

7.  CONCLUSION 

The  perturbation  theory  of  Ref.  4  has  been 
generalized  to  include  -1  eigenvector  normaliza¬ 
tions  and  has  been  extended  to  gyroscopic  systems 
x^7ith  both  internal  and  external  damping.  More¬ 
over,  the  accuracy  of  the  eigenvalue  estimates 
used  in  the  modal  analysis  has  been  enhanced  by 
the  use  of  Rayleigh^ s  quotient.  The  theory  is 
illustrated  via  a  numerical  example  in  which  the 
response  of  a  gyroscopic  system  with  both  internal 
and  external  damping  is  derived.  The  results  are 
excellent. 
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0(0) 

0(0)  +  0(1) 

0(0)  +  .. 

,  .  +  0(2) 

0(0)  +  .. 

..  +  0(3) 

Exact 

il2. 394,400 

0.189,662 

+112.394,400 

0.189,662 

+112,379,192 

0.187,768 

+112.379,192 

0.187,815 

+112.379,469 

^2 

2.692,432 

2.565,  343 

2.565,395 

2.565,409 

2.565,408 

i8. 799,942 

-0.158,855 

+18.799,942 

-0.158,855 

+18.798,580 

-0.158,846 

+18.798,580 

-0.158,846 

+18.798,580 

il6.805,929 

-0.352,790 

+116.805,929 

-0.352,790 

+116.821,616 

-0.350,904 

+116.821,616 

-0.350,951 

+116.821,338 

i29. 325,467 

-0.372,910 

+129.325,467 

-0.372,910 

+129,323,856 

-0.372,924 

+129.323,856 

-0.372,924 

+129.323,856 

^6 

i40.434,096 

-0.278,016 

+140.434,096 

-0.278,016 

+140.432,571 

-0.278,018 

+140.432,571 

-0.278,018 

+140.432,571 

^8 

-2.692,432 

-2.819,522 

-2.819,575 

-2.819,561 

-2.819,561 

TABLE  2  -  Eigenvector  Summary  u^,  c  =  h  =  l/4,  Q  =  /21. 6  tt 


0(0) 

0(0)  +0(1) 

0(0)  +  . ..  +  0(2) 

Exact 

'  0.0 

j 

'  0.0 

^  0.0 

'  0.0 

0.222,939 

0.218,363 

0.218,226 

0.218,227 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.203,329 

-0.197,437 

-0,197,476: 

-0.197,474 

0.0 

1  , 

0.0 

0.0 

0.0 

0.0 

r  ' 

j 

0.0 

0.0 

0.0 

0.735,760 

i 

0.755,388: 

0.755,848 

0.755,869 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

-0.671,043 

-0.683,271' 

! 

-0.683,963 

-0.683,986 

0.0 

0.0 

0.0 

0.0 

1  J 
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Abstract 

A  new  method  for  experimental  determination 
of  the  modal  parameters  of  a  structure  is  pre¬ 
sented.  The  method  allows  for  multiple  input 
forces  to  be  applied  simultaneously,  and  for  an 
arbitrary  number  of  acceleration  response  measure¬ 
ments  to  be  employed.  These  data  are  used  to  form 
the  equations  of  motion  for  a  damped  linear 
elastic  structure.  The  modal  parameters  are  then 
obtained  through  an  eigenvalue  technique.  In 
conjunction  with  the  development  of  the  equations, 
an  extensive  computer  simulation  study  was  per¬ 
formed.  The  results  of  the  study  show  a  marked 
Improvement  in  the  mode  shape  identification  for 
closely-spaced  modes  as  the  number  of  applied 
forces  is  increased.  Also  demonstrated  is  the 
influence  of  noise  on  the  method's  ability  to 
identify  accurate  modal  parameters.  Here  again, 
an  increase  in  the  number  of  exciters  leads  to  a 
significant  improvement  in  the  Identified  parame¬ 
ters  . 


Nomenclature 


m  =  number  of  modes  active  in  a 
given  frequency  range 

n  =  number  of  acceleration 
measurement  stations 

{X.(w)}  =  acceleration  at  "independent” 

stations,  (m  x  1) 

{X^(w)}  =  acceleration  at  "dependent" 

stations,  ((n-m)  x  1) 

[T] j  [Y],  [Z]  =  matrices  defined  by  Eqs.  11  and 

12 

w  =  circular  frequency 

w  =  circular  natural  frequency  of 
mode  r 

[q]  =  modal  matrix,  (n  x  n) 

=  damping  ratio  of  mode  r 
X  =  eigenvalue  defined  by  Eq .  17 


f/A/]  =  diagonal  modal  admittance  matrix, 

(n  X  n) 


Introduction 


[C^]  =  damping  matrix  defined  by  Eq.  7 

[D]  =  force  distribution  matrix  defined  by 

Eq.  2 

{F(w))  =  Fourier-transformed  input  force  vector, 

(n  X  1) 

fH(w)]  =  complex  frequency  response  function 
matrix,  (n  x  n) 

rH(w)]  =  r*]  [/A/]  [4]^ 

[K^.  ]  =  stiffness  matrix  defined  by  Eq.  7 

[M^]  =  mass  matrix  defined  by  Eq.  7 


The  need  for  modal  testing  (sometimes  refer¬ 
red  to  as  modal  analysis)  of  structures  is  well- 
known  and  documented.  The  problem  is  that  there 
is  no  foolproof  and  highly  efficient  method  to 
extract  modal  coefficients  from  structural  test 
data.  Over  the  past  forty  years  several  different 
types  of  analysis  have  been  developed  and  prac¬ 
ticed  with  varying  degrees  of  success.  These 
analyses  range  from  the  time-honored  Multi-Shaker 
Sine  Dwell  Test  (1)  and  its  recent  variations  (2), 
to  the  newer  time-domain  analyses:  the  Least- 
Squares  Curve-Fitting  Time-Domain  Method  (3)  and 
the  Ibrahim  Time  Domain  Method  (4-5) .  For  several 
years,  since  the  advent  of  digital  computers  and 
the  development  of  the  Fast  Fourier  Transform 
(FFT),  considerable  time  has  gone  into  developing 
frequency-domain  analyses.  Several  methods  have 
been  developed  which  produce  frequency  response 
functions  (FRFs)  of  a  structure,  using  either 
single-point  excitation  (6)  or  multi-point  ex¬ 
citation  (7).  There  are  also  many  algorithms 
which  estimate  the  modal  parameters  from  the  FRFs 
(8-14). 
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With  respect  to  the  frequency-domain  tech¬ 
niques,  in  particular,  there  are  many  problems 
associated  with  obtaining  accurate  estimates  of 
the  modal  parameters.  There  are  the  problems  of 
energy  dissipation  within  the  structure  and  the 
possibility  of  locating  a  shaker  near  a  node  line. 
Some  of  the  curve-fitting  techniques  also  involve 
excessive  numerical  manipulations,  including 
transferring  the  FRFs  back  into  the  time  domain. 


Development  of  a  New  Multi-Shaker  Algorithm 

A  technique  to  avoid  problems  associated  with 
single-point  testing  is  to  apply  forces  at  multi¬ 
ple  locations.  The  method  to  be  developed  in  this 
paper  is  an  extension  of  the  Simultaneous  Frequen¬ 
cy  Domain  (SFD)  method  described  by  Coppolino 
(13).  Since  the  standard  modal  analysis  methods 
are  applicable  to  single-shaker  testing  only,  this 
alternative  approach  involves  a  reformulation  of 
the  equations  of  motion  to  accommodate  the  use  of 
multiple  forces. 


The  Multi-Shaker  Modal  Analysis  (MSMA)  method 
presented  here  assumes  that  a  linear  structure  can 
be  accurately  described  over  a  limited  frequency 
range  by  a  finite  number  of  degrees  of  freedom 
(DOF).  This  assumption  yields  the  standard 

frequency-domain  matrix  equation  relating  the 

output  accelerations  at  given  points  on  the 
structure  to  the  input  forces 

{X(w)}  =  [H(w)]  {F(w)}  (1) 

The  force  vector  is  rewritten  In  a  form  that 
includes  only  the  DOF  where  forces  are  applied.  A 
distribution  matrix  relates  this  new  force  vector, 
{f(w)}  ,  to  the  original  force  vector,  {F(w)}  . 

{F(w)}  =  [D]  {f(w)}  (2) 

For  example,  if  a  4D0F  system  has  exciters  at 
points  1  and  3,  the  equation  would  be 


So,  Eq.  (1)  is  now 

{X(w)}  =  [<)>]  [/A/]  [D]  {f(w))  (3) 


It  is  assumed  that  there  are  n  points  where  the 
responses  are  measured,  and  if  it  is  assumed  that 
the  structure  can  be  accurately  described  over  the 
frequency  range  of  interest  by  m  DOF  (m  <  n) ,  then 
Eq .  (3)  can  be  partitioned  into  sets  of  ’indepen¬ 

dent’  DOF  and  'dependent’  DOF  equations.  Thus, 

Xf  (w) 

Xd(w) 


or 

X^(w) 

Xd(w) 

[I]  T 

,  r<f>.]  [/A(w)/]  [.!>]'  [D  ]  {f(w)} 

J  ^ 

where 

[Did]  = 

From  Eq.  (5)  a  relationship  between  the  indepen¬ 
dent  and  dependent  DOF  accelerations  is 

{Xd(w)}  =  [*dl  {X.(w))  (6a) 

This  equation  will  be  employed  later  to  determine 
the  modal  components  of  the  dependent  DOFs  for  the 
identified  natural  frequencies.  The  equation 
relating  the  independent  accelerations  to  the 
forces  is 

(Xi)  =  [((‘il  [/A(w)/]  [Did] 

Pre-multiplying  bQth_  sides  of  Eq.  (6b)  by 
([(J)^]  [/A(w)/1  ^  and  expanding  yields 

([<t>i]  [/A(w)/]  [d>i]'^)'^  {Xil  =  [Did] 

[d>i]”^  [/(1/A(w))/]  [di]"'  {xp  =  [Did] 

[/(I  -  i25  (w  /w)  -  (w  /w)^)/l  [d).]"^  tX.} 

=  [Did] 

[<f>i]"^  [d>i]'^  [Xj 

+  [-^i]'^  [/2C^  w^/]  [*i]'^  (-i/w)  {!) 

+  [<(>i]'^  [/w^hl  ]*i]"^  (-1/w^)  (Xil 

=  {f(w)} 

id 

or,  in  summary, 

[M.]  {X.}  +  [CJ  {X.}  H-  [K  ]  {X  } 

1  1  1  1  1  X  (7) 

=  fDij]  {f(w)] 

where 


[Mi] 

-T 

[<[i]  ^ 

[Ci] 

-T 

[/2C^  w^/] 

[Ki] 

-T 

-  [<^.] 

[/w^^/]  [ij) 

{X.} 

=  (-i/w) 

{X.} 

1 

1 

{X.} 

=  (-1/w^) 

{X.} 

[/A(w)/]  ["[(I,  ]^  [‘f’dl'^1 

[[♦dU  ^ 


Least-squares  averaging  may  be  employed  to 
estimate  the  matrices  [M.]  ,  [C.]  ,  and  [K,]  . 
Therefore,  the  accelerations,  velocities,  5is- 
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placements  and  forces  in  Eq,  (7)  are  expanded  into 
matrices,  where  each  column  corresponds  to  a 
discrete  frequency  point.  That  is. 


[X.]  =  [X.(w^) 

where  k  >  m  . 
[M^l  yields 


x.Cw^) 


X,(w,)] 


(8) 


Multiplication  of  Eq.  (7)  by 


-[X.] 


=  [[c.]  [K^]  [D.^l] 


[X^] 
[X,] 
[f (w)  ] 


(9) 


X. 

1 


At 


Xe 


AX. 

1 


X. 

1 


AX. 


From  Eq.  (15b) 


(i5a) 

(15b) 

(15c) 


AX.  -  X.  =  0 

1  1 


(16d) 


Thus,  combining  Eqs.  (14)  and  (15)  yields 


where 

9 

[C',] 

=  [M^] 

(10a) 

=  [M.] 

[K.] 

(10b) 

=  -[M. 

J'"  [''id 

]  (10c) 

Since 

ces , 

[C,]  . 
Eq.  (9) 

[K^l. 

can  be 

and  real  matri- 

rewritten  for  the  real  and 

imaginary  parts  of  the  responses  and  inputs. 


{[X,  ]  [X,  ]1 

L  Re  Im  J 


=  [  [Ci]  [K,]  [D.,]] 


[X.  ] 

Re 


[X.  ) 

Re 


[X  ] 

Im 

[X  ) 

Im 

thn,! 


(11) 


Since  this  equation  is  over~determined  (k  >  m) ,  a 
least-squares  solution  is  used.  Equation  (11)  may 
be  rewritten  symbolically 

[Y]  =  [T]  [Z]  (12) 
The  least-squares  solution  for  [T]  is 

[T]  =  [Y]  [Z]'^  [Z]  [Z]^  (13) 

The  [C.]  and  [K.]  that  were  solved  for  in 
Eq,  (13)  can^  now  be  used  to  determine  the  eigen¬ 
values  and  eigenvectors  for  the  system  in  the 
following  manner.  From  Eq.  (9)  the  free  vibration 
equation 

X.  +  [C.]  X.  +  [K.]  X.  =  0  (14) 

may  be  written.  Since  the  matrices  [C.]  and 
[K.]  are  constant,  X.  and  its  derivatives  in 
Eq^  (14)  may  be  written  in  the  time  domain,  rather 
than  in  the  frequency  domain  as  originally  ex¬ 
pressed  in  Eq.  (7).  Thus,  let 


(17) 


which  is  a  standard  linear  eigenvalue  problem. 
The  eigenvectors  will  produce  mode  shape  compo¬ 
nents  for  the  'independent'  DOFs  only.  To  include 
the  'dependent'  DOFs,  Eq.  (6a)  is  expanded  to 
matrix  form  for  the  k  frequency  points  and  then 
manipulated,  via  the  least-squares  technique,  to 
produce  a  relationship  between  the  'dependent'  and 
'independent'  modal  coefficients. 


[Xdl 

[♦dl 


[Xdl 


[X^] 

[X.]  [X.]^ 


-1 


(18) 


Forcing  Functions 

As  indicated  by  Eqs.  (4)  and  (5),  the  forces 
may  be  applied  at  the  dependent  DOFs  as  well  as 
the  independent  DOFs.  This  feature  of  the  equa¬ 
tions  allows  for  forces  to  be  applied  where  either 
accelerations  could  not  be  measured  or  where  an 
accelerometer  produced  bad  readings  and  was 
subsequently  discarded.  It  also  allows  the  user 
more  freedom  in  determining  which  locations  are  to 
be  identified  as  independent  DOFs.  If,  after  data 
acquisition  is  completed  and  a  general  analysis 
done,  it  is  determined  that  a  particular  DOF  is 
not  important,  its  responses  can  be  reduced  out  of 
further  calculations,  even  though  it  was  forced. 

In  addition  to  the  freedom  of  location  of 
forces,  there  is  also  a  freedom  in  the  type  of 
forces  which  can  be  applied,  subject  to  one  con¬ 
straint.  From  Eq.  (13)  it  is  seen  that,  if  two 
forces  are  fully  coherent,  the  inverse  of  the 
matrix  will  be  singular.  However,  the  restriction 
is  not  too  severe.  If  two  forcing  functions  are 
identical,  only  one  forcing  function  needs  to  be 
included  in  the  force  array.  The  force  distri¬ 
bution  matrix  will  handle  the  duplication  in  the 
applied  force  spectra.  Since,  in  reality,  a 
structure  will  have  a  different  input  impedance  at 
each  location,  similar  signals  into  the  shakers 
will  produce  different  forces.  The  best  way  to 
avoid  any  potential  problems,  however,  is  to  have 
a  low  coherence  between  forces.  This  can  be 
achieved  by  using  either  of  two  forcing  methods, 
independent  random  signals  at  each  shaker  or 
simultaneous  sine  sweeps  with  each  shaker  having  a 
different  phase  shift. 
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Another  type  of  excitation  is  a  free-decay 
response.  A  minor  reformulation  of  the  equations 
is  involved,  with  Eq.  (11)  being  modified  to  the 
form 


-  [fXi  ]  [Xi  1]  = 

Re  Im 

[[a.]  [Kp 


[X  ]  [X  ] 

Re  Im 

fX  ]  [X  ] 

Re  Im  ^ 


(18) 


This  formulation  eliminates  the  need  for  measure¬ 
ment  of  the  forces,  thus  allowing  free-decay 
responses  to  be  employed.  This  can  also  be  used 
in  conjunction  with  the  Randomdec  method,  where  a 
free-decay  response  is  generated  from  a  structure 
that  is  being  randomly  excited. 

Averaging 

There  are  two  possible  methods  to  eliminate 
noise  contamination  in  the  eigenvalue  results. 
Both  methods  involve  a  type  of  signal  averaging. 
The  first  method  involves  averaging  FRFs  from 
several  runs  to  form  a  single  acceleration  and 
force  FRF  spectrum  at  each  location  before  in¬ 
sertion  into  Eq .  (13). 

There  is  one  serious  drawback  to  this  method. 
With  random  excitations,  excessive  averaging  can 
produce  an  FRF  spectrum  with  a  uniform  value, 
effectively  giving  fex^7er  independent  columns  in 
Eq.  (13)  with  which  to  do  a  least-squares  fit. 
For  a  swept-sine  test,  this  averaging  technique 
should  suffice,  since  the  FRF  will  not  tend  to 
become  uniform,  especially  if  the  signal  generator 
has  a  phase  modulator. 

The  second  method  is  to  string  the  multiple 
runs  together  in  the  same  manner  as  the  individual 
frequencies  were  in  Eq .  (8).  That  is 

[X(w)]  =  [xyw)]  I  [X^fw)]  |...i  [Xp(w)] 

This  increases  the  number  of  columns,  therefore 
the  accuracy  of  the  least-squares  fit,  but  the 
required  storage  space  for  the  matrices  is  also 
increased . 

Pseudo-Degrees-of -Freedom 

If  the  structure  being  tested  has  more  modes 
in  the  frequency  range  of  interest  than  there  are 
measurement  locations,  there  is  a  technique  to 
increase  the  number  of  DOFs  based  on  existing 
measurem.ent  DOFs.  This  method  involves  sampling 
extra  sets  of  data  and  placing  each  new  set  into 
the  equations  as  if  they  were  new  DOFs.  W^ith  this 
approach  is  an  alternate  method  in  which  the 
responses  of  the  originally  measured  data  are 
partitioned  into  subsets  and  correspondingly 
labeled  as  different  sets  of  data.  In  this  way 
the  number  of  DOFs  is  increased  without  the  need 
for  more  measurements.  This,  however,  gives  fewer 
columns  of  data  for  the  least-squares  process, 
since  this  procedure  takes  some  of  the  columns  in 
Eq .  (8)  and  makes  new  rows  out  of  them. 


Mode  Selection 


Proper  selection  of  the  true  modes  of  vibra¬ 
tion  from  the  eigensolut ion  of  Eq.  (16)  is  just  as 
important  as  any  other  part  of  the  modal  analysis. 
When  the  number  of  modes  is  overspecified,  either 
through  oversight  or  to  compensate  for  noise 
contamination,  a  systematic  method  is  needed  to 
identify  the  spurious  modes.  Usually  the  spurious 
modes  can  be  eliminated  immediately  by  a  quick 
examination  of  the  eigenvalues.  The  damping 
values  are  often  excessively  high,  low,  or  even 
negative.  The  natural  frequencies  might  have 
values  that  are  out  of  the  measured  frequency 
range.  At  other  times,  however,  the  spurious  mode 
eigenvalues  are  within  the  range  of  tolerance. 
Then,  an  inspection  of  the  eigenvectors  is  needed. 
One  procedure  involves  the  use  of  pseudo-DOFs.  A 
comparison  of  the  portion  of  the  eigenvector 
representing  the  pseudo-DOFs  with  the  portion  of 
the  eigenvector  which  corresponds  to  the  indepen¬ 
dent  DOFs  from  which  the  pseudo  DOFs  were  produced 
can  readily  determine  the  validity  of  the  mode.  A 
favorable  relationship  would  be  one  where  there  is 
a  high  correlation  of  eigenvector  values  at 
corresponding  DOFs.  Another  method  would  be  to 
analyze  results  of  analyses  from  several  data 
sets;  modes  that  repeatedly  show  up  would  indicate 
valid  modes. 


Simulation  Studies 


To  verify  the  validity  and  accuracy  of  the 
MSMA  technique  previously  described,  several 
computer  simulations  were  conducted.  The  primary 
concerns  evaluated  in  the  tests  were:  (1)  resolu¬ 
tion  of  the  modes  in  high  noise,  (2)  identifica¬ 
tion  of  modes  less  than  C  w  apart,  (3)  accuracy 
of  dependent  DOFs,  and  (4^  Application  of  forces 
at  dependent  DOFs. 

A  computer  program  was  designed  such  that  the 
system  natural  frequencies,  damping,  and  mode 
shapes,  and  a  noise-to-signal  ratio  are  input. 
The  noise  level  is  calibrated  by  using  the  root- 
mean-square  of  the  response  signal  over  the  entire 
frequency  range.  Also  input  are  the  frequency 
range,  number  of  independent  DOFs  and  their 
corresponding  locations,  number  of  dependent  DOFs 
and  their  locations,  number  of  forced  DOFs  and 
their  locations,  and  the  method  of  excitation. 
The  program  creates  the  frequency  responses  for 
the  acce j erations  and  forces  and  then  proceeds  to 
manipulate  them  in  accordance  with  the  equations 
presented  earlier. 

The  first  series  of  tests  was  on  System  A 
having  nine  natural  frequencies,  seven  of  which 
were  below  10  Hz.  As  noted  in  Table  1,  two  of  the 
frequencies  were  selected  less  than  ^  w  apart, 
so  that  the  effects  of  closely-coupled  moSes  could 
be  observed.  The  noise-to-signal  ratio  was 
selected  at  20%  in  conjunction  with  an  applied 
random  force  signal.  Changed  during  the  test 
series  was  the  number  of  forced  DOFs:  1,  4,  and  8 
forces  were  used.  As  indicated  in  Table  2a',  the 
mode  shapes  had  magnitudes  at  each  station  of  1.0, 
except  for  one  DOF  in  each  mode  whose  magnitude 
was  set  at  0.01  to  simulate  a  point  close  to  a 
node  line. 
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System  A  System  B 


Mode 

Freq. 

Damping 

Freq , 

Damping 

(Hz) 

(Hz) 

1 

5.00 

0.01 

5.00 

0.01 

2 

5.25 

0.01 

5.25 

0.01 

3 

5.50 

0.01 

5.50 

0.01 

4 

5.55 

0.01 

5.55 

0.01 

5 

5.90 

0.01 

15.00 

0.01 

6 

6.20 

0.01 

25.00 

0.01 

7 

6.60 

0.01 

8 

15.00 

0.01 

9 

25.00 

0.01 

Table  1.  Natural  Frequencies  and  Damping  Factors 
for  Simulated  Parameter  Identification 
Tests 


DOF  1  2  3  4  5  6  7  8 

MODE 


1 

.01 

1 

o 

o 

1, 

.00 

1. 

.00 

1, 

.00 

1, 

.00 

1, 

.00 

1, 

.00 

2 

1, 

.00 

.01 

1, 

.00 

1, 

.00 

-1, 

.00 

-1, 

.00 

-1. 

.00 

-1, 

.00 

3 

1. 

.00 

1 

.00 

-, 

.01 

-1. 

.00 

-1, 

.00 

-1, 

.00 

1. 

.00 

1, 

.00 

4 

1. 

.00 

1 

.00 

-1, 

.00 

.01 

1, 

.00 

1, 

.00 

-1. 

.00 

-1, 

.00 

5 

1. 

.00 

-1 

.00 

-1. 

.00 

1, 

.00 

.01 

-1, 

.00 

-1. 

.00 

1, 

.00 

6 

1. 

.00 

-1 

.00 

-1. 

.00 

1, 

,00 

-1. 

.00 

.01 

1. 

.00 

-1, 

.00 

7 

1. 

.00 

-1 

o 

o 

1. 

.00 

-1. 

,00 

-1, 

.00 

1, 

.00 

-. 

.01 

1, 

.00 

8 

1. 

.00 

-1 

.00 

1. 

.00 

-1. 

,00 

1. 

.00 

-1. 

.00 

1. 

.00 

-. 

.01 

9 

1. 

.00 

1 

.00 

1. 

.00 

1. 

,00 

1. 

.00 

1. 

.00 

1, 

.00 

1, 

.00 

No 

.  of 

Forces 

Force 

Locations 

1  1 

4  1-4 

8  1-8 

Table  2a.  System  A  Mode  Shapes  (defined  at  8  DOFs 
only) ;  Forces  and  Locations 


DOF  12345678 
MODE 


1 

.01 

1.00 

1. 

.00 

1. 

.00 

1, 

.00 

1.00 

1, 

.00 

1, 

.00 

2 

1 

.00 

.01 

1, 

.00 

1. 

.00 

-1. 

.00  - 

1.00 

-1, 

.00 

-1. 

.00 

3 

1 

.00 

1.00 

.01 

-1, 

.00 

-1. 

.00  - 

1.00 

1, 

.00 

1, 

.00 

4 

1 

,00 

1.00 

-1. 

.00 

-. 

.01 

1. 

.00 

1.00 

-1. 

.00 

-1. 

.00 

5 

1 

.00  - 

1.00 

-1. 

.00 

1, 

.00 

.01  - 

1.00 

-1, 

.00 

1. 

.00 

6 

1 

,00  - 

o 

o 

-1. 

.00 

1. 

.00 

-1. 

.00 

.01 

1, 

.00 

-1. 

.00 

No.  of  Forces 

Force  Locations 

1 

1 

5 

1-5 

8 

1-8 

Table  2b.  System  B  Mode 

Shapes  (defined  at  8  DOFs 

only) ;  Forces 

and  Locations 

A  sampling  run  was  first  made  using  a  single 
shaker  to  obtain  an  estimate  of  the  number  of 
modes  in  the  0-10  Hz  range.  A  check  of  the  FRFs 
showed  that  six  modes  were  fairly  apparent,  so  an 
estimate  of  eight  modes  (six  for  the  observed  ones 
and  two  more  for  any  missed  modes  or  any  pseudo  or 
spurious  modes  created  by  the  noise)  did  not  seem 
unreasonable , 

Three  runs  were  made  for  each  of  the  forced- 
DOF  conditions  plus  one  additional  run  utilizing 
the  averaging  technique  of  placing  several  runs 
into  one  large  array.  The  averaged  analysis  used 
three  individual  runs  which  differed  from  the 
previous  three  runs. 

To  check  the  accuracy  of  the  results,  an 
error  analysis  was  used  that  looked  at  the 
percentage  of  error  in  the  natural  frequency, 
damping,  and  real  part  of  the  modal  vector 
compared  to  the  input  system  characteristics.  To 
highlight  the  results,  the  errors  for  three  modes 
were  investigated.  The  first  was  the  5.9  Hz  mode, 
which  was  relatively  uncoupled.  The  other  two 
modes  were  the  coupled  modes,  5.5  Hz  and  5.55  Hz. 
Referring  to  the  diagrams  in  Fig.  1,  it  can  be 
seen  that  with  20%  noise  the  natural  frequency 
estimates  are  highly  accurate,  even  for  the 
closely-coupled  modes.  Also  evident  in  the 
diagrams  is  the  overall  higher  accuracy  of  the 
parameters  corresponding  to  the  5.9  Hz  mode 
compared  to  the  5.5  and  5.55  Hz  modes.  Although 
the  errors  for  the  damping  and  modal  vectors  are 
large  for  the  20%  noise  single-shaker  case,  the 
diagrams  show  a  trend  towards  lower  error  levels 
as  the  number  of  shakers  is  increased.  In  fact, 
when  eight  shakers  were  employed,  the  error  levels 
for  the  closely-coupled  modes  are  seen  to  be 
comparable  to  the  error  level  for  the  5.9  Hz  mode. 

System  A  was  also  employed  in  a  series  of 
tests  on  the  effect  of  noise  level.  The  noise- 
to-signal  ratio  was  changed  from  0%  to  10%  and 
finally  to  20%.  To  illustrate  the  effect  of  noise 
on  the  results  and  the  effect  of  additional 
shakers,  the  identified  modal  parameters  for  the 
5.0,  5.5,  and  5.55  Hz  modes  are  tabulated  for  the 
single-shaker  and  8-shaker  simulations  (see  Tables 
3  and  4),  An  analysis  of  the  tables  shows,  once 
again,  a  clear  trend  toward  higher  levels  of 
accuracy  at  a  given  noise  level  for  an  increase  in 
the  number  of  shakers,  A  dramatic  result  from 
this  set  of  runs  was  the  absence  of  the  5.0  Hz 
mode  from  the  single-shaker  analysis  when  noise 
was  present.  As  the  number  of  shakers  increased 
though,  the  5.0  Hz  mode  appeared  and  then  in¬ 
creased  in  accuracy.  Overall,  by  a  comparison  of 
the  tables,  it  is  seen  that  the  algorithm  does  not 
become  unstable  with  increasing  noise  levels.  On 
the  contrary,  good  results  are  obtained  even  at 
relatively  high  noise  levels  when  several  shakers 
are.  used. 
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Undamped 

Nat.  Freq.= 

5.0063 

5.5000 

5.5498 

Damping 
Factor  = 

0.0143 

0.0100 

0.0100 

Modal 

Modal 

Modal 

DOF 

Coef f . 

Coef  f . 

Coef  f . 

Red) 

0.00308 

0.99605 

-0.99496 

Re(2) 

0.99493 

0.99698 

-0.99296 

Red) 

0.99824 

-0.00735 

0.99870 

Re(4) 

0.99609 

-0.99690 

0.95447 

Re(5) 

0.99875 

-0.99868 

-0.99729 

Re(6) 

0.99814 

-0.99871 

-0.99735 

Re(7) 

1.00000 

1.00000 

1.00000 

Re(8) 

0.99931 

0.99989 

0.99973 

Im 

max 

0.02780 

0.00769 

0.00062 

Table  3a. 

Identified 

Modal  Parameters  for 

SystGTTi  A.  No.  Forces  =  1, 
Noise  Ratio  =  0.0 


Undamped 

Nat.  Freq.= 

No  5  Hz 

5.4982 

5.5657 

mode 

Damping 

identi- 

Factor  = 

f  ied 

0.0092 

0.0126 

Modal 

Modal 

Modal 

DOF 

Coef f . 

Coef f . 

Coef f . 

Red) 

1.00000 

0.96980 

Re(2) 

0.96169 

1,00000 

Re(3) 

-0.11159 

-0.60195 

Re(4) 

-0.95309 

-0.03063 

Re(5) 

-0.86633 

0.66319 

Re(6) 

-0.87422 

0.65522 

Re(7) 

0.85209 

-0.57500 

Re  (8) 

0.85267 

-0.64153 

Im 

0.24759 

0.29919 

max 


Table  3b.  Identified  Modal  Parameters  for 
System  A.  No.  Forces  =  1, 

Noise  Ratio  =  0.1 


Undamped 

Nat.  Freq.= 

No  5  Hz 

5.5003 

5.5879 

mode 

Damping 

identi¬ 

Factor  = 

fied 

0.0098 

0.0110 

Modal 

Modal 

Modal 

DOF 

Coef f . 

Coef f . 

Coef f . 

Red) 

0.89703 

-0.72131 

Re(2) 

1.00000 

-0.56014 

Re(3) 

-0.26396 

0.83339 

Re(4) 

-0.71778 

-0.07690 

Re(5) 

-0.09235 

-0.41497 

Re(6) 

-0. 17339 

-0.50867 

Re(7) 

0.55184 

1.00000 

Re(8) 

0.51095 

0.94717 

Im 

max 

0.21516 

0.06490 

Table  3c. 

Identified 

Modal  Parameters  for 

System  A. 

No.  Forces 

=  1, 

Noise  Ratio  =  0.2 

Undamped 

Nat.  Freq.=  4.9966 

5.5000 

5.5499 

Damping 

Factor  =  0.0099 

0.0100 

0.0100 

Modal 

Modal 

Modal 

DOF 

Coef  f . 

Coef f . 

Coef f . 

Red) 

0.01429 

1.00000 

-0.99759 

Re(2) 

1.00000 

0.99934 

-0.99663 

Re  (3) 

0.99818 

-0.01186 

0.99938 

Re(4) 

0.99943 

-0.99939 

0.00978 

Re(5) 

0.99744 

-0.99812 

-0.99870 

Re(6) 

0.99777 

-0.99810 

-0.99873 

Re  (7) 

0.99667 

0.99719 

1.00000 

Re(8) 

0.99707 

0.99726 

0.99987 

Im 

max 

0.00086 

0.00228 

0.00064 

Table  4a. 

Identified  Modal  Parameters  for 
System  A.  No.  Forces  =  8, 

Noise  Ratio  =  0.0 

Undamped 

Nat.  Freq.=  4.9980 

5.5058 

5.5490 

Damping 

Factor  =  0.0097 

0.0103 

0.0100 

Modal 

Modal 

Modal 

DOF 

Coef  f . 

Coef f . 

Coef f . 

Red) 

0.02516 

-0.98585 

0.98362 

Re(2) 

0.98621 

-0.99463 

1.00000 

Re(3) 

1.00000 

0.02763 

-0.95197 

Re  (4) 

0.98411 

1.00000 

-0.06453 

Re(5) 

0.97350 

0.94609 

0.87503 

Re  (6) 

0.97147 

0.95297 

0.87421 

Re  (7) 

0.97307 

-0.98640 

-0.88674 

Re  (8) 

0.96948 

-0.95976 

-0.89013 

Im 

max 

0.02016 

0.0644 

0.21813 

Table  4b. 

Identified 
System  A. 
Noise  Ratic 

Modal  Parameters  for 
No.  Forces  =  8, 

)  =  0.1 

Undamped 

Nat.  Freq.= 

5.0007 

5.4918 

5.5512 

Damping 
Factor  = 

0.0093 

0.0079 

0.0100 

Modal 

Modal 

Modal 

DOF 

Coef f . 

Coef f . 

Coeff . 

Red) 

0.00020 

1.00000 

-0.83500 

Re(2) 

0.99549 

0.97812 

-0.82366 

Re  (3) 

0.98808 

-0.00563 

0.92143 

Re(4) 

0.99560 

-0.94902 

-0.06190 

Re  (5) 

0.99595 

-0.92819 

-0.96699 

Re(6) 

0.98004 

-0.95929 

-0.96398 

Re  (7) 

0.98590 

0.96932 

1.00000 

Re(8) 

1.00000 

0.98243 

0.96990 

Im 

max 

0.05798 

0.18716 

0.18870 

Table  4c. 

Identified 
System  A. 
Noise  Ratic 

Modal  Parameters  for 
No.  Forces  =  8, 

)  =  0.2 
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The  second  series  of  tests  considered  objec¬ 
tives  (3)  and  (4)  .  System  B  (see  Table  1)  ,  an  8 
DOF  system  with  four  modes  in  the  0-10  Hz  range, 
was  used.  In  this  case  the  noise-to-signal  ratio 
was  also  20%,  but  the  number  of  forces  was  set  at 
1,  5,  and  8  (an  initial  sampling  run  indicated 
three,  possibly  four,  modes  present  in  the  0-10  Hz 
range,  so  five  independent  DOF  were  selected). 

The  previous  series  of  tests  was  again 
performed,  but  since  the  only  substantial  errors 
occurred  in  the  coupled  modes,  their  parameters 
were  the  only  ones  analyzed.  In  this  analysis, 
only  the  normalized  independent  modal  vectors  and 
a  ratio  of  the  normalized  dependent  to  independent 
modal  vectors  were  calculated  (see  Fig.  2). 

Again  a  convergence  toward  higher  accuracy  is 
seen  in  these  results  as  the  number  of  applied 
forces  is  increased.  An  important  feature  of  the 
results  is  that  the  accuracy  of  the  dependent  DOF, 
calculated  from  Eq.  (17),  follows  closely  the  same 
trends  as  the  independent  DOFs.  Also  to  be  noted 
in  the  diagrams  are  the  error  levels  for  five 
shakers  and  for  eight  shakers.  Although  three 
shakers  are  exciting  dependent  DOFs  in  the  eight- 
shaker  case,  the  accuracy  is  either  maintained  or 
improved  in  almost  every  instance.  Even  if  there 
happens  to  be  a  higher  error  indication  for  an 
increase  In  shakers,  there  is  a  definite  lessening 
in  the  error  spread. 

Two  more  series  of  tests  were  run.  The  first 
was  a  set  of  runs  identical  to  the  first  test  case 
with  the  exception  that  the  forcing  functions  were 
swept-sines  instead  of  random  excitation.  The 
results  of  this  set  were  basically  identical  to 
the  random  excitation  set.  The  final  series  also 
used  the  same  set-up  as  the  first  test,  except 
that  no  noise  was  introduced  and  the  test  range 
was  from  0-1024  Hz  with  256  data  points  (a  delta 
frequency  of  4  Hz).  The  ninth  mode  corresponding 
to  25  Hz  was  also  deleted.  All  modes  were 
identified  to  extremely  high  accuracy  (the  error 
was  less  than  one  part  per  billion)  in  spite  of 
the  fact  that  there  were  seven  natural  frequencies 
between  two  of  the  data  points! 

Conclusions 

The  theory  of  a  method  used  to  determine  an 
estimation  of  the  modal  parameters  for  a  vis¬ 
cously-damped,  linear  structure  has  been  devel¬ 
oped.  The  MSMA  method  involves  the  application 
and  measurement  of  several  non-coherent  forces. 
Verification  of  the  method  was  demonstrated 
analytically  through  an  extensive  computer  simu¬ 
lation  study. 

The  computer  simulation  showed  the  MSMA 
method  to  be  stable.  With  increasing  amounts  of 
noise  the  results  did  not  diverge  dramatically. 
Also,  as  the  number  of  applied  forces  was  in¬ 
creased,  the  results  converged  to  the  system 
values . 

Several  advantages  of  the  MSMA  method  were 
demonstrated  by  the  computer  analysis.  The  first 
is  the  ability  to  locate  a  mode  which  has  a  node 
line  in  the  vicinity  of  a  shaker  by  applying 
several  forces.  The  second  is  the  small  amount  of 
user  judgement  and  expertise  involved.  Basically, 
the  only  user  judgement  needed  is  a  knowledge  of 
the  approximate  number  of  modes  in  the  analysis 
range,  and  that  is  usually  supplied  by  a  previous 


finite  element  simulation  or  can  be  estimated  by 
examination  of  a  preliminary  FRF.  The  third 
advantage  is  the  relatively  fast  analysis  time. 
With  the  small  amount  of  user  interaction,  the 
analysis  time  is  basically  dependent  upon  computa¬ 
tion  speed  and  total  amount  of  data  processed. 
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Figure  1.  Error  Comparisons  for  Test  Series  1  (System  A) 
Noise/Signal  =  0.2,  Random  Noise  Excitation 
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Abstract 

A  structural  parameter  estimation  procedure 
using  the  measured  natural  frequencies  and  kinetic 
energy  distribution  as  observers  is  proposed.  The 
theoretical  derivation  of  the  estimation  procedure 
is  described  and  its  constraints  and  limitations 
are  explained.  This  procedure  is  applied  to  a 
large  complex  spacecraft  structural  system  to 
identify  the  inertia  matrix  using  modal  test 
results.  The  inertia  matrix  is  chosen  after  the 
stiffness  matrix  has  been  updated  by  the  static 
test  results. 


INTRODUCTION 

For  aerospace  structural  systems,  where  the 
responses  and  loads  dictate  the  design  and  thus  the 
size  and  weight  of  the  structure,  the  accuracy  of 
the  analytical  model  is  of  major  importance  because 
of  stringent  weight  constraints.  A  so-called  test- 
verified  analytical  model  is  always  required  for 
the  final  verification  loads  analysis.  The  modal 
test,  from  which  the  natural  frequencies,  mode 
shapes,  modal  dampings  and  other  modal  character¬ 
istics  are  determined  experimentally,  is  used  to 
verify  the  analytical  model.  Frequently,  analytical 
model  predicted  modal  characteristics  do  not  agree 
with  the  corresponding  test  measured  values.  If 
the  disagreement  is  substantial,  the  analytical 
model  must  be  modified  or  updated  such  that  a 
better  correlation  between  the  test  and  analysis 
can  be  achieved.  Thus,  a  new  analytical  model  is 
identified  by  the  test  results. 

Historically,  the  model  modification  and 
updating  has  been  accomplished  by  a  ’’trial  and 
error"  approach  which  was  heavily  dependent  upon 
the  individual’s  experience  and  intuition.  With 
increasing  complexity  of  the  structural  system,  the 
model  modification  becomes  difficult  and  systematic 
approaches  are  necessary.  In  recent  years,  a 
number  of  systematic  procedures  have  been  developed. 
References  1  to  10  are  some  of  the  typical  examples. 

In  principle  the  procedure  uses  the  differences 
between  the  test  measured  and  analytically  obtained 
eigenvectors  and  eigenvalues  to  identify  or  esti¬ 
mate  those  model  parameters  which  effect  these 
quantities.  The  parameters  which  effect  the  eigen¬ 
values  and  eigenvectors  are  the  stiffness  and  mass 
representations  in  the  model.  In  other  words,  it 
is  the  objective  of  system  identification  procedure 
that  stiffness  and  mass  matrices,  if  finite  element 
formulation  is  adapted,  be  modified  based  on  the 
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modal  test  results.  It  is  common  that  the  measured 
modal  characteristics,  namely,  the  natural  frequen¬ 
cies  and  mode  shapes,  are  used  in  the  identification 
procedure.  However,  mode  shapes  are  vector  quanti¬ 
ties  whose  elements  are  the  motions  of  individual 
degreeS“of-f reedom  (DOF).  For  a  large  complex 
structural  system,  the  amplitude  of  each  DOF  could 
be  an  order  of  magnitude  different.  In  other  words, 
for  certain  modes,  some  dominating  DOF’s  would  have 
very  large  modal  displacement  and  other  DOF’s  would 
have  very  little  motion  at  all.  Now,  the  identifi¬ 
cation  procedure  uses  the  differences  between  a  test 
measured  mode  and  a  corresponding  analytical  mode. 

If  the  two  modes  are  very  close  such  that  their 
dominating  DOF's  have  the  same  amplitude  and  only 
the  lesser  important  DOF’s  have  different  amplitude, 
the  resulting  difference  between  these  two  vectors 
will  be  dominated  by  those  unimportant  DOF’s.  This 
may  lead  to  incorrect  parameter  identification. 

The  quantities  needed  to  represent  the  mode  shape 
should  be  such  that  the  important  or  dominating 
DOF’s  are  more  emphasized  than  those  unimportant 
DOF’s.  In  the  present  study,  the  kinetic  energy 
distribution  is  chosen  in  place  of  the  mode  shape 
for  identification  procedure.  The  kinetic  energy 
is  defined  as  the  quantity  of  modal  displacement 
squared  multiplied  by  the  mass  associated  with  that 
DOF,  The  idea  is  to  make  those  DOF's  with  large 
mass  and/or  large  amplitude  modal  displacement  more 
important  than  others.  Kinetic  energy  terms 
specifically  eliminate  the  importance  of  those 
large  local  modal  amplitudes  associated  with  very 
small  mass  DOF’s.  Also,  it  is  thought  that  kinetic 
energy  may  smooth  out  some  of  the  instrumentation 
errors  by  weighting  the  measurements  with  the  mass 
matrix. 

The  objective  of  the  present  study  is  to 
develop  the  estimation  procedure  by  using  the 
measured  natural  frequencies  and  kinetic  energy 
distribution.  The  procedure  will  be  demonstrated 
on  a  large  complex  spacecraft  structural  system. 

Approach  for  Parameter  Estimation 

The  approach  used  in  the  present  study  is  to 
establish  a  method  which  will  estimate  the  param¬ 
eters  of  a  finite  element  model  capable  of  providing 
modal  characteristics  consistent  with  those  mea¬ 
sured  in  test.  The  procedure  uses  the  values  of 
parameters  originally  assigned  to  the  model  as  a 
starting  point  from  which  the  parameters  are  modi¬ 
fied  iteratively  based  on  the  differences  between 
the  analytical  and  test  values.  Therefore,  the 
relationship  between  the  measureables  and  the 
parameters  must  be  established.  The  derivation  of 
obtaining  this  relationship  will  be  briefly 
described . 

Consider  a  mathematically  well-behaved  function 
f  of  n  variables  (rj^,  r2,  ,  the  relation- 
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ship  between  the  function  f  and  the  variable  r^’s 
can  be  written  in  the  form  of  a  Taylor  series 
expansion : 


•8£l 

3fl 

r,  =  7, 

^"2  r,  =7/‘ 

■  9r 

n 

3f2 

3f2 

«2 

3r, 

3r2 

^2  ~  ^2 

*  9r 

n 

9f 

m 

af 

_ m 

3ri 

"1  =  "1 

9r 

n 

(1) 


For  the  small  difference  between  r^  and  r^,  Eq.  (1) 
can  be  approximated  as : 


(2) 


If  a  number  of  functions  are  involved,  Eq.  (2)  can 
be  written  in  matrix  form, 

|f(r)}  =  {f(7))  +[^]^  ^_{r  -7}  (3) 


For  a  structural  system  under  consideration, 
the  parameters  rj[’s  representing  the  mass  and 
stiffness  properties  of  the  system  are  to  be  iden¬ 
tified  and  r^’s  are  the  corresponding  values  used 
in  the  original  analysis.  Functions  fj^(r)’s 
represent  the  test  measured  eigenvalues  and  kinetic 
energy  distribution  which  ar^  functions  of  the 
parameters  r'j[s,  and  the  fj^(r)’s  are  the  corre¬ 
sponding  eigenvalues  and  kinetic  energies  obtained 
from  the  original  model  where  parameter  values  of 
r^^,  r^,  ..•.  r^  are  used.  Finally,  the 

matrix  [3f/9rl  —  is  referred  to  as  the 

r  =  r 

Jacobian  matrix  whose  elements  are  the  derivatives 

of  the  eigenvalues  and  kinetic  energies  with 

respect  to  the  pa£ame_ters  and  _these  derivatives 

are  evaluated  at  r,,  r„,  r  . 

12  n 

Equation  (3)  can  be  simplified  to  read: 


where 


where 


|Af|  =  ■|f(r)|  -  |f(r)|  and 


Equation  (8)  states  that  the  differences  between 

(4)  the  test  measured  quantities  and  the  corresponding 
analytically  obtained  quantities  are  linearly 
related  to  the  changes  of  parameters.  It  must  be 
noted  that  only  in  exceptional  cases  are  the 
eigenvalues  and  eigenvectors  of  a  structural  system 
linear  functions  of  the  parameters  which  are,  in 
this  case,  the  mass  and  stiffness  properties. 
However,  Eq.  (8)  as  well  as  Eq.  (3)  are  valid,  in 
an  approximate  sense,  as  long  as  the  changes  to  the 
parameters  are  small.  Therefore,  this  is  a  "priori" 
condition  for  most  estimation  problems. 

(5)  In  principle  the  parameter  difference  {Ar}  can 
be  solved  using  Eq.  (8)  once  the  Jacobian  matrix 
and  the  vector  {Af}  are  available.  However,  this 
is  true  only  if  the  matrix  [9f/3r]  is  nonsingular 
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and  the  vectors  ^ind  |  Ar|  have  the  same  dimen¬ 

sions.  Unfortunately  the  dimensions  of  the  two 
vectors  are  usually  not  equal  and  other  techniques 
must  he  used  to  estimate  |Ar|.  Sometimes  these 
techniques  are  referred  to  as  generalized  matrix 
inversion  (Refs.  11,  12  and  13),  In  the  following, 
one  proposed  techniciue  will  be  described  and  its 
mathematical  insights  with  respect  to  certain 
im.bedded  optimal  features  will  be  explained. 


Dimension  of  ^  (no.  of  equations) | 

Dimension  of  |Ar|  =  m  (no.  of  unknox^m)  | 


which  gives 


liT  [if 

3r  8r 


Hi  11  i^A 

_3rJ)  [arj  {  {■ 


It  should  be  noted  that  matrix  [9f/9r]  is  of  n  x  m 
dimension  and  since  n>m,  Xvmthout  loss  of  gener¬ 
ality,  it  can  be  assumed  that  [9f/9r]  has  a  full 
rank  of  m.  In  other  xs^ords ,  [9f/"?r]  contains  m 
columns  of  vec tors^xvdiich  are  linearly  independent. 
Therefore,  [If/Dr]  [9f/9r]is  also  having  full 
rank  m  which  guarantees  its  positive  definite  and 
existence  of  its  inverse,  ([9f/9r]T  [9f/9r])“l. 

Furthermore,  from  Eq.  (15),  the  Hessian  matrix  can 
be  obtained  as 


Dimension  of 


Case  A:  n  =  m 


For  the  case  where  the  measurement  vector  -j.'fi 
and  the  parameter  vector  {ir|  in  Eq .  (8)  are  equal, 

tlic  Jacobi.an  matrix  [if/.ir]  will  be  a  square  matrix 
b y  d e f  i n i  t  i  o n  .  Then  t h e  n umb e r  o f  un k nox^/n s  in 
Eq .  (8)  is  equal  to  number  of  governing  equations. 

Further,  if  each  equation  is  linearly  independent, 
a  unique  set  of  solution  of  the  unknowns  are 
assured.  In  other  xon'ds ,  the  inverse  of  the 
J  a c  o  b i a  n  ma  t  r i x  e x i s  t  s ,  and 


Case  B:  n  >  m 

For  the  case.  X'/here  the  number  of  measurements 
is  greater  than  the  number  of  parameters,  Eq .  (8) 

contains  more  governing  equations  (n)  than  the 
unknoxms  (m)  .  Mathematically,  Eq.  (8)  is  over¬ 
constrained  and  no  solution  exists.  Therefore,  one 
seeks  an  approximate  solution  instead.  Let  a 
residual  vector  {e|  be  defined  as 


and  because  it  is  positive  definite,  it  implies 
that  Q  is  indeed  a  minimum  for  the  solution 
expressed  by  Eq.  (16).  This  solution  is  also 
knoxvTi.  as  the  least- square  solution. 


Case  C:  n  <  m 

For  the  case  xvdiere  the  number  of  measurements 
is  less  than  the  number  of  parameters,  Eq.  (18) 
contains  more  unknox^zns  (m)  than  the  governing  equa¬ 
tions  (n).  Mathematically,  Eq .  (8)  is  under  con¬ 

strained  and  there  are  infinite  nximber  of  solu¬ 
tions  which  will  satisfy  Eq .  (8).  It  is  postulated 
that  among  these  infinite  number  of  solutions,  the 
one  whose  norm  is  minimum  will  be  the  approximate 
solution.  Therefore,  this  is  a  constrained  mini¬ 
mization  problem,  where  the  minimization  of  | |Ar2| | 
is  to  be  accomplished  subject  to  Eq .  (8).  Let 


It 


The  Euclidian  norm  of  the  residual  vector  is 


xvhere  {A}  =  annx  1  vector  of  Lagrange  Multipliers 
the  minimization  procedure  calls  for 


ArM  ^Af 


1  - 

I  3r 


=  {Ar} 


It  is  postulated  that  the  best  approximate  solution 
xvill  minimize  the  Euclidian  norm  of  residual  vector. 


{“}  -  [H]  =  “ 


([i]W -(“!)  =  “  <■« 


Multiplying  [9f/9r]  to  Eq,  (]9)  and  adding  the 
resulting  equation  to  Eq .  (20),  one  obtains 


-  [n]  [i^T  {') = “ 

and 

W=([i^][lf]TM 

The  existence  of 

{m  mf 

is  guaranteed  by  virture  of  its  full  rank  of  n. 
Substituting  Eq.  (22)  into  Eq.  (19),  one  obtains 

l-(  =  ra'([i][-S]TM 


Equations  (12),  (16)  and  (23)  are  to  be  used 
for  estimating  the  parameter  differences  Ar  if 
the  number  of  measurements  used  in  this  procedure 
is  equal  to,  greater  than  and  less  than  the  param¬ 
eters  to  be  identified,  respectively.  After  the 
parameters  are  identified,  the  analytical  model 
will  be  modified  and  new  eigenvalues  and  eigen¬ 
vectors  will  be  computed.  The  entire  procedure  is 
repeated  until  a  predetermined  convergence  between 
the  test  and  analysis  is  achieved. 


Fig.  1  Galileo  Spacecraft  in  Modal  Test 
Configuration. 


N 


GALILEO  SPACECRAFT 


The  Galileo  is  an  interplanetary  spacecraft 
whose  mission  is  to  conduct  scientific  exploration 
of  the  planet  Jupiter.  It  is  to  be  launched  by  the 
Space  Shuttle  and  a  modified  Centaur  Upper  Stage  in 
1986.  Figure  1  shows  the  Galileo  spacecraft  in  its 
modal  test  configuration  with  its  major  components 
indicated.  The  total  weight  of  the  spacecraft  is 
approximately  5300  lbs.  A  finite  element  model 
using  NASTRAN  code  was  constructed  for  performing 
the  design  loads  analysis.  Figure  2  shows  the 
schematics  of  the  model.  This  model  consists  of 
approximately  10,000  static  degrees-of-f reedom 
(DOF)  and  1600  mass  DOF.  It  is  this  loads  analysis 
model  which  is  required  to  be  verified  by  the  modal 
test . 

Extensive  pre-test  analysis  has  been  conducted 
prior  to  the  modal  test  (Ref.  14)  for  the  purpose 
of  understanding  the  modal  characteristics  of  the 
loads  model.  This  was  essential  in  the  design  of 
the  modal  test  such  as  the  instrumentation  distribu¬ 
tion  and  external  excitation  selection.  After 
careful  consideration,  it  was  determined  that  162 
channels  of  accelerometer  measurements  as  well  as 
118  channels  of  strain  gage  measurements  were  to  be 
taken.  The  instrumentation  distribution  was  such 
that  all  the  important  modal  displacements  and  modal 
forces  were  measured  with  sufficient  resolution. 
Since  the  number  of  DOF  in  the  loads  analysis  model 
was  a  few  orders  of  magnitude  greater  than  the  num¬ 
ber  of  measurements  to  be  made  during  test,  a  con¬ 
densed  model  was  constructed  such  that  its  DOF  would 
be  compatible  with  the  measurements*  This  condensed 


Fig.  2  Galileo  NASTRAN  Model. 
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model  was  called  the  Test-Analysis  Model,  TAM, 
which  was  obtained  by  Guyon  reduction  method  to 
collapse  the  mass  and  stiffness  matrices  in  the 
loads  analysis  model  onto  162  DOF.  The  TAM  was  so 
adjusted  that  all  the  modal  characteristics  pre¬ 
dicted  by  the  loads  model  should  be  reproduced  by 
TAM  within  the  range  of  interest.  The  construction 
of  TAM  was  an  evolution  process  because  of  the 
changes  and  improvements  of  the  model.  Figure  3 
shows  the  progress  of  each  TAM  up  to  December  1983. 
The  basic  model  is  the  TAM6  which  reflects  some  of 


Fig.  3  Evolution  of  Test  Analysis  Models. 


the  hardware  changes  of  the  test  article  such  as 
the  weights  of  the  components. 

The  modal  test  was  performed  by  using  various 
testing  techniques  and  their  results  were  reported 
and  compared  for  evaluations  of  the  methods, 

(Refs.  15  to  19).  The  modal  test  data  chosen  for 
the  identification  process  were  obtained  from  the 
multi-shaker  sine  dwell  because  of  the  relative 
high  amplitude  responses  which  are  thought  to  be 
closer  to  reality  in  flight.  Although  17  indepen¬ 
dent  modes  were  obtained  by  the  multi-shaker 
sine  dwell  method,  only  9  of  them  will  be  used  in 
the  identification  procedure.  They  are  selected 
because  of  the  large  effective  masses  which  are 
indications  for  the  global  modes.  Table  1  lists 
the  frequencies  and  descriptions  of  these  test 
modes  and  those  of  TAM6.  Tables  2  and  3  shox^z  the 
orthogonality  and  cross-orthogonality,  respectively. 
The  analytical  mass  matrix  and  modes  are  those  of 
TAM6, 

Subsequent  to  the  modal  test,  a  static  test  was 
performed.  The  results  was  used  in  improving  the 
Galileo  stiffness  matrix.  The  model  improvement  and 
modification  were  reflected  in  the  TAM7 ,  TAMS  and 
TAM9.  Table  1  also  lists  the  frequencies  of  TAM9 
comparing  to  the  test  and  TAM6 .  Table  3  also  shows 
the  cross  orthogonality  between  TAM9  and  test 
modes.  Figure  4  shows  the  kinetic  energy  comparison 
betx^/een  the  TAM6 ,  TAM9  and  the  test.  With  respect 
to  the  test  results,  TAM9  shows  certain  improvement 
over  TAM6,  but  discrepancies  still  exist. 

In  view  of  the  corrections  of  stiffness  based 
on  the  static  test  results,  the  parameters  in  the 
identification  procedure  are  limited  to  the  mass 
representation  of  the  model.  Table  4  lists  the 
parameters  and  their  original  masses.  These  param¬ 
eters  are  not  individual  elements  in  the  mass 
matrices  but  rather  are  the  lumped  masses  of  several 
nodes  within  the  major  components.  All  together 
51  test  measured  quantities  are  selected  as  the 


Table  1  Test  and  analysis  modes  comparison 


Test 

T/\M6 

TM9 

Description 

Mode 

No . 

Frequency 

(Hz) 

Mode 

No. 

Frequency 

(Hz) 

% 

Error 

Mode 

No. 

Frequency 

(Hz) 

% 

Error 

1 

13.48 

1 

13.49 

0.07 

1 

13.87 

2.89 

SXA  in  X 

2 

13.69 

2 

13.74 

0.37 

2 

14.03 

2.48 

SXA  in  y 

3 

17.95 

4 

18.15 

1,11 

3 

18.48 

2.70 

Core  Bending  y 

4 

18.15 

5 

18.83 

3.75 

4 

18.89 

4.08 

SXA  in  x-y 

5 

18.59 

3 

16.44 

11.57 

5 

19.56 

5.22 

Torsion 

6 

21.60 

7 

20.52 

5.00 

7 

21.22 

1.76 

+RTG  in  z 

7 

23.58 

9 

22.97 

2.59 

8 

23.04 

2.29 

+RTG  in  z 

8 

24.85 

8 

21.27 

14.41 

10 

24.53 

1.29 

Torsion 

14 

37.59 

17 

33.77 

10.16 

18 

37.44 

0.40 

Bouncing 

Average 

5.45 

Average 

2.57 
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Table  2  Orthogonality  for  test  modes 


1  L 

1.00 

0.49 

0.02 

1—1 

o 

1 

2 

1.00 

o 

1 

1 

o 

o 

3 

1.00 

0.45 

4 

1.00 

5 

6 

7 

8 

14 


5 

6 

7 

8 

14 

0.13 

0.07 

0.02 

-0.03 

-0.01 

-0.02 

0.06 

-0.09 

0.00 

0.01 

-0.02 

-0.04 

-0.04 

-0.02 

0.02 

0.16 

0.00 

0.02 

0.02 

0.01 

1.00 

-0.02 

-0.01 

-0.07 

-0.04 

1.00 

-0.01 

0.02 

-0.08 

1.00 

0.02 

-0.01 

1.00 

-0.02 

1.00 


observations  which  include  9  frequencies  and  kinetic 
energies  of  each  of  the  chosen  test  modes  whose 
amplitudes  exceed  5%.  The  sensitivity  or  Jacobian 
matrix,  whose  elements  are  the  derivatives  of  the 
eigenvalues  and  kinetic  energies  with  respect  to 
the  parameters,  is  constructed  by  making  a  small 
change  of  the  specific  parameter,  Sr^,  and  then 
calculating  the  new  eigenvalues  and  kinetic  ener¬ 
gies  due  to  this  change,  6f j ,  j  =  1,  2,  51. 

Then  in  the  limiting  case,  one  obtains  the 
derivatives  as 


limit 

6r  .->0 
1 


(24) 


Varying  one  parameter  at  a  time  and  meanwhile  keep¬ 
ing  all  other  parameters  unchanged,  one  column  of 
the  Jacobian  matrix  which  consists  of  51  elements 
can  be  constructed  according  to  Eq.  (24).  Although 
a  new  eigen  problem  solution  is  required  for  each 
small  change  of  parameters,  a  seemingly  expensive 
procedure  for  large  model,  in  practice,  the  same 
decomposed  stiffness  matrix  can  be  used  for  each 
eigenproblem  and  using  NASTRAN  restart,  the 
computation  cost  is  very  reasonable.  After  every 
parameter  is  disturbed,  the  entire  Jacobian  matrix 
is  completed.  Since  the  number  of  measurements 
used  in  the  procedure  (51)  is  greater  than  the 
number  of  parameters  (10) ,  Eq.  (16)  is  used  to  cal¬ 
culate  the  changes  in  the  parameters,  (Case  B) . 
Table  4  also  lists  the  results  of  the  parameter 
identification.  Based  on  the  estimated  new  param¬ 
eters,  a  new  model  was  constructed  and  its  eigen¬ 
problem  is  solved.  It  should  be  noted  that  one  of 
the  parameters,  namely  the  Despun  Box  mass  was 
identified  as  having  an  increment  of  290%  which  is 


physically  impossible.  Therefore,  in  the  new  model, 
a  20%  limit  was  imposed  on  that  parameter.  The 
20%  was  chosen  because  of  the  requirement  of  small 
changes  as  a  priori  condition.  Table  5  shows  the 
frequencies  calculated  from  this  new  model  and  the 
comparisons  with  the  test  frequencies.  In  general, 
the  new  model  is  improved  as  compared  with  the 
previous  model  shown  in  Table  1 .  The  average  fre¬ 
quency  error  is  reduced  from  5.45%  to  1.70%. 

Tables  6  and  7  show  the  new  orthogonality  and 
cross  orthogonality  similar  to  those  of  the  previous 
model  as  shown  in  Tables  2  and  3,  respectively. 

The  orthogonality  has  been  improved  slightly, 
however  the  major  large  off-diagonal  terms  are 
still  present.  The  improvement  on  the  cross 
orthogonality  is  more  evident,  especially  for  the 
diagonal  terms  whose  values  are  closer  to  unity 
comparing  with  previous  models.  The  kinetic  energy 
comparison  is  shown  in  Fig.  5  for  the  four  selected 
modes.  Except  for  the  mode  6  which  is  a  local  RTG 
mode,  all  others  show  significant  improvement. 


WEIGHTED  ESTIMATION 

Equation  (16)  provides  the  estimation  of 
parameters  in  the  sense  of  least-square  best  fit. 

It  should  be  noted  that  all  the  measurements  are 
treated  equally  in  the  identification  process.  In 
other  words,  no  consideration  is  made  for  the  error 
differences  between  the  instruments  or  the  dif¬ 
ferences  in  the  importance  of  different  modes. 
However,  in  reality,  the  test  measured  quantities 
are  different  not  only  in  their  accuracies  but  also 
in  the  importance  of  each  mode  with  respect  to  the 
loads  analysis.  These  physical  considerations  seem 
to  indicate  that  the  measurements  should  be  weighted 
in  the  identification  procedure.  This  can  be 
accomplished  by  performing  the  minimization  pro- 
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Table  3  Cross  orthogonality  for  test  vs.  Ti\M6  and  Ti\>t9 


Test 

Ti\M  1  2  3  4  5  6  7  814 


1*  -0.87  -0.06  -0.15  0.20  -0.1,6  -0.05  0.02  0.01  0.02 

(1)**  (  0.92)  (  0.15)  (  0.08)  (-0.18)  (  0.20)  (  0.03)  (-0.03)  (-0.01)  (-0.02) 


2  -0.42  -0.97  0,30  0,22  -0.02  0.01  0.03  0.03  0.02 

(2)  (  0.34)  (  0.97)  (-0.23)  (-0.14)  (  0.01)  (-0.01)  (-0.01)  (-0.02)  (-0.02) 


4  -0.06  -0.17  -0,88  -0.66  0.02  -0.03  -0.09  -0.03  -0.02 

(3)  (-0.07  (-0.11)  (-0.85)  (-0.77)  (  0.05)  (  0  )  (  O.Ol)  (-0.02)  (-0.02) 

5  0.16  0.05  0.23  0.48  -0.42  -0.01  0.03  0.03  0.02 

(4)  (-0.10)  (-0.01)  (0.44)  (-0.49)  (0.06)  (-0.13)  (-0.04)  (0.01)  (0  ) 


3  -0.06  0.02  0.15  -0.45  -0.85  -0.07  0.02  0.02  0.02 

(5)  (  0.05)  (  0.04)  (  0,03)  (-0.24)  (-0.91)  (  0.12)  (  0,09)  (  0.09)  (  0.02) 


7  0.02  0.10  -0.02  0.02  -0.08  0.77  -0.24  -0.02  0 

(7)  (  0.04)  (  0.04)  (  0.03)  (-0.03)  (  0.12)  (  0.90)  (  0.13)  (-0.07)  (-0.02) 


9  -0.01  0.05  0.02  -0.02  -0.02  0.07  -0.60  0.12  -0.01 

(8)  (-0.01)  (  0.06)  (  0.04)  (  0  )  (-0.02)  (  0.12)  (-0.75)  (-0,01)  (  0.01) 


8  -0.02  0  -0.02  0  -0.02  -0.02  0.09  0.94  0.09 

(10)  (-0.01)  (  0.02)  (-0.01)  (  0.02)  (  0.01)  (  0.15)  (-0.13)  (  0-73)  (  0  ) 


17  0  -0.02  0.02  -0.01  0.01  0.05  0.01  -0.05  -0.78 

(18)  (  0,01)  (-0.01)  (  0  )  (  0  )  (  0  )  (  0.06)  (  0.02)  (  0.03)  (-0.70) 


Nninbers  without  parentheses  are  for  TAM6 
Numbers  with  parentheses  are  for  Tb\M9 


cedure  on  an  extended  vector  norm  which  is  defined 
as : 

Q  =  [W] 

=  ({^4  -  [f]  ({"4 

where 

[W]  =  a  positive  definite  compatible  weighting 
matrix 

{e}  =  residual  vector  defined  in  Eq.  (13). 

The  solution  to  the  minimization  procedure  similar 
to  Eq.  (15)  is  as  follows, 

fifl)  Rfl 


For  the  Galileo  modal  test;  weighting  matrix 
will  be  defined  by  the  effective  mass  distribution 
for  each  mode.  The  larger  the  effective  mass 
indicates  the  more  participation  for  the  mode  in 
the  loads  analysis,  therefore  the  more  importance. 
Table  8  shows  the  effective  mass  in  percentage  of 
the  total  mass  for  the  9  test  modes.  The  sum  of 
the  effective  mass  over  the  six  directions  is  the 
weighting  factor  for  each  mode  in  the  weighting 
matrix  [W] .  Each  measurement  in  the  same  mode  is 
assigned  to  a  same  weighting  factor  and  no  weighting 
correlations  exist  between  the  modes.  Therefore 
the  matrix  [W]  is  a  diagonal  matrix  with  9  different 
numbers  assigned  to  9  corresponding  modes. 

The  results  of  Eq .  (26)  are  shown  in  Tables  4, 

5,  6  and  7  and  Fig.  5.  In  general:  the  weighted 
results  show  better  improvement  in  frequency 
errors,  cross-orthogonality  and  kinetic  energy 
distribution.  However,  these  improvements  are  not 
as  significant  as  one  would  like  them  to  be. 

CONCLbTlING  REIiMKS 

A  system  identification  procedure  has  been 
described  and  an  application  to  a  realistic  compl.ex 
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Fig.  4  Kinetic  Energy  Distribution  for  Analytical  Models. 


Table  4  Structural  parameters 


Parameter  Description 


Despun  Box 


Science  Boom 


Scan  Platform 


RPM  Mx,  My 


Original  Weight 
(lbs) 


2315.98 


Identified  Model 

Unweighted 

Weighted 

Identified 

Weight 

(lbs) 

% 

Increment 

Identified 

Weight 

(lbs) 

% 

Increment 

92.60 

18.84 

91.36 

17.25 

452.58 

-15.98 

342.01 

-36.51 

849.34* 

290. 97>'^ 

753.36* 

246.79* 

155.03 

-0.63 

163.85 

5.03 

195.72 

-5.74 

195.92 

-5.65 

161.07 

0.81 

161.78 

1.25 

156.99 

1.95 

150.86 

-2.03 

662,92 

3.52 

647.81 

1.15 

2265.80 

-2.17 

2415.48 

4.30 

2392.06 

3.29 

2468.31 

6.58 

The  identified  despun  box  mass  is  unrealistically  high.  They  are  limited  arbitrarily  to  20%  increment 
in  the  identified  model. 


Table  5  Identified  modes  comparison 


Test 

Unweighted  Model 

Weighted  Model 

Description 

Mode 

No . 

Frequency 

(Hz) 

Mode 

No. 

Frequency 

(Hz) 

% 

Error 

Mode 

No. 

Frequency 

(Hz) 

% 

Error 

1 

13.48 

2 

13.54 

0,45 

2 

13.63 

1  .11 

SXA  in  X 

2 

13.69 

1 

13.52 

1,31 

1 

13.56 

0.95 

SXA  in  y 

3 

17.95 

4 

18,01 

0.33 

4 

18,11 

0.89 

Core  Bending  y 

4 

18.15 

3 

17.85 

1.65 

3 

17.99 

0.88 

SXA  in  x-y 

5 

18.59 

5 

19.48 

4.79 

5 

19.10 

2.74 

Torsion 

6 

21.60 

7 

21.23 

1.71 

7 

21,26 

1.57 

±RTG  in  z 

7 

23,58 

8 

22.92 

2.80 

8 

22.93 

2.  76 

+RTG  in  z 

8 

24.85 

10 

24,47 

1.53 

10 

24.54 

1.25 

Torsion 

1.4 

37,59 

18 

37.33 

0.69 

18 

37,13 

1.22 

Bouncing 

Average 

1 .  70 

Average 

1.49 

i 

Table  6  Test  modes  orthogonality  with  respect  to  identified  model 


1 

2 

3 

4 

5 

6 

7 

8 

14 

1 

1.00 

0.49 
(  0.49) 

0.01 
(  0.01) 

-0.06 

(-0.06) 

0.10 
(  0.09) 

0.06 
(  0.06) 

-0.02 

(-0.02) 

-0.03 

(-0.03) 

-0.01 

(-0.01) 

2 

1.00 

-0.06 

(-0.06) 

-0.01 

(-0.01) 

-0.03 

(-0,03) 

0.04 
(  0.04) 

-0.07 

(-0.07) 

0.00 
(  0.00) 

0.01 
(  0.01) 

3 

1.00 

0.45 
(  0.44) 

-0.02 

(-0.03) 

-0.05 

(-0.05) 

-0.04 

(-0.04) 

-0.02 

(-0.02) 

0.02 
(  0.02) 

4 

1.00 

0.16 
(  0,18) 

0.01 
(  0.01) 

0.01 
(  0,01) 

0.02 
(  0,02) 

0.01 
(  0.01) 

5 

1.00 

-0.03 

(-0.02) 

-0.01 

(-0.01) 

-0.06 

(-0.05) 

-0.04 

(-0.03) 

6 

1.00 

-0.01 
(  0.01) 

0.02 
(  0.02) 

-0.09 

(-0.10) 

7 

1.00 

0.02 
(  0.02) 

0.00 
(  0,00) 

8 

1.00 

-0.02 

(-0.02) 

14 

1.00 

Numbers  without  parentheses  are  for  unweighted  model. 
Numbers  with  parentheses  are  for  weighted  model. 


Table  7  Cross  orthogonality  for  Test  vs.  identified  model 


Test 


Model  1 


2* 

(2)>v* 


-0.94 

(-0.98) 


2 


-0.71 

(-0.40) 


3 


0.01 
(  0.00) 


4  5  6 


0.04 
(  0.05) 


-0.11 

(-0.11) 


0.00 

(-0.03) 


7  8  14 


0.01 

(  0.03) 


0.01 
(  0.00) 


0.02 
(  0.02) 


1 

(1) 


0.29 

(-0.10) 


-0.68 

(-0.90) 


0.02 
(  0.02) 


-0.07 

(-0.06) 


0.08 
(  0.04) 


0.05 
(  0.04) 


-0.02 

(-0.02) 


0.01 
(  0.01) 


0.00 
(  0.01) 


4 

(4) 


0.00 
(  0.01) 


-0.02 

(-0.01) 


0.83 
(  0.74) 


0.01 

(-0.17) 


0.18 
(  0.13) 


-0.17 

(-0.17) 


-0.06 

(-0.07) 


0.02 
(  0.02) 


0.00 
(  0.00) 


3 

(3) 


-0.01 
(  0.00) 


0.01 

(-0.02) 


-0.51 
(  0.63) 


-0.91 
(  0.92) 


0.18 

(-0,09) 


-0.10 
(  0.06) 


0.00 
(  0.00) 


-0.02  -0.02 
(  0.01)  (  0.02) 


5 

(5) 


0.03 

(  0.02) 


0.04 
(  0.03) 


0,12 
(  0.10) 


-0.31 

(-0.25) 


-0.89 

(-0.92) 


0.11 

(  0.07) 


0.08 
(  0.08) 


0.07 
(  0.06) 


0.02 
(  0.02) 


7 

(7) 


0.05 
(  0.05) 


0.04 
(  0.05) 


0.05 
(  0.04) 


-0.02 

(-0.05) 


0.14  0.88 

0.07)  (  0.89) 


0.12 

(  0.17) 


-0.07 

(-0.06) 


-0.02 

(-0.02) 


8 

(8) 


-0.01 

(  0.02) 


0.07 

(-0.06) 


0.04 

(-0.04) 


0.00 

(-0.01) 


-0.02 
(  0.02) 


0.10 

(-0.18) 


-0.80 

(  0.68) 


-0.01 

(-0.02) 


0.01 

(-0.01) 


10 

(10) 


0.00 
(  0.01) 


0.03 

(-0.03) 


-0.01 
(  0.01) 


0.02 

(-0.01) 


0.01  0.24 

0.01)  (-0.19) 


-0.04 
(  0.15) 


0.66 

(-0.68) 


0.00 
(  0.00) 


18 

(18) 


-0.01 

(  0.00) 


0.02 
(  0.02) 


0.00 
(  0.00) 


0.01 
(  0.01) 


-0.01 

(  0.00) 


-0.08  -0.02 
(-0.07)  (-0.02) 


-0.03  0.91 

(-0.03)  (  0.92) 


Numbers  without  parentheses  are  for  unweighted  model 
Numbers  with  parentheses  are  for  weighted  model 


TEST  MODE  1 


TEST  MODE  3 


TEST  MODE  6 


TEST  MODE  14 


Fig.  5  Kinetic  Energy  Distribution  for  Identified  Models. 


Table  8  Effective  mass  of  test  modes 


Mode 

X 

y 

z 

7x 

0y 

0  z 

Sum* 

1 

0.3695 

0.0199 

0 

0.0356 

0.5850 

0 

1  .000 

2 

0.0231 

0.2677 

0 

0.4011 

0.0320 

0 

0.7239 

3 

0.0735 

0.4456 

0 

0.3587 

0.0550 

0 

0.9327 

4 

0.1737 

0.2033 

0 

0.1790 

0.1484 

0.0548 

0.7591 

5 

0 

0 

0 

0 

0.0285 

0.2972 

0.3257 

6 

0.2766 

0.0103 

0.0127 

0 

0.1346 

0.0123 

0.4465 

7 

0 

0 

0.1018 

0.0089 

0 

0 

0.1107 

8 

0.0133 

0 

0 

0.0022 

0 

0.3581 

0.3737 

14 

0 

K 

0 

0.7511 

0 

0 

0 

0.7511 

* 

Numbers 

are  used  in 

the  Weighting 

Matrix. 

spacecraft  structure  was  performed.  The  usual 
modal  displacements  are  replaced  by  the  kinetic 
energy  distributions  as  the  measurement  quantities 
in  the  procedure.  Also,  the  concept  of  weighting 
the  measurements  in  order  to  emphasize  certain  data 
V7as  described.  The  results  show  that  indeed  the 
proposed  approach  produces  a  better  model  which 
predicts  better  modal  characteristics  than  the 
original  analytical  model. 

One  shortcoming  of  the  approach  is  that  engi¬ 
neering  judgement  is  still  required  for  eliminating 
the  physically  impossible  parameter  changes.  Also 
a  more  important  aspect  of  the  approach  is  the 
selection  of  parameters  which  is  primarily  based  on 
individual's  liking  or  intuition.  A  more  syste- 
m.atic  method  of  selection  would  be  assigning  a 
large  number  of  parameters  and  calculating  the 
sensitivity  of  modal  characteristics  with  respect 
to  these  parameters.  Only  the  ones  with  higher 
sensitivity  are  retained  for  the  identification. 
However,  sensitivity  calculation  is  a  very  expensive 
process,  therefore,  it  may  not  be  a  cost  effective 
method  for  a  large  system  which  contains  large 
numbers  of  parameters. 
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Abstract 

This  paper  utilizes  the  method  of  Poisson 
Moment  Functionals  (PMF)  to  identify  the 
parameters  of  increasingly  complex  time  invariant 
linear  structures  in  a  noisy  environment.  Two 
formulations  are  given.  The  first  provides 
identification  of  the  first  order  state  equations 
of  the  structure  from  measurements  of  generalized 
displacements,  velocities,  and  forces.  The  second 
provides  identification  of  the  second  order 
differential  equations  of  the  structure  from 
measurements  of  only  the  generalized  displacements 
and  forces.  Both  formulations  identify  the 
initial  conditions  of  the  sytera.  Results  of  some 
parametric  studies  are  given,  and  comparisons  are 
made  with  a  second  order  Auto  Regressive  Moving 
Average  (ARMA)  method. 


1.  Introduction 

The  method  of  Poisson  Moment  Functionals 
(PMF)  leads  to  an  effective  time  domain  algorithm 
for  linear  system  identification.  The  method  was 
first  explicitly  introduced  by  Fairman  and  Shen 
[1,2]  and  Fairman  [3],  and  was  later  refined  in  a 
series  of  papers  by  Saha  and  Prasada  Rao  [4-8]  and 
Sivakuraar  and  Prasada  Rao  [9].  The  latter  were 
primarily  concerned  with  transfer  function 
synthesis  of  systems  of  order  n/2,  and  with 
identification  of  the  state  equations  of  n 
dimensional  systems  for  the  force-free  case.  In  a 
recent  note  by  Bergman  and  Hale  [10],  the  method 
was  extended  to  encompass  the  more  general  forced 
case  of  identification  of  the  state  equations  for 
homogeneous  initial  conditions,  making  both  the 
state  and  input  matrices  of  the  system  available 
for  further  analysis  [11]. 

Among  the  advantages  of  PMF,  previously 
noted,  are; 

(a)  Identification  is  done  in  continuous 
time. 

(b)  The  method  is  somewhat  naturally  immune 
to  zero-mean  additive  noise. 
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(c)  The  PMF’s  of  the  process  signals  can  be 
obtained  online  as  the  response  of  a 
Poisson  filter  chain. 

In  this  paper,  we  first  augment  the 
operational  matrices  defined  in  [10]  in  order  to 
accommodate  and  identify  arbitrary  initial  values 
of  the  state  variables.  This  additional 
flexibility,  in  conjunction  with  the  now  well 
known  attributes  of  the  PMF,  provides  an  effective 
method  for  the  on-line  identification  of  linear 
systems.  We  also  present  a  second  formulation 
that  is  especially  convenient  for  structural 
dynamic  systems. 

The  first  formulation  is  used  to  identify  a 
single  degree  of  freedom  system  and  a  three  degree 
of  freedom  system  in  progressively  noisier 
environments.  Results  are  given  for  the  fully 
determined  (invertible)  case.  The  results  are 
compared  with  those  obtained  from  a  second  order 
Auto  Regressive  Moving  Average  (ARMA)  analysis  of 
the  data  [11,12], 

2.  Poisson  Moment  Functionals 

The  PMF  transform  takes  a  signal  f(t)  over 
the  interval  [0,tQ]  and  converts  it  to  a  set  of 
real  numbers 

^  t 

^k°  "  -  t)  dt 

(k  =  0,1,2,....)  (1) 

where 

p^  =  Plc(t)  =  exp(-Xt)/k!  (2) 

and 

A(real)  >  0  ,  (3a) 

=  f(to)  .  (3b) 
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If  f(t)  and  df(t)/dt  are  arbitrary  at 

t  =  0,  and  if  f^^t  )  denotes  the  kth  PMF  of 
K  o 

df(t)/dt,  then  it  can  be  shown  [5]  that 


-  X 


can  be  very  small  due  to  the  division  by  k 
factorial.  In  this  case,  the  formulation  becomes 

[C]  =  [Y]  [f]  [i]”^  ,  (13) 

where  [C]  and  [Y]  are  as  defined  previously; 


-  Pk(to). 


n+m+i 

-k-1 


(k  =  0, 1,2,. . . . ). 


3.  Linear  System  Identification  by  PMF  When 
All  of  the  States  and  Forces  are  Measured 


a  2n  X  (n+m+1)  matrix; 


This  result  can  be  applied  directly  to  the 
first  system  that  we  wish  to  identify  from 
potentially  noisy  response  data,  namely, 

x(t)  =  [A]  x(t)  +  [B]  u(t)  ,  t  >  0  (5) 


x(0)  =  x  .  (6) 

Here,  x(t)  is  an  n-dimensional  state  vector 
comprised,  normally,  of  generalized  displacements 
and  generalized  velocities,  and  u(t)  is  an 
m-dimensional  input  vector  consisting  of 
generalized  forces. 

Taking  piF’s  of  the  state  vector  x(t)  ,  its 
derivative  x(t),  and  the  input  vector  u(t) 
about  a  single  time  t^,  and  rearranging  the  state 
equations,  we  arrive  at  the  formulation 

[C]  =  [Y]  [’?]  [$]"1  (7) 


[C]  =  [[A]  [B]  -K^], 

an  n  X  (n+m+1)  matrix; 

[Y]  =  [[I]  [A]],  an  n  X  2n  matrix; 


an  (n+m+1)  x  (n+m+1)  matrix; 


and  where  the  superscript 


denotes  the 


appropriate  PMF  evaluated  at  time  t j • 

When  identification  is  sought  in  an 
environment  wherein  noise  is  present  not  only 
within  the  response  process  but  also  due  to 
measurement  error,  it  may  sometimes  be 
advantageous  to  utilize  more  data  than  required, 
resulting  in  ’’averaging"  of  the  error.  As  we  will 
use  the  multiple  time  formulation  exclusively  in 
the  following  work,  the  appropriate  least  square 
formulation  for  the  multiple  time  case  is  given  by 

[C]  =  [Y]  (16) 

where,  now,  the  moments  are  computed  at  more 
than  n+m+1  instants  of  time. 


[I],  the  n  X  n  identity  matrix  and 
[A]  =  -  A  [I]; 


4.  Linear  System  Identification  When 
Only  Generalized  Displacements  and  Forces 
are  Measured 


'^k+n+m-1 


and  ] 


'^k  ^+1  •  •  *  ^k+n-hn 

a  2n  x  (n+m+1)  matrix; 


^k+n+m 


an  (n+m+1)  x  (n+m+1)  matrix; 


In  the  previous  identification  procedure, 
an  n  X  n  state  matrix  [A]  and  an  n  x  ra  input 
matrix  [B]  were  identified  from  PMF^s  of  all  n 
state  variables  x(t)  and  m  Inputs  u(t).  For 
structural  dynamic  systems,  the  state  variables 
are  usually  defined  as  n/2  generalized 
displacements  and  n/2  generalized  velocities. 
Often,  all  n  state  variables  are  not 
conveniently  measured;  that  is  they  are  not 
readily  available  for  input  to  a  Poisson  filter 
chain.  This  section  considers  direct 
identification  from  PMF’s  computed  from  the  n/2 
generalized  displacements. 


where  the  dependence  of  the  PMF's  of 

x(t)  and  u(t)  on  t^  is  not  shown  explicitly. 

Alternately,  it  may  be  desirable  to  minimize 
the  maximum  order  of  the  transformation  by 
sampling  at  multiple  instants  of  time  (t^,  t][, 

. . . . )  .  This  may  be  advantageous  as  the  dimension 
of  the  system  grows  large,  because  higher  moments 


Let  the  state  vector  be  given  by 
x(t)  =  [xj  x^]"^  ,  where  x^  =  Xj^(t)  denotes  the 
vector  of  generalized  displacements,  and 
Xo  =  Xo(t)  =  x,  denotes  the  vector  of  generalized 

velocities.  We  seek  to  identify  from  potentially 
noisy  data  the  second  order  system 
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t  >  0  (17) 


[I]  =  the  n/2  x  n/2  identity  matrix 


+  [c]x^  +  [h]x^  =  [g]lL 


x,(0)  =  a  ,  x^(0)  =  x,(0)  =  b  .  (18a, b) 

Here,  the  unknown  coefficient  matrices  can  be 
considered  to  be  obtained  by  premultiplication  by 
the  inverse  of  an  n/2  x  n/2  positive  definite, 
symmetric  mass  matrix  [m]  so  that 

[c]  =  [m)"hc],  [k]  =  [m]’hk], 


[g]  =  [m]  "[g] 


(  19a,b, c) 


and  [A]  =  -  A[I]  ; 


-"1  -2  -n+m+2 

^2,k-l  ~2,k-l  •••  ~2 

-^1  -^2  -^n-hn+2 

~2,k  ~2,k  *’*  ~2,k 

an  n  X  (n-hii+2)  matrix; 


,  (29) 


where  [c],  [k],  and  [g]  are  the  usual  damping, 

stiffness,  and  input  matrices,  respectively. 


The  first  order  equations  of  state  associated 
with  (17)  are  given  by 


X2  =  -  ~ 

Now,  taking  PMF's  of  (20)  and  (21)  about  time 
tj  yields 

t .  t .  t .  t  .  t . 

X,"^,  ,  -  =  X^"^,  +  a  p,  ^  =  X^-^,  (2 

~l,k-l  ~l,k  ~z,k  ~  ^k  '^2,k 

t  .  t  .  _  t  t . 

22^k-l  ”  ^~2^k" 

_  t  .  t . 

+  +  b  p,  ^  . 


Because  it  is  assumed  that  only  PMF^s  of  x^(t) 


be  calculated  from  (22)  with  knowledge  of 
t  .  t . 

and  Thus  (23)  can  be  rewritten  as 


_t .  __t  ,  _  t . _ t . 

•^2^k-l  “  ^  ~2^k" 

_  t  .  _  t  .  t  . 

+  [ghk^  +  b  Pk^  +  s  Pkli 


-  n+m+2 

52,k 

t  .  .0 


[$]  =  u. 


Pk-i  Pk-i 


An  (n+m+2)  x  (n+m+2)  matrix. 


Note  that  both  X2  and  X2  ^  (i  =  1»2, 

...,  n+m+2)  are  needed  in  (29,30),  where  they  are 
t .  t .  t . 

obtained  from  x  ^  ^_2  >  '^l^k-l  ’  ~l'^k 


are  available,  we  have  Introduced  according  to 


[I]  [A]  [0] 

[0]  [I]  [A] 


1^1, k-1 


>  ,  (31) 


(i  =  1,2,  . . . ,  n+m+2). 


b  =b  +  ([c]  -A[I])a  . 


Thus,  we  have  again  arrived  at  the  formulation  of 
equation  (13)  for  sampling  at  multiple  instants  of 
time , 

[C]  =  [Y][¥][i]“^ 
where,  now, 

[C]  =  [  -[k]  -[c]  [g]  a  b  ] 

an  n/2  x  (n+m+2)  matrix;  (26) 

[Y]  =  [[I]  [A]],  a  n/2  x  n  matrix;  (27) 


Finally,  we  note  that  although  the  initial 
displacement  a  is  identified  directly,  the 
initial  velocity  b  is  not  identified  directly2_ 
but  must  be  calculated  from  (25)  when  a  and  [c] 
are  known. 


5.  Linear  System  Identification 
by  a  Second  Order  ARMA  Method 

The  system  that  we  wish  to  identify  is  again 
given  by  the  state  equations  (20,21)  represented 
by 

x(t)  -  [A]  x(t)  +  [B]  u(t)  .  (32) 

As  in  [12]  it  is  assumed  that  the  exact  input 
vector  u(iAt)  is  available  from  measurements  at 
the  discrete  times  t^  =  iAt,  where  At  is  a 
suitably  small  time  increment.  Also,  from  a  total 


of  n  components  of  the  state  vector,  only  n/2 
potentially  noisy  measurements,  corresponding  to 
the  generalized  displacements  Xj^(t),  are 
available  at  the  times  t^»  That  is, 

z(i)  “  [D]  x(i)  +  noise  (i)  (33) 

where  [D]  is  an  n/2  x  n  output  matrix  given  by 

[D]  =  [ [I]  [0]]  ,  (34) 

[I]  is  the  n/2  x  n/2  identity  matrix,  and  (i) 
means  (t^  =  iAt)* 

Because  the  measurements  are  available  at 
discrete  times  t^^  =  iAt,  the  continuous  time 
equation  (32)  is  transformed  to  the  correspond¬ 
ing  discrete  time  form 

x(i+l)  =  [A]  x(l)  +  [B]  u(i)  (35) 


least  squares,  are  used  to  determine  the  ARMA 
model  (43);  i.e.,  to  identify  estimates  of  the 
matrices  [Fj^],  [F2J,  [G][  ] ,  [02]-  Then,  the 
continuous  time  state  equations  must  be  determined 
from  the  ARMA  model-  As  in  [12],  matrices  [A^] 
and  [B^j  are  evaluated  from 

[AJ  =  (Xn[A^])  (45) 


[B^]  =  [  /  exp([A^]T)di:]  [B^]  (46) 

o 

in  which 

00 

An[A  ]  =  S  -  (-l)P"^  ([A J  -  [I])P  .  (47) 


Forming  the  transformation  matrix 


[D] 

[D][A  ] 
c 


[A]  “  exp(  [A]At)  (36) 

is  the  n  X  n  state  transition  matrix  of  the 
identified  model,  and 
_  At 

[B]  =  [  /  exp([A]x)dT][B].  (37) 

o  _ 

Equation  (35)  with  [B]  as  in  (37)  is  strictly 
valid  only  when  u(t)  is  constant  and  equal  to 
u(i)  over  the  interval  (ti>ti+l)*  Furthermore, 
the  identified  model  is  obtained  assuming  that  the 
structure  is  completely  controllable  and 
observable. 


the  state  matrices  of  the  system  are  given  by 


[A]  =  [Q]  [A^I  [Q] 


[B]  =  [Q]  [B J  . 


6.  Discussion  of  Numerical  Experiments 

We  have  studied  two  systems.  The  first  is  a 
simple  single  degree  of  freedom  (IDOF)  oscillator 
governed  by  the  equation  of  motion 

x(t)  +  x(t)  +  10  x(t)  =  5  u(t)  ,  t  >  0  (51) 


The  discrete  time  equation  (35)  is  now 
transformed  into  an  observable  canonical  form- 
Because  the  system  is  observable,  the  matrix 


_  [D] 


[(D][A]J 

is  nonsingular.  Defining  x  =  [Q]  x  ,  the 
canonical  form  of  (35)  is 


x  (i+1)  =  [A]  X  (i)  +  [B^]  u(i) 
^C  C  '^C  c  ~ 


[B^]  =  [Q]  [B]  , 


x(0)  =  1,  x(0)  =  2  .  { 

The  matrix  to  be  identified  by  PMF,  then,  is 


To  1  0  l] 

L-10  -1  5  2] 


which  includes  the  system  matrix  in  the  first  two 
columns,  and  the  input  vector  and  initial 
conditions  in  the  third  and  fourth  columns, 
respectively. 

The  second  is  a  three  degree  of  freedom 
(3D0F)  system  with  equations  of  motion  given  by 

[m]x(t)  +  [c]x(t)  +  [k]x(t)  =  ^  u(t)  ,  t  >  0  (55) 

x(0)  =  0  ,  x(0)  =  1  ,  (56) 


[AJ  =  [Q]  [A]  [Q] 
Then,  the  ARMA  model 


-1  _  [0]  [I] 

[F^]  [F^j 


[m]  =  [I]  ,  a  3x3  identify  matrix;  (57) 
[c]  -  .10  [I]  ,  (58) 


z(i)  =  [F^j  z(i-l)  +  [7^]  z(i-2) 
[G^j  u(i-l)  +  [G^j  u(i-2) 
is  obtained,  in  which 


[I]  [0] 

[F^]  [I] 


96  -48 

[k]  =  -48  96 

0  -48 


The  matrix  to  be  identified  by  PMF  is 


Parameter  identification  methods,  such  as  ordinary 


[C] 


"  0  0  0  i  0  0 

0  0  0  0  1  0 

0  0  0  0  0  1 

-96  48  0  -.10  0  0 

48  -96  48  0  -.10  0 

0  48  -48  0  0  -.10 


0 

0 

0 

1 

2 

1 


.(61) 


where 

[13]. 


denotes  the  Frobenius  matrix  norm 


7.  Results  and  Conclusions 


The  free  vibration  characteristics  of  both  s^^tems 
are  given  in  Table  1  in  which  is  the  i 

normalized  eigenvector.  We  note  that  the  ARllA 
algorithm  does  not  provide  identification  of  the 
initial  conditions,  and  thus  the  last  column  of 
(54)  and  (61)  will  be  omitted  in  the  comparison  of 
the  two  methods. 

The  PMF  algorithm  was  implemented  on  the 
Control  Data  Corp.  Cyber  175  at  the  University  of 
Illinois.  The  equations  of  motion  were  solved 
analytically  assuming  u(t)  to  be  sin4i:t.  The 
peak  response  of  each  state  was  determined,  and 
provision  was  made  for  adding  zero  mean  Gaussian 
noise  as  a  percentage  of  peak  response  to  each 
state  as  well  as  the  input.  Zero  mean  Gaussian 
noise  was  obtained  by  using  IMSL  routine  GGUBF3 
[14].  As  the  fully  observable,  fully  determined, 
multiple  time  formulation  was  used  exclusively  in 
this  analysis,  PMF^s  were  computed  numerically  at 
four  equally  spaced  times  for  the  IDOF  system  and 
eight  equally  spaced  times  for  the  3D0F  system, 
the  times  being  equally  spaced  over  one  second. 
Numerical  integrations  of  the  analytical  data  plus 
noise  were  performed  using  IMSL  routine  DCADRE 
[14]  to  simulate  implementation  of  the  analog 
Poisson  filter  chain.  Finally,  the  identified 
matrix  was  determined  using  IMSL  routine  OFIMAS  to 
solve  the  ordinary  least  squares  problem  given  by 
equation  (16),  although  a  simple  Gauss  elimination 
routine  would  have  sufficed  as  the  systems  studied 
were  fully  determined- 

Numerical  experiments  were  conducted  on  both 
systems,  where  the  additive  noise  component  of  the 
process  signals  were  assigned  values  of  0,  10,  50 
and  100%  of  the  peak  noise-free  values.  In  all 
cases,  the  maximum  moment,  given  by  the  parameter 
k,  was  set  equal  to  one;  and  the  parameter  \  was 
also  set  equal  to  one. 

The  ARMA  algorithm  was  also  implemented  on 
the  CYBER  175.  Data  was  generated  at  equal  time 
intervals  from  the  known  excitation,  sin4'n:t,  and 
analytical  solutions  for  the  system  states.  To 
the  states  was  added  a  zero  mean  Gaussian  noise 
component  as  a  percent  of  peak,  as  in  the  PMF 
analysis.  Two  sets  of  data  were  generated  and 
analyzed  for  each  of  the  four  noise  levels 
described  in  the  previous  section  and  each  of  the 
two  systems.  These  corresponded  to  time 
increments  At  of  .04,  and  .01  seconds, 
respectively,  over  a  full  sample  of  1.0  second. 
Again,  IMSL  routine  OFIMAS  was  used  to  solve  the 
ordinary  least  squares  problem,  yielding  the 
unknown  matrices  [F^],  [F2],  [Gj^  ] ,  and  [G2],  from 
which  the  continuous  time  state  equations  were 
reconstructed. 

For  both  the  PMF  and  ARMA  methods,  the 
identification  error  was  defined  by  [13] 


ERROR 


||[C] 


“  [C] 

exact  identified! 


TTwi 


,(62) 


exact ' 


The  results  of  the  PMF  analyses  are  given  in 
Table  2.  Several  conclusions  can  be  drawn  from 
the  data.  First  and  foremost  is  that  identifica¬ 
tion  is  nearly  perfect  and  is  Impervious  to  zero 
mean  additive  noise  in  the  input  and  output 
signals,  even  at  levels  significantly  greater  than 
those  tabulated.  This  was  also  found  to  be  true 
for  arbitrary  \  >  0  and  for  a  maximum  value  of 
k  >  1,  although  as  stated  earlier,  large  k  may 
lead  to  numerical  difficulties.  The  second 
conclusion  is  that  the  ordinary  least  square 
formulation  of  equation  (16)  is  not  required  in 
the  presence  of  zero  mean  additive  noise,  as  the 
data  attests.  Rather,  the  fully  determined  formu¬ 
lation  of  equation  (13)  provides  adequate 
accuracy. 

In  similar  studies  performed  by  Saha  and 
Prasada  Rao  (5)  and  Sivakumar  and  Prasada  Rao  (9), 
the  presence  of  zero  mean  additive  noise  severely 
degraded  the  quality  of  the  identification, 
leading  to  Kalman  filtering  of  the  process 
signals.  This  phenomenon,  we  now  believe,  is  due 
to  the  use  of  Simpson ^s  rule  to  perform  the 
integrations  necessary  to  compute  the  PMF^s.  As 
the  moments  can  be  defined  as  the  response  of  a 
Poisson  filter  chain,  the  integrations  are  ideally 
performed  in  an  analog  medium.  The  use  of  digital 
multistep  methods,  such  as  Simpson ^s  rule, 
produces  sufficient  propagative  errors  to  render 
the  method  unattractive. 

The  results  of  the  ARMA  analysis  are  given  in 
Table  3.  It  is  apparent  that  the  ordinary  least 
squares  solution,  although  biased,  provides 
excellent  identification  in  a  noise  free 
environment,  even  when  sampled  data  is  sparse. 
However,  in  the  presence  of  zero  mean  additive 
noise,  the  identification  error  is  significant, 
especially  when  compared  with  comparable  PMF 
results.  We  expect  that  instrumental  variable  or 
maximum  likelihood  [12]  estimation  of  the  ARMA 
model  would  improve  these  results  considerably, 
although  with  a  comparable  increase  in 
computational  complexity. 

While  the  error  of  (62)  as  presented  in 
Tables  2  and  3  is  indicative,  it  is  also 
demonstrative  to  present  the  actually  identified 
matrices.  We  do  this  in  Table  4  for  only  the  IDOF 
system  and  10%  noise.  Here,  the  Frobenius  error 
indicates  the  order  of  magnitude  of  the  error  in 
each  matrix  entry. 

Finally,  we  would  like  to  comment  on  the 
relative  computational  efficiency  of  the  PMF  and 
ARMA  algorithms.  Because  the  PMF's  can  be  easily 
computed  by  analog  means,  when  they  are  available 
to  insert  in  the  operational  matrices  at  the  start 
of  the  algorithm,  identification  requires  only 
inversion  of  a  n+m+1  dimensional  matrix  and 
simple  matrix  multiplication.  On  the  other  hand, 
ARMA  requires  a  least  squares  solution  of  an 
(n  +  2ra)  X  (no.  of  samples)  matrix  followed  by 
transformation  from  discrete  to  continuous  time. 
This  fact,  plus  the  inability  to  effectively 
accommodate  zero  mean  additive  noise  without 
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additional  computation,  makes  the  PMF  method  of 
system  identification  for  linear  time  invariant 
systems  significantly  more  attractive  than  the 
ARMA  method. 
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System 

IDOF 

3D0F 


Mode 


1 

1 

2 

3 


f  ,Hz 

.503 

.629 

1.764 

2.548 


£ 

.158 

.0795 

.0283 

.0196 


1.0 


Table  1 

Free  Vibration  of  the  Example  Systems 


System 

%  Noise 

Ident.  Error 

lOOF 

0 

7.49171396E-7 

10 

7.49192418E-7 

50 

7.49293580E-7 

100 

7.49293580E-7 

300F 

0 

1.89424238E-5 

10 

2.10782882E-5 

50 

2.09945823E-5 

100 

1.87680145E-5 

Table  2 


PMF  Identification  Error  as  a  Function  of 
Zero  Mean  Additive  Noise; 

X  -  1,  k  =  1;  one  second  of  data. 
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% 


Ident.  Error 


No.  or  Records 


IDOF  0 

10 
50 
100 

300F  0 

10 
50 
100 


25 

8.68509727E-13 

2.95502623E-03 

1.46730854E-02 

2.90896470E-*02 

5.97716927E-08 

1.08191218E-01 

4.33527720E-01 

6.52983692E-01 


100 

2.48952423E-10 
1.23125340E-02 
5.97148086E-02 
1. 14834761E-01 

2.72252295E~07 

4.68912816E-01 

8.85997354E~01 

9.5206i891E-01 


Table  3 

ARMA  Identification  Error  as  a  Function 
of  Zero  Mean  Additive  Noise  and  Number 
of  Records;  one  second  of  data. 


PMF 

TAi  =  r  2.446165E-08  1. OOOOOOE+OOl 

[-1.000000E+01  -l.OOOOOOE+OOJ* 

r  .  ^  ri.928472E-07l 
^  ^  [4.99999IE+00J 


ARMA 

,  =  r  8.077936E-27  1. OOOOOOE+OOl 

["1.003216E+01  -1.007923E+OOJ ’ 

.  .  ^  r9.925720E-02l 
^  ^  [4.790323E+00j 


Table  4 

Identified  Coefficient  Matrices  for  IDOF  System 
and  10%  noise;  k  =  1,  \  =  1  for  PMF; 

25  records  for  ARMA. 
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DAMPING  SYNTHESIS  FOR  A  SPACECRAFT 
USING  SUBSTRUCTURE  AND  COMPONENT  DATA 


84-1053 


K.VJ.  Lips*  and  F.R.  Vigneron* 
Department  of  Communications 
Communications  Research  Centre 
Ottawa,  Canada 


Abs  trac  t 


The  report  demonstrates  a  method  for 
calculation  of  system  damping  factors 
that  is  based  on  solving  the  ’general' 
eigenvalue  problem  for  the  motion  equa¬ 
tions,  given  component  data  as  the  base 
input  information.  The  method  exhibits 
no  computational  difficulties  and  is 
confirmed  by  comparison  to  approximate 
results  based  on  the  Method  of 
Averaging.  The  method  is  applied  to  the 
Hermes  spacecraft,  a  configuration  which 
consists  of  a  central  rigid  body,  two 
flexible  solar  array  substructures,  a 
momentum  wheel  and  a  liquid  mercury 
damping  device.  The  synthesized  modal 
damping  values  for  the  structural  modes 
vary  relative  to  those  measured  in  orbit 
by  factors  ranging  from  zero  to  five. 


^k'  “k 


®k'  S: 


f), {$}, 
A 


“0 


equivalent  linear  viscous  damp- 
ing  ratio  and  frequency  of  kth 
'unconstrained'  mode 
kth  eigenvalue,  Eq .  (8) 
equivalent  linear  viscous 
damping  ratio  and  frequency  of 
kth  'constrained'  mode 
set  of  shape  functions  assumed 
for  in-plane,  out-of-plane  and 
twist  deformations 
nominal  orbital  angular 
velocity  of  spacecraft  center 
of  mass 

column  matrix,  square  matrix 


All  damping  factors  are  negative,  but 
only  magnitudes  are  presented.  It  is 
common  to  relax  matrix  notation  using 
the  symbol  without  an  identifying 
bracket. 


Principal  Symbols 


In  troduc  tion 


d  i  ,d2 
{F} 

ho 

IP, OOP 


offset  of  damper  from  system 
center  of  mass.  Fig.  1(c) 
forcing  function  applied  to 
roll/yaw  state  vector,  Eq. 
(6b) 

momentum  wheel  bias  vector 

system  mass  moment  of  inertia 
about  xyz  axes 
in-plane,  out-of-plane 


M  ,K  ,C  substructure  mass,  stiffness 
^  ^  and  damping  matrix  associated 

v;ith  coordinates  e=U,VJ  and 
Eqs.  (7) 


Qk 

^2  '^3 


Ui,w. ,a. 


base  of  array  and  origin  of 
local  array  reference  frame. 
Fig.  1(b) 

mode  shape  for  kth 
'constrained'  mode 
offset  of  relative  to 
undeformed  spacecraft  center 
of  mass.  Fig.  1(a) 
sine  ( ) ,  cosine  ( ) 
integrals  of  assumed  mode 
shape  functions,  combined  as 
in  Eqs.  (7d)-(7f) 
in-plane  (x^),  out-of-plane 
( z .  )  and  twis t 

deformations  and  associated 
time  dependent  coordinates  for 
ith  array.  Fig.  1(b) 
local  appendage  coordinates 
v/ith  origin  at  ,  Fig.  1(b) 
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It  is  generally  recognized  that 
improvement  is  needed  in  methods  for 
forecasting  the  damping  characteristics 
of  spacecraft  structures  in  orbit.  The 
need  for  improvement  stems  from  the 
current  trend  towards  spacecraft  that 
are  so  large  and  flexible  that  conven¬ 
tional  laboratory  measurement  of 
structural  properties  of  the  completely- 
assembled  spacecraft  is  not  possible, 

A  method  of  synthesizing  damping 
that  is  straightforward  in  principle  is: 
(i)  establish  a  mathematical  model  that 
includes  damping  for  each  substructure 
and  main  component,  by  ground  test  and 
or  analysis;  (ii)  mathematically  assem¬ 
ble  the  sub-models  into  an  overall 
structural  model  of  the  spacecraft; 

(iii)  derive  modal  damping  factors, 
modal  frequencies  and  mode  shapes  from 
the  overall  model  by  eigenproblem 
analysis.  The  method  is,  of  course,  an 
extension  of  standard  practice  for  cal¬ 
culating  modal  frequencies  and  mode 
shapes  for  situations  where  damping  can 
be  ignored.  With  damping  included  in 
the  procedure,  a  number  of  practical 
difficulties  are  encountered.  Tractable 
models  of  damping  of  the  subparts  are 
difficult  to  establish  and  are  often 
unreliable.  This  is  particularly  true 
for  material  damping  in  members,  for 
components  with  unrestrained  fluids,  and 
for  connections  between  structures. 
Differences  between  gravitational,  ther¬ 
mal  and  vacuum  conditions  in  orbit  and 
on  the  ground  add  complication  and 
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uncertainty  to  the  process.  Inadvertent 
omission  of  damping  sources  is  a  poten¬ 
tial  problem  as  well.  Truncation  of 
modes  and  off-diagonal  damping  matrix 
terms  can  also  contribute  errors.  There 
are  few  documented  case  studies  where 
damping  factors  synthesized  by  this  type 
of  method  are  compared  to  measured 
results,  and  hence  the  degree  to  which 
this  type  of  method  is  successful,  and 
the  limitations,  are  not  yet  very  well 
established.  References  1-4  and  associ¬ 
ated  cited  works  are  among  the  recent 
contributions  to  damping  synthesis. 

In  Reference  3,  a  method  of  the 
above-described  type  is  applied  using 
ground  test  data  and  compared  with  some 
of  the  flight  results  from  the  Hermes 
satellite*.  In  many  cases,  the  in-orbit 
measured  values  are  higher  than  the  cal¬ 
culated  ones  by  a  factor  of  2  or  3. 
Betv/een  1976  and  the  end  of  the  mission 
in  1980,  a  great  deal  more  flight  data 
was  acquired  from  Hermes.  This  data 
confirms  the  original  measurements 
reported  in  Reference  3  and  establishes 
that  the  damping  values  are  essentially 
constant  with  time.  In  addition,  meas¬ 
urements  for  several  more  flexible  modes 
are  made^”^ .  Damping  information  on 
the  nu rational  mode,  with  momentum  wheel 
Spinning  and  despun  ,  is  also  obtained. 

In  this  paper,  the  synthesis  method 
outlined  above  is  applied  to  a  case 
study  of  in-orbit  damping  character¬ 
istics  of  the  Hermes  spacecraft  in  the 
3-axis  stabilized  state.  As  well  as 
damping, the  system  possesses  gyroscopic 
stiffness.  The  extent  to  which  damping 
in  the  solar  array  substructure  and  the 
liquid  mercury  damper  can  be  related  to 
damping  in  the  overall  spacecraft  is 
investigated.  Of  particular  interest  is 
the  source  of  damping  for  the  nutational 
mode.  Approximate  functional  relation¬ 
ships  between  component  damping  factors 
and  damping  of  the  nutational  mode, 
based  on  the  Method  of  Averaging,  are 
used  to  validate  the  calculations 
associated  with  the  eigenvalue 
analysis.  Flight  Derived  modal  data  for 
the  Hermes  is  updated,  summarized  and 
then  compared  with  the  synthesized 
resul ts , 


System  Model 


Configuration 


The  spacecraft  consists  of  a  central 
rigid  body,  two  flexible  solar  arrays,  a 
liquid  mercury  damper  and  a  momentum 
v/heel,  configured  as  shov;n  in  Fig.  1. 

The  reference  frame  (Oxyz)  is  attached 
to  the  central  rigid  body,  with  0  at  the 
nominal  system  mass  center  (without 
deformation)  of  the  total  configuration. 
The  arrays  rotate  about  the  Oy  axis 


*  Also  known  as  the  Communications 
Technology  Satellite  (CTS). 


together  and  nominally  track  the  sun. 

The  central  body  nominally  tracks  the 
earth.  The  angle  between  the  arrays  and 
the  central  body  is  denoted  by  y,  and 
its  rate  is  maintained  constant  at  one 
revolution  per  day  by  a  drive  and  track 
mechanism.  (0^/  A'  ortho¬ 

gonal  orbiting  reference  frame  with  ori¬ 
gin  fixed  at  the  instantaneous  mass  cen¬ 
ter  0^  A  _1  aligned  along  the  tangent  to 
the  trajectory  in  the  direction  of  moti¬ 
on,  ^  parallel  to  the  orbit  normal  and  ^ 
pointing  inward  along  the  local  vertical 
towards  the  center  of  the  earth.  The 
frame  is  thus  rotating  about  the  oz  axis 
at  the  negative  of  the  orbit  rate  (-wq). 

Satellite  attitude  motion  is  defined 
by  Eulerian  rotations  (roil),  0 
(pitch),  if;  (yaw)  of  body-fixed  frame  (0, 
X,  y,  z)  with  respect  to  the  orbit 
frame  (0^,  1,  2,  3).  The  central  body 
rotates  relative  to  inertial  space  vjith 
rates  (0)^,02,033),  which  in  turn  are 
related  to  pitch,  roll  and  yav7  rates,  to 
linear  order,  by 


0)1  -  " 

0)0 0)2=  9"  oq; 

0)3  =  + 

0)0  tj)  . 

(1 

Fig.  1  Schematic  for  the  Hermes  class  of 
spacecraft:  (a)  overall  configur¬ 
ation;  (b)  array  coordinates; 

(c)  offset  and  coordinates  of 
liquid  mercury  damper. 
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Component  Models 

Momentum  Wheel  The  momentum  wheel 
is  assumed  to  spin  at  constant  speed, 
relative  to  the  central  body,  and  to  be 
aligned  so  that  its  angular  momentum 
vector  ho  points  in  the  negative  Oy 
direction. 

Liquid  Mercury  Damper  The  damper  is 
a  cylindr ically-shaped  tube  partially 
filled  with  mercury  and  aligned  parallel 
to  the  pre-deployment  spin  axis,  as  is 
depicted  schematically  in  Fig.  1. 
Detailed  modelling  of  in-orbit  perfor¬ 
mance  is  not  straight-forward,  and 
further  it  is  difficult  to  verify  by 
ground  test  because  of  Earth  gravity 
effects.  Both  geometric  parameters 
(size,  orientation  and  offset  with 
respect  to  center  of  mass)  and  dynamic 
parameters  (mass,  natural  frequency, 
energy  dissipation  rate,  spin  rate, 
gravitational  field)  play  a  role  in 
determining  the  damper's  performance. 

Originally,  the  Hermes  damper  was 
designed  for  the  specific  purpose  of 
damping  out  the  nutation  associated  with 
the  spin-stabilized  phase  (before 
deployment  of  the  arrays  and  start  up  of 
the  momentum  wheel).  It  was  tuned  to 
provide  a  maximum  damping  effect  at 
about  a  0.40  Hz  nutation.  Flight  data 
available  for  this  phase  indicates  that 
the  nutational  mode  had  damping  ratios 
ranging  from  0.001  to  0.007.® 

For  the  spacecraft  in  the  3-axis 
stabilized  phase  with  arrays  fully 
deployed  the  damper  will  be  excited  by 
roll/yaw  nutation,  pitch  axis  libra- 
tions,  and  by  symmetric  and  anti¬ 
symmetric  array  vibrations. 

Specifically,  the  spacecraft  motion  here 
consists  of  a  combination  of  a  slow 
rotation  about  pitch  (once  in  24  hours), 
a  small  low  frequency  nutation  (0.2®  at 
2.77  x  10”  Hz),  and  flexing  of  the 
various  structural  modes  (at  0.15  Hz  and 
higher).  Relation  of  the  damper's 
operation  in  this  dynamic  environment  to 
earth-based  test  or  spin  phase  operation 
is  not  entirely  clear.  In  orbit, 
centrifugal  and  gravitational  forces 
acting  on  the  mercury  are  in  equilibrium 
hence,  surface  tension  effects  can  be 
expected  to  cause  the  mercury  to  form 
into  a  single  slug.  It  is  possible,  for 
example,  that  the  liquid  mercury  damper 
will  function  as  a  ball-in-tube  type 
damper,  resonant  at  all  times  with  the 
rate  of  nutation.  Due  to  the  uncer¬ 
tainties  and  complexities  associated 
with  the  fluid  behaviour,  the  approach 
adopted  herein  is  to  model  the  damper  as 
a  single  degree  of  freedom  translational 
mass-spring-dashpot  device  located  as  in 
Fig.  1.  The  mass  (m^)  is  the  actual 
mass  of  the  mercury  and  is  assumed  to  be 
a  slug  in  equilibrium  at  (-d|,  -d2)  in 
(Oxyz),  and  the  dashpot  and  spring  para¬ 
meters  (C£)  and  Kq)  are  selectable  to 


match  desired  damper  energy  dissipation 
and  resonance  characteristics.  Although 
the  cq  and  cannot  be  obtained 


with  certainty  for  Hermes,  by  varying 
these  parameters  the  range  of  possible 
influence  of  the  damper  on  the  space¬ 
craft  can  be  established.  Such  a 
representation  is  common  in  the  litera¬ 
ture.  ^  With  the  nutation  damper  fixed 
in  space,  the  kinetic,  potential  and 
dissipation  functions  are,  respectively: 

(2) 


1  *7 

im  X  ^ 

D  D 


ik  x^ 
D  D 


D  D 


Solar  Array  Substructures  Each 
solar  array  substructure  is  described  in 
the  overall  system  model  by  specifying 
its  fixed-base  (constrained)  modal  data; 
namely,  modal  frequencies  (f2's),  shapes 
(Q's)  and  damping  factors  (cr's).  The 
analytic  structural  model  for  deter¬ 
mining  modal  frequency  and  mode  shape 
assumes  that  deformations  are  discre¬ 
tized  in  the  spirit  of  the  Rayle igh-Ri tz 
method  and  is  described  in  detail  in 
Ref.  11.  The  related  computer  software 
has  been  extended  to  calculate  the  modal 
integral  coefficients  required  in  the 
system  dynamics.  A  comparison  of  these 
coefficients  (Table  3  of  Ref.  8)  and  the 
generalized  mass  data  indicates  that  the 
fundamental  mode  is  dominant,  thus 
ensuring  that  truncation  to  the  first 
few  modes  will  be  valid. 

Unlike  modal  frequencies  and  shapes, 
damping  factors  cannot  be  obtained  using 
analysis  only.  Neither  can  they  be 
measured  directly  in  ground  test,  due  to 
the  difference  between  gravitational 
effects  on  the  ground  and  in-orbit. 
Consequently  a  combination  of  one-g  test 
data  and  one-g  to  zero-g  conversion 
analysis  can  be  tried,  such  as  that  done 
prior  to  the  launch  of  Hermes  (Table  1). 

Table  1  Modal  frequency  and  damping 
factors  for  the  fixed-base 
(constrained)  Hermes  array®  as 
determined  using  ground  test 
and  adjusted  by  analysis  to  g=0 


MODE 

FREQUENCY 

DAMPING  RATIO 

Out-of-plane 

1 

0.16 

0.003*  -  0.006** 

+ 

2 

0.51 

0.008  -  0.012 

In-plane  1 

1 

0.32 

0.014  -  0.020 

Twist 

1 

0,15 

0.090  -  0.160 

2 

0.50 

0.013  -  0.022 

*  based  on  *hysteretic'  damping  law 
**  based  on  'viscous'  damping  law 
+  constructed  using  Table  1  of  Reference  3 
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Using  the  Model  of  Ref.  1,  mode  shapes 
and  modal  frequencies  for  the  one-*g 
state  are  obtained  by  solving  the 
undamped  eigenvalue  problem.  Experi¬ 
mentally  measured  modal  frequencies  and 
modal  damping  factors  are  also  deter¬ 
mined  in  ground  tests.  Then  the 
analytical  model  and  ground  test  results 
are  brought  into  agreement  by  appropri¬ 
ate  adjustments  to  the  analytical 
model, ^  In  turn,  this  model  is  then 
used  to  calculate  in-orbit  modal 
frequencies  and  shapes  by  setting  g 
equal  to  zero. ^ ^ 

Based  on  the  above  formulation  the 
kinetic,  potential  and  linear  viscous 
dissipation  functions  are,  respectively, 
for  the  north  (1)  array: 
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It  is  convenient  to  transform  to 
'symmetric'  and  'antisymmetric' 
coordinates.  For  example  for  the 
in-plane  degrees  of  freedom: 

Ug  =  i(Ui  -  U2);  +  U2)  .  (4) 

Equations  of  Motion 

Second  order  equations  governing  the 
attitude  motion  (pitch,  roll,  yaw)  and 
array  vibrations  for  the  Hermes  type  of 
configuration  of  Fig.  1(a),  just^ 
described,  are  well  documen ted . ^ ^ ^  In 
absence  of  a  damper,  symmetries  inherent 
in  the  configuration  serve  to  uncouple 
dynamics  of  pitch  from  roll/yaw.  As 
v/ell,  symmetric  array  oscillations 
interact  with  pitch  only  and  vice 
versa.  Similarly  roll/yaw  degrees  of 
freedom  interact  only  with  antisymmetric 
bending  vibrations  and  vice  versa.  This 
paper  extends  the  above  representation 
to  account  for  the  liquid  mercury 
damper.  With  the  damper  included,  roll 
/yaw  and  pitch  are,  in  general, 
coupled.  If  offset  dj^  is  nonzero  and 
offset  d2  is  zero,  the  damper  couples  to 
pitch  but  not  roll/yaw,  if  di  is  zero 
and  d2  is  nonzero  the  damper  couples  to 
roll/yaw,  but  not  to  pitch.  To  aid  in 
isolating  the  effect  of  the  damper,  this 
study  is  confined  to  these  bounding 
cases.  The  complete  second  order  system 
equations  for  this  case  are  contained  in 
Ref.  8. 

Following  the  approach  outlined  in 
Ref.  14,  which  is  similar  to  that  of 
Ref.  15,  the  equations  are  transformed 


to  a  first  order  set  through 
introduction  of  a  state  vector  made  up 
of  generalized  displacement  and 
generalized  velocity.  By  choosing  a 
suitable  constraint  between  generalized 
velocity  and  d isplacement, sys tern 
matrices  are  rendered  symmetric,  or  skew 
symmetric.  Algebraic  manipulation  is 
used  to  avoid  use  of  complex  numbers 
when  generating  response  from  the 
resulting  eigenvalue  problem  and  its 
adjoint.  Once  system  eigenvalues  and 
eigenvectors  are  known,  response  depends 
on  the  solution  of  coupled,  real-valued, 
scalar,  first  order  equations.  For  the 
roll/yaw  dynamics,  the  state  vector 
chosen  is. 
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The  associated  eigenvalue  problem  for 
Eq.  6(a)  is  (taking  =  L3  =0)  : 

(x^[a]  +  [b])  {Xj^}  =  {0} 

The  development  for  the  symmetric 
pitch  dynamics  is  analogous  and  the 
relevant  equations  are  available  in 
Ref.  8. 

Based  on  this  formulation,  computer 
software  is  developed  to  solve  for 
system  natural  modes,  frequencies  and 
damping  factors  for  both  the  roll/yaw 
and  the  pitch  dynamics.  Results 
computed  using  the  roll/yaw  software  are 
demonstrated  for  the  Hermes  satellite 
configuration  of  Fig.  1,  in  Table  2.  A 
set  of  nominal  input  parameters  are 
assigned  which  include  the  measured/ 
computed  modal  characteristics  for  the 
constrained  array,  together  with  the 
spin-phase  damper  design  characteristics 
(m£)  =  0.1145  kg,  =  0.40  Hz, 

OY)  -  0.004)®.  The  frequencies  cal¬ 
culated  agree  quite  well  with  those 
published  in  Refs.  5,  7  and  other  works, 
thus  validating  the  software.  No 
numerical  or  computational  problems  are 
experienced  with  the  method. 

Table  2  Unconstrained  modal  frequency 
and  damping  ratio  computed  for 
Hermes  spacecraft  using  Damped 
Natural  Modes  theory. 


Mode  Description 

Mode 

Number,  k 

Frequency 

0)  ,  Hz 
k 

Camping 
Ratio,  c  ** 
k 

(a)  Pitch  Dynamics 

Out-o£-plane,  symmetric 

1 

0.149 

0.0061 

Out-of-plane,  symmetric 

2 

0.506 

0.0060 

Out-of-plane,  symmetric 

3 

0.957 

0.0060 

Out-of-plane,  symmetric 

4 

2.489 

0,0060 

Out-of-plane,  symmetric 

5* 

11.600  • 

0.0060 

In-plane,  symmetric 

1 

0.324 

0.0153 

In-plane,  symmetric 

2 

3.268 

0.0150 

In-plane,  symmetric 

3* 

19.270 

0.0150 

'IVist,  symmetric 

1 

0.144 

0.0909 

Twist,  symmetric 

2 

0.493 

0.0909 

IVist,  symmetric 

3* 

0.925 

0.0909 

DaiTiper 

' 

0.400 

0.0040 

(b)  Roll/Yaw  [lynamics 

Nu  ta  tion 

1 

0.00277 

4x10“® 

Damper 

I 

0.400 

0.0043 

Out-of-plane,  Antisymmetric 

1  1 

0.444 

0.0173 

Ou t-of-plane,  Antisymmetric 

2  i 

0.509  1 

0.0066 

Out-of-plane,  /'\nti symmetric 

3  : 

0.970  i 

0.0063 

Out-of-plane,  Antisymmetric 

4  i 

2.542 

0.0060 

Out-of-plane,  Mti symmetric 

5* 

12.165 

0.0060 

In-plane,  Antisymmetric 

1  ; 

0.851 

0.0393 

In-plane,  Antisymmetric 

2 

3.319  ; 

0.0155 

In-plane,  Antisymmetric 

3* 

19.300  1 

0.0150 

*  Modes  are  not  accurate,  due  to  limitations  of  the  Rayleigh-Ri tz  method  used. 
**  Based  on  input  danping  ratios  of  0.006  ou t-oC-plane,  0.015  in-plane  and 
0.090  in  twist  for  the  constrained  array  substructure  (Thble  1}  and  a 
nominal  value  of  0.004  for  the  damper. 


Update  of  Measured  Hermes  Data 

Measurements  of  natural  frequency 
and  damping  factor  for  the  vibrational 


modes  of  the  Hermes  satellite  are 
reported  in  Refs.  3,  5,  7  and  other 
unpublished  internal  reports.  The 
in-orbit  data  is  derived  from  residual 
oscillations  associated  with  array 
deployment  and  slewing,  and  from 
specially-implemented  excitation  by  the 
thrusters  (SPEX).  Damping  factors  are 
deduced  from  the  decay  envelope  of  free 
vibration  (log  decrement  method)  and 
from  the  sharpness  given  by  the  Fourier 
transform  of  the  vibrational  data. 

To  obtain  a  single  and  updated 
consistent  set  of  in-orbit  values,  both 
published  and  unpublished  data  were 
reviewed.  Table  3  summarizes  the 
results.  For  most  modes  reported,  the 
accelerometer  data  from  which  the 
results  are  deduced  is  of  excellent 
quality,  and  the  confidence  level  in  the 
measurements  is  rated  high.  For  the 
second  out-of-plane  antisymmetric  mode, 
the  accelerometer  data  is  of  lower  qual¬ 
ity  and  the  confidence  level  is  rated 
medium. 


Table  3  Modal  frequency  and  damping 

ratio  as  measured  in-orbit  on 
Hermes . 


Mode 

Number 

y 

RAD 

Description  of  Made 

k 

(Hz) 

C 

k 

Nutation 

Rol 1/Yaw 

0.00293 

0.00015 

1 

0 

CXj t-of -Plane,  Symmetric 

0.150 

0.030-0.038 

1 

0 

Out-o£-Plane,  Antisymmetric 

0.440 

0.015-0.022 

2 

0 

Out-of-Plane,  Antisymmetric 

0.500 

0.007-0.008 

1 

0 

In-Plane,  Symmetric 

0.300 

0.030-0.039  . 

1 

0 

In-Plane,  Antisymmetric 

0.820 

0.012-0.016 

1 

■tt/2 

In-Plane,  Antisymnetric 

0.980 

2 

0 

In-Plane,  Antisymmetric 

0.890 

1 

0 

Twist,  Symmetric 

1  0.130 

0.080-0.090 

2 

0 

Twist,  Symmetric 

0.460 

Late  in  the  mission,  an  in-orbit 
dynamics  test  was  carried  out  to 
establish  the  characteristics  of 
nutation  in  the  3-axis  stabilized 
model.  A  nutation  cone  of  one  degree 
was  initiated,  the  thrusters  were 
inhibited,  and  the  satellite  was  allowed 
to  nutate  without  disturbance  for 
12  hours.  Data  from  the  tests  are 
reproduced  in  Fig.  2.  The  nutation 
period  and  damping  ratio  are  measured  to 
be  341  seconds  and  1.5  X  lO”"^, 
respectively  (entered  in  Table  3).  Good 
agreement  exists  between  the  measured 
and  calculated  nutation  frequencies. 

Parametric  Assessment  of  Component 
Damping  Effect 

There  exists  a  degree  of  uncertainty 
as  to  what  level  of  damping  to  use  for 
the  components  once  in  orbit.  VJhereas 
damper  mass  and  offsets  are  well  known, 
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and  are  not.  Similarly,  in 
the  modal  representation  for  the  array, 
the  exact  level  of  damping  associated 
with  each  mode  and  the  effect  of  mode 
truncation  are  not  known  with 
confidence.  By  first  isolating  and  then 
varying  these  parameters,  their  range  of 
possible  influence  on  the  spacecraft  can 
be  determined.  For  the  case  of  the  dam¬ 
per  this  includes  varying,  not  just 
damping,  but  frequency  as  well  in  order 
to  simulate  resonance  with  either  the 
array  vibration  or  nutation.  A  special 
case  for  the  arrays  involves  determining 
the  effect  of  critical  damping  in  the 
constrained  mode  input.  This  knowledge 
of  system  sensitivity  to  inputs  at  the 
component  level  is  helpful  in  under¬ 
standing  the  flight-derived  data. 

DAY  296  -  297,  1979 


Fig.  2  Orbital  data  reflecting 

nutational  decay  of  Hermes  with 
arrays  fully  deployed. 


Role  of  the  Array  Substructure 

To  establish  the  degree  to  which 
damping  factors  measured  in  orbit  can  be 
attributed  to  damping  sources  in  the 
arrays,  oq  is  set  equal  to  zero  and 
computer  runs  are  made  using,  for  damp¬ 
ing  input,  those  values  as  determined 
from  the  ground-based  substructure  test 
results  of  Table  1,  along  with  vari¬ 
ations  as  adopted  in  Table  4. 


It  is  seen,  from  Table  4,  that  the 
inherent  damping  of  the  arrays  has  lit¬ 
tle  influence  on  damping  of  the  system 
nutation.  Input  modal  damping  para¬ 
meters  c%;  associated  with  the 
substructure  are  varied  between  0.001 
and  0.100.  Over  this  range,  when  the 
damping  occurs  in-plane  only,  theij  a 
nutation  damping  of  =  5  x  10  and 
5  X  lO"*®,  respectively,  results  (i.e., 
is  proportional  to  jp) .  On 

the  other  hand,  input  damping  associated 
with  array  out-of-plane  motions  only  is 
seen  to  have  an  effect  an  order  of 
magnitude  greater  which,  however,  is 
still  not  significant  when  compared  with 
the  measured  level  of  =  1.5  x 

10“^,  The  overall  effect  on  is  no 
greater  when  in-plane,  out-of-plane 
inputs  are  combined.  Also,  using  input 
damping  ratios  consistent  with  typical 
ground-based  array  measurements  still 
results  in  an  insignificant  effect^on 
the  nutation,  that  is  Cp  -  5  x  10“  , 
in  this  case. 

Table  4  also  provides  information 
about  the  relationship  between  damping 
ratio  for  unconstrained  antisymmetric 
modes  ( input  damping 
associated  with  the  constrained  arrays 
(  is  seen  that  when  the  sub¬ 

structure  is  damped  in-plane  only,  then 
system  damping  is  greatest  in-plane  as 
well.  The  same  holds  true  for  the  out- 
of-plane  degrees  of  freedom. 
Specifically,  the  magnitudes  of  damping 
calculated  for  these  modes,  referred  to 
as  the  2nd  and  3rd  system  modes  in-plane 
or  out-of  plane,  are  very  close  to  the 
levels  of  damping  input  for  the  2nd  and 
3rd  modes  of  the  substructure.  However, 
damping  computed  for  the  1st  modes,  in 
each  category  of  motion,  is  signifi¬ 
cantly  larger  than  the  damping  input  for 
the  fundamental  mode  of  the  array  only. 
This  is  consistent  with  the  nature  of 
the  dynamic  interactions  occurring  for 


Table  4  Contribution  of  array  substructure  to  damping  of  system  roll/yaw  modes. 


ARRAY  SUBSTRUCTURE  INPUT  DA'JPING 

anpuT  NCDD/^  LY^rriNc= 

IN-P[J‘^NE 

aiT-OF-PUWE 

NUTATICTJ 

QfT-OK-PlANK 

DA-II’ER 

4 

D 

02 

°3 

02 

03 

N 

Ci 

C2 

43 

42 

43 

0.001 

0.001 

— 

0.001 

2.6x10"  ^ 

1  xKr® 

1  xur  ® 

ixur® 

lxl0"2 

6x10" 2 

lx  10"^ 

0.100 

0.100 

0.100 

DxlO-'® 

2.1  xur  ^ 

1.04  xiu"  ^ 

1.01x10  ^ 

iUO 

9x10"® 

1x10"® 

1x10  ' 

0.001 

0.001 

0.001 

6x10'^ 

2xur® 

7xl0"i° 

4x10"^® 

2.9x10 

1.1x10  ® 

1.1x10  ® 

4x10  ® 

0.100 

0.  100 

0.100 

6x10-^ 

1  xlO" 

Txur® 

4xl0"‘  ^ 

3.1x10-^ 

1.04x10  ^ 

1.05x10  ^ 

4x10 

0.100 

0.100 

0.100 

0.100 

0.100 

0.100 

6x10”^ 

2.7  xU)"  '■ 

1.04x10"  ^ 

3.0x10"^ 

1.  1  xlO-^ 

1.04x10"^ 

1.06x10"^ 

4x10"® 

0.020 

0.020 

0.020 

ixiO-® 

5.2x10"^ 

2.  1  xlO-2 

2x10-2 

2x10"® 

2x10"® 

1x10"® 

2x10"® 

0.020 

0.020 

0.020 

0.006 

0.006 

0.006 

5xl0~® 

5.2x10"^ 

2. 1x10" 2 

2x10" 2 

1.7x10" 2 

6.6x10  ® 

6.6x10"® 

2x10"® 

0.020 

0.006 

0.010 

5x10"® 

5.2x10-2 

4 

4  xlO" 

6x10"® 

1.7x10"^ 

lxl0"2 

3x10"** 

2x10"® 

0.020 

1.0 

1.0 

0.006 

0.010 

1.0 

5x10"® 

5.  3x10"  2 

1  i 

1 

1.9x10"  ' 

ixl0"2 

1 

2x10"® 

0.020 

0.020 

0.020 

6x10"® 

5.2x10"2 

2.1x10"  2 

2x10-2 

2x10"® 

2x10"® 

1x10"® 

5x10"® 

1.0 

3x10'^  i 

1 

6x10"® 

3xl0"‘* 

8x10"® 

4x10"® 

2x10"® 

2x10-’ 

1.0 

lxl0"^^| 

4x10"^^ 

1  1 

1x10"® 

4x10"® 

1x10"® 

2x10"2 

ixio":J^ 

1.0 

1.0 

1.0 

3x10"^ 

1 

0.98* 

1 

8x10"® 

4x10"® 

2x10"® 

2x10" 

*  (w2hp  ^  case. 

^^tote;  (1)  mp  =  0.1145  kq;  oq  =  0;  =  0;  =  ”0.29  "q 

(2)  blank  entries  are  zero. 
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this  class  of  spacecraft  and  is  analo¬ 
gous  to  the  differences  in  frequencies 
recorded  between  the  system  and 
subsystem  data.®  Note  too  that  the 
presence  of  a  nonzero  out-of-plane 
damping  input  gives  rise  to  nonzero 
damping  ratios  for  unconstrained 
in-plane  modes  and  vice  versa  (i.e.  if 
^k,IP  ^  0*10  or  ^  then 

5l,00P  =  1  ^1,IP  =  1  10"“). 

In  a  similar  parametric  study  carried 
out  using  software  developed  for  the 
pitch  dynamics,  it  is  found  that  modal 
damping  of  the  symmetric  spacecraft 
modes  remains  very  close  to  that  input 
for  a  single  constrained  array 
( wi thin  2% ) . 


in  Fig.  3  where  =  a)j^  and  10“^  < 

<  1.  Over  this  range  of  input, 
achieves  a  maximum  value  of  9  x 
10”^  which  is  comparable  to  the 
flight-determined  level  of  1.5  x  10" 


NATURAL  MOOES  SOLUTION 
- METHOD  OF  AVERAGING 

\ 

\ 


The  techniques  used  for  measuring 
damping,  as  explained  earlier,  depend  on 
having  an  oscillatory  response.  It  is 
possible  that  a  critically  damped  or 
overdamped  substructure  mode  could  be 
missed  in  the  test  results  or 
truncated.  This  issue  is  addressed  for 
the  roll/yaw  dynamics  in  Table  4.  For 
example  a  =  1.0  for  the  fundamental 
constrained  in-plane  mode,  yields 
unconstrained  damping  ratios  for  the 
1st,  2nd  and  3rd  in-plane  modes  which 
are  critical,  0.006  and  0.0003, 
respectively.  That  is,  the  degree  of 
intermodal  coupling  in  damping  is 
slight.  This  is  found  to  be  the  case 
also  if  the  higher  modes  are  input  with 
critical  damping.  A  similar  situation 
exists  for  the  pitch  dynamics.  It  is 
implied  by  such  behaviour  that  the  c's 
of  spacecraft  modes  measured  in-orbit 
are  not  sensitive  to  the  input  a’s  of 
those  higher  order,  and  in  most 
instances  unmeasured,  modes. 

Role  of  the  Liquid  Mercury  Damper 


Fig.  3  Calculated  nutation  damping  of 
Hermes  for  the  case  of  a 
resonant  damper. 

The  calculated  nutation  damping 
factors  extend  over  at  least  eight 
orders  of  magnitude,  thus  raising  con¬ 
cern  about  whether  or  not  the 
software-generated  data  is  reliable  over 
such  a  wide  range.  For  this  reason,  the 
following  approximate  formulas  are  ^ 
derived  by  the  Method  of  Averaging,  and 
applied  to  check  the  software: 


mod  2  , 

Cjj  =  i  ( - ^)  ( — )  when  u)^  =  (9a) 


Cjj  =  i  (  -){ — )  when  (9b) 


To  isolate  the  effect  of  the  damper, 
input  damping  associated  with  the  array 
substructures  is  set  equal  to  zero.  The 
approach  is  to  then  vary  and 
over  a  wide  range  in  order  to  ascertain 
the  theoretical  limits  for  the  damper’s 
effect  on  spacecraft  damping  in-orbit. 

A  parametric  study  using  the 
roll/yaw  software  yields  the  following 
results.  VJhen  damper  input  frequency 
is  away  from  the  nutation 
frequency  =  0.00277  Hz),  the 

damping  factor  of  the  system  nutation 
remains  extremely  small  (lO”"^^),  even  if 
damping  input  associated  with  the  damper 
itself  becomes  large  (e.g.,  o-p  = 

0.5).  As  approaches  wjq,  the 
influence  of  the  damper  although  still 
small,  nevertheless,  increases  notice¬ 
ably  (i.e.  for  =  0.0015  Hz  and 
ag  =  0.006  ,  =  5  X  10"®),  If  the 

damper  component  frequency  is  set  equal 
to  the  nutation  rate,  a  resonant  condi¬ 
tion  exists  and  the  effect  on  level  of 
nutation  damping  is  dramatic,  as  shown 


Results  from  the  two  methods  are 
compared  in  Fig. 3  for  the  resonant 
case.  It  is  seen  that  the  Method  of 
Averaging  data  yields  excellent  agree¬ 
ment  with  the  software  calculations  over 
the  range  0.001  <  ap  £  0.100  and  thus 

confirms  operation  of  the  software. 

Note,  however,  for  the  Method  of  Aver¬ 
aging  to  work  the  degree  of  interaction 
must  be  weak.  The  analysis  of  Ref.  8 
(Appendix  A)  shows  that  this  is  not  the 
case  when  the  damper  is  very  lightly 
damped.  In  particular,  from  Fig.  3,  it 
is  seen  that  the  exact  formulation  is 
required  when  dealing  with  levels  of 
damper  input  smaller  than  10"®.  Away 
from  resonance,  the  methods  agree  rea¬ 
sonably  well.  Using  Eq.  (9b),  at  wq  = 
0.020  Hz  and  Cq  =  0.005,  becomes 
3  X  10"  and  10  x  10"  when  computed 
by  Method  of  Averaging  and  the  Natural 
Modes  theory,  respectively. 

The  functional  relationships 
described  by  Eqs.(9)  show,  as  well,  that 
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damper  effectiveness  in  increasing  the 
output  is  proportional  to  and 
varies  quadra tically  with  the  offset 
geometry  d2 .  A  similar  set  of  relations 
applies  to  the  effect  of  substructure 
damping  input  on 

The  effect  of  the  damper  on  other 
system  modes  is  small.  With  =  0.5 
and  damper  frequencies  either  near  or 
removed  from  the  nutation  resonance 
condition,  the  output  damping  ratios  for 
the  antisimmetric  modes  remain  less  than 
10”^.  The  only  exception  occurs  for 
”  ^1  OOP  ^  0.44  Hz,  where,  if 
ap  =  0.1,  then  Cj^^OOP  ”  ^  ^  10”^, 
which  is  still  considerably  less  than 
the  measured  value  of  0.015-0,022.  For 
the  symmetric  modes  the  greatest  damper 
effect  occurs  with  the  damper  tuned  to 
be  near  resonance  with  the  first  twist 
mode.  In  this  case  a  maximum  damping 
ratio  of  only  10“^  is  found  for  the 
fundamental  twist  mode  over  the  input 
range  0.001  <  ap  £  0.100,  signifi¬ 
cantly  less  than  the  flight-measured 
value  of  0.08  -  0.09. 

In  summary,  it  can  be  concluded 
that:  (a)  the  liquid  mercury  damper 

could  have  contributed  the  damping  of 
the  nutational  mode,  but  to  do  so  the 
fluid  would  have  had  to  be  excited  to 
resonance  by  the  nutations;  (b)  the 
damper  did  not  contribute  significantly 
to  the  damping  factors  of  either  the 
symmetric  or  antisymmetric  vibrational 
modes . 

Correlation  of  Computed  and 
Flight-Derived  Modal  Damping 

In  Table  5  damping  factors  measured 
in  orbit  are  compared  to  corresponding 
ones  synthesized  from  substructure  com¬ 
ponent  damping.  The  damper  is  not 
included  in  this  comparison  as  its 
influence  has  already  been  discussed  in 
detail  in  the  parameter  study  where  it 
is  found  that  only  when  resonant  with 


the  nutations  can  it  be  a  significant 
f ac  tor. 

For  one  set  of  calculations  the 
input  damping  adopted  is  the  nominal 
ground- tes t-derived  damping  of  the  con¬ 
strained  array.  The  substructure 
modelling  assumes  an  equivalent  linear 
viscous  modal  damping  process.  The 
results  computed  are  contained  in  the 
first  data  column  of  Table  5  and  origin¬ 
ate  in  Table  2.  When  compared  with  the 
flight-measured  information,  it  is  seen 
that  agreement  is  quite  good  for  the 
first  and  second  antisymmetric  out-of- 
plane  modes  and  for  the  fundamental 
symmetric  twist  modes.  The  nutation, 
the  first  out-of-plane  symmetric  as  well 
as  first  in-plane  symmetric  and 
antisymmetric  modes,  however,  do  not 
correlate  well, 

A  possible  reason  that  agreement  is 
poor  in  some  cases  is  that  the  viscous 
model  put  forth  for  array  damping  is 
inadequate.  An  alternative  is  the 
hysteretic  model  for  which  damping 
coefficent,  rather  than  being  a  con¬ 
stant,  varies  inversely  with  the 
frequency.  Calculations  carried  out 
using  a  hysteretic  model  and  the  nominal 
ground-based  array  damping  input  give 
the  results  contained  in  the  second  data 
column  of  Table  5.  Although  both  nuta¬ 
tional  damping  and  the  damping  for  the 
first  antisymmetric  in-plane  mode  comp¬ 
are  more  favourably  with  the  measured 
result,  there  is  no  consistent  improve¬ 
ment  in  correlation  achieved  with  this 
approach . 

Another  attempt  is  made  to  improve 
the  calculated  result  by  revising  the 
input  damping  factors.  Since  input  con¬ 
strained  modes  are  very  similar  to  the 
flight-measured  symmetric  unconstrained 
modes  (the  spacecraft  central  body  is 
heavy  relative  to  the  arrays  and  is 
essentially  a  fixed-base  in  orbit),  it 
is  logical  to  try,  as  the  input  a's,  the 


Table  5  Measured  versus  calculated  damping  factors 


Mode  Description 

Calculated*  c  ;  a  from 

k  k 

Ground-Based  Data^ 

Calculatec]*  c  ;  o 

k  k 

derived  from  in  orbit 
symmetric  modes'^’^ 

I’l  iqli  t 
Measured 

viscous 

Hysteretic 

Viscous 

Hysteretic 

C  (Table  3) 
k 

Nutation 

4x10"® 

2x10"® 

2x10"'^ 

1  xlO"  ® 

1 

o 

1st  Symmetric,  CXi t-of-Plane 

0.0061 

0.0061 

0.0305 

0.0305 

0.030-0.038 

1st  Symmetric,  In-Plane 

0.0153 

0.0163 

0.0305 

0.0325 

0,030-0.039 

1st  Symmetric,  Twist 

0.0909 

0.0977 

0,0806 

0.0868 

0.080-0,090 

1st  Antisymmetric,  Out-of-Plane 

0.0173 

0.0059 

0.0872 

0.0297 

0.015-0.022 

2nd  Antisymmetric,  Out-of-Plane 

0.0066 

0.0067 

0.0328 

0.0335 

0.007-0,008 

1st  Antisymmetric,  In-Plane 

0.0393 

0.0153 

0.0788 

0.0308 

0.012-0.016 

*  CBiTping  from  Array  Substructure  Only,  oq=0.  +  0.015  in-planc,  0.006  out-of-plane  and  0.090  in  twist. 

+4-  0.030  in-plane,  0.030  out-of-plane  and  0,080  in  tv/ist. 
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corresponding  flight-measured  symmetric 
C’s.  The  runs  corresponding  to  this 
concept  are  listed  in  Table  5  as  well, 
for  both  a  viscous  and  a  hysteretic 
model.  As  would  be  expected,  the  '  s 
for  the  symmetric  modes  match  the  flight 
data  well.  However  the  antisymmetric 
modal  damping  correlation  is  consider¬ 
ably  poorer.  Again  the  hysteretic  model 
does  not  result  in  any  consistent 
improvement  over  the  viscous  prediction. 

Conclusions 

A  Natural  Modes  approach  is  used  to 
synthesize  the  component  and  substruc¬ 
ture  damping  of  a  spacecraft  into  the 
system  level  damping  factors  associated 
with  the  damped  gyroscopic  modes.  The 
method  is  seen  to  be  systematic  and  to 
have  no  computational  instabilities. 

The  functional  relationships  between 
component  damping  factors  and  the  damp¬ 
ing  factor  for  the  nutational  mode,  as 
derived  by  the  Method  of  Averaging,  con¬ 
firm  the  functioning  of  the  computer 
software  developed  for  the  eigenvalue 
analysis. 

The  performance  of  the  method  is 
demonstrated  by  applying  it  to  the 
Hermes  data.  All  synthesized  modal 
frequencies  agree  with  flight  data,  and 
thus  are  consistent  with  previously 
reported  works  based  on  models  with  no 
damping.  Ignoring  the  special  case  for 
nutation,  the  synthesized  modal  damping 
factors  are  found  to  differ  relative  to 
those  measured  in-orbit  by  factors  rang¬ 
ing  from  zero  to  five.  Also  excluding 
the  nutation  mode,  the  source  of  damping 
for  the  system  level  modes  is  the  struc¬ 
tural  damping  of  the  solar  array.  It  is 
the  liquid  mercury  damper,  on  the  other 
hand,  that  likely  contributed  to  damping 
of  the  nutational  mode. 

The  agreement  achieved  between 
measured  and  synthesized  damping  factors 
is  similar  to  that  of  the  few  earlier 
published  works.  Shortcomings  in  corre¬ 
lation  could  be  due  to  inadequacies  in 
the  law  chosen  to  model  damping  of  the 
solar  arrays,  or  possibly,  to  omission 
of  a  damping  source  (such  as  friction 
between  the  substructures). 
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Abstract 

A  minicomputer-based  system  for  performing 
normal  mode  testing  has  been  developed  which  fea¬ 
tures  digital  control  of  the  exciters  and  data 
acquisition  for  up  to  128  channels.  The  digital 
control  enables  the  tuning  to  be  performed  by  the 
computer  for  precise  definition  and  measurement  of 
a  normal  mode,  thereby  reducing  test  time  and  im¬ 
proving  data  quality. 

Introduction 

The  multipoint  sine  dwell  (MPSD)  method,  tra¬ 
ditionally  used  to  perform  modal  survey  tests  of 
complex  structures,  has  proven  usefulness  in  ac¬ 
curately  defining  normal  modes  and  quantifying 
structural  nonlinearities.  However,  one  of  the 
main  shortcomings  of  this  method  has  been  the 
requirement  for  manually  tuning  each  mode.  The 
process  can  be  time-consuming  and  often  requires 
an  experienced  test  engineer.  "Acceptable”  tuning 
is  usually  left  up  to  the  judgment  of  that  same 
engineer. 


the  system.  The  output  to  each  amplifier  is  ad¬ 
justed  until  the  load  cell  measures  the  desired 
force  input.  Each  exciter  can  be  stepped  up  or 
down  in  level  and  phased  relative  to  the  other 
exciters.  As  a  result,  both  normal  modes  and 
complex  modes  can  be  excited.  The  remaining  124 
A/D  channels  are  used  to  measure  the  response  of 
the  structure  under  test.  Phase  shifts  induced  by 
multiplexing  are  automatically  accounted  for 
through  software. 

The  system  uses  a  microprocessor  to  synthe¬ 
size  a  sine  wave  that  is  periodic  in  the  sample 
period.  Sample  rates  are  automatically  set  to 
accomplish  this  and  thus  avoid  leakage.  This  also 
avoids  the  need  to  provide  any  windows  which  could 
induce  small  errors  and  increase  data  processing 
time. 

Tuning 

The  tuning  procedure  attempts  to  excite  a 
normal  mode  through  minimization  of  the  Indicator 
Function  (IF).  This  function  is  defined  as; 


An  automated  process  for  tuning  a  mode  to 
within  specified  limits  has  been  developed  and 
implemented.  A  closed-loop  system  allows  the  com¬ 
puter  to  adjust  each  exciter  in  both  force  level 
and  phase  so  that  acceptable  tuning  is  performed 
rapidly.  At  that  point,  a  short  sine  sweep  is 
automatically  performed.  This  enables  modal  co¬ 
efficients  to  be  computed  using  least  squares 
methods  rather  than  simply  recording  the  amplitude 
at  the  tuned  frequency. 

This  paper  examines  the  approach  used  in  the 
tuning  and  data  collection,  its  implementation 
into  software,  and  the  hardware  used  to  control 
the  entire  process. 

Hardware 

The  hardware  configuration  is  based  upon  a 
GenRad  2508  minicomputer-based  analyzer.  The  sys¬ 
tem  is  augmented  with  four  digital -to-analog  (D/A) 
converters  for  exciter  control  as  well  as  two  64- 
channel  anal og-to-digital  (A/D)  converters  for 
data  acquisition  with  a  DRUB  control  card.  See 
Figure  1. 

The  four  D/A's  permit  closed-loop  independent 
control  of  up  to  four  exciters  by  the  processor. 
A  load  cell  measures  the  force  at  each  input  lo¬ 
cation  and  is  monitored  through  the  A/D  section  of 


iReal  H.|^((.)|-|H.|^(a3)| 


where  i  =  response  measurement  location 

k  =  input  location 

=  frequency  response  function  between 
location  i  and  k 


The  frequency  response  functions  (frf's)  come  from 
sine  sweep  or  random  excitation  "panorama"  tests 
which  give  an  initial  preview  of  the  structure's 
modes  and  natural  frequencies.  At  resonance,  the 
Indicator  Function  approaches  a  value  of  zero,  as 
the  real  part  of  each  frf  becomes  a  minimum. 

The  first  step  in  the  tuning  process  is  to 
set  initial  force  patterns  for  the  exciters.  This 
data  may  come  from  a  finite  element  prediction  or 
an  estimate  based  upon  a  previously  conducted 
modal  test  performed  with  frequency-response-based 
methods  used  to  determine  mode  shapes.  A  new 
technique  for  calculating  force  patterns  from 
frequency  response  functions  just  introduced  [1] 
may  prove  to  be  more  accurate  and  effective  than 
the  traditional  methods  currently  in  use. 

To  obtain  the  minimum  for  the  Indicator 
Function  at  resonance,  the  initial  force  pattern 
is  adjusted  in  several  ways.  At  any  particular 
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frequency,  each  exciter  force  is  adjusted  up  or 
down  relative  to  one  exciter  which  acts  as  refer¬ 
ence.  This  process  is  repeated  for  the  other 
exciter,  until  a  minimum  for  the  IF  at  that  fre¬ 
quency  is  obtained.  Phase  adjustment  may  be  spec¬ 
ified  as  another  variable,  within  user-supplied 
tolerances.  The  software  then  moves  to  a  slightly 
different  frequency  and  repeats  the  process.  This 
continues  until  the  optimum  tuning  is  obtained 
over  a  discrete  frequency  range  around 
resonance.  The  frequency  at  which  the  lowest 
minimum  was  achieved  is  the  resonant  frequency. 
Since  the  entire  procedure  is  automatic,  no  opera¬ 
tor  interaction  is  required  and  the  entire  process 
can  be  completed  within  a  few  minutes.  However, 
poor  choice  of  input  locations  can  lengthen  the 
time  it  takes  to  find  the  optimum  forcing  pattern 
and  result  in  exciting  a  mode  that  is  not  normal. 

Data  acquisition  consists  of  performing  a 
short  tuned  sweep  around  the  resonance,  holding 
the  tuned  force  pattern  constant  throughout  the 
sweep.  This  results  in  a  "zoom"  frf  which  is  pro¬ 
cessed  using  singl e-degree-of-freedom  (SDOF)  tech¬ 
niques  to  compute  the  mode  shape.  During  the 
sweep,  time  domain  averaging  is  used  to  remove  any 
random  content  in  the  measurement. 

Software  Implementation 

The  software  automates  many  of  the  functions 
of  the  sine  system  in  addition  to  the  tuning  pro¬ 
cedure,  These  other  functions  include  file  util¬ 
ity,  calibration,  setup,  data  acquisition,  data 
analysis,  data  validation,  documentation,  and  in¬ 
terface  to  other  software  codes. 

The  setup  section  permits  the  operator  to 
describe  each  of  the  128  channels  by  location, 
type  of  measurement,  and  sensitivity.  The  cali¬ 
bration  procedure  includes  the  capability  to  per¬ 
form  a  check  on  each  transducer  and  update  its 
true  sensitivity. 

In  the  data  acquisition  mode,  several  graphic 
displays  aid  in  reporting  the  tuning  procedure. 
The  Indicator  Function,  referenced  to  any  of  the 
inputs,  may  be  displayed  and  updated  during  the 
tuning.  An  Amplitude/Phase  display  may  be  select¬ 
ed  which  yields  a  qualitative  measure  of  how  nor¬ 
mal  is  the  mode  being  excited.  See  Figure  2. 
This  display  plots  an  amplitude  and  phase  for  each 
of  the  response  channels  along  the  abscissa. 
Responses  are  scaled  so  that  the  maximum  amplitude 
(ordinate)  value  is  one.  Threshold  scaling  per¬ 
mits  the  user  to  see  those  channels  whose  response 
is  greater  than  a  specified  percentage  of  the 
maximum.  As  a  result,  the  operator  quickly  sees 
how  many  channels  are  within  an  acceptable  range 
of  quadrature  response.  A  cursor  allows  him  to 
then  identify  which  channels  are  out  of  that 
range.  For  any  individual  channel,  a  display  of 
the  current  and  averaged  time  signal  can  be  plot¬ 
ted  to  see  if  the  response  is  sinusoidal  or  con¬ 
taminated  by  noise,  harmonic  responses,  etc. 

After  data  acquisition,  the  SDOF  fitting  pro¬ 
cess  is  performed.  This  requires  no  operator  in¬ 
tervention,  although  each  individual  curve  fit  can 
be  displayed.  Damping  is  also  computed  using 
half-power  methods.  The  validation  module  permits 
the  calculation  of  modal  participation  factor, 


modal  assurance  criteria,  synthesis,  and 
orthogonal ity . 

The  utility,  documentation,  and  interface 
modules  provide  the  means  to  store  and  report 
setups  and  data  and  to  provide  the  results  to 
other  software  programs  for  subsequent  processing 
and  display. 

Appl i cations 

A  64-channel  version  of  the  described  system 
has  been  in  operation  for  the  past  three  years. 
It  has  been  used  successfully  in  the  testing  of 
various  aerospace  structures,  including  the 
Spacelab  Pallet[2].  An  upgrade  of  the  system  to 
128  channels  has  recently  been  completed  and  it  is 
currently  scheduled  for  testing  of  the  European 
Skynet  Spacecraft  and  Solar  Array  and  Eurostar 
Spacecraft . 

Sunmary 

A  multichannel  data  acquisition  system  for 
normal  mode  testing  has  been  developed  which  fea¬ 
tures  independent  digital  control  and  tuning  of  up 
to  four  exciters.  This  advance  automates  the  por¬ 
tion  of  a  sine  dwell  test  which  is  usually  per¬ 
formed  by  hand  subjectively,  requiring  skill, 
patience,  and  often  good  fortune  to  conduct  suc¬ 
cessfully.  Combined  with  other  automated 

features,  this  unique  system  reduces  the  time 
required  to  perform  normal  mode  testing  while 
improving  the  quality  of  results  through  more 
precise  mode  definition.  Its  recent  successful 
application  aerospace  structures  suggests  signifi¬ 
cant  advantages  for  use  in  multipoint  sinedwell 
tests . 
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Figure  1.  Diagram  of  automated  tuning  and  data  collection  system 
for  normal  mode  testing. 


Figure  2.  Amplitude/Phase  plot  for  observing  quality  of  tuned  mode.  Plot  on  left 
is  for  all  120  channels.  Plot  on  right  is  for  channels  with  response  greater  than 
30%  of  maximum  response. 
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Abstract 

A  new,  rapid  method  for  obtaining  frequency- 
response  functions  from  photogrammet ric  data  is 
developed.  This  method  has  application  to  mode 
shape  determination  from  remote  displacement  data 
such  as  measurements  of  deflections  of  large  space 
structures  or  of  wing  surfaces  in  wind  tunnel 


camera  focal  length;  power  series 
coef  f icient 

functional  mapping  defined  in  (i9A) 
diagonal  matrix  defined  in  (43A) 
power  series  coefficient 


In  this  photogrammetric  measurement  technique 
the  motion  of  each  of  several  targets  on  a  vibrat¬ 
ing  surface  is  recorded  as  a  four-dimensional  time 
series  by  a  pair  of  remote  digital  cameras. 
Previously,  three-dimensional  frequency-response 
functions  have  been  obtained  from  the  camera  data 
by  means  of  a  coordinate  transformation  algorithm, 
applied  point-by-point  in  the  time  domain  to  each 
target  position  time  record,  followed  by  Fourier 
transformation.  However,  coordinate  transfor¬ 
mation  of  data  records  of  sufficient  length  to 
ensure  adequate  statistical  sampling  requires 
excessive  computation  time.  A  new  method  has  been 
developed  which  reverses  the  order  of  operations. 
Fourier  transformation  is  performed  in  four¬ 
dimensional  camera  coordinates  to  obtain  averaged 
cross  and  autopower  spectra.  Frequency-response 
functions  in  three-dimensional  spatial  coordinates 
are  then  obtained  by  means  of  the  coordinate 
transformation  algorithm.  This  method  reduces  the 
computation  time  by  a  factor  proportional  to  the 
number  of  averages  computed.  The  accuracy  of 
three-dimensional  frequency-response  functions 
computed  by  this  method  is  shown  to  be  dependent 
on  the  component  of  deflection  normal  to  the 
camera  focal  plane  and  also  upon  the  geometry  of 
the  camera  installation. 

Nomenclature 

A  projection  matrix  defined  in  (17A) 

A,  jth  row  of  matrix  A 


F[f(t), 


h  (u) 

•J 

h.  .  (w) 


expected  value 

error  defined  in  (22A) 

error  defined  in  (39A) 

error  defined  in  (34A) 

error  defined  in  (38A) 

error  defined  in  (40A) 

general  Fourier  transform 

Fourier  transform  of  function  f(t) 

general  time  function 

driving  function 

frequency-response  matrix 

defined  in  (35A) 

column  of  H(cl}) 

element  of  H(oi)) 


identity  matrix 


scale  factor 


rotation  matrix  defined  in  (4A) 


damping  coefficient;  power  series 
coefficient;  general  scalar 
element 

general  matrix 


row  3  matrix  Mi 


rows  1  and  2  of  matrix  Mi 


power  series  coefficient 


composite  matrix  defined  in  (lOA) 


maximum  perturbation  magnitude  (45A) 


obj  ect 


pseudo  inverse  of  matrix  A 
defined  in  ( 20A) 


*  Aerospace  Technologist,  Electro-Mechanical 
Instrumentation  Branch,  Instrument  Research 
Div ision. 

**  Aerospace  Technologist,  Electro-Mechanical 
Instrumentation  Branch,  Instrument  Research 
Div ision . 


matrix  of  constants 


autocovar iance  matrix 


cross-covariance  matrix 


autospectral  matrix 
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autospectral  matrix 
cross-spectral  matrix 
autopower  spectrum  of  g(t) 


Subscripts : 


damped  natural  frequency,  rad/sec 


dual  focal  plane  space 


time  in  seconds 


object  space 


input  driving  vector  in  OBJ  space 


principal  point 


general  vectors 

input  driving  vector  in  DFP  space 


point  in  object  space 
normalized  magnitude  of  fiW(t) 


Superscripts : 


estimated  value 


X,  Y,  Z 


6,  4>,  ^ 


perturbation  in  object  space 

point  in  DFP  space 

perturbation  in  DFP  space 

object  space  coordinates 

DFP  space  coordinates 

diagonal  perturbation  matrix 
defined  in  (15A) 

diagonal  perturbation  matrix  defined 
in  (16A) 

distance  from  object  to  principal 
point  plane 

perturbation  parallel  to  z  axis 
constants 

matrix  defined  in  equations 
(30B),  (33B),  and  (35B) 

least  angle  between  6W(t)  and 


element  of 

perturbation  symbol 

maximum  relative  perturbation, 
defined  in  (47A) 

relative  RMS  error  defined  in 
(53A) 

maximum  negative  relative 

perturbation,  defined  in  (50A) 

damping  ratio,  defined  in  (64A) 

orientation  angles.  Fig.  10 

matrix  defined  in  (37B) 

column  j  of  matrix  A, 
k 

condition  number  of  matrix  A 
defined  in  (42A) 

general  frequency,  rad/sec 


complex  conjugate 


Special  Notation: 


Df  vector  V  defined  in  (27A) 


II All  norm  of  matrix  A  defined  in  (28A) 

Introduction 

Remote  measurement  of  displacement  becomes 
necessary  for  many  structural  test  conditions. 

For  example,  the  mass  of  transducers  may  modify 
the  dynamic  characteristics  of  the  structure  being 
tested,  a  hostile  test  environment  may  restrict 
use  of  attached  transducers,  measurement  of  low 
frequency,  low  acceleration  vibrations  may  pre¬ 
clude  use  of  accelerometer  devices,  or  measurement 
of  large  amplitudes  may  limit  the  use  of  proximity 
probes.  Photogrammetric  techniques  offer  an 
alternative  in  such  conditions.  A  stereoscopic 
digital  camera  system  can  provide  three- 
dimensional  dynamic  measurement  of  position  of 
multiple  targets  for  such  applications  as  modal 
analysis  or  frequency-response  estimation. 

Stereoscopic  data  are  recorded  for  off-line 
analysis  as  a  pair  of  two-dimensional  sampled  time 
functions  for  each  target.  Previously,  each 
recorded  stereoscopic  pair  was  mapped  into  three- 
dimensional  object  space  coordinates  by  means  of 
the  Direct  Linear  Transformation  (DLT)  algorithm.^ 
Frequency-response  functions  were  then  obtained 
from  averaged  auto  and  cross-power  spectra  com¬ 
puted  from  the  discrete  Fourier  transforms  of  the 
three-dimensional  data.  This  sequence  of  oper¬ 
ations  requires  excessive  computation  time  for 
data  records  of  sufficient  length  to  ensure  ade¬ 
quate  statistical  sampling. 

The  method  developed  herein  performs  discrete 
Fourier  (DF)  transformation  of  the  recorded  data 
and  computation  of  averaged  auto  and  cross-power 
spectra  in  four-dimensional  camera  coordinates 
followed  by  Direct  Linear  (DL)  coordinate  trans¬ 
formation  of  the  averaged  spectra.  This  computa¬ 
tional  sequence  reduces  the  number  of  points  to  be 
transformed  for  each  recorded  target  position  by  a 
factor  equal  to  the  number  of  data  blocks  to  be 
averaged.  This  produces  a  corresponding  increase 
in  computational  speed,  since  DL  transformation  is 
slow  compared  to  DF  transformation. 

Since  camera  projection  and  DL  transformation 
(inverse  operations  of  one  another)  are  nonlinear 
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transformations,  error  is  introduced  by  inter¬ 
changing  DL  and  DF  transformation,  which  limits 
the  applicability  of  the  new  method.  An  analysis 
given  in  Appendix  A  develops  error  bounds  which 
enable  the  user  to  determine  constraints  on 
experimental  geometry  and  excitation  amplitudes 
necessary  to  maintain  a  given  accuracy.  Results 
of  computer  error  studies  are  given  which  compare 
errors  incurred  by  the  new  method  for  a  typical 
geometric  configuration  and  several  deflection 
functions.  Finally,  experimental  data  are  given 
which  compare  results  computed  by  both  methods. 

Sources  of  Error 


Error  incurred  by  the  DF-DL  sequence  of 
transformation  is  shown  to  be  dependent  on  the 
ratio  of  the  component  of  deflection  normal  to  the 
focal  plane  ( 6z)  to  the  target-to-pr inc ipal 
point  plane  distance  (z) ,  as  well  as  the  geometry 
of  the  cameras. 

The  source  of  the  error  is  now  described 
briefly.  The  perspective  projection  of  a  solid 
object  onto  the  camera  focal  plane,  illustrated  in 
Fig.  1,  is  foreshortened  along  the  z  axis  of  the 
camera.  Fig.  2  shows  the  perspective  projection 
on  the  focal  plane  of  a  point  oscillating  sinu¬ 
soidally  with  time  in  the  X-Y  plane  in  space.  The 
nonsinusoidal  projected  image  is  distorted  because 
of  the  component  of  motion  normal  to  the  focal 
plane.  DL  transformation  of  the  focal  plane  image 
of  the  time  function  back  to  object  space  (OBJ) 
coordinates  eliminates  the  distortion.  However, 

DF  transformation  of  the  distorted  focal  plane 
time  function  introduces  harmonics  not  present  in 
the  original  time  function  in  OBJ  coordinates. 

DL  transformation  of  the  distorted  DF-t ransf ormed 
data  to  OBJ  coordinates  does  not  eliminate  the 
unwanted  harmonics,  thus  introducing  error. 

Motion  normal  to  the  camera  focal  planes 
must,  therefore,  be  sufficiently  limited  in  magni¬ 
tude  to  limit  error  to  an  acceptable  level. 

Motion  parallel  to  the  camera  focal  planes  is  not 
distorted  and  can  be  transformed  without  error  by 
the  DF-DL  transformation  sequence.  Figure  3  shows 
the  Fourier  transforms  of  a  sinusoidal  time 
function  in  space  for  which  the  ratio  6z/z  is 
0.25  and  of  its  distorted  projection  in  the  camera 
image  plane.  The  latter  transform  contains  a  peak 
at  a  fundamental  frequency  and  harmonics  of  the 
fundamental  whose  amplitudes  are  proportional  to 
(l/z)  (where  n  is  harmonic  number)  and  which 
rapidly  decrease  to  zero  amplitude. 

Error  Analysis 

The  transformation  equations  from  object 
space  (OBJ)  coordinates  to  dual  focal  plane  (DFP) 
coordinates  are  derived  in  Appendix  A,  Let 
6w(t)  denote  a  time  varying  perturbation  of  a 
target  point  in  OBJ  coordinates,  and  let  6w(t) 
denote  its  projected  image  in  DFP  coordinates. 
Coordinate  transformation  from  OBJ  to  DFP  coordi¬ 
nates  is  given  by  Appendix  equation  (18A) 

-  r  n-l  - 

6w(t)  =  [z  +  6Z(t)  ]  A6W(t)  (1) 


where  matrices  Z,  6Z ,  and  A  are  defined  in 
Appendix  equations  (15A),  (16A),  and  (17A). 

The  inverse  transformation  from  DFP  coordi¬ 
nates  to  OBJ  coordinates  (computed  via  the  DLT 
algorithm)  is  given  by  Appendix  equation  (19A) 


6w(t)  =  P^[z  +  6z(t)]  6w(t)  =  D[6w(t)]  (2) 

where  matrix  P^  is  defined  in  Appendix  equation 
(20A).  The  error  incurred  by  the  DL-DF  transfor¬ 
mation  sequence  is 


E(o:)  =  F(6w(t)]  -  P^(z  +  6z(t)]  F(5w(t)]  (3) 

The  relative  RMS  error  defined  as 

(/L  >F[6W(t)]d  (4) 


is  shown  in  Appendix  equation  (53A)  to  be  bounded 
by 


1  -  e 


1/2 


(5) 


where  e 

m 


^k 


£ 

Z 

0 


W^Ct) 


=  max  I  6z^/z^| 

=  perturbation  component  normal  to 
the  focal  plane 

=  distance  from  target  to  principal 
point  plane 

=  |max  (0,  6z^/z^)| 

=  condition  number  of  matrix  A 
defined  in  Appendix 
equation  (42A) 

=  normalized  magnitude  of  6w(t) 


Matrix  A  is  determined  by  camera  configuration 
and  is  determined  by  the  direction  and  ampli¬ 

tude  of  6W(t)  .  It  is  shown  for  the  special  case 
where  6w(t)  is  a  unidirectional,  exponentially- 
damped  sinusoid  (Appendix  equation  (63A)),  a  typi¬ 
cal  perturbation  function  encountered  in  modal 
analysis,  that  bounded  by 

Vis  <  ° 

z 


Equations  (5)  and  (6)  show  that  varies 

KMo 

directly  with  perturbation  amplitude  and  inversely 
with  target-to-princlpal-point  plane  distance  and 
that  components  of  motion  parallel  to  both  focal 
planes  contribute  no  error. 


512 


Computer  Error  Studies 


Table  3  Perturbation  rotating  in  X-Y  plane 


The  relative  RMS  error,  e 


RMS’ 


incurred  by 


DF-DL  transformation  of  dynamic  data,  was  computed 
numerically  in  a  series  of  computer  error^stud ies 
as  follows.  The  perturbation  function  6W(t)  (in 
OBJ  coordinates)  is  transformed  into  DFP  coordi¬ 
nates  by  equation  (1)  for  the  geometry  shown  in 
Fig.  4.  The  resultant  error  E(ui)  is  obtained 
via  equation  (3)  and  relative  RMS  error, 

^RMS’  obtained  by  numerical  inte¬ 

gration.  These  numerical  results  and  the  corre¬ 
sponding  error  bounds  (maximum  obtained 

from  inequalities  (5)  and  (6)  are  summarized  in 
Tables  1  through  3.  The  perturbation  functions 
were  damped  sinusoids  with  damping  coefficient 


a  of  0.05  and  damped  natural  frequency 
10  Hz. 


of 


Table  1  Perturbation  in  Y  direction 
(damped  sinusoid) 


6z/z 

6W(t)  =  C  |j|  g  sin 

Computed  Maximum 

C  (inches)  (%) 

^RMS 

0.25 

35.36  22.85 

28,897 

0.10 

14. 142  9.055 

9.632 

0.025 

3.536  2.085 

2.220 

0.01 

1.414  0.877 

0.876 

Table  2 

Perturbation  in  Z  direction  parallel  to 
focal  plane  (damped  sinusoid) 

6z/ z 

6w(t)  =  C  1 

C  (inches) 

fo\ 

,  ® 1  sin 

[ije 

Computed 

^RMS 

“d  ^ 

Maximum 

^RMS 

0 

35.35 

0.097 

0 

0 

14.142 

0.119 

0 

0 

3.536 

0.097 

0 

0 

1.414 

0.115 

0 

6w(t)  =  Ce 


-at 


0  sin  t  + 


cos  03,  t 
d 


Computed  Maximum 
6z/z  C  (inches)  (%)  (%) 


0.25  35.36 

0.10  14.142 

0.025  3.536 

O.Ol  1.414 


17.750  28.897 

6.360  9.632 

1.515  2.220 

0.603  0.876 


Fourier  transform  F[<5w(t)]  is  compared  with 
DL  transform  D[F[6w(t)))  for  Tables  1  through 
3  in  Figs,  5  through  7  respectively.  The  good 
agreement  shown  in  the  figures  is  confirmed  by  the 
corresponding  values  of  ^^3  tables. 

Experimental  Results 

Dynamic  data  were  obtained  using  the  experi¬ 
mental  apparatus  shown  in  Fig.  8.  From  this  set 
of  data,  frequency-response  functions  estimated 
via  DF-DL  transformation  were  compared  with  those 
obtained  via  DL-DF  transformation.  The  experi¬ 
mental  and  computational  procedures  are  now 
described  briefly. 

A  cantilevered  steel  beam  was  driven  by 
band-limited  random  noise  directed  in  the 
X  direction.  A  stereoscopic  digital  camera  system 
recorded  the  motion  of  five  light-emitt ing-diode 
(led)  targets  attached  at  selected  stations  along 
the  length  of  the  beam.  Target  1  describes  the 
motion  of  the  driving  function;  targets  2  through 
5  describe  beam  response  at  their  respective 
stations.  Stereoscopic  data  measurements  were 
sampled  at  a  rate  of  312  samples  per  second  in 
100  blocks  of  512  samples  per  block.  Thus  51,200 
samples  were  recorded  for  each  of  five  targets  for 
a  total  of  256,000  data  values. 

A  non— least-squares  estimate  of  element 
hii(w)  of  frequency-response  matrix  H((ii) 

(defined  in  Appendix  equation  (3B))  by  DF-DL 
transformation  was  obtained  by  direct  solution  of 
Appendix  equations  (29B)  and  (31B)  for  an 
X-directed  driving  function.  Thus 


D 


(U3)/S, 


kk 


(7) 


Computed  values  of  are  nonzero  due  to 

computer  round-off  errors. 


where 


A 

S  (U3) 

wu  , 

.  k 

matrix 


kk 


is  column  k  of  cross-spectral 

S  (w)  (Appendix  equation  (21B)) 
wu 

is  the  k,k  element  of 
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autospectral  matrix  (Appendix 

equation  (20B)) 


Appendix  A 

Development  of  Projection  Equations 


and 


Yi  is  the  1 ,k  element  of  matrix  F, 
^  k  ^ 

(Appendix  equation  (30B)). 


Note  in  equation  (7)  that  DF  transformation, 
averaging,  and  spectral  estimation  precede  DL 
transformation. 


Frequency-response  function  hii((A:)  was 
computed  via  equation  (7)  for  response  targets 
2  through  5.  The  elements  of  smoot hed ^auto- 

spectral  and  cross-spectral  matrices  S  ( and 
A  uu 

S  ( oj)  used  in  (7)  were  estimated  by  means  of 
wu 

Appendix  equation  (24B)  and  (25B)  after  DF  trans¬ 
formation  of  the  recorded  data  set.  After 
averaging  and  cross-spectral  estimation,  only 

512  values  of  4-eleraent  vector  S  (co)  require 

wu  , 

.  k 

DL  transformation,  for  response  targets  2  through 
5  for  a  total  of  2048  transformations. 


It  is  desired  to  remotely  sense  the  three- 
dimensional  position  of  a  vibrating  object  0  as 
a  function  of  time  by  means  of  a  stereoscopic 
system,  as  shown  in  Fig.  4,  which  employs  two 
cameras  focused  on  0.  The  image  of  0,  denoted 
by  0* ,  appearing  in  each  camera  focal  plane  is 
modeled  as  a  perspective  projection.  That  is, 
each  point  W  of  0  projects  onto  the  point  of 
intersection  of  the  camera  focal  plane  with  the 
line  passing  from  W  through  the  camera  principal 
point  Wp.  The  camera  principal  point  plane 

mentioned  in  the  sequel  is  parallel  to  the  focal 
plane  and  intersects  Wp. 

Define  an  object  space  (OBJ)  coordinate 
system  denoted  by  X,  Y,  Z.  For  each  camera  define 
a  focal  plane  (FP)  coordinate  system,  denoted  by 
X,  y,  Zp,  whose  origin  lies  on  the  focal  plane. 

Let  the  OBJ  coordinates  of  object  point  W  be 


A  corresponding  estimate  of  hii(^)  t»y 
DL-DF  transformation  was  obtained  as  follows.  The 
set  of  256,000  recorded  4-element  data  vectors 
underwent  DL  coordinate  transformation  into 
3-element  vectors  which  were  then  Fourier  trans¬ 
formed,  after  which  smoothed  autospectral  and 
cross-spectral  matrices  S  ( (c)  and  were 

estimated.  Element  hii(oL.)  was  then  obtained  by 
equating  elements  (1,1)  of  equation  (3D).  This 
procedure,  requiring  256,000  DL  transformations, 
required  over  49  hours  of  computation  on  an  in- 
house  minicomputer,  as  compared  to  approximately 
20  minutes  for  the  former  procedure. 

Frequency-response  functions  obtained  by  both 
procedures  for  stations  2  through  5  are  compared 
in  Fig.  9.  Agreement  is  good  at  lower  frequen¬ 
cies.  As  frequency  increases  agreement  worsens  as 
decreasing  signal  amplitude  approaches  the  limit 
of  camera  resolution. 

Conclusions 


A  rapid  computational  procedure  for  reduction 
of  stereoscopic  dynamic  data  has  been  proposed. 

Its  accuracy  has  been  predicted  by  means  of  an 
analytical  error  analysis  and  by  computer  error 
studies.  It  was  shown  that  error  is  roughly  pro¬ 
portional  to  the  component  of  motion  normal  to  the 
camera  focal  plane  divided  by  target-to-principal- 
point  plane  distance.  Error  is  also  magnified  by 
the  condition  number  of  the  stereoscopic  pro¬ 
jection  matrix  determined  by  camera-target 
geometry. 

The  proposed  procedure  was  employed  to  esti¬ 
mate  frequency-response  functions  using  test  data 
obtained  from  a  simple  vibration  experiment. 
Comparison  of  these  results  with  those  obtained  by 
the  conventional  procedure  showed  satisfactory 
agreement.  Data  reduction  time  for  this  case  was 
reduced  by  a  factor  of  125. 


(lA) 


Let  W  denote  the  coordinates  of  the  principal 
P 

point  in  OBJ  space 


W 

P 


(X 


Y 

P 


Z  )^ 
p^OBJ 


(2A) 


Let  (Xp,  yp,  c)pp  denote  the  FP  coordinates  of  the 
principal  point  and  let  (x ,  y,  0)pp  denote  the 
FP  coordinates  of  the  projected  image  of  W. 

Then  the  transformation  from  OBJ  coordinates  to 
FP  coordinates  is 


where  c  is  the  camera  focal  length,  z  is  the 
distance  from  W  to  the  principal  point  plane, 
and  M  is  the  rotational  transformation  matrix 
from  OBJ  orientation  to  FP  orientation  given  by 


cos  (})  cos  9 
cos  sin  6 
sin  (|) 


sin  ijj  sin  4^  cos  0  +  cos  sin  0 
cos  4*  cos  0  -  sin  4  sin  4  sin  0 
-  sin  4  cos  4 


sin  4  sin  0  -  cos  4  sin  4  cos  0 
sin  4  cos  0  +  cos  4  sin  4  sin  0 
cos  4  cos  4 


(4A) 


See  figure  10  for  angle  definitions 


By  means  of  both  cameras,  a  subset  of  the 
three-dimensional  object  space  is  mapped  into  a 
four-dimensional  dual  focal  plane  (DFP)  space. 

Let  subscripts  1  and  2  in  the  sequel  denote 

12 

cameras  1  and  2.  Let  M  denote  the  2  by  3 

matrix  consisting  of  rows  1  and  2  of  M,  and  let 
3 

M  denote  the  third  row  of  M.  Also  let 

-  A  T 

w  =  (x  1,  yi,  X2,  yz)  (5A) 


-  A  ,  .T 

yi) 

W2  =  (X2,  yz)^ 


(6A) 

(7A) 


and 


^  / 

=  (z 


1  > 


(8A) 


An  expression  for  z  in  terms  of  W  can  be 
obtained  as 


Through  the  use  of  (3A)  it  can  be  shown  that  w 
is  related  to  W  and  z  by 


12  » 

c  iMi  1 

1 

0 

1 

12 

0  « 

czM  2 

PI 


^2 

’^P2 

^P2 


(llA) 


Let  6W  =  ( 6X  <Sy  6z)^  be  a  perturbation  in  W 
(see  Fig.  4).  From  (9A)  the  corresponding  pertur¬ 
bation  6z  is 


3 

Ml 


3 

Mz 


=  M  6W 
z 


(12A) 


From  (11  A)  and  (12A)  the  projection  of  6W  onto 
DPF  space,  6w  ,  is  given  in  terms  of  6W  and 
6z  as 


which  may  be  written  in  matrix  form  as 


A6w  =  (z  +  6z)  6w 


(14A) 


where 


zi  0  0  0 

0  zi  0  0 

0  0  Z2  0 

0  0  0  Z2 


(13A) 


6Z 


6zi  0  00 

0  6zi  0  0 

0  0  6zz  0 

00  0  6z2 


(16A) 
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and 


12 

-ciMi 


-'2”2 


XJ  -  X 


PI 


yi  -  y. 


Pi 


0 

0 

X?  -  X 

P2 

y2  -  y, 


P2 


3 

Ml 


3 

M2 


(17A) 


Substitute  f[6w)  into  (19A)  for  _6w  ,  noting 
that  since  6Z  is  dependent  on  6w  in  (19A),  it 
will  now  be  dependent  on  f(6w)  (denoted  by 

f[  <Sw] 


giving 


d(f(6w))  =  (z  +  «z|p(-^-j)  f(6w)  (24A) 


Equations  (23A)  and  (24A)  are  combined  to  yield 


From  (14 A)  the  projection  equation  for  6w  as  a 
function  of  6W  can  be  written  as  a  mapping 

D  from  OBJ  space  into  DFP  space  as 


r  _  A  -1  ^ 

6w  =  [Z  +  6ZJ  A6w  =  D  (6w)  (18A) 


If  A  has  full  rank  then  an  inverse  mapping 
D  is  obtained  as 


5W  =  (z  +  6z)  6w  =  D(  6w)  (19A) 


where 


=  (a'^A)  a"^  (20A) 


Over  the  column  space  of  A  matrix  P^  is  a 
two-sided  inverse  of  A.  Mappings  D  and 

D  are  nonlinear  transformations  because  of  the 
dependency  of  (6zj  on  6W  .  Therefore,  compo¬ 
sition  of  Fourier  transformation  and  mapping 
under  D  is  noncommutat ive;  that  is 


d(f(iSw))  =  f(6w)  -  f[6z(Z  +  6z)  a6w) 


^^If(6w)Z'^  ^Af[6w)  -  f(6Z(Z  +  6Z)^^  A6w)]  (25A) 


The  expression  for  E(  (aj)  is  obtained  from  (25A) 
as 


E(<^)  =  P  (l  -  <5Z|  Cj-^Z  f(6Z(Z  +  &Z)  ^  A6w) 


_1 


Determination  of  Error  Bounds 

Let  llv  II  denote  the  Euclidean  norm  of 
n-element  v  ,  where 


J. 


(26A) 


(27  A) 


and  let  IIAII  denote  the  norm  of  a  general  m 
by  n  matrix  A,  where 


K6w(t))  =  F(D(6w(t)))  *  D(F(6w(t)))  (21A) 


where  F  denotes  Fourier  transformation  and 
D  is  extended  to  a  complex  mapping  by 


11^  II  A  max  II  Ax  il 

^*0  ii;ii 


(28A) 


It  can  be  shown^  that  HAH  equals  the  largest 
singular  value  of  A.  It  follows  from  (28A)  that 


D(u  +  iv)  =  D(u)  +  iD(v) 


II Ax  11  <  HAH  •  llxll 


(29A) 


(In  the  sequal  the  ”(t)’'  notation  will  be  sup¬ 
pressed  in  F(6w(t))  and  F(6w(t))  ,)  However, 

if  the  perturbation  magnitudes  are  small,  the 
error 


It  can  also  be  shown  that 


ilABlI  HAH  •  IIBII 


(30A) 


E(a;)  =  Dj^F(6w]j-  f(6w] 


(22A)  where  A  and  B  are  conformable  matrices.  The 

vector  triangle  inequality. 


may  be  acceptably  small.  An  expression  for  E(w) 
will  now  be  obtained.  The  Fourier  transform  of 
6w(  t )  may  be  obtained  as 

f(6w]  =  Z"^^Af(6w)  -  f(6z(Z  +  6Z)"^  A6w)j  (23A) 


llx  +  y  11  <  llx  II  +  II  y  II 


'is  true  also  for  matrix  norms^  as 


HA  +  BH  <  IIAII  +  IIBII 


(31A) 


(32A) 
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rnmputgr  Error  Studies. 

The  relative  RMS  error,  Incurred  by 

DP-OL  transformation  of  dynamic  data,  was  computed 
numerically  in  a  series  of  computer  error  stales 
as  follows.  The  perturbation  function  OWU;  Un 
OBJ  coordinates)  Is  transformed  into  DFP  coordi¬ 
nates  by  equation  i\)  for  the  geometry  shown  in 
Pig.  4.  The  resultant  error  E(w)  is  obtained 
via  equation  (3)  and  relative  RMS  error, 
e  ,  given  by  (4)  is  obtained  by  numerical  inte- 
RMS 

graclone  These  numerical  results  and  the  corre- 
sponding  error  bounds  (maximum  obtained 

from  inequalities  (5)  and  (6)  are  summarized  in 
Tables  1  through  3.  The  perturbation  functions 
were  damped  sinusoids  with  damping  coefficient 
a  of  0.05  and  damped  natural  frequency  of 

10  Hz. 


Table  I  Perturbation  in  Y  direction 
(damped  sinusoid) 


5W(t)  «  C  1 

?  j  stn 

oj  e 

Computed 

Maximum 

6z/z  C  (Inches) 

®RMS 

0.25 

35.36 

22.85 

28.897 

0.10 

14.142 

9.055 

9.632 

0.025 

3.536 

2.085 

2.220 

O.Ol 

1.414 

0.877 

0.876 

Table  2 

Perturbation 
focal  plane 

in  Z  direction  parallel  to 
(damped  sinusoid) 

6W(t)  -  C 

(•).-"  ^ 

5z/z 

C  (Inches) 

Computed 

®RMS 

Maximum 

®RMS 

0 

35.35 

0.097 

0 

0 

14.142 

0.119 

0 

0 

3.536 

0.097 

0 

0 

1.414 

0.115 

0 

Table  3  Perturbation  rotating  in  X-Y  plane 


/l\ 

'o\ 

«w(t)  -  ci*^ 

0  sin  (i» .  t  + 

1  1  cos  HI.  t 

\°/ 

i°/ 

6z/z 

C  ( Inches) 

Computed 

^RMS 

Maximum 

0.25 

35.36 

17.750 

28.897 

0.10 

14.142 

6.360 

9.632 

0.025 

3.536 

1.515 

2.220 

0.01 

1.414 

0.603 

0.876 

Fourier  transform  F[«W(t)]  is  compared  with 
DL  transform  D[F(iw(t)])  for  Tables  1  through 
3  in  Figs.  5  through  7  respectively.  The  good 
agreement  shown  in  the  figures  is  confirmed  by  the 
corresponding  values  of  tables. 

Experimental  Results 

Dynamic  data  were  obtained  using  the  experi¬ 
mental  apparatus  shown  in  Fig.  8.  From  this  set 
of  data,  frequency-response  functions  estimated 
via  Dp-DL  transformation  were  compared  with  those 
obtained  via  DL-DF  transformation.  The  experi¬ 
mental  and  computational  procedures  are  now 
described  briefly. 

A  cantilevered  steel  beam  was  driven  by 
band-limited  random  noise  directed  in  the 
X  direction.  A  stereoscopic  digital  camera  system 
recorded  the  motion  of  five' light -emitting-dlode 
(LED)  targets  attached  at  selected  stations  along 
the  length  of  the  beam.  Target  1  describes  the 
motion  of  the  driving  function;  targets  2  through 
5  describe  beam  response  at  their  respective 
stations.  Stereoscopic  data  measurements  were 
sampled  at  a  rate  of  312  samples  per  second  in 
100  blocks  of  512  samples  per  block.  Thus  51,200 
samples  were  recorded  for  each  of  five  targets  for 
a  total  of  256,000  data  values. 

A  non-least-squares  estimate  of  element 
hii(w)  of  frequency-response  matrix  H(w) 

(defined  in  Appendix  equation  (3B))  by  DF-DL 
transformation  was  obtained  by  direct  solution  of 
Appendix  equations  (29B)  and  (31B)  for  an 
X-dlrected  driving  function.  Thus 

hix(«)  -  “3 


Computed  values  of  are  nonzero  due  to 

computer  round-off  errors. 


where 


wu 


(«) 

.k  ^ 
matrix  i 


8  (tt) 


is  column  k  of  cross-spectral 

(Appendix  equation  (21B)) 
is  the  k,k  element  of 


In  the  sequel  it  is  assumed  realistically  that  the 
norms  ll<!iW(t)  ll  and  llF^dWjll  are  bounded  and  that 

the  integral  IIf[6w)iI  doj  exists. 

Take  the  norm  of  (26A)  and  apply  inequalities 
(29A-32A)  to  obtain 


Through  appropriate  choice  of  scale  factor  K  the 

norm  llE  can  be  made  arbitrarily  close  to 

K 


llEp(a))ll  =  llp^ll  •  IIf[6z(Z  +  6z)“  A6w]  H  (37 A) 


I1E(0))II  llP^ 


III  -  Z  6Z 


i  (t)  ^  lip  11  6z(t)  (Z  +  6Z(t))  A6w(t)  (38A) 
F  A 


IIf(6z(Z  +  6Z)"  A6w)|I 


Ep(a))  ^  F[ep(t)J 


I!  A 11  •  IIZ  6Z 


IIf[6w]1I  (33A) 


Inequality  (33A)  shows  that  if  HZ 

made  sufficiently  small  by  scaling  f[6w)  ,  E(  o.) 
will  be  dominated  by  P^f(6Z(Z  +  6Z'  )  A6w)  •  The 

effect  of  scaling  f[6w]  in  (33A)  is  now  calcu¬ 
lated.  Replace  d[f(6w)]  in  (22A)  by 
KD  [[C1/K)F(  6w)J  ,  where  K  is  the  scale  factor. 
Equation  (26A)  is  then  rewritten  as 


The  Fourier  transform  in  (37A)  cannot  be 
analytically  evaluated  even  for  simple  time 
functions  because  of  the  inverse  factor 

[z  +  6z(t)]*”  .  This  fact  prevents  determination 

of  a  useful  bound.  However,  the  integral  of 
2 

HE  (a))ii  over  w  can  be  bounded  analytically  as 
K 

is  now  shown.  Let 


+  A  h  I  e^(t)  +  4  b  HP J  •  BA8  •  6W(t)  (40A) 


Take  the  norm  of  (38A)  and  apply  inequalities 
(29 A)  and  (30A)  to  give 


E^(^)  =  +  6Z)-'a6w) 


iie^(t)ii  ^  a  HD  (t)ii  •  H6w(t)ii 
F  z 


a  =  IIP -  iiAii 
A 


D  (t)  =  6z(t)  (z  +  6Z(t)]“ 


(z  +  6z) 

h  &  - !!1SL  IIP  II  .  IIf(6w)iI  (35A) 

z  z  .  A  ^  ^  max 

min 


It  can  be  shown  that  IIE^(ia>)I1  is  bounded  by 


Each  element  of  D2(t)  has  the  form 

1  azi^cty/z',;  k  =  1  or  2.  Let  be  the 

smallest  angle  attained  for  any  t  between 
6W(t)  and  the  z^  axis.  From  equation  (12A)  it 
follows  that 


HE  (u)ll  <  (1  +(1/K)h  )  IIP.  II  •  IIf(6Z(Z  +  5Z)"  A6w)|I 
K  z  A 


6z,  ( t) /  z  I  <  max  (  cos  T,  /z,  )  II 6W( t)  11  (44 A) 

Ik  k'  ,  ‘  ki  k 

k 


+  (l/K)h^  IIP^II  •  IIAII  •  liF(6w)ll 


C  =  max  Il6w(t)ll 


w^(t)  =  (1/C)  ll6W(t)l 
F 
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and 


=  C  max  (|cos  =  max  (6z^(t)/z^)  (47A) 

'  k  k,  t 


Then  from  (44A-47A) 


4  2 

0  <  Wp(t)  < 


Therefore,  the  ratio  of  integrals  in  (55A)  is 
bounded  by  unity. 


It  follows  that  IlD^Ct)!!  is  bounded  by 


Choose  K  sufficiently  large  so  that  the 
h 

terms  involving  —  are  negligible  in  (55A). 

K 

Then  bounded  by 


llD^(t)  II  <  ^  ^  Wp(t) 


=  |ijiin(0,  6Z|^(t)/Z|^)| 


'^SMS  ^  ”  i  1  - 


-1 — 


Therefore,  from  (41  A),  (46A),  and  (49A)  llep(t)l 
is  bounded  by 


‘'e„(t)ll  <  a  - - ^  Cw_(t) 

F  1  -  e  F 


w  (t)  =  I!  6w( t )  ll/max  il  6W(  t )  I! 
^  t 


To  bound  lle^(t)li  apply  (46A)  and  (51A)  to 
the  norm  of  (40A)  and  simplify  to  obtain 


(6zj^(t)/zp 


<  (1  +  o  j'  ^ ^  CWp(c)  +  if  0  CW|j,(t)  (52A) 


e  =  Imin  (0,  6z  (t)/z  )] 

^  k,t 


Define  the  relative  RjMS  error  as 


a  =  lip .  II  •  IIAII 
A 


i^^lE  (03)11  d03  / 


which  follows  from  Parseval's  Theorem^,  Evaluate 
the  integral  in  the  denominator  of  (53A) ,  using 
(46A)  to  obtain 


ll5w(t)ll  dw  =  C 


Integrate  the  square  of  (52A)  and  divide  by  (54A) 

2 

to  obtain  the  bound  to 

RMb 


h  \'  /  C.  V 


£  <0  1  +  —  - ^ 

RMS  \  K  /  \  1  -  e 


^  h  £^  h 

+  ^21  +  -^  —  +  - 
K  K  1  -  e  K 


/  dt 

—  oo  ^ 


Factor  a  equals  the  ratio  of  the  largest  singu¬ 
lar  value  of  A  to  the  smallest  nonzero  singular 
value  of  A,  defined  as  the  condition  number 
of  A.  Matrix  A  tends  to  be  poorly  conditioned 
if  cameras  1  and  2  are  closely  spaced  with  nearly 
parallel  focal  planes  (angles  {{)i  and 
(J)2  small  in  figure  4)  or  if  they  are  nearly 
opposed  (<})i  and  ^2  close  to  tt/2  in  Fig.  4). 
Matrix  A  is  well  conditioned  if  the  principal 
axes  are  coplanar  and  at  right  angles  to  each 
other  (<1)1  and  i>2  equal  to  'it/4  in  figure  4). 

Special  Cases 

Inequality  (91)  is  evaluated  analytically  for 
the  special  case  where  6w(t)  is  a  vector  of 
fixed  direction  with  varying  magnitude.  Let 

6w(t)  =  hWp(t)  (62 A) 

A  typical  perturbation  function  encountered 
in  modal  analysis  is  the  exponentially  damped 
sinusoid 


Wp(t)  = 


sin  03^  t,  t  >  0 


Since  0  <  w  (t)  <1  it  follows  that 

r 


Inequality  (94)  can  be  evaluated  analytically  for 
this  case  in  terms  of  the  damping  ratio  ^  where 
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2  2  1/2 
C  =  a  (w^  +  a  ) 


a/w^  for  a  «  ,  to  give 


e  <  a - 

RMS  1  -  e 


8(4C  +  1) 


sin  <{>1  -  cos  0 

sin  (j)2  -  cos  4)2  0 


A  similar  computation  can  be  performed  for  the 
exponentially  damped  cosine 


f(t)  = 


le  cos  cD^t,  t  >  0 


If  constants  are  chosen  such  that 
(j)2  -  -4>1,  zi  =  Z2»  Cl  =  C2  =  c, 

=  4>2  =  tt/2,  and  0i=  62  =  0,  then  the  norm 
llAl!  is  readily  obtained  as 

IIAII  =  /2  c  (7 


to  give 


^RMS  "  ° 


/  ^ 

2  \ 

/16?;  + 

28  C 

+  3 

- 

2 

\64C  + 

48C 

+  8/ 

Matrix  is  found  to  be 


sec  4>  0 

CSC  *  0 


0  (73A) 

1 


In  modal  analysis  of  metal  structures  typical 
values  of  C  seldom  exceed  0.02,  in  which  case 
inequalities  (103)  and  (109)  reduce  to 


and  the  norm  Hpjl  is  obtained  as 
A 


max  (sec  4>,  esc  4>) 


For  this  case 


Geometric  Example 

Figure  4  shows  an  example  of  typical  geometry 
in  which  the  object  is  located  at  the  intersection 
of  the  normals  to  each  focal  plane,  the  y^^  and 
y^  axes  are  parallel  to  the  Z  axis,  and  focal 

plane  coordinates  (x  z  )  and  (x^  z  )  are 

F^  F2 

rotated  from  the  XY  coordinates  by  angles  4>i 
4)2  ,  respectively.  Rotation  matrices  M^  and  M2 
are  then 


sin  4^^  0 


0 

sin  4>j^ 


for  k  =  1,  2.  Matrices  A  and  M^  defined  in 
(17 A)  and  ( lOA)  are  constructed  from  M^  and  M2 
as 


a  =  llp^ll  •  IIAII  =  max  (sec  4^,  esc  4>)  (75A) 


Effects  of  Error  on  Modal  Analysis 

The  effects  on  modal  analysis  caused  by  the 
computation  of  F(6W(t))  by  the  approximation 
KD[(l/K)F[6w(t)]]  can  be  deduced  by  examination  of 
error  expression  (26A),  whose  dominant  part  has 
been  shown  to  be 


E^(a3)  =  p  f[d  (t)  A6W(t)^ 

K  A  Z 


for  suitably  large  K.  The  element  of 

D  (t)  A6W(t)  is 


e. . (t)  =  d. . (t)  A.  6w(t) 
Jl  J J  3  • 


c^  cos  4>i 
0 

C2  cos  <^2 
0 


c^  sin  4>i  0 

0  Cl 

-C2  sin  4^2  0 

0  C2 


- - —  A.  6w(t) 

1  +  3* 


where  A.  is  the  j  row  of  A  and  k  =  1  or  2. 

J  • 

Recall  from  (12A)  that 


6z^(t)  =  M^  6W(t) 
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Appendix  B 


Expand  d..(t)  into  a  power  series 


d.  . 
JJ 


(t) 


(79A) 


which  is  convergent  for 


<  1 


For 


simplicity,  suppose  that  6W(t)  contains  only  two 
damped  cosinusoidal  components  at  frequencies 

and  ixi2  *  Then  6z(t)/z  will  be  of  the  form 


<Sz(  t ) 
z 


-a^t  "32^ 

ai  e  cos  ojj^t  +  a2  e  cos  (i32t  (80A) 


A  power  series  expansion  for  ejj(t)  may  be 
obtained  as 


/  \  \  V'  ,  /  \  n— m  m  ^  ^  n 

=  /  /  b  (t)  cos  ooit  cos  ojyt  (81A) 

n=2  m=0 

where  the  coefficients  are  weighted  sums 

of  products  of  powers  of  e  and  e  .  The 

Fourier  transform  of  (81A)  can  be  written  as 


Estimation  of  Frequency- Response  Functions 

The  dynamics  of  three-dimensional  structures, 
whose  modal  characteristics  are  to  be  identified, 
are  modeled  by  a  three-dimensional  coupled  system 
of  Nth  order  linear  time-invariant  differential 
equations  in  OBJ  space.  Let  6u(t)  be  a 
three-element  vector  driving  function  and  let 
6w(t)  be  a  three-element  vector  response  function 
at  point  W.  Then  6w(t)  and  6u(t)  are  related 
by  N  .n  _  _ 

I  - —  P  6w(t)  +  P  6w(t)  =  5u(t)  (IB) 

,  T  e  n  o 

n=l  dt 

where  ,  .  • ,  Pq  ate  three-by-three  matrices  of 

constants.  Take  the  Fourier  transform  of  (IB)  to 
obtain 

(  I  (iou)"  p^  J  6w(a;)  =  6u(u)  (2B) 

\"=°  / 

By  means  of  techniques  of  linear  systems  analysis^ 
equation  (2B)  may  be  solved  for  6W(uj)  as 


6w(a:)  =  H(aj)  6u(w) 


(3B) 


F  I  I 

'  =2  m=0 


(n-m)/^  m/^ 

I  I  d  d 

k=0  P=0  n-m,k  m,P 


[cos  (kh^i  +  Pa:2)t  +  cos  (koJj^  -  PcjC2)tJ 


(82A) 


where  H(a:)  ,  defined  as  the  three-by-three 
frequency-response  matrix,  is  the  inverse  of 
N 

(itr)  p  ,  It  is  desired  to  estimate  H(uj) 
n=0  " 

from  observations  in  dual  focal  plane  (DFP)  space. 


Let  IIZ^  6Z II  be  sufficiently  small  so  that 

mappings  D  and  D  defined  in  equation  (18A) 
and  (19 A)  are  approximated  well  by 


where  the  d^^j  are  elements  which  sum  to  unity 
ov  e  r  m . 

Equation  (82A)  shows  that  the  error  frequency 
spectrum  contains  peaks  at  harmonic  frequencies 
(all  integer  multiples  of  and  0:2  )  and  at 

cross-modulated  frequencies  (sums  and  differences 
of  all  fundamental  and  harmonic  frequencies).  The 
amplitudes  of  the  spectral  peaks  decrease  rapidly 

with  increasing  frequency  because  the  n^^  harmonic 
is  weighted  by  (Vz)^  in  the  power  series. 


_1  _  _l  _ 

6w(t)  =  D  (6W(t))  -  Z  A  6w(t)  (4B) 


and 


6W(t)  =  D(5w(t))  P^  Z  6w(t)  (5B) 

Although  P^  is  only  a  right  inverse  of  A  it 
is  true  that 


If  the  experimenter  can  identify  true  modes 
in  D(F[6w(t)])  and  d  iscard  harmonic  and  cross- 
modulated  error  peaks,  then  error  effects  are 
relatively  unimportant  to  modal  analysis  since  the 
fundamental  frequencies  are  not  shifted. 

However,  estimated  damping  ratios  may  be 
somewhat  in  error  due  to  distortion  in  the  shapes 
of  fundamental  peaks. 


A  P^  Z  6w(t)  =  6w(t) 


(6B) 


whenever  6w(t)  is  contained  in  the  column  space 
of  Z  A  j  or  equivalently,  in  the  range  of 
mapping  D  .  Since  all  6w(t)  and  6u(t)  to  be 
considered  are  contained  in  the  range  of  D  , 


P^Z  and  Z 


are  hereafter  treated  as  two- 


sided  inverses  of  each  other.  Therefore,  6u(t) 
and  6u(t)  are  related  by 
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<Su(t)  ”  2  6u(t) 


solution  of  (17B)  furnishes  a  minimura-mean-square- 
error  estimate  of  H(oj) 


6u(t)  «  z“  A  6u(t)  (8B) 

Let  <5u(t)  be  a  zero-mean  multivariate  stochastic 

process  which  is  stationary  in  the  wide  sense^. 
Then  6w(t)  ,  <5u(t)  ,  and  <Sw(t)  are  also 

zero-mean,  wide-sense  stationary  processes.  The 
cross-covariance  matrix  between  6w(t)  and 
6u(t)  is  defined  as 


Since  experimental  data  are  observed  in  DFP 
space,  it  is  advantageous  to  computationally  esti¬ 
mate  S  (w)  and  S  (m)  and  to  then  estimate 
uu  wu  ’ 

H(w)  using  (15B)-(17B).  Smoothed  estimates  of 

S  (w)  and  S  (m)  are  obtained  as  averaged 
uu  wu 

conjugate  outer  products  of  the  Fourier  transforms 
of  N  observed  data  blocks  of  length  T  of 
6w(t)  and  6u(t).  Thus,  the  Fourier  transforms 
of  the  nth  block  are 


R^y(T)  =  E(6w(t)6u^  (t  -  T); 


6w  (w)  == 


fiw(t) 


and  the  autocovariance  matrix  of  du(t)  is 
defined  as 


Ryy(T)  =  E[6u(t)6u’^  (t  -  T)) 


where  E  denotes  the  expected  value. 


6u(w)  =  /  iSuCt)  e  ^^^dt 


and  the  smoothed  estimated  autospectral  and 
cross-spectral  matrices  are 


The  cross-spectral  matrix  S^y(w)  and  the 
autospectral  matrix  S^^(w)  are  defined  as 


A  1  ^  A  At 

S  =  —  1  du  (a))6u*  (m) 

uu  N  ,  n  n 

n-1 


Similarly,  define  in  DFP  coordinates 


S  (w)  =  —  ^  6w  (a))6u*  (w) 

wu  N  ,  n  n 

n=l 


Suu(^)  =  FfE[6u(t)  6u  (t  -  t) 


Swu(^)  =  F^E[6w(t)  6u  (t  -  T)^ 


Smoothed  estimates  of  S„„(^)  and  are 

A  A 

obtained  from  S  (w)  and  S  (w)  using  trans-- 
uu  wu  " 

formations  (15B)  and  (16B).  H(m)  can  be 

estimated  using  (21B),  provided  S^y(m)  is  non¬ 
singular,  as 


It  can  be  readily  shown  using  (4B)  and  (5B)  that 


H(w)  =  S  (w)  S  (w) 
^  ^  WU  UU 


S,„,(m)  =  P,  Z  S  (u)  Z 
WU  A  wu  A 


It  is  shown  in  Ref.  (6)  that  if  6w(m)  and  5u((i)) 
are  related  by  (3B)  then 
related  by 


Note  that  S^^Coo)  is  singular  if  U(t)  is  uni¬ 
directional  (of  the  form  g(t)  U  )  or  planar  (of 
the  form  gi(t)  Ui  +  g2(t)  U2  ).  Even  if 
Suu(^)  is  nonsingular,  computation  of  (22B)  may 

be  expensive  since  a  t hree-by-t hree  matrix  must  be 
inverted  for  each  value  of  o)  ,  These  obser¬ 
vations  suggest  that  three  unidirectional  mutually 
orthogonal  driving  functions  U(t)  be  applied  in 
three  independent  measurements  to  estimate  H(m), 


s^^(co)  =  H(a.) 


Thus,  if  S  (w)  and  Syy((^)  are  known,  the 
solution  of  n7B)  determines  H(m)  .  If  W(t) 
contains  additive  noise,  it  can  be  shown^  that  the 


The  observed  driving  function^  <Su(t)  ,  and 
the  observed  response  function,  6w(t)  ,  in  DFP 
space  are  related  through  equations  (IB),  (5B), 
and  (7B).  Take  Fourier  transforms  of  6w(t)  and 
6u(t)  in  equations  (5B)  and  (7B)  and  premultiply 

(3B)  by  Z  A  to  obtain 
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6w(aj)  =  Z  A  H(u3)  Z  6u(a)) 


and  is  the  i-jth  element  of  A.  From  equa¬ 

tions  (25B)  and  (SOB)  it  follows  that 


It  follows^  from  (23B)  that  S  (w) 


and  S  (w)  are  related  by 
uu 


S  (w)  =  Z  AH(m)  p  Z  S  (w) 
wu  A  uu 


Pa  "  Pa  " 


Pa  " 


Autopower  spectrum  estimated  from 

S^^(a))  using  equation  (29B).  Column  1  of  H(w) 
is  then  estimated  from  the  estimate  s  (co)  and 

A 

cross-spectral  matrix  using  equation 

(31B).  Columns  2  and  3  of  H(w)  are  estimated  in 
a  similar  manner.  Thus,  apply  g(t)  in  the 
Y  direction  for  k  =  2  to  give 


A  method  for  estimation  of  a  full  nondiagonal 
H(w)  matrix  is  the  following.  Let  scalar  input 
g(t)  be  applied  in  three  independent  tests  to  the 
X,  Y,  and  Z  components  respectively  of  5u(t)  . 
From  the  observed  input  <5u(t)  and  the  observed 
response  6w(t)  in  DFP  space  for  each  test  one 
column  of  H(w)  can  be  estimated.  Thus  apply 
g(t)  in  the  X  direction.  Then  input  vector 
<Su(t)  is 


5u(t)  =  g(t)  ^Oj  (26B) 

Expressed  in  DFP  coordinates  the  input  vector  is 

_i  /i\ 

5u(t)  =  g(t)  Z  A  I  Oj  (27B) 


Autospectral  matrix  then 


1  0  0 

__  1  T  __  1 

s  (O))  =  s  (w)  Z  A  0  0  0  A  Z  (28B) 

uu  gg 


0  0  0 


6u(t)  ==  g(t)  I  1 


ai2  322  332  ^42 

zi  z  1  Z2  Z2 

0  0  0  0 


Use  equations  (29B)  and  (31B)  to  estimate 

and  column  2  of  HC^a))  .  Finally  apply  g(t)  in 
the  Z  direction  for  k  =  3  to  give 


6u(t)  =  g(t) 


where  ^gg^^^  autopower  spectrum  of  g(t). 

Equation  (28B)  may  be  rewritten  as 


P.  Z  S  (o))  =  s^^(m)r 
A  uu  gg  k 


0  0  0  0 


313  323  333  343 
zi  zi  Z2  Z2 


where  (for  k  =  1 ) 


31  1 

321 

331 

341 

ZI 

ZI 

Z2 

Z2 

0 

0 

0 

0 

0 

0 

0 

0 

Use  equations  (29B)  and  (31B)  as  before  to  esti¬ 
mate  s  (m)  and  column  3  of  H(w)  . 
gg 

Least  Squares  Estimation  of  Frequency-Response 
Matrix 

A  method  is  developed  for  least-squares  esti¬ 
mation  of  H((J‘i)  from  equations  (29B)  and  (31B). 

Since  S  (lo)  and  S  (w)  are  estimated  in  equa- 
uu  wu 

tions  (20B)  and  (21B)  and  since  measurements  of 


u(t)  and  w(t)  are  noisy,  no  values  of 
and  H(  ti>)  exist  in  general  which  will  satisfy 

equations  (29B^  and  (3 IB)  for  estimated  matrices 

S  (o))  and  S  (w)  .  Thus,  in  general  for  every 
uu  wu 

value  of  s  (w)  in  (29B) 
gg 


S  (OJ)  ^  s  (m)A 
uu  gg  k 


and  for  every  in  (31B) 


P,  Z  S  (w)  ^  s  (w)  H(w)r 
A  wu  gg  k 


Optimum  estimates  of  and  hC^aJ)  can 

^gg  A 

be  determined  by  choosing  s^^Cm)  and  h 

such  that  the  sum  of  the  squares  of  the  Euclidian 
distances  between  corresponding  columns  is  mini¬ 
mized  in  inequalities  (36B)  and  (38B).  Thus,  from 
(36B)  define 


2  i  A  A  -  2 

€  =  y  Is  (u)  -  ^  (oj)  X  ,  I 

U  uu  gg  .J 

J”A,  .J 


I  (»,)  -  Co)  -  «gg<'0)'^.p 


s  (w)  is  the  ith  column  of  S  (w)  and 
uu  .  uu 

•3 

X  .  is  the  jth  column  of  A  . 

2 

To  minimize  e  differentiate  (39B)  with^respect 
to  ^gg^^^)  >  zero,  and  solve  for  ^gg^^^^ 

to  obtain 


I  1,^1.  (40B) 


J-l  -J 


To  estimate  h  use  (38B)  to  define 


2  4,  A  *  A 

e,  =  I  Ha  (w)  -  s  (w)y  h  ,  (tu)  I 
h  .f,  wu.  "  gg^  "  kj  .k 

3  “1  •! 


where  a  (w)  is  the  ith  column  of 
wu  , 

•  J 


P  Z  S  (w)  and  where  s  (m)  is  given  by  (40B), 
A  wu  gg  2 

Proceed  as  above  to  minimize  e  and  solve  for 
A  ^ 

h  to  obtain 


h  ,  ( w)  =  (  I  Y,  .  a  ( 

.k  I  kj 


2\ 
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Fig.  1  Perspective  projection  of  a  cube. 
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Fig.  2  Perspective  distortion  of  a  sinusoidal 
time  function. 
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Fig.  3  Fourier  transforms  of  distorted  and 
nondistorted  sinusoids. 


Fig.  4  Stereoscopic  projection  system  showing 
perturbations  and  images. 


a.  Oz/z  =  0.  25 


b.  5z/z  =  0. 025 


Fig.  5  Comparison  of  calculated  transforms 
(damped  sinusoid  in  Y  direction). 
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Fig.  6  Comparison  of  calculated  transforms 
(damped  sinusoid  in  Z  direction). 
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Fig.  7  Comparison  of  calculated  transforms  (sum  of  damped  sinusoids  in  X  and  Y 

directions  with  6z/z  =  0.25). 


a.  Station  2 


b.  Station  3 


Fig.  9  Comparison  of  frequency-response  functions  from  DF-DL  and  DL-DF  transforms 
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ABSTRACT 

The  modal  test  program  for  the  Galileo  Space¬ 
craft  was  completed  at  the  Jet  Propulsion  Labora¬ 
tory  in  the  summer  of  1983.  The  multiple  sine 
dwell  method  was  used  for  the  baseline  test.  The 
Galileo  Spacecraft  is  a  rather  complex  2433  kg 
structure  made  of  a  central  core  on  x^hich  seven 
major  appendages  representing  30%  of  the  total 
mass  are  attached,  resulting  in  a  high  modal  den¬ 
sity  structure.  The  test  revealed  a  strong 
non-linearity  in  several  major  modes.  This 
non-linearity  discovered  in  the  course  of  the 
test  necessitated  running  additional  tests  at  the 
unusually  high  response  levels  of  up  to  about 
21 g.  The  high  levels  of  response  were  required 
to  obtain  a  model  verification  valid  at  the  level 
of  loads  for  x^zhich  the  spacecraft  was  designed. 
Because  of  the  high  modal  density  and  the  non¬ 
linearity,  correlation  betx<^een  the  dynamic 
mathematical  model  and  the  test  results  becomes 
a  difficult  task.  Significant  changes  in  the 
pre-test  analytical  model  are  necessary  to  estab¬ 
lish  confidence  in  the  upgraded  analytical  model 
used  for  the  final  load  verification.  This  verifi¬ 
cation,  using  a  test  verified  model,  is  required 
by  NASA  to  fly  the  Galileo  Spacecraft  on  the 
Shuttle/Centaur  launch  vehicle  in  1986, 

INTRODUCTION 

The  Galileo  system  modal  test  x^7as  performed 
at  JPL  with  the  spacecraft  in  the  launch  config¬ 
uration  cantilevered  at  the  Centaur/Galileo 
interface  on  the  JPL  seismic  block. 

The  objective  of  the  test  was  to  measure  the 
basic  structural  dynamic  characteristics  of  the 
spacecraft  in  the  0  to  45  Hz  range  in  order  to 
verify  and/or  upgrade  the  analytical  model  used 
for  the  Galileo  structural  loads  analysis. 

The  traditional  tuned  sine-dwell  method  x^7as 
the  base  line  method.^  In  addition  to  generat¬ 
ing  the  needed  basic  data,  the  sine-dx^^ell  method 
x^as  also  intended  to  provide  comparative  data 
for  the  nex-7er,  more  advanced  modal  testing 
methods,  that  were  implemented  on  Galileo  in  a 
parallel  effort,  in  order  to  establish  confidence 
in  these  new  methods.  The  comparative  results 
are  presented  in  a  separate  publication.^ 

The  test  has  clearly  shoxm  a  definite 
non-linear  effect  in  the  Galileo  structure. 

The  discovery  of  this  nonlinearity  dictated  a 
redirection  of  the  test  to  obtain  data  at  the 
highest  possible  response  level,  a  departure 
from  previous  programs.  The  only  available 
method  to  achieve  this  goal  at  the  time  of  the 
test  x^^as  the  sine-dwell  method,  because  of  the 
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inherent  capability  of  concentrating  poxver  in 
a  single  frequency. 

During  a  large  part  of  the  test,  the  emphasis 
x^as  then  to  obtain  the  maximum  amount  of  perti¬ 
nent  data  in  such  a  way  that  investigating  the 
effect  of  large  amplitude  on  a  small  number  of 
key  modes  became  more  important  than  identifying 
the  largest  possible  number  of  modes. 

The  situation  of  the  Galileo  modal  test  is  a 
reminder  that  a  modal  test  is  basically  a  struc¬ 
tural  test  aimed  at  the  investigation  of  the 
structure,  and  as  such  must  show  great  flexibility 
in  its  implementation  (hardx^are,  software  and 
procedures) . 

The  presence  of  nonlinearities  may  have  cast 
some  doubts  on  the  validity  of  the  linear  analy¬ 
tical  approach  to  calculate  loads.  It  is  the 
belief  of  the  author  that  the  use  of  linear 
models  must  continue,  because  it  is  the  only 
tractable  analysis  possible  at  the  present  time 
and  it  remains  the  most  valuable  tool.  It  is 
simply  that  the  task  of  generating  a  meaningful 
XTOrse  case  linear  model  has  become  much  more 
dif  f icult . 

As  a  result  of  the  test  a  significant  upgrad¬ 
ing  of  the  test  analytical  model  (TAM)  appears 
necessary  since  a  number  of  discrepancies  exist 
betxveen  the  measured  data  and  the  pre-test 
analytical  prediction  of  the  modes. 

An  enormous  amount  of  data  has  been  generated 
from  the  test  and  is  available  as  a  JPL  report.^ 
However,  only  a  small  portion  of  these  data  has 
practical  value.  The  most  valuable  data  subsets 
to  be  used  to  upgr^ide  the  pre-test  mathematical 
model  are: 

•  the  natural  frequencies 

•  the  plots  of  local  deformation  of  the  core 

•  the  energy  plots 

•  the  effective  mass 

HARDWiVRE 

Test  Article 

The  test  article  was  the  Galileo  Development 
Test  Model  (DTM)  shox^rn  in  Fig.  1.  Fig.  2  is  a 
photograph  of  the  DTM  in  the  modal  test  tower 
during  the  test.  Fig.  3  shows  a  schematic  viexv 
of  the  structural  arrangement  and  the  coordinate 
system.  Basically  for  the  DTM  all  the  load 
carrying  members  are  actual  flight-like  struc¬ 
tures,  only  the  electronic  subsystems  and  science 
instruments  are  mass  mockups.  The  mass  of  the 
fluid  (1036  kg)  in  the  four  propellant  tanks 
x^ras  simulated  by  isopropyl  alcohol  and  freon 
referee  fluids.  To  prevent  sloshing  the  tanks 
were  100%  full.  This  was  accomplished  by  using 
pressurized  ullage  bottles  mounted  away  from 


Fig.  L.  Galileo  DIM 

and  above  the  tanks.  The  total  weight  of  the 
spacecraft  under  test  was  2431  kg  including  test 
cables . 

Galileo  is  a  dual-spin  spacecraft  when  in  the 
cruise  configuration.  In  the  launch  configu¬ 
ration  the  spun  portion  is  temporarily  locked 
to  the  despun  portion  in  order  to  form  one 
single  continuous  system  and  in  addition,  all 
the  deployable  appendages  are  in  the  stowed 
position.  The  entire  stowed  system  is  attached 
to  the  Centaur  upper  stage  through  a  conical 
adapter.  The  system  modal  test  was  for  this 
launch  configuration  with  the  spacecraft  canti¬ 
levered  on  a  seismic  bloc  at  the  Centaur /Galileo 
interface,  i.e.,  the  base  of  the  conical 
adapter  (Fig.  3) . 

Galileo  Peculiar  Structure 

a)  The  Galileo  spacecraft  is  a  rather  complex 
structure  basically  made  of  a  central  core  on 
which  7  major  appendages  are  attached,  i.e, 

•  One  50  kg  deployable  High-Gain  Antenna 
(SXA)  mounted  on  the  top  of  the  spacecraft 
bus  and  protruding  2.5  meters  above  it, 

•  Two  deployable  Radioisotope  Thermoelectric 
Generators  (RTG) ,  77  and  80  kg  each, 
tucked  on  the  +X  and  -X  sides  of  the 
spacecraft , 

•  One  77  kg  deployable  Science  Boom  on  the 
+Y  side  of  the  spacecraft, 

•  One  110  kg  box  of  electronics  (Despun  Box) 
sandwiched  between  the  core  and  the  Science 
Boom, 


Fig.  2.  Galileo  DTM  at  Test  Site. 

•  One  342  kg  Probe  placed  inside  the  Galileo/ 
Centaur  adapter, 

•  One  96  kg  Scan  Platform  on  the  -Y  axis  side 
of  the  spacecraft. 

b)  Five  of  these  seven  appendages  have  a  very 
significant  interaction  with  the  motion  of  the 
core.  For  example,  unlike  previous  JPL  space¬ 
craft,  the  lowest  two  natural  frequencies  are 
basically  the  High-Gain  Antenna  appendage  modes, 
with  slight  core  participation,  instead  of  being 
mainly  core  modes  as  for  previous  spacecraft. 

c)  The  Galileo  structure  has  a  high  modal 
density  as  shown  by  the  analysis  which  exhibits 
31  modes  of  vibration  between  13  and  45  Hz, 
representing  an  average  of  1  mode  per  Hz. 

d)  In  addition,  several  major  modes  have  very 
close  natural  frequencies  that  are  about  1% 
apart . 

e)  Several  areas  of  the  spacecraft,  princi¬ 
pally  the  High-Gain  Antenna,  the  RTG’s  and 
possibly  the  Load  Transfer  Ring  have  an  inherent 
frequency /amplitude  non-linearity  which  because 
it  is  present  in  addition  to  the  high  modal 
density  mentioned  above  creates  large  variations 
of  modal  coupling  with  amplitude. 

f)  As  a  consequence  a  rather  stringent 
requirement  must  be  imposed  on  the  stability 

of  the  sine  dwell  driving  frequency  of  the  pilot 
oscillator,  analog  or  digital.  It  is  this  high 
stability  requirement,  underestimated  prior  to 
the  test,  which  made  the  use  of  a  proposed 
computer  driven  sine  oscillator  impractical  in 
its  existing  form  at  the  time  of  test. 
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task  since  basically  one  has  to  find  a  linear 
model  that  would  fit,  at  best,  a  nonlinear 
structure  for  each  range  of  response  level. 


The  traditional  orthogonality  and  effective 
mass  assessments  which  are  a  combination  of  both 
analytical  (mass  matrix)  and  test  results, 
looses  a  great  deal  of  its  significance  for  the 
in-test  evaluation  of  the  goodness  of  the  exper¬ 
imental  data.  In  this  respect  it  is  only  after 
the  mathematical  model  is  refined  and  with 
appropriate  linearization,  that  the  orthogonality 
criteria  can  possibly  be  used  as  a  final  check 
of  the  goodness  of  the  test  and  analysis  combina¬ 
tion  as  a  whole. 


Instrumentation 

The  general  arrangement  of  the  analog 
instrumentation  is  showi  in  Figure  4. 


+X 


Fig.  3.  Galileo  Modal  Test  Configuration 
and  Coordinate  System 


Nature  of  the  Galileo  Modal  Test 

The  above  observations  result  in  the  follow¬ 
ing  consequences. 

Since  the  spacecraft  design  loads  correspond 
to  large  amplitudes,  10  to  50g  range,  the  testing 
had  to  be  performed  at  a  level  as  high  as 
possible,  at  least  for  the  load  inducing  modes, 
in  order  to  be  representative  of  the  actual 
flight  levels. 

The  pre-test  linear  mathematical  model  was 
found  to  be  very  sensitive  to  inaccuracies  in 
modelling.  This  resulted  in  poor  correlation 
between  pre-test  analysis  and  test  values. 

The  non-linearity  of  frequency  versus  ampli¬ 
tude  for  a  number  of  major  modes  makes  the 
analysis/test  correlation  a  very  challenging 


The  162  accelerometer  locations  were  chosen 
according  to  the  results  of  the  pre-test  analysis 
done  on  the  Test  Analytical  Model  (TAM)  corres¬ 
ponding  to  the  degrees  of  freedom  with  mass. 

These  accelerometers  were  bonded  on  the  space¬ 
craft  prior  to  the  beginning  of  the  test. 


In  addition  to  the  162  fixed  accelerometers 
a  roving  accelerometer  (rover)  was  used  to  further 
define  the  mode  shapes  of  selected  modes  as 
discrepancies  between  test  and  analysis  became 
apparent  during  the  test.  The  roving  acceler¬ 
ometer  provided  response  measurements  at  108 
locations  in  addition  to  those  of  the  162  fixed 
accelerometers.  The  need  for  the  rover  exempli¬ 
fies  the  nature  of  this  type  of  modal  test  which 
must  exhibit  great  flexibility  for  measuring 
response  data  at  extra  locations  that  are  not 
known  until  the  test  is  in  progress. 


Fig.  4,  Shaker /Inst rumentation  Analog 
Arrangement 


Shaking  Equipment 


MODE  SHAPE  DATA 


The  shaking  equipment  consisted  of  ten  15-lb 
Ling  shakers  and  four  75-lb  Unholtze  Dickie 
shakers.  The  latter  were  used  to  excite  the  high 
level  of  responses  which  became  necessary  after 
the  low  level  assessment.  A  various  number  of 
shakers  were  used  simultaneously  in  various  com¬ 
binations  and  locations  depending  upon  the  mode 
to  be  excited.  The  number  of  simultaneously 
used  shakers  varied  from  a  minimum  of  2  to  a 
maximum  of  8. 

As  in  previous  JPL  spacecraft  modal  testSj 
the  shakers  were  supported  in  a  pendulum  fashion 
by  adjustable  hoists  which  provided  a  suspension 
frequency  of  a  few  Hz,  well  below  the  fundamen¬ 
tal  frequency  of  the  spacecraft. 

In  order  to  measure  the  force  applied  to  the 
structure  a  force  gage  was  also  placed  in  series 
between  the  spacecraft  and  the  armature  either 
before  or  after  the  fuse.^  The  gage  allowed 
amplitude  and  phase  measurement  of  the  force 
delivered  to  the  spacecraft  by  each  shaker. 

To  complement  the  force  measurement,  an  accel¬ 
erometer  (shaker  accelerometer)  was  also  placed 
as  close  as  possible  to  the  point  of  attachment 
of  the  shaker,  usually  on  the  spacecraft,  to 
form  an  "impedance  head".  The  combination  of 
the  force  gage  and  accelerometer  measurements 
allowed  the  calculation  of  the  generalized 
force  applied  by  each  shaker  to  the  spacecraft. 


NATURAL  RESONANT  FREQUENCIES  AND  NON-LINEARITIES 

A  number  of  17  separate  modes,  i.e.  natural 
frequencies,  modes  shapes,  and  dampings  were 
measured,  while  the  total  number  of  actual 
measurements  was  36  counting  non-linearity  runs 
and  repeats. 

For  a  number  of  more  important  modes  the 
tuning  was  done  at  several  response  levels  to 
investigate  the  effect  of  non-linearities. 

Some  of  the  modes  showed  a  very  strong  change 
of  natural  frequency  with  amplitude. 

Table  1  shows  a  listing  of  the  natural  fre¬ 
quencies  as  measured  and  as  calculated  from 
TAM6SB,  which  is  an  update  of  the  pre-test  TAM 
after  a  number  of  inaccuracies  of  the  original 
TAM  were  noted  and  corrected.  TAM6SB  is  not  an 
update  from  the  test  values;  this  is  a  future 
task  to  be  performed.  Fig.  5  shows  the  evolu¬ 
tion  of  the  TAM  through  the  modal  test  program. 

Figures  6  through  8  show  typical  non¬ 
linearity  plots  of  the  variation  of  natural 
frequencies  with  amplitude.  Note  that  the  level 
of  the  HGA  response  of  Figure  6  is  particularly 
high  for  a  modal  test.  It  was  found  necessary 
to  run  at  such  a  high  level  since  the  HGA/core 
modes  have  a  predominant  contribution  to  the 
total  loads.  Although  the  20g  tip  level  is  high 
for  a  modal  test  it  is  still  only  about  40% 
of  the  design  load  level  which  is  about  50g. 
Additional  non-linearity  plots  can  be  found  in 
the  report.^ 


Data  Acquisition 

After  the  tuned-dwell  condition  above  was 
achieved  and  held,  the  raw  data  was  recorded 
during  the  dwell  for  each  patchboard  (Fig.  4) , 
one  channel  at  a  time  for  all  the  shaker  force 
gages,  the  shaker  accelerometers,  and  the  mode 
shape  accelerometers  of  that  particular  patch¬ 
board  . 

The  data  consisted  of  amplitude  ratio,  in  db , 
and  phase  measurement,  in  degrees,  of  each 
channel,  both  with  respect  to  the  reference 
accelerometer.  The  RMS  voltage  of  the  reference 
accelerometer,  remaining  approximately  constant 
(low  drift)  throughout  the  taking  of  the  data,  was 
also  recorded. 

Each  channel  of  the  data,  one  at  a  time,  and 
the  reference  accelerometer  were  simultaneously 
filtered,  narrow  band,  by  a  dual  channel  track¬ 
ing  filter  tuned  at  the  pilot  frequency  (Fig.  4) . 

A  low  pass  filter  was  used  simultaneously  for 
each  of  the  2  channels  before  entering  the 
tracking  filter  in  order  to  eliminate  any  high 
frequency  component  that  could  have  saturated 
the  tracking  filter.  The  two  low  pass  filters 
were  identical  and  set  to  the  same  cut-off 
frequency  avoiding  any  phase  shift  between 
channels.  The  cut-off  frequency  was  40  to  80  Hz 
depending  upon  the  mode  being  measured.  Each 
channel  was  scanned  one  at  a  time  with  a  manual 
scanner,  the  ratio  and  phase  angle  read  from 
digital  voltmeters,  and  manually  logged  on  an 
input  sheet  for  subsequent  keying  to  a  VAX 
computer  for  processing. 

Generalized  Force 
Calling 

FZ(J)  =  F(J)  +  i  G(J)  the  physical  force 

AZ(J)  =  X(J)  +  i  Y(J)  the  acceleration  at 

the  point  of  applica¬ 
tion  of  the  force 

The  generalized  force  is  defined  by: 

NS 

GFR(J)  +  i  GFI(J)  =  2  FZ(J)*AZ(J)  (1) 

J=1 

where  NS  is  the  total  number  of  shakers. 

Then  the  real  and  imaginary  parts  and  modulus  of 
the  generalized  force  are: 

NS 

GFR(J)  =  2  F(J)*X(J)-G(J)*Y(J)  (2) 

J=1 


NS 

GFI(J)  =  X  F(J)*Y(J)+G(J)*X(J)  (3) 

J=1 


GFM  =  VGFR^  +  GFI^ 


531 


TAM  6SB 


Mode 

Number 


Table  1  Analysis/ test  frequency  comparison  and  damping 
Test 


Mode 

Number 


Amplitude 


Damping 

I  Analog  Digital 


Description 
of  Mode 


1.3  g  SXA  TIP 

1.3  g  SXA  TIP 

1.4  g  SX^V  TIP 

7.1  g  SXA  TIP 

13.6  g  SXA  TIP 

21.1  g  SXA  TIP 

1.5  g  SXA  TIP 
1.3  g  SXA  TIP 

1.5  g  SXA  TIP 

7.5  g  SXA  TIP 
14.0  g  SXA  TIP 

20.2  g  SXA  TIP 

1.5  g  MAG  CAN 


SCIENCE  BOOM  X 


0.27  g  BUS 

- 

0.012 

0.27  g  BUS 

0.013 

- 

0.41  g  BUS 

0.011 

- 

0.38  g  BUS 

- 

- 

1.20  g  BUS 

0.020 

“ 

^  CORE  BENDING 

0.22  g  BUS 

0.010 

0.013 

0,38  g  BUS 

- 

“ 

1.02  g  BUS 

- 

- 

0.46  g  RTG 

0.010 

- 

0.68  g  RTG 

- 

RTG  Z/CORE  X 

2.8  g  RTG 

0.010 

0.67  g  BUS 

- 

0.35  g  BUS 

- 

“ 

TORS ION 

0.31  g  BUS 

- 

0.011 

1.06  g  RTG 

0.017 

RTG  Z 

1.00  g  SC  BOOM 

- 

0.013 

SC. BOOM  Z /PROBE  Y 

2.0  g  MAG  TIP 

0.018 

- 

SC  BOOM/RRH 

1.0  g  TANKS 

_ 

0.88  g  TMKS 

- 

- 

BOUNCE 

0.72  g  TANKS 

- 

0.006 

2.7  g  -  THRUSTER 

- 

0.005 

-X  THRUSTER 

2.5  g  +  THRUSTER 

- 

0.006 

+X  THRUSTER 

2 

0.04  rad/sec 

0.014 

SCAN  PLATFORM 

0.86  g  SCAN 

0.010 

- 

SCM  PLATFORM/PROBE  X 

§  (LATERAL) 

“ 

- 

+  RTG  LAT /PROBE  X 

1.20  g 

^  (LATERAL) 

0.011 

-RTG  LAT 

WEIGHT  HARDWARE  (AP/JUL  83) 


SOURCE 


ANAL  MODELS 


ANALYSIS 


Fig.  6.  High  Gain  Antenna  Frequencies  vs 
Amplitude 


HGATIP 

Fig.  7.  Core  Bending  Frequencies  vs  Amplitude 


Transformation  Matrix 

A  transformation  matrix  [T]  (162  x  162)  was 
constructed  from  the  location  and  orientation 
of  the  accelerometers  with  respect  to  each  node 
of  the  TAM.  This  matrix  [T]  transforms  the  162 
translation  acceleration  readings  {AR}  into  the 
corresponding  162  responses  {A},  translation 
and/or  rotation,  degrees  of  freedom  of  the  TAM 

{A}  =  [T]{AR}  (4) 


Mode  Shape  Determination 

Ideal  Condition.  For  the  sake  of  simplicity 
to  understand  the  basic  problem  let  us  assume 
the  ideal  case  of  proportional  damping,  i.e., 
the  damping  matrix  is  a  linear  combination  of 
the  stiffness  and  mass  matrices.  Then,  if  only 
one  mode  n  was  harmonically  excited  at  a  fre¬ 
quency  0),  the  modal  response  q  (t)  would  follow 
the  basic  equation  of  a  simple  one-degree-of- 
freedom  spring-mass  system: 


where  is  the  natural  frequency 

is  the  modal  damping, 

f^(t)  =  GFM  e  is  the  generalized  force. 


The  homogeneous  solution  of  Eq.  (5)  is  also 
a  harmonic  function 
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(6) 


,^(t)  =  (6) 

.  i(wt-e)  ^  i(wt-6+90°)  (7) 

q  (t)  =  iooQ  e  ^  "  =wQ  e 

n  n 


,  s  2  ^  i(ci)t-6) 

q  (t)  =  -w  Q  e 
n 


(8) 


where  6  is  the  phase  shift  between  the  force  and 
the  response. 


J 


The  acceleration  response  A^^(t) 
of  the  structure  is 


at  any  point 


A.  (t)  =  (fi  (J)  *  (-J  Q  (9) 

jn  n  n 

where  (p  (J)  is  the  real  mode  shape  of  mode  n 
n 

and  J  =  1,2,...ND0F.  The  object  is  to  obtain 

(b  (J)  from  the  time  history  A.  (t)  ,  Only  the 
n  jn 

amplitude  A.  of  A.  (t)  needs  to  be  measured, 
jn  jn  ^ 

This  amplitude  is  proportional  to  the  mode  shape 

The  resonance  condition  if  for  w  =  m  for  which 
(Fig.  9) 

a)  the  modal  velocity  q^(t)  is  in  phase  with 
the  force  GFM  e^^^,  i.e.,  from  Eq.  (7)  6  =  90°, 
and  it  follows  that  the  modal  acceleration  q^(t) 
is  90°  out  of  phase  with  the  force, 

b)  from  Eq.  (9)  the  accelerations  for  the 
locations  in  J  in  the  structure  are  all  in  phase 
with  each  other,  i.e.,  will  fall  on  a  straight 
line  perpendicular  to  the  force  vector  in  the 
complex  plane. 

Figure  10  shows  an  ideal  plot  of  the  acceler¬ 
ation  vectors  and  force  vector  in  the  complex 
plane.  The  positions  of  the  acceleration  line 
and  the  force  vector  in  the  complex  plane  are 
arbitrary  and  depend  upon  the  choice  of  the 
reference  phase.  If  the  reference  is  an  accel¬ 
eration,  as  done  in  the  actual  test  reported 
here,  then  the  acceleration  line  is  on  the  real 
axis . 

Actual  Case.  The  ideal  condition  of  Fig.  10 
is  only  very  approximately  achieved  in  practice 
during  a  modal  test  because: 

a)  the  damping  is  not  proportional 

b)  there  are  inaccuracies  in  the  measurements 

c)  more  than  one  mode  is  excited 

d)  the  structure  is  not  linear 

e)  .  .  .  . 


In  particular.  Item  c)  means  that  the  response 

A  (t)  is  not  for  mode  n  only  but  also  contains 
jn 

the  response  of  other  modes  with  natural  frequen¬ 
cies  (JO  other  than  w  .  The  phase  shift  for  these 
0  n 

modes  is  not  90°  as  shown  by  point  P  on  Fig.  9. 

Consequently,  a  certain  amount  of  scatter  is 
expected  to  occur  from  the  ideal  condition  of 
Figure  10.  An  example  plot  of  the  expected 
actual  measured  data  is  shown  in  Fig.  11. 


Fig,  9.  Phase  Shift  vs  Frequency  for  a 
Spring-Mass  System 


IMAGINARY 


Fig.  10.  Ideal  Ac ce le rat  ion /Force  Vectors 
for  a  Tuned  Condition 


ACCELERATION  DOF  RESPONSE  REAL  US  IflAGINARV 


MODE  ZS  80aA  -  TORSION  LOU  LEVEL  (07/16/83) 


Fig.  II.  Mode  Shape  Method  1 
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Condition  of  Resonance.  The  object  is  to 
make  best  use  of  the  A.  and  force  data:,  to 

jn 

obtain  the  best  estimate  of  the  real  mode  shape 
Three  methods  have  been  experimented 

with: 

a)  Method  1.  In  this  method  each  acceleration 
vector  is  simply  projected  on  an  axis  (dashed 

line  in  Fig.  11)  perpendicular  to  the  force 
axis.  The  mode  shape  at  point  J  is  the  segment 
OA. 

<f)  (J)  =  A.  Cos  Y  (10) 

n  jn 

This  method  does  not  make  use  of  any  statistics 
on  the  data. 


to  define  a  reference  line  halfway  between  the 
dashed  line  and  the  dotted  line.  The  difference 
between  the  two  methods  is  minor  in  practice. 
Method  3,  unweighted  has  been  used. 

Selected  Mode  Shape  Plots 

Plots  for  the  HGA/Bus  subsystems  for  the 
first  "EGA  Mode",  nominally  in  y  direction, 
is  shown  in  Fig.  13  for  different  amplitudes 
from  1.39g  to  13. 9g  at  the  tip.  These  curves 
are  normalized  to  have  a  unity  acceleration  at 
the  top  of  the  bus.  The  plot  clearly  shows  a 
variation  of  stiffness  with  amplitude  in  the 
EGA  support  can  and  struts  at  the  interface 
between  the  EGA  base  and  the  top  of  the  bus. 

This  part  of  the  structure  becomes  stiffer  as 
the  amplitude  increases.  Note  that  the  plot 
for  the  motion  of  the  can  are  for  the  rover 
data. 


b)  Method  2.  In  this  method  a  best  fit 
straight  line  (dotted  line  in  Fig.  12)  is  passed 
through  the  scattered  acceleration  vectors  A 

jn 

These  vectors  are  then  projected  on  this  best 
fit  straight  line  to  give  (j)^(J)  .  This  method 
ignores  the  position  of  the  force  vector  data  and 
in  general  the  best  fit  straight  line  is  not 
perpendicular  to  the  force  vector  (3/90®). 

The  best  fit  calculation  can  be  made  by  weighing 
each  point  by  its  modal  energy  to  give  more 
emphasis  on  the  points  that  are  significant  in 
a  given  mode . 

ACCELERATION  DOF  RESPONSE  REAL  US  IHAGINARV 
noDE  as  seaA  -  torsion  lou  leuel  (07/16/83) 

DATA  SET* 

FULL  SET  TAn6 

FREQUENCY* 

as. as  HZ 

BEST  FIT  option* 
UEIGHTED 

HAX  -  X 

DOF  OF  MAX* 

5610-  1 

HAXIRUn  VALUE* 
-1.85a3E+00  C 

SCATTER* 

5.0 


CEN.  FORCE  AXIS 


Fig.  13.  Normalized  EGA  Y  Axis  Mode 
Variation  with  Amplitude 

ROVER  MODAL  DATA 
Background  and  Locations 


Fig.  12.  Mode  Shape  Method  2 

c)  Method  3.  Since  methods  1  or  2,  separ¬ 
ately,  ao  not  make  use  of  the  statistics  on  the 
data,  or  all  the  data,  a  more  elaborate  approach 
is  to  combine  the  2  methods  to  best  fit  the 
acceleration  data  in  a  manner  compatible  with 
the  force  data  in  a  statistical  fashion.  A 
simple  way  to  implement  such  a  combination  is 


During  the  course  of  the  test  it  became 
apparent  that  a  local  definition  of  the  core 
mode  shapes  was  necessary  to  investigate  further 
the  discrepancies  between  the  test  results  and 
the  Test  Analytical  Model  (TAM) . 

A  total  number  of  108  additional  degrees  of 
freedom  corresponding  to  36  locations  were  chosen 
at  7  stations  along  the  core  structure  to  per-- 
form  the  additional  measurements.  Figure  14 
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Fig.  14.  Rove7"  I.ocations  on  the  Core  Structure 


shows  the  locations  of  the  measurements,  each 
with  3  degrees  of  freedom.  Accelerometers  were 
not  bonded  at  these  locations  because  of  non¬ 
availability  and/or  lack  of  time.  Instead,  a 
single  accelerometer,  the  ’’rover"  was  used  as 
in  the  past  JPL  test  programs.  The  rover  was 
placed  sequentially  on  all  desired  locations  and 
orientations  with  double  stick  pressure  sensi¬ 
tive  tape,  to  measure  the  response  with  respect 
to  the  reference  accelerometer.  For  simplicity 
no  mass  was  allocated  to  these  locations  although 
it  could  have  been  done  as  a  further  step  to 
refine  the  model.  It  follows  that  the  rover 
measurements  are  for  stiffness/displacement 
measurement  only  and  have  not  been  used  for  the 
global  modal  data  reported  later  in  this  paper. 


Rover  Mode  Shapes 


A  total  of  6  modes  were  surveyed  locally  using 
the  rover.  As  shouni  in  the  report  1  the  rover 
data  displayed  less  scatter  than  the  fixed 
accelerometer  data  and  consequently  is  consi¬ 
dered  as  of  a  very  good  quality.  Lateral 
displacements  for  the  spacecraft  core  are  shown 
on  Fig.  15  for  the  first  bending  mjde,  the  HGA 
Y  axis  mode.  These  plots  are  for  the  center 
of  each  cross-section  at  different  stations  along 
the  core  obtained  from  averaging  the  data  measured 
at  the  periphery  of  the  section.  Loxx^  and  high 
levels  are  compared  showing  the  variation  of 
the  knee  with  amplitude  at  the  HCtA  base. 

Figs.  16  and  17  show  the  data  for  station  2 
entire  cross  section  at  the  Load  Transfer  Ring/ 


Fig.  15.  Comparison  HGA  Y  Axis  High  and 
Low  Levels 


0XY2  fuel  2  OXYl  FUEL  I 


Fig.  16.  Bounce  High  Level  (1702A),  Cross 
Section  Station  2 


Retro  Propulsion  Module  interface  for  the  bounce 
mode  at  37.52  Hz. 


GLOBAL  MODAL  DATA 


Preamble 


All  the  frequency  and  mode  shape  data  above 
have  been  evaluated  without  the  use  of  any  mass 
distribution  knowledge  of  the  test  article. 

To  process  the  data  in  any  further  manner  a 
mass  matrix  [M]  (162  x  162)  corresponding  to  the 
degrees  of  freedom  experimentally  measured 
is  needed.  It  is  also  noted  that  the  post¬ 
processing  of  the  modes  assumes  real  modes  with 
proportional  damping  and  linearity  of  the  test 
article. 

Because  of  the  uncertainty  of  the  mass  matrix, 
the  non-proportional  damping  and  the  non¬ 
linearity  of  the  test  article,  the  post¬ 
processing  to  obtain  orthogonality,  modal 
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AFT  RPM  IN  PLANE  DEFORMATION 


Alternately  each  term  of  [ORTH]  can  be  written: 

i.e.  ideally,  [ORTH]  is  a  diagonal  matrix.  For 
convenience  the  modes  are  normalized  to  have  a 
unity  value  for  the  diagonal  of  [ORTH].  Assum¬ 
ing  a  perfect  mass  matrix  [M] ,  the  presence  of 
non-zero  off-diagonal  terms  would  indicate  the 
deviation  from  the  perfect  modes. 

Equation  (11)  was  calculated  for  all  the  36 
measured  modes  including  the  several  takes  of 
a  given  mode  either  because  of  simple  repeats  or 
because  of  non-linearities.  Then  a  subset  of  17 
distinct  modes  was  extracted  from  the  larger  set 
on  the  basis  of  retaining  the  modes  giving  the 
smallest  off-diagonal  values. 

Table  2  shows  a  listing  of  these  modes  with 
frequencies  and  Table  3  the  corresponding  ortho-^ 
gonality  matrix. 


Fig.  17.  Bounce  High  Level  (1702A),  In  Plane 
Station  2 


energy,  modal  effective  mass,  cross¬ 
orthogonality,  etc.,  must  be  regarded  only  as  an 
indication  rather  than  a  definite  assessment  of 
the  goodness  of  the  measured  modes. 


Post  Processing  Mass  Matrix  [M] 

For  the  post  processing  one  could  consider 
using  a  mass  matrix  (AM2)  analytically  generated 
from  the  TAM.  However,  this  matrix  is  obtained 
by  a  Guyan  reduction  of  the  original  10,000 
degrees  of  freedom  to  the  162  degrees  of  freedom 
of  the  ASET  and  as  such,  contains  to  a  certain 
degree,  inaccuracies  and  errors  coming  from  the 
original  model.  If  the  original  model  was 
perfect  this  mass  matrix  would  be  exact  and  could 
indeed  be  used.  But  since  it  is  not,  and  the 
objective  of  the  test  is  after  all  to  update  the 
model,  a  mass  matrix  [M]  was  constructed  by 
engineering  judgement  distributing  the  mass 
according  to  the  162  degrees  of  freedom  of  the 
measured  modes.  This  matrix  is  by  no  means  per¬ 
fect  but  it  has  at  least  a  physical  significance 
unlike  the  Guyan  reduction  mass  matrix.  This 
physical  mass  matrix  is  diagonal  and  referred 
to  by  HM2. 


Table  4  has  been  assembled  to  exemplify  the 
inadequency  of  using  the  orthogonality  criteria, 
a  quantity  derived  from  linear  theory,  to  assess 
the  purity  of  experimental  modes  that  are  in 
reality  non-linear .  Table  4  shows  a  summary  of 
the  evolution  of  the  orthogonality  for  the  two 
HGA  modes  taken  at  different  amplitude  levels. 

The  unshaded  area  represents  the  orthogonality 
for  each  HGA  mode  X  (or  Y)  with  itself,  showing 
the  change  of  the  mode  as  the  amplitude  varies. 
The  shaded  area  shows  the  orthogonality  between 
the  two  modes  X  and  Y.  The  numbers  vary  from  a 
perfect  orthogonality  of  .00  to  a  large  value  of 
.50  depending  upon  the  amplitude.  This  indicates 
that  the  classical  orthogonality  check  is  no 
longer  a  good  criteria  when  non-linearity  is 
present  since  the  off-diagonal  terms  vary  so 
widely  with  amplitude. 

Note  that  the  same  tip  amplitude  for  the  two 
modes  (X  and  Y)  does  not  mean  that  the  modes 
are  "compatible"  since  the  overall  mode  shape 
distribution  is  still  different. 

Modal  Kinetic  Energy 

The  orthogonality  condition  of  Eq.  (12)  can 
be  rewritten  as: 

JM  JM 

=  T  ((iEXCL,!)  Z  (M(I,J)*].EX(N,J)  (13) 

"  1=1  J=1 


All  the  post-processing  for  the  experimental 
modes  used  the  physical  mass  matrix  HM2 .  A 
number  of  runs  were  also  made  with  the  analy¬ 
tical  mass  matrix  AM2 .  The  difference  was  found 
to  be  minor. 


Orthogonality 

Call  [(J>EX]  the  matrix  of  the  NE  experimental 
modes  for  the  JM  -  162  degrees  of  freedom.  Pre- 
and  post-multiplying  the  mass  matrix  by  the 
experimental  modes  gives  the  classical  ortho¬ 
gonality  matrix: 


In  this  paper  the  term  within  the  overall  summa¬ 
tion  on  I  in  Eq.  (13)  for  L  =  N,  is  called  the 
"modal  kinetic  energy"  for  each  degree  of  freedom 
I.  This  represents  the  distribution  of  kinetic 
energy  between  all  the  degrees  of  freedom  for 
a  given  mode  N : 

JM 

EN(N,I)  =  f])EX(N,I)  2  M(I,  J)*6EX(N,  J)  (14) 
J=1 

If  the  mass  matrix  M(I,J)  is  diagonal  then 


[ORTH]  =  [<t'EX]"^[M]  [<|iEX] 


(11)  EN(N,I)  =  M(I,I)*('}>EX(N,I))^ 
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Table  2. 


FREQUENCIES 


Distinct  Modes  with  Minimum  Off-Diagonal  Values 

EXPERIMENTAL  NATURAL  FREQUENCIES  IN  HZ 

-  mode  title  - 


1 

13.  48 

105A  - 

2 

13.  74 

204A  - 

3 

17.  72 

502A  - 

4 

18  15 

503A  - 

5 

18.  59 

301A  - 

6 

21.  60 

601A  - 

7 

23.  58 

702A  - 

8 

24.  85 

803A  - 

9 

25.  73 

901A  - 

10 

28.  16 

2101A 

11 

29.  91 

3101A 

12 

33.  35 

2601A 

13 

33.  83 

2701A 

14 

37.  59 

1702A 

15 

37.  04 

1701A 

16 

41.  35 

2001A 

17 

42.  27 

laoiA 

HGA  BENDING  X  AXIS  (VERY  HIGH  LEVEL)  (07/27/83) 

HGA  BENDING  Y  (HIGH  LEVEL)  (07/22/83) 

CORE  BENDING  (-X,  +Y )  (07/09/83) 

CORE  BENDING  (  +  X.  -fY)  (HIGH  LEVEL)  (07/26/83) 

SCIENCE  BOOM  (X)  (07/05/83) 

RTG  Z  /  RPM  DUS  X  (06/30/83) 

RTG  Z  /  PROBE  Y  /  SC.  BOOM  Z  (HIGH  LEVEL)  (07/05/83) 

TORSION  (HIGH  LEVEL)  (07/18/83) 

SC.  BOOM  Z  /  PROBE  Y  /  RTG  Z  (07/02/83) 

'  SCAN  PLATFORM  (THETA  X)  (07/19/83) 

-  -RTG  (LATERAL)  (LOW  LEVEL)  (07/13/83) 

-  SCAN  /  PROBE  X  /  SC  BOOM  (07/20/83) 

-  +RTG  (LATERAL)  /  PROBE  X  (LOW  LEVEL)  (07/13/83) 

-  BOUNCE  HIGH  LEVEL  (07/18/83) 

-  RRH  /  SC  BOOM  /  DESPUN  (07/20/83) 

-  +X  THRUSTER  (LATERAL)  (07/08/83) 

- X  THRUSTER  (LATERAL)  /  RPM  TANKS  (07/08/83) 


Minimum  Orthogonality  for  Experimental  Modes 

ORTHOGONALITY  FOR  EXPERIMENTAL  MODES 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

1 

1.  00 

0.  00 

0.  19 

-0.  14 

0.  09 

0.  07 

-0  02 

-0.  03 

0.  00 

0.  00 

-0.  01 

-0.  01 

-0.  02 

0.  01 

-0.  03 

-0.  02 

-0.  01 

2 

0.  00 

1.  00 

-0.  23 

-0.  01 

-0.  06 

-0.  06 

0.  00 

0.  01 

0.  01 

0.  01 

0.  02 

-0.  01 

0.  01 

0.  01 

0.  00 

0.  00 

0.  00 

3 

0.  19 

-0.  23 

1.  00 

-0.  10 

0.  06 

-0.  07 

-0.  02 

-0.  03 

-0.  03 

-0.  04 

-0.  02 

-0.  01 

0.  01 

0.  01 

-0.  10 

0.  00 

0.  00 

4 

-0.  14 

-0.  01 

-0.  10 

1.  OOG 

0.  26' 

0.  02 

\0.  01 

0.  05 

0.  08 

-0  02 

0.  01 

0.  04 

-0.  02 

0.  00 

0.  20 

0.  02 

0.  02 

5 

0.  09 

-0.  06 

0.  06 

0.  26 

1.  00 

0.  00 

0.  00 

-0.  01 

0.  05 

0.  00 

0.  02 

0.  02 

-0.  01 

-0.  04 

0.  36 

0.  03 

0.  04 

6 

0.  07 

-0.  06 

-0.  07 

0.  02 

0.  00 

1.  00 

-0.  03 

0.  03 

0.  00 

0.  02 

0.  01 

-0.  02 

0.  02 

-0.  07 

0.  06 

-0.  01 

0.  00 

7 

-0.  02 

0.  00 

-0.  02 

0.  01 

0.  00 

-0.  03 

1.  00 

0.  03 

-0.  13 

0.  12 

0.  01 

-0.  01 

0.  07 

-0.  01 

0.  01 

0.  01 

0.  00 

e 

-0.  03 

0.  01 

-0.  03 

0.  05 

-0.  01 

0.  03 

0.  03 

1.  00 

0.  19 

0.  00 

0.  04 

0.  05 

-0.  10 

0.  00 

0.  06 

-0.  03 

0.  00 

9 

0.  00 

0.  01 

-0.  03 

0.  08 

0.  05 

0.  00 

-0.  13 

0.  19 

1.  00 

-0.  07 

0.  01 

-0.  01 

-0.  03 

-0.  03 

0.  06 

-0.  01 

0.  00 

10 

0.  00 

0.  01 

-0.  04 

-0.  02 

0.  00 

0.  02 

0.  12 

0.  00 

-0.  07 

1.  00 

-0.  03 

-0.  11 

0.  00 

0.  05 

0.  01 

-0.  01 

-0.  01 

11 

-0.  01 

0.  02 

-0.  02 

0.  01 

0.  02 

0.  01 

0.  01 

0.  04 

0.  01 

-0.  03 

1.  00 

-0.  17 

-0.  10 

0.  06 

-0.  12 

-0.  10 

-0.  05 

12 

-0.  01 

-0.  01 

-0.  01 

0.  04 

0.  02 

-0.  02 

-0.  01 

0.  05 

-0.  01 

-0.  11 

-0.  17 

1.  00 

-0.  10 

-0.  08 

-0.  03 

0.  04 

0.  04 

13  -0.02  0.01  0.01  -0.02  -0.01  0.02  0.07  -0.10  -0.03  0.00  -0.10  -0.10  1.00  0.02  0.09  0.09  0.03 

14  0.01  0.01  0.01  0.00  -0.04  -0.07  -O.  01  0.00  -0.03  0.05  0.06  -0.08  0.02  1.00  -0.01  0.00  0.02 

15  -0.03  0.00  -0.10  0.20  0.36  0.06  0.01  0.06  0.06  0.  01  -0.12  -0.03  0.09  -0.01  1.  00  0.04  0.01 

16  -0.02  0.00  0.00  0.02  0.03  -0.01  0.01  -0.03  -0.01  -0.01  -0.10  0.04  0.09  0.00  0.04  1.00  0.18 

17  -0.01  0.00  0.00  0.02  0.04  0.00  0.00  0.00  0.00  -0.01  -0  05  0.04  0.03  0.02  0.01  0.18  1.  00 

ROOT  MEAN  SQUARE  OFF-DIAGONAL  -  0.  071878 


Note  that  for  a  given  mode  N  the  total  energy 
for  that  mode  obtained  by  adding  the  energy 
for  all  degrees  of  freedom  is  equal  to  the 
diagonal  of  the  orthogonality  matrix,  equal  to 
unitv  because  of  normalization 


2  EN(N,I)  =  1. 
1=1 


A  pictorial  representation  of  the  energy 
distribution  per  mode  for  2  major  modes  in  a 
bar-graph  form  is  shown  in  Figs.  18  through  20 
where  the  entire  spacecraft  has  been  subdivided 
into  10  subsystems.  The  large  bars  represent  the 
subsystems.  The  narrow  bars  within  the  large 
bars  are  the  6  degrees  of  freedom  1  through  6  for 


each  subsystem.  These  plots  provide  a  conven¬ 
ient  way  to  identify  which  parts  of  the  space¬ 
craft  are  participating  in  a  given  mode  and  to 
couipare  test  with  analysis.  The  data  correspond 
to  both  the  measured  modes  (left  plots)  and  the 
corresponding  analytic  modes  (right  plots)  of 
TiVibSB  for  comparison.  A  perfect  match  between 
analysis  and  test  would  make  the  bars  of  the 
right  plot  coincide  with  those  of  the  left 
plot.  These  plots  are  used  to  assess  the  match¬ 
ing  of  the  measured  modes  to  the  analytical 
modes  and  to  effect  the  updating  of  the  Ti\M. 

For  example  Fig.  18  shows  that  the  experi¬ 
mental  HGA  Y  axis  mode  low  level,  is  basically 
a  "local”  mode  of  the  HGA  while  the  correspond¬ 
ing  analytic  mode  is  more  an  overall  mode  with 
a  predominant  energy  in  the  core  (RPM  and  Bus) . 
Fig.  19  for  the  highest  level  shows  the  improved 
match  when  the  test  amplitude  is  increased. 
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Table  4.  Orthogonality  Variation  with  Amplitude  for 
HGA  Modes  (Physical  Mass  Matrix  HM2) 


Effective  Mass 

The  calculation  of  the  effective  mass  needs 
the  introduction  of  the  rigid  body  modes  [(j)R]  , 
a  162  X  6  matrix  which  is  a  geometrical  property 
of  the  spacecraft  reflecting  the  locations  and 
orientations  of  the  elements  of  the  mass  matrix. 

The  experimental  rigid  elastic  coupling  matrix 
[MER]  is  defined  by  combining  [<I>R]  ,  [M]  ,  and 
[4)EX]  in  a  manner  similar  to  Eq,  (11) 


[MER]  =  [<t>R]  (16) 

or  alternately,  for  a  given  mode  N  and  a  given 
interface  degree  of  freedom  K: 

JM  JM 

MERCK, N)  =  2  1>R(K,I)  2  M(I,J)  *^1EX(N,J)  (17) 

1=1  J=1 


The  product: 

MEFN(K,L,N)  =  MER(K,N)  *  MER(L,N)  (18) 

is  called  the  ’’modal  effective  mass  matrix" 
for  mode  N.  Only  the  diagonal  K  =  L  of  this 
matrix  is  retained  here.  The  effective  mass 
and  effective  inertia  for  each  interface  degree 
of  freedom  K  are: 

MEFN(K,N)  =  MER(K,N)**2  (19) 

K  =  1,3  for  the  mass 

K  =  4,6  for  the  inertia. 

Table  5  gives  the  values  of  effective  masses 
and  inertias  for  17  distinct  modes  with  the 
highest  amplitude. 


A  summation  of  the  effective  masses  for  the 
distinct  modes  gives  the  mass  accounted  by  taking 
all  these  distinct  modes. 

ND 

MEF(K)  =  J:  MEFN(K,N)  (20) 

N=1 

where  ND  is  the  number  of  distinct  modes. 

Ideally,  if  all  the  distinct  modes  were 
accounted  for  and  the  structure  was  linear, 

MEF(K)  would  be  equal  to  the  physical  mass  and 
inertia  of  the  spacecraft  with  respect  to  the 
interface.  Therefore,  MEF(K)  is  considered  a 
measure  of  how  many  significant  modes  have  been 
surveyed . 

Table  5  also  shows  the  total  effective  mass 
for  the  17  distinct  modes  measured.  The  fact 
that  degree  of  freedom  4  has  a  ratio  greater  than 
unity  is  one  more  indication  that  the  system  is 
non-linear. 

Fig.  21  shows  the  variation  of  the  effective 
mass  with  amplitude  for  the  first  bending  mode, 
HGA  Y  axis. 

Cross-Orthogonality 

The  cross-orthogonality  matrix  is  a  conven¬ 
ient  way  to  relate  the  experimental  modes  with 
the  analytic  modes  calculated  from  the  mathe¬ 
matical  model.  The  evaluation  of  this  matrix 
requires  the  use  of  an  even  more  detailed  part 
of  the  analysis  than  the  quantities  calculated 
before.  In  a  manner  similar  to  Eq.  (11)  it  is 
defined  as  the  triple  product  of  the  experimental 
modes,  the  mass  matrix  and  the  analytic  modes, 

[CROSS]  =  [<(>EX]'^[M][(fiA]  (21) 


Fig.  21,  Variation  of  Effective  Mass  with 
Amplitude  HGA  Y  Axis  Mode 
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EXPERinEMTAL(U/Hf1B)  SUBSVSTErt  ENERGY,  MODE  3  FREQ  12.850  HZ 


ftNALYTICAL  (U/AM2)  SUBSYSTEN  ENERGY,  MODE  2  FREQ  13.740  HZ 


B.40 

B.30  1 


HCA  BUS  RPH  DBOX  SBOOH  SCAN  +RTG  -RTG  PROBE  ADAPT  HCA  BUS  RPW  DBOX  SBOOH  SCAN  +810  -RTG  PROBE  ADAPT 

Fig.  18.  Experimental/Analytical  Energy  HCA  Y  Low  Level 


EXPERIHEHTAKU/HHE)  SUBSYSTEM  ENERGY.  MODE  8  FREQ  13.680  HZ 


ANALYTICAL  (U/AH2)  SUBSYSTEM  ENERGY,  MODE  2  FREQ  13.740  HZ 


HGA  BUS  RPM  DBOX  SBOOM  SCAN  ♦RTG  -RTG  PROBE  ADAPT  HGA  BUS  RPH  DBOX  SBOOH  SCAN  +RTG  -RTG  PROBE  ADAPT 

Fig.  19.  Experimental /Analyt  ical  Energy  HGA  Y"  Axis  Very  High  T.evel 


HCA  BUS  RPM  DBOX  SBOOM  SCAN  +RTC  -RTG  PROBE  ADAPT  HOA  BUS  RPM  DBOX  SBOOM  SCAN  +RTG  -RTG  PROBE  ADAPT 


Fig.  20.  Exper imental/Analytical  Energy  Core  Y 


Table  5.  Effective  Mass  Distribution  for  17  Measured  Modes  (HM2)  (Highest  Level) 


EFFECTIVE  MASS  FOR  EXPERIMENTAL  MODES 


FREQUENCIES 


EFFECTIVE  MASS  IN  LBS  AND  LBS-IN**2 
3  4 


1 

13. 

48 

2 

13. 

69 

3 

17. 

95 

4 

18. 

15 

5 

18. 

59 

6 

21 

60 

7 

23. 

58 

8 

24. 

85 

9 

25. 

73 

10 

28. 

16 

11 

29. 

91 

12 

33. 

35 

13 

33. 

83 

14 

37 

59 

15 

37. 

84 

16 

41. 

35 

17 

42. 

27 

1.  294169E-^03 
8. 560544E+01 

2.  78B294E-^02 
6. 174972E+02 
1 . 999606E+00 
1. 027250E+03 
5. 502610E+00 
6. 074694E+01 
6.  663065E'«-00 
3. 13279IE-01 
6. 5B4089E>01 
1. 251094E+01 
1. 290B03E+02 
7. 559170E+00 
a. 379469E+00 

1.  592499E-«'00 
9. 697754E-01 


9. 4288748+01 

1.  273283E+03 
2. 2387848+03 
9. 001788E+02 
3. 617139E+00 

5.  66789 lE+01 
1. 492428E+01 

6.  924258E+00 

2.  367858E+01 

2.  36778 lE+01 

6.  447977E+01 
5.  695358E+00 

5.  4964188+01 

1.  3222088+01 
4.  562767E+01 

7.  724789E+00 

6.  503032E-01 


1. 52833 lE+00 
1. 77082 lE+00 
4. 4483B5E+00 
3. 3324e3E“04 
4. 1645408-01 
4.  823038E+01 
3. 716206E+02 
6. 224400E+00 
4. 6144188+02 
3. 26521 OE+01 

3.  141757E-01 
4. 997353E+00 
7. 641978E+00 
2. 703479E+03 

7.  39089 lE+00 
1. 994816E+01 
7. 122403E+01 


1. 9B5377E+06 
2. 208B36E+07 
1. 978371 E+07 
8. 81201 5E+06 
1. 390936E+04 
1. 840742E+05 
3. 900225E+05 
1. 147144E+05 
1 . 265469E+05 
2. 02753 lE+03 
4. 251607E+04 
1. 316421E+03 
3. 031649E+04 
6. 020285E+04 
1. 090363E+05 
4. 91 1862E+03 
4. 548206E+03 


2, 269471E+07 
1. 321083E+06 
2. 155910E+06 
5. 416022E+06 
6. 626640E+0S 
5. 400304E+06 
6. 3eai54E+02 
1. 690983E+05 
1 . 2657288+04 
2. 037730E+03 
7. 658515E+04 
1. 114421E+04 
3. 195983E+05 
4. 4198B9E+04 
8. 655936E+03 
4. 506135E+03 
8. 121013E+02 


4. 750404E+02 
6. 974691E+02 
2. 084778E+04 

3.  1203968+05 
1. 3078828+06 
7. 602895E+04 
9. 085202E+01 
1. 487903E+06 
1 . 434090E+05 
1. 727185E+03 
5. 290ieiE+03 
1. 646350E+04 
6. 915161E+03 
1. 361486E+03 
8. 216824E+04 

4.  750427E+03 
1. 593597E+03 


TOTAL 


1  2 

1  3.  604510E+03  7.  164973E+02 

2  7.  164973E+02  4.  Q28400E+03 

3  4.  114638E+02  2.0802698+02 

4  1.036572E+05  4.  960190E+05 

5  -3.  512743E+05  -1.  006939E+05 

6  -4.  759186E+03  -3.  020357E+03 


EFFECTIVE  MASS  FOR  EXPERIMENTAL 


3  4 

4.  114638E+02  1.  036572E+05 

2.  080269E+02  4.  960190E+05 

3.  743330E+03  1.  755587E+04 

1.  755587E+04  5.  375360E+07 

-3.  5B9415E+04  -1.  353284E+07 

3.  156248E+03  -3.  3B1751E+05 


MODES  (LB) 


5  6 

-3  512743E+05  -4.  7591868+03 

-1.  006939E+05  -3.  020357E+03 

-3.  589415E+04  5.  136248E+03 

“1-  3532a4E+07  -3.  381751E+03 

3.  8300628+07  -2.  139737E+05 

-2.  139737E+05  4.  877972E+06 


All  the  36  experimental  modes  are  considered 
when  using  Eq.  (21) .  The  matrix  [CROSS]  is  a 
40  X  36  matrix.  The  maximum  value  in  the  i^h 
row  of  [CROSS]  identifies  the  column,  i.e.,  the 
experimental  mode  that  is,  on  the  average,  the 
closest  to  the  analytical  mode.  This  method  has 
been  used  to  retain  a  single  mode  out  of  the 
several  takes  of  the  same  mode. 


CONCLUSION 

The  modal  test  program  of  Galileo  has  exhibi¬ 
ted  a  number  of  unexpected  findings  due  to  the 
complexity  of  the  spacecraft  structure  which 
required  redirection  of  the  test  as  it  progressed. 


The  results  show  a  definite  need  to  upgrade 
the  actual  Galileo  Analytic  Model  to  be  used  for 
the  pre-flight  verification  loads  analysis. 

The  unexpected  findings  are  an  indication  that 
flexibility  must  remain  the  primary  concern  of 
the  modal  test  planners.  The  modal  test  of  a 
complex  spacecraft  such  as  the  Galileo  is  an 
exploratory  test,  which  main  objective  is  not 
just  to  verify  an  a  priori  mathematical  model  but 


to  uncover  the  unexpected,  if  it  is  there,  and 
to  provide  basic  data  to  modify,  upgrade  or 
recast  the  analytical  model  as  needed. 

In  the  same  line  of  thoughts  it  is  the  belief 
of  this  author  that  all  the  modal  testing  methods, 
old  and  new,  will  have  their  place  and  should  all 
be  made  available  to  the  test  team  for  use  at 
any  time  of  the  test. 
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ABSTRACT 

This  paper  describes  the  support  provid¬ 
ed  by  Synergistic  Technology  Incorporat¬ 
ed  and  V7yle  Laboratories  for  the  Galileo 
Spacecraft  Modal  Survey  performed  at  the 
Jet  Propulsion  Laboratory  in  Pasadena, 
California  during  June  and  July  1983. 
The  objectives  of  the  modal  survey,  the 
technical  approach,  as  well  as  hardware 
and  software  features  are  discussed. 

The  spacecraft  was  subjected  to  an  ex¬ 
tensive  modal  testing  program  to  identi¬ 
fy  significant  modes  and  verify  the  an¬ 
alytical  model.  Target  modes  were 
selected  on  the  basis  of  a  pretest  fin¬ 
ite-element  analysis  of  the  spacecraft. 
A  variety  of  excitation  functions  and 
analytical  techniques  were  used. 
However,  the  primary  test  method  was  the 
classical  tuned-multiexciter  sinusoidal 
dwell.  Special  software  was  developed 
to  expedite  use  of  this  technique. 
Additional  excitations  included  fast 
sinusoidal  sweeps  (chirps),  random  vi¬ 
bration,  plus  single-exciter  and  mul¬ 
tiexciter  sinusoidal  sweeps.  Frequency 
response  functions  were  computed  in 
realtime  using  the  Sine  Wave  Integration 
Fourier  Transform  (SWIFT)  technique  dur¬ 
ing  the  sinusoidal  sweeps.  Most  of  the 
command  generation,  da ta- acqui si ti on , 
and  data  analysis  tasks  were  performed 
with  Wyle  Modal  Analysis  and  Test 
System  (MATS) , 

Modal  analyses  were  performed  by  curve¬ 
fitting  in  the  frequency  domain.  Modal 
properties  (i.e.,  the  natural  frequen¬ 
cies,  modal  damping  and  mode  shapes) 
were  determined  for  all  pertinent  modes 
in  the  5-  to  45-Hertz  frequency  range. 
Most  of  the  target  modes  were  identified 
and  characterized. 

INTRODUCTION 
The  Galileo  Mission 

Figure  1  is  a  line  drawing  of  the  Gali¬ 
leo  Spacecraft  in  its  Cruise  Configura¬ 
tion.  The  Galileo/Centaur  will  be 
placed  in  an  Earth  orbit  by  the  Space 
Shuttle.  The  Centaur  will  deliver  the 
Spacecraft  to  Jupiter,  The 
Released  to  AIAA  to  publish  in  all  forms. 


Shuttle/Centaur  launch  is  scheduled  for 
May  1986  .  Eight  months  later,  in  Janu¬ 
ary  1987,  there  will  be  a  midcourse 
maneuver  to  change  from  the  Earth-orbit 
plane  to  the  Jupiter-or bit  plane  and  to 
increase  velocity.  As  the  Spacecraft 
approaches  Jupiter,  it  will  separate 
into  two  parts;  One,  a  probe  that  will 
enter  Jupiter *s  atmosphere,  deploy  para¬ 
chutes,  and  will  descend,  sending  sig¬ 
nals  until  it  is  destroyed.  The  rest  of 
the  Spacecraft  will  go  into  orbit  around 
Jupiter,  It  will  receive  signals  from 
the  probe  as  it  descends.  It  will  ob¬ 
serve  Jupiter  and  then,  using  some  very 
sophisticated  orbital  maneuvers,  will 
encounter  and  observe  several  of 
Jupiter*s  Moons. 


A  variety  of  sensors  deployed  on  long 
booms  may  be  seen  in  Figure  1.  The 
High-Gain  Antenna  (at  the  top  of  the 
Figure)  is  for  Earth  communication.  The 
item  at  the  bottom  of  Figure  2  is  the 
probe  that  will  enter  Jupiter’s  atmos¬ 
phere. 


The  Spacecraft  is  spin  stabilized.  The 
entire  structure  spins  about  an  axis 
passing  through  the  axes  of  the  Probe 
and  the  High-Gain  Antenna.  However, 
there  is  an  inertially  stable  platform, 
the  so-called  "De-Spun  Box",  that  sup¬ 
ports  the  Scan  Platform  and  the  Relay 
Antenna  which  receives  signals  from  the 
Probe.  Notice  there  are  no  solar  ar¬ 
rays.  There  is  not  sufficient  solar  en¬ 
ergy  near  Jupiter  to  power  the  Space¬ 
craft.  Alternate  power  sources  are  re- 
qui red. 


The  Galileo  Spacecraft  Modal  Survey 

The  primary  reason  for  the  Galileo 
Spacecraft  Modal  Survey  (GSMS)  was  to 
establish  credibility  of  the  analytical 
model.  This  is,  of  course,  the  motiva¬ 
tion  for  a  great  majority  of  modal  sur¬ 
veys.  NASA’s  analysis  requirements 
stated,  "Loads  and  deformations  shall  be 
based  on  a  test-verified  payload  struc- 
tural-dynamic  math  model  and 
NASA-supplied  t  est-ver  if  ied  STS  (Space 
Transportation  System)  math  models  and 
forcing  functions".  NASA  requirements 
further  stated,  "A  modal-survey  test 
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shall  be  run  to  verify  the  analytical 
mode  shapes,  resonant  frequencies,  and 
modal  damping  used  in  loads  analysis”. 
A  second  reason  for  the  modal  survey  was 
to  provide  information  needed  for  the 
design  of  the  Spacecraft's  control  sys¬ 
tem  . 

In  June  and  July  1983  ,  Jet  Propulsion 
Laboratory  (JPL)  conducted  the  GSMS  in 
Pasadena,  California.  JPL  dictated  that 
the  modal  survey  would  be  performed 
using  the  classical  tuned-dwell  method. 
In  addition,  through  the  generosity  and 
cooperation  of  JPL  and  several  research¬ 
ers,  a  research  activity  was  conducted 
wherein  nearly  every  known  excitation, 
data-acquisition,  and  analysis  method 
was  applied  to  the  Galileo  Spacecraft. 

Excitation  methods  included 

tuned-multiexciter  sinusoidal  dwell, 
si ng 1 e- exc i t e r  sinusoidal  sweeps, 
tuned-multiexciter  sinusoidal 
sweeps  [1],  chirps  (fast  sinusoidal 
sweeps)  [2],  single-exciter  random,  and 
multiexciter  random  [3]  . 
Data-acquisition  methods  included  ac¬ 
quisition  of  response  histories  for  sub¬ 
sequent  analysis  and  realtime  acquisi¬ 
tion  of  response  spectra  using  the  SWIFT 
algorithm.  Analysis  techniques  included 
direct  measurement  of  modal  properties 
by  tuned-dwell  methods,  frequency-domain 
curvefitting,  time-domain  analysis  [4], 
poly ref erence  analysis  [5,6]  ,  and  simul¬ 
taneous  frequency  domain  analysis  [7] . 

JPL  contracted  Wyle  Laboratories  to  per¬ 
form  data  acquisition  and  analysis  for 
the  modal  survey.  Wyle,  in  turn,  sub¬ 
contracted  STI  to  prepare  for  and  per¬ 
form  several  phases  of  the  Modal  Survey. 
JPL  contracted  STI  separately  to  coordi¬ 
nate  and  participate  in  the  research  as¬ 
pects  of  the  GSMS. 

DATA  ACQUISITION 

Following  is  a  description  of  the 
software,  hardware,  and  instrumentation 
used  in  the  GSMS  tests.  Additional  de¬ 
tails  may  be  found  in  a  paper  by  Bausch 
and  Stroud  [ 8] . 

Data  acquisition  was  ac compl i sh ede d 
using  Wyle's  Modal  Analysis  and  Test 
System  (MATS)  .  A  block  diagram  of  MATS 
is  shown  in  Figure  2  MATS  was  assembled 
by  STI  and  is  a  special  version  of 
STI-11/23 .  The  processor  has  256K  bytes 
of  memory  and  operates  under  DEC*s 
RSX-llM  operating  system,  providing  mul¬ 
tiple  terminals  and  multiple  tasks. 
Supported  by  an  80-Megabyte  disk  drive 
and  a  small  array  processor,  MATS  offers 
64  channels  of  data  acquisition  and  two 
command  channels.  For  mul ti e xc i  t  e  r  r 
sinusoidal  excitation,  one  command  chan¬ 
nel  drove  a  eight-channel  Shaker  Control 
System.  This  Control  System  accepts  a 
sinewave  and  outputs  eight  sinewaves 
with -the  same  frequency  but  having  vari¬ 
able  gain  and  polarity. 


Instrumentation  consisted  of  162  accel¬ 
erometers,  connected  to  patch  boards  via 
charge  amplifiers,  and  120  strain  gages 
connected  to  patch  boards  via  bridge 
completion/ amplif ier  units.  In  addi- 
tion,  there  were  eight 
load-cell/accelerometer  pairs  for 
measuring  applied  forces  and  drive-point 
responses.  Figure  3  shows  a  schematic 
of  the  data  system. 

Since  there  were  nearly  300  instruments 
and  MATS  has  only  64  channels  of  ac¬ 
quisition,  multiple  acquisitions  were 
required.  This  was  accomplished  by  tun¬ 
ing  a  mode,  acquiring  data  for  64  chan¬ 
nels,  then,  without  changing  the  excita¬ 
tion,  switching  patch  boards  until  all 
channels  were  recorded. 

DISCUSSION 

Tuned-Dwell  Software 

The  tuned-multiexciter  sinusoidal  dwell 
is  the  classical  method  of  modal  testing 
first  developed  by  Lewis  and  Wrisley  [9] 
in  1950.  The  method  involves  manual 
variation  of  excitation  frequency  and 
forces  to  accentuate  the  response  of  a 
single  mode  while  suppressing  all  oth¬ 
ers.  Mode  shapes  are  determined  from 
direct  measurements  of  tuned  response. 
Damping  is  estimated  from  analysis  of 
decay  data.  Because  tuned-dwell  tech¬ 
nology  evolved  before  digital  methods 
were  introduced,  it  is  based  on  analog 
techniques. 

In  order  to  expedite  the  modal-tuning 
process,  STI  developed  an  interactive 
program  called  "DWELL"  which  is  intended 
to  implement  the  tuned-dwell  procedure 
on  a  modern  data-acquisition  and  an¬ 
alysis  system.  DWELL  permits  the  Opera¬ 
tor  to  simultaneously  observe  all  or 
selected  responses  and  their  changes  as 
frequency  and  forces  are  adjusted.  An 
example  of  a  typical  plot  available  to 
the  Operator  during  the  tuning  process 
is  shown  in  Figure  4. 

Once  a  mode  has  been  satisfactorily 
tuned,  DWELL  will  automatically  acquire 
response  measurements,  record  resonant 
frequency  and  mode  shape  in  a  VAMP 
modal-analysis  file,  terminate  excita¬ 
tion  and  acquire  decay  measurements,  and 
allow  interactive  measurement  of  modal 
damping . 

Tuned  Sweep 

It  has  been  shown  [10]  that  tuned-dwell 
testing  can  produce  undetectable  errors. 
The  tuned-sweep  procedure  described  in 
Reference  [1]  is  intended  to  use  the 
best  features  of  both  the  tuned-response 
and  signal-analysis  approaches  to  modal 
testing. 

The  tuned-sweep  process  is  to  approxi¬ 
mately  tune  a  mode,  perform  a  narrowband 
sweep  about  the  suspected  resonance,  and 
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use  frequency-domain  analysis  to  esti¬ 
mate  modal  parameters. 

Several  tuned  sweeps  were  performed  as 
part  of  the  GSMS  research  effort. 


Single-Exciter 


Excitation 


A  widely  used  modal - tes ti ng  method  is 
often  referred  to  as  the  single-point 
random  method.  This  technique  involves 
exciting  the  structure  at  a  single  point 
with  a  broadband  input,  computing  fre¬ 
quency  response  functions,  and  determin¬ 
ing  modal  properties  by  curvefitting  an¬ 
alytical  expressions  to  those  measured 
functions.  Although  the  popular  name 
for  this  approach  implies  the  use  of 
random  excitation,  other  forms  of  broad¬ 
band  exccitation  can  be  used.  Random, 
chirp,  and  sinudoidal  sweep  excitations 
were  used  on  GSMS  to  provide  frequency 
response  functions. 


quency  domain  (SFD)  method.  Developed 
by  Coppolino  [7]  ,  this  method  is  based 
on  the  concept  that  the  total  response 
of  a  structure  can  be  represented  by  a 
subset  of  generalized  functions.  The 
SFD  method  states  that  all  frequecy 
response  functions  can  be  represented  as 
a  linear  combination  of  a  few  functions 
which  are  themselves  linear  combinations 
of  all  the  FRFs.  A  linear  transforma¬ 
tion  between  the  complete  and  reduced 
sets  is  established.  Reduced  damping 
and  stiffness  matrices  are  then  esta¬ 
blished  by  least-squares  fit  to  the  re¬ 
duced  set  of  functions.  Next,  the  fre¬ 
quency,  damping,  and  reduced  mode  shapes 
are  found  by  ei gensol ut i on  of  the  re¬ 
duced  matrices.  Finally,  the  total  mode 
shapes  are  found  by  linear  transforma¬ 
tion. 

DISCUSSION  OF  RESULTS 


Random  vibration  is  probably  the  most 
popular  form  of  excitation.  It  produces 
less  noise  than  transient  excitation  and 
yields  good  results  with  ensemble  aver¬ 
aging  . 

Chirp  is  a  fast  sinusoidal  sweep  during 
which  the  structure  does  not  reach 
steady-state  response.  It  produces  the 
cleanest  spectra  and  requires  fewer  en¬ 
semble  averages  than  other  forms  of  mul¬ 
tifrequency  excitation. 


Table  1  is  a  summary  of  results  obtained 
using  SWIFT  excitation  and 
frequency-domain  curvefitting.  This  ap¬ 
proach  identified  27  modes  ranging  from 
the  first  mode  of  the  stowed  high-gain 
antenna  at  approximately  12.5  Hz  to  a 
thruster  mode  at  almost  45  Hz.  Damping 
ranged  from  0.5%  for  several  modes  to 
over  3%  for  the  damper  mode.  Of  the  21 
target  modes,  16  were  characterized. 
Agreement  between  predicted  and  measured 
resonant  frequencies  were  generally 
good;i.e.,  within  10%. 


The  discrete  sweep  (a  sequence  of 
dwells)  lends  itself  to  "on-the-fly" 
spectrum  calculations  (and  substantial 
time  savings)  in  either  si ngl e- exc i t er 
or  multiexciter  testing.  Reference  [10] 
shows  that,  for  more  than  a  few  chan¬ 
nels,  sinusoidal-sweep  testing  using  the 
SWIFT  realtime  algorithm  is  the  fastest 
means  of  obtaining  frequency  response 
functions.  SWIFT  (Sine  Wave  Integration 
Fourier  Transform)  is  a 
computer-controlled  discrete  sine  sweep 
that  performs  on-the-fly  Fourier  calcu¬ 
lations  for  all  measurements.  Sinewave 
testing  provides  very  clean  spectral 
measur  ements . 

ANALYSIS  PROCEDURE 


Table  2  compares  the  results  of  SWIFT, 
chirp,  and  random  testing.  Analysis  of 
the  chirp  and  random  data  had  an  advan¬ 
tage  in  that  they  used  the  SWIFT  an¬ 
alysis  as  an  initial  estimate.  In  spite 
of  that  advantage,  it  was  not  possible 
to  identify  several  of  the  modes  in  the 
chirp  and  random  data.  The  missing 
modes  can  generally  be  described  as 
"weak".  In  most  instances,  they  were 
concentrated  in  the  deployable  append¬ 
ages  of  the  spacecraft  which  probably 
were  not  adequately  excited  by  the 
broadband  excitation,  at  least  at  the 
levels  used.  Where  modes  were  found, 
the  agreement  between  analyses  was  good. 
The  agreement  was  particularly  good  for 
chirp  and  random  results. 


For  the  GSMS,  frequency  response  func¬ 
tions  were  obtained  by  the  SWIFT  and  by 
FFT  processing  of  responses  to  random 
and  chirp  excitations. 

The  transfer  functions  derived  from  the 
SWIFT,  chirp,  and  random  tests  were  used 
to  estimate  modal  parameters.  Analysis 
of  these  measurements  was  performed  with 
STI  VAMP  by  means  of  frequency-domain 
curvefitting.  Figure  5  is  a  typical  ex¬ 
ample  of  such  a  curvefit;  two  analytical 
modes  (represented  by  solid  lines)  have 
been  fitted  to  the 
measurements  (represented  by  the  dotted 
lines)  . 

The  SWIFT  data  were  also  analyzed  by  a 
technique  known  as  the  simultaneous  fre¬ 


Table  3  compares  the  results  of  frequen¬ 
cy-domain  curvefitting  and  the  simul¬ 
taneous  frequency-domain  method  as  ap¬ 
plied  to  the  SWIFT  data.  Three  separate 
analyses  were  performed  with  the  SFD 
method,  i.  e.  for  each  of  the  X,  Y,  and 
Z  StVIFT  sweeps.  The  agreement  is  very 
good;  particularly  between  curvefit 
results  and  SFD  analysis  for  the  cor¬ 
responding  excitation.  For  example,  the 
first  mode  in  curvefit  analysis  was  done 
on  the  y-excitation  data  and  compares 
well  with  the  SFD  y  excitation  analysis. 
That  quality  extends  through  all  the 
modes.  The  SFD  analysis  found  6  modes 
that  were  not  characterized  by  curvefit 
analysis , 


CONCLUDING  REMARKS 

The  development  of  modal 
testing/analy si  s  technology  can  be  di¬ 
vided  into  three  eras.  Through  the 
1960*s,  the  technique  did  not  directly 
involve  the  use  of  a  computer.  The 
1970 *s  was  the  era  of  the  "digital  revo¬ 
lution”  and  saw  the  emergence  of  several 
methods  based  on  the  use  of  dedicated 
minicomputers  for  data  acquisition  and 
interactive  analysis.  In  the  1980 *s, 
the  trend  seems  to  be  towards  data  ac¬ 
quisition  with  minicomputers  but  more 
ambitious  and  less  interactive  analysis 
on  mainframe  computers  or,  at  least, 
minicomputers.  Techniques  from  each  of 
■these  eras  were  successfully  applied  on 
the  GSMS. 
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Table  1 

Galileo  Spacecraft  Modal  Survey 
Swift  Tests 


Description 

of  Analytical  Modes  and 

Comparison 

with  Test  Results 

GEM 

Natural  Freouency  (Hz)/ 

Description  Excitation 

Tardet  Mode 

Predicted  Freouency 

Critical  DampinS 

of  Direction 

(Hz) 

Mode 

1 

12*54  / 

.0116 

SXA  Tip 

Y 

2 

13*45 

9 

13*78  / 

*0209 

SXA  Tip 

X 

1 

13.22 

3 

17*40  / 

*0112 

Core  BendinS 

X 

5 

18*90 

4 

17.62  / 

.0134 

Core  Bending 

Y 

4 

18.13 

u 

18.22  / 

*0070 

SXA  X  +  X  Thrust 

Z 

6 

18.59  / 

.0172 

SXA 

7 

18.93  / 

.0103 

Science  Boom 

X 

3 

16.81 

8 

19.31  / 

.  0085 

RRH 

z 

9 

22*04  / 

.0077 

RTG 

X 

9 

23*46 

10 

22.23  / 

.0072 

RTG 

z 

6 

20*45 

11 

22*35  / 

.0070 

RTG 

z 

7 

20.77 

12 

25*30  / 

*0117 

+X  Thruster  &  Damper 

Y 

8 

21.48 

13 

26,22  / 

.0235 

Damperr  SBt  X  Mad  Can 

*  Y 

14 

26.83  / 

.0168 

Damper f  SB)' 

Y 

12 

29.92 

15 

27.61  / 

.0100 

SBj  RRHf  X  Probe 

X 

16 

28*37  / 

.0059 

RRHf  SBf  8  Probe 

X 

17 

29.48  / 

.0330 

Damper 

X 

17 

32*59 

18 

33*02  / 

.0117 

Probe 

X 

16 

32.28 

19 

33.40  / 

.0109 

Thrusters  %  SXA 

Y 

14 

32*11 

20 

33.63  / 

*0069 

Probe  %  +X  Thruster 

z 

21 

33.70  / 

.0078 

Mad  Can.  1  Sci.Boom 

Y 

99 

33.98  / 

.0066 

Mad  Can*  %  DDS 

Y 

97 

38.17  / 

.0055 

Bounce  Mode 

Y 

24 

39*70  / 

*0063 

RRH 

Y 

19 

35,86 

9S 

41*01  / 

.0108 

RRH  X  Mad  Can. 

Y 

26 

42*99  / 

*0096 

Thrusters  1  RRH 

Y 

20 

36.30 

27 

44,82  / 

,0055 

Thrusters  S  RRH 

Y 

21 

36*84 

LEGEND 

:  GEM  - 

•  Galileo  Experimental  Modes 

RRH  “  Radio  Relay  Hardware 

RTG  -  Radioisotope  Thermal-Electrical  Generator 
SB  -  Science  Booirt 
SXA  -  S-X  Band  Antenna 


Table  2 

Galileo  Spacecraft  Modal  Survey 
Swift  Tests 

Comparison  of  Freouency-Domain  and  Simultaneous  Freauency-Domain  Analysis 


Gm 

FRBQUE1CY-1X}MAIN  CURVEFIT 

Excitation 

SIHJLTANSOUS  FREQUEIiCT-DOMAIN  ANALYSIS 

Natural  Frequency  (Hz)  /  Danping  Ratio 

X-Eicitation 

Y-Excitation 

Z“  Excitation 

1 

12.54  /  .0116 

Y 

12,64  /  .0132 

12.52  /  .0106 

2 

13.78  /  .0209 

Y 

13.78  /  .0237 

13.76  /  .0339 

13.92  /  .0108 

3 

17.40  /  .0112 

X 

17.47  /  .0117 

4 

17.62  /  .0134 

Y 

17.62  /  .0106 

5 

18.22  /  .0070 

Z 

18.34  /  .0239 

18.37  /  .0365 

18,29  /  .0040 

6 

18.59  /  .0172 

Z 

18.61  /  .0212 

18.74  /  .0313 

18.67  /  .0233 

7 

18.93  /  .0103 

X 

19.07  /  .0128 

18.93  /  .0109 

8 

19.31  /  .0085 

Z 

19.45  /  .0222 

9 

22.04  /  .0077 

X 

22.05  /  .0071 

22.03  /  .0114 

10 

22.23  /  .0072 

z 

22.27  /  .0091 

11 

22.35  /  .0070 

2 

24.57  /  .0106 

24.59  /  .0092 

22.52  /  .0136 

12 

25.30  /  .0117 

Y 

25.41  /  .0141 

25.37  /  .0099 

25.29  /  .0137 

13 

26.22  /  .0235 

Y 

26,23  /  .0092 

14 

26.83  /  .0168 

Y 

26,86  /  .0121 
27.08  /  ,0  223 

15 

27.61  /  .0100 

X 

27  .62  /  .0097 

16 

28.37  /  .0059 

X 

28.42  /  .0081 

28,13  /  .0065 

28.24  /  .0114 
28.81  /  .0066 

17 

29.48  /  .0330 

X 

29.43  /  .0390 

29.47  /  .0412 

18 

33.02  /  .0093 

X 

33,04  /  .0093 

33.02  /  .0092 

19 

33.40  /  .0109 

Y 

33.35  /  .0095 

20 

33.63  /  .0069 

2 

33.69  /  .0049 

21 

33.75  /  .0078 

Y 

33.76  /  .0065 

22 

33.98  /  .0066 

Y 

33.99  /  .0045 

37.05  /  .0090 

37.21  /  .0071 

23 

38.17  /  .0055 

Y 

38.22  /  .0050 

38.14  /  .0048 

24 

39.70  /  .0063 

Y 

39.74  /  .0063 

39.75  /  .0064 

25 

41 .01  /  .0108 

X 

41.22  /  .0078 

41.11  /  .0082 
41.63  /  .0063 

42.04  /  .0056 

26 

42.99  /  .0096 

Y 

42.98  /  .0044 

27 

44.82  /  .0055 

Y 

44.69  /  .0030 

44.86  /  .0040 
44.93  /  .0028 
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Table  3 

Galileo  Spacecraft  Modal  Survey 
Swiftr  Chirp»  and  Random  Tests 
Comparison  of  Analytical  and  Test  Results 


GEM 

Swift 

Natural  Freouency  (Hz) 
Chirp 
Up 

/  Dampins  Ratio 

Ensemble  Average 

Random 

Excitation 

Direction 

Target 

Mode 

Predicted 

Freouency 

(Hz) 

1 

12.54  /  .0116 

12.59  / 

.0222 

12.62  /  .0343 

12.66  /  .0222 

Y 

2 

13.45 

2 

13.78  /  .0209 

13.87  / 

.0199 

13.97  /  .0019 

13.86  /  .0193 

Y 

1 

13.22 

3 

17.40  /  .0112 

17.90  / 

.0132 

17.91  /  .0139 

18.14  /  .0110 

X 

5 

18.90 

4 

17.62  /  .0134 

17.98  / 

.0165 

17.81  /  .0175 

17.95  /  .0153 

Y 

4 

18.13 

18.22  /  .0070 

18.54  / 

,0129 

18.60  /  .0138 

18.54  /  .0155 

Z 

6 

18.59  /  .0172 

18.59  / 

.0151 

18.60  /  .0147 

18.62  /  .0147 

Z 

7 

18.93  /  .0103 

19.24  / 

.0161 

19.35  /  .0100 

19.34  /  .0089 

X 

3 

16.81 

8 

19.31  /  .0085 

19.34  / 

.0094 

19.62  /  .0098 

19.31  /  .0071 

Z 

9 

22.04  /  .0077 

21.98  / 

.0063 

21.98  /  .0059 

22.08  /  .0046 

X 

9 

23.46 

10 

22.23  /  .0072 

9:>.94  / 

.0067 

22.26  /  .0063 

22.21  /  .0095 

Z 

6 

20.45 

11 

22.35  /  .0072 

22.60  / 

.0063 

22.61  /  .0076 

22.48  /  .0119 

Z 

7 

20.77 

12 

25.30  /  .0117 

25.71  / 

.0098 

25.68  /  .0108 

25.74  /  .0088 

Y 

8 

21.48 

13 

26.22  /  .0235 

25.53  / 

.0232 

Y 

14 

26.83  /  .0168 

25.75  / 

.0073 

Y 

12 

« 92 

15 

27.61  /  .0100 

27.63  /  .0178 

X 

16 

28.37  /  .0059 

28.56  / 

♦  0053 

28.60  /  .0055 

28.51  /  .0077 

X 

17 

29.48  /  .0330 

X 

17 

32.59 

18 

33.02  /  .0117 

33.21  / 

.0091 

33.13  /  .0071 

X 

16 

32.28 

19 

33.40  /  .0109 

33.78  / 

.0072 

33.79  /  .0072 

Y 

14 

32 .11 

20 

33.63  /  .0069 

33.74  / 

.0067 

33.67  /  .0078 

Z 

21 

33.75  /  .0078 

33.90  / 

.0068 

33.70  /  .0085 

33.79  /  .0070 

Y 

22 

33.98  /  .0066 

33.90  /  .0080 

Y 

23 

38.17  /  .0055 

38.09  / 

.0057 

38.09  /  .0056 

37.94  /  .0059 

Z 

24 

39.70  /  .0063 

Y 

19 

35.86 

25 

41.01  /  .0108 

X 

26 

42.99  /  .0096 

Y 

20 

36 . 30 

27 

44.82  /  .0055 

44.70  / 

.0126 

44.34  /  .0094 

Y 

21 

36 . 84 

LEGEND!  GEM  -  Galileo  Experimental  Modes 


Figure  1.  Galileo  Spacecraft  Cruise  Con¬ 
figuration 
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Figure  2.  Wyle  Modal  Analysis  and  Test 
System  Functional  Diagram 


Figure  3.  Galileo  Spacecraft  Modal  Sur¬ 
vey  Data  System 
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Abstract 

The  choice  of  excitation  method  is  critical 
to  the  successful  performance  of  a  modal  test. 
The  method  selected  determines  the  type  of  data 
that  can  be  obtained  as  well  as  how  much  time  the 
test  will  require.  Newly  developed  methods  offer 
significant  benefits,  as  evidenced  by  research 
applied  to  the  Galileo  spacecraft  modal  test. 
Knowledge  of  the  advantages  and  disadvantages  of 
the  various  methods  can  help  the  test  engineer 
make  the  optimal  selection. 

Introduction 

Over  the  past  two  years,  many  advances  have 
been  made  in  modal  testing  and  analysis  methods 
along  with  the  introduction  of  powerful  hardware 
systems  and  software  packages.  Dynamic! sts  and 
test  engineers  now  have  various  options  for  per¬ 
forming  experimental  modal  analysis  of  a  struc¬ 
ture,  including  which  excitation  method  to  use  to 
define  the  structure’s  modes  of  vibration.  A  few 
years  ago  the  excitation  choices  were  limited  to 
impact  (transient),  single-point  random,  or  the 
traditional  multipoint  sine  dwell.  The  complexity 
of  the  test  article  and  the  accuracy  and  detail 
required  in  the  results  usually  dictated  which  of 
those  methods  would  be  used.  Now,  with  numerous 
techniques  to  choose  from  (for  example,  multiple 
input  random,  multiple  input  step-sine)  which  are 
capable  of  meeting  the  technical  objectives  of  a 
modal  survey,  the  testing  engineer  must  consider 
other  factors  when  selecting  an  excitation 
method(s). 

The  new  methods,  combined  with  hardware  and 
software  advances,  offer  significant  benefits  for 
performing  experimental  modal  surveys  in  a  much 
shorter  time  with  equal  or  improved  accuracy  of 
results.  This  translates  into  cost  savings  due  to 
a  shorter  test,  efficiency  in  analysis  of  the 
results  and  correlation  activities,  and,  overall, 
a  favorable  impact  on  the  program  schedule.  For 
these  reasons,  engineers  and  managers  cannot  af¬ 
ford  to  ignore  these  new  methods. 

This  paper  presents  an  overview  of  all  exci¬ 
tation  methods  and  their  associated  strengths  and 
limitations.  A  new  technique  for  determining 
initial  force  patterns  for  normal  mode  excitation 
is  described.  Guidance  is  given  for  utilizing  the 
techniques  so  that  a  successful  test  can  be  per¬ 
formed  in  the  shortest  time.  A  description  of 


this  methodology  as  applied  in  theory  to  a  recent¬ 
ly  performed  modal  survey  of  an  aerospace  struc¬ 
ture,  the  Galileo  spacecraft,  yields  a  perspective 
on  the  benefits  of  this  new  approach. 

Overview  of  Excitation  Methods 

The  various  excitation  methods  can  be  classi¬ 
fied  by  the  general  technique  employed  by  each. 
The  two  main  methods  are  modal  tuning  and  frequen¬ 
cy  response.  Modal  tuning  methods  attempt  to 
excite  and  isolate  one  particular  mode  through 
sinusoidal  excitation.  Frequency  response  methods 
attempt  to  excite  modes  occurring  in  a  finite 
frequency  band  and  measure  frequency  response 
functions  (frf’s).  Analysis  of  the  frf's  is  per¬ 
formed  to  compute  parameters  associated  with  each 
of  the  excited  modes  of  interest.  Within  each  of 
the  two  main  methods,  modal  tuning  and  frequency 
response,  various  techniques  produce  the  excita¬ 
tion  in  a  manner  that  will  permit  measurement  of 
the  desired  data.  Most  of  the  methods  are  condu¬ 
cive  to  both  single  and  multiple  inputs.  (See 
Appendix  A  for  a  discussion  on  calculating  frf’s 
from  multiple  input  data.)  These  methods,  which 
are  summarized  in  Table  1,  form  the  basis  for 
further  discussion. 

Table  1.  Classification  of  Excitation  Methods. 

Frequency  Modal 

Response  Tuning 

-  random  single  or  T  -  sine  dwell 

-  random-transients  multiple  \  -  tuned  sweep 

-  step  sine  j  input 

-  sine  sweep 

-  chirp 

-  transient 

-  step  relaxation 

Understanding  the  strengths  and  limitations  of 
each  method  is  essential  in  determining  when  and 
how  to  apply  the  method  to  a  particular  modal 
survey  program.  Previous  experience  with  a  par¬ 
ticular  method  usually  enhances  the  degree  of 
success  of  a  test.  However,  none  of  the  methods 
are  so  sophisticated  that  they  cannot  be  learned 
with  the  help  of  someone  who's  had  more  prac¬ 
tice.  A  good  way  to  begin  is  to  use  a  new  method 
as  a  research  tool  on  a  test  in  addition  to  a  more 
familiar  technique.  Table  2  highlights  the 


\  single  input 
I  only 
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inherent  strengths  and  weaknesses  of  the  methods 
when  applied  by  an  experienced  test  engineer. 

Table  2.  Strengths  and  Weaknesses  of  Various 
Excitation  Methods. 

Excitation 


Method 

Strengths 

Weaknesses 

Frequency 

response 

Generally  fast 
test  time 

Requi res 
postprocessing 

Random 

Easy  after  ini¬ 
tial  set-up  for 
single  input 
case 

Low  force  level 
only;  damping 
<.01%  may  not  be 
accurately  deter¬ 
mined  due  to  leak¬ 
age 

Random 
transi ent 

No  leakage 

Low  force  level 
only;  more  compli¬ 
cated  input 

Step  sine 

Variable  force 
level ;  does  not 
require  EFT;  can 
employ  multiple 
inputs 

Slower  than 
random  methods 

Sine  sweep 

Variable  force 

1  evel 

Slower  than  random 
methods;  not  im¬ 
plemented  for 

multiple  inputs 

Chi  rp 

No  leakage 

Requires  special 
hardware  to  form 
input  signal 

Transi ent 

Easy;  quick  to 
set  up 

Not  conducive  to 
complex  structures 
and/or  damping 
>.04% 

Step  - 
rel axati on 

Provides  excita¬ 
tion  in  0-2  Hz 
range 

Slow,  requires 
special 
fi xturi ng 

Modal  tuning 

Good  definition 
of  the  mode; 
requires  little 
or  no  post¬ 
processing;  vari¬ 
able  force  level 

Generally  slow; 
requires  informa¬ 
tion  for  placing, 
tuning  inputs 

Sine  dwell 

Forces  a  normal 
mode 

Requires  precise 
tuning  to  isolate 
a  mode;  long  test 
time  for  more  than 
a  few  modes 

Tuned  sweep 

Can  use  curve¬ 
fitting  to 
yield  a  more 
accurate  mode 
estimate 

Requires  post¬ 
processing;  may 
not  give  good 
isolation  for  the 
mode 

Many  modal  test  applications  are  adequately  per¬ 
formed  using  single-input  methods  such  as  tran¬ 
sient  or  random.  In  these  cases  the  structures 
are  either  uncomplicated  (e.g,,  beamlike  or  plate¬ 


like,  low  damping)  or  detailed  results  are  not 
required.  The  rest  of  this  paper  assumes  that  the 
test  is  to  be  performed  on  a  complicated  structure 

for  which  highly  accurate  results  are  required. 

For  these  applications,  a  single  input  location 

will  not  excite  all  modes  of  interest.  Multiple 
input  locations  are  required,  whether  used  singly 
or  in  groups. 

Table  1  indicates  that  the  main  deficiencies 
with  the  various  methods  relate  to  time,  in¬ 

adequacy  in  using  high  force  levels,  postprocess¬ 
ing,  and  special  hardware  requirements.  Hardware 
requirements  will  not  be  considered  in  this  paper, 
but  those  wishing  to  use  techniques  involving 
special  hardware  should  not  reject  the  technique 
solely  on  that  basis.  With  the  implementation  of 
powerful  modal  estimation  techniques  such  as  poly¬ 
reference  [1],  the  postprocessing  consideration  is 
becoming  less  of  a  factor.  Whenever  high  force 
levels  of  excitation  are  required,  a  sinusoidal 
method  will  be  needed  to  satisfy  that  require¬ 
ment.  Often,  this  is  for  the  purpose  of  investi¬ 
gating  the  linearity  of  the  test  article  by  deter¬ 
mining  how  the  modal  parameters  change  as  a  func¬ 
tion  of  force  level.  However,  the  choice  of  a 
sinusoidal  method  for  fulfilling  that  objective 
does  not  mean  that  it  must  also  be  used  to  perform 
parts  of  the  test  relating  to  other  objectives.  A 
combination  of  methods  may  be  appropriate.  When 
all  considerations  have  been  addressed,  the  logi¬ 
cal  choice  is  the  method(s)  which  satisfy  the  test 
objectives  and  require  the  least  time  and  cost  to 
perform. 

Selection  of  Excitation  Methods 

An  understanding  of  the  test  article,  modal 
data  requirements,  and  the  information  in  Table  2 
provide  the  basis  for  selecting  the  excitation 
method.  If  modal  tuning  methods  are  to  be  em¬ 
ployed,  frequency  response  methods  should  still  be 
used  first  to  characterize  the  modal  parameters 
and  select  modal  tuning  input  locations  and  for¬ 
cing  patterns.  A  finite  element  model  is  general¬ 
ly  not  satisfactory  for  this  purpose  because  a 
very  accurate  understanding  of  the  modes  in  the 
frequency  vicinity  of  the  mode  of  interest  is 
required  to  allow  adequate  isolation  of  the  de¬ 
sired  mode. 

The  steps  in  the  frequency  response  test  are 
selection  of  input  locations,  data  acquisition, 
modal  parameter  estimation,  and  verification.  The 
last  two  subjects  are  well  covered  elsewhere  in 
the  literature  [2].  The  method  of  excitation  for 
final  data  acquisition  may  not  be  selected  until 
exciter  locations  have  been  determined.  The  pri¬ 
mary  basis  for  selection  of  exciter  locations  is 
adequate  definition  of  all  modes  of  interest. 
Exciter  locations  can  be  chosen  in  various  ways. 
One  way  is  to  first  select  a  small  set  of  response 
points  which  represent  all  important  structural 
components.  Erf's  between  these  points  and  each 
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candidate  input  location  are  measured  using  tran¬ 
sient  or  random  excitation  (a  hammer  is  faster 
than  using  an  exciter  but  may  not  provide  suffi¬ 
cient  energy).  This  set  of  data  will  yield  (1) 
the  frequencies  of  the  modes  of  interest,  (2) 
which  components  respond  at  which  modes,  and  (3) 
which  input  locations  excite  the  modes.  From  this 
information,  a  set  of  input  locations  is  derived 
which  will  determine  all  modes  of  interest. 


which  after  some  algebra  becomes 


l|F 


F^AF 


=  X 


F1A+B)F 


(7) 


Armed  with  a  more  thorough  understanding  of 
the  test  article  and  a  set  of  input  locations,  the 
test  engineer  can  now  choose  the  excitation  meth¬ 
od.  Data  acquisition  is  then  performed  using 
multiple  input  techniques,  if  possible,  at  the 
selected  input  locations.  Modal  parameter  esti¬ 
mation  and  verification  are  performed.  If  modal 
tuning  methods  are  required,  the  modal  data  ob¬ 
tained  from  the  frequency  response  test  can  be 
used  to  determine  input  locations  and  initial 
forcing  pattern  estimates.  One  newly  developed 
method  which  offers  advantages  for  automating  this 
process  is  described  here. 

Initial  Force  Patterns  for  Normal  Mode  Excitation 

Assume  that  a  frequency  response  matrix  H(oi) 
has  been  obtained  by  multiple  input  methods  such 
as  multipoint  random  or  stepped  sine  excitation. 
The  structural  response  is  steady-state  for  a 
purely  real  force  vector  F(w)  and  is  given  by 

X(w)  =  H(w)F(a))  (1) 

or  dropping  the  frequency  from  the  notation 

X  =  HF  (2) 

Expanding  into  real  and  imaginary  components, 
equation  2  becomes, 

Xp+iX^-  =  HpF+iH^F  (3) 

If  a  normal  mode  can  be  excited  at  a  particular 
frequency,  a  force  vector  F  must  be  found  such 

that  the  real  part  Xp  of  the  response  vector  is  as 
small  as  possible  compared  to  the  total  res¬ 
ponse.  We  define  the  norm  of  the  real  response  by 

||Xp||2  =  Xp^MXr.  (4) 

where  M  is  a  mass  matrix,  either  from  a  finite 

element  model  or  a  rough  estimate  of  local  mass 

distribution.  Likewise,  the  norm  of  the  total 

response  is  given  by 

||Xp  +  iXi(|2  =  Xp^MXp  +  Xi^MXi  (5) 


where  A  =  and 

B  = 

Noting  the  similarity  of  equation  7  to  a  Rayleigh 
quotient,  it  can  be  shown  that  the  solution  to 
equation  7  is  found  by  finding  the  smallest  eigen¬ 
value  and  corresponding  eigenvector  F^^^p  of 

AF  =  {A+B)FX  (8) 

Plotting  the  smallest  eigenvalue  times  a  function 
of  frequency  gives  a  multivariate  mode  indicator 
function  that  clearly  shows  at  which  frequencies  a 
normal  mode  exists  that  can  be  excited  from  the 
current  set  of  exciter  locations.  Repeating  the 
procedure  for  the  second  smallest  eigenvalue  re¬ 
veals  which  frequencies,  if  any,  are  repeated 
modes.  In  those  cases,  the  associated  force 
eigenvector  will  be  orthogonal  to  the  first  one, 
so  that  both  modes  can  be  tuned  individually  at 
the  same  frequency.  Consequently,  all  eigenvalues 
of  equation  8  should  be  plotted  as  functions  of 
frequency  to  show  the  multiplicity  of  normal 
modes. 

Methodology  Applied  to  Galileo  Spacecraft  Modal 
Survey 

A  modal  test  was  performed  in  the  summer  of 
1983  on  the  Galileo  spacecraft^  ,4].  The  purpose 
of  this  test  was  to  validate  a  finite  element 
model  and  to  study  the  linearity  of  the  spacecraft 
as  a  function  of  response  level.  The  primary 
method  used  to  excite  the  structure  was  sine 
dwell.  This  choice  was  based,  at  the  time,  on 
prior  experience  testing  other  spacecraft.  How¬ 
ever,  many  of  the  other  methods  listed  in  Table  1 
were  applied  as  research  tools  for  comparison  with 
the  results  from  the  sine  dwell  test[5].  Most  of 
the  methods  yielded  very  similar  results,  indicat¬ 
ing  their  validity  in  defining  modal  parameters 
for  a  complex  aerospace  structure[6].  A  close 
look  at  the  way  the  Galileo  test  was  performed, 
compared  with  how  it  could  have  been  performed 
using  the  methodology  presented  here,  reveals  the 
benefits  of  the  new  approach. 


The  minimization  problem  is  given  by 


1|F 


=  1 


1^^ 


ix.| 


X 


The  Galileo  modal  survey  required  eight 
weeks.  This  period  was  divided  into  three  main 
tasks  for  the  modal  tuning  effort: 

(6)  (1)  Check  and  debug  all  instrumentation  -  2  weeks 

(2)  Define  modes  using  low  level  sine  dwell  - 
3  1/2  weeks 
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(3)  Investigate  modal  response  to  high  level  sine 

dwell  -  2  1/2  weeks 

The  research  methods  were  applied  towards  the  end 
of  the  eight-week  period  during  the  evening  shift. 

Optimal  selection  of  excitation  methods  would 
have  significantly  reduced  the  total  time  required 
for  the  test  as  well  as  yielded  more  complete 
results.  Task  2,  low  level  definition  of  modes, 
would  be  performed  using  random  or  random  trans¬ 
ient  (depending  upon  leakage  considerations). 
Multiple-input  random  was  one  of  the  methods  uti¬ 
lized  in  the  research  portion  of  the  test.  A 
comparison,  shown  in  Table  3,  Indicates  a  dramatic 
difference  between  the  results  achieved  with  each 
of  these  two  methods. 


Table  3. 
Galileo  Modal 


Method 


Comparison 

Survey. 

Number 
of  Modes 
Identi fi ed 


of  Methods  Used  in  the 

Data  Data 

Collection  Analysis 
Time  Time 


Mul ti pie 

Input  Random  26  2  days  2  days 


Low  Level 

Sine  Dwell  14  3  1/2  weeks 


objectives.  Successful  application  of  the  methods 
also  requires  personnel  having  direct  experience 
with  each  of  the  selected  methods. 

Insight  and  experience  gained  on  the  Galileo 
spacecraft  modal  survey  suggest  that  a  traditional 
sine  dwell  test  can  be  replaced  by  a  test  involv¬ 
ing  various  frf-based  methods.  As  a  result,  test 
time  can  be  reduced  by  up  to  50%  with  a  signifi¬ 
cant  increase  in  the  experimental  modal 
definition. 


Appendix 


Simultaneous  Multipoint  Frequency  Response  Func- 
tTon~~Ac~qu1s1tion  and  Estimation 
For  a  1  i  near  structure  at  tFe  frequency  w ,  the 
relationship  between  the  vectors  of  measured  for¬ 
ces,  F^(a)),  and  responses,  X-j(w),  are  given  by  the 
matrix  equation, 

Xi(c^)  =  H(^)  F^(co)  (1) 

where  H(a))  is  the  matrix  of  frequency  response 
functions.  By  measuring  at  least  as  many  linearly 
independent  force  vectors,  FWw)  and  corresponding 
response  vectors,  X-j(to)  as  there  are  force  inputs 
to  the  structure,  one  can  rewrite  equation  1  as 
the  overdetermined  system. 


Using  multiple  input  random,  almost  twice  as  many 
modes  were  defined  in  a  fraction  of  the  time,  as 
compared  to  the  sine  dwell.  An  orthogonality 
check  indicated  that  the  dominant  modes  from  the 
random  test  were  more  orthogonal  than  those  from 
the  sine  test.  See  Reference  4. 

Task  3,  the  high  level  sine  excitation  for 
linearity  investigation,  required  2  1/2  weeks  to 
complete.  Shaker  positioning  for  exciting  normal 
modes  had  been  defined  by  the  low  level  sine  test¬ 
ing  (Task  2).  In  this  new  approach,  the  position¬ 
ing  would  be  determined  by  the  method  described 
earlier.  The  2-1/2-week  period  required  for  this 
task  might  be  shortened  if  more  effective  shaker 
locations  were  computed  than  those  deduced  through 
the  traditional  approach. 

An  alternative  for  Task  3  would  be  step  sine 
excitation  using  multiple  inputs.  As  compared  to 
random  multiple  input,  step  sine  yields  variable 
force  level,  enabling  the  structure  to  be  excited 
at  a  level  limited  only  by  exciter  capability. 
This  approach  could  significantly  reduce  the 
2-1/2-week  period,  in  a  manner  similar  to  that 
shown  for  the  lower  level  testing  comparison  in 
Table  3.  This  study  suggests  that  a  test  of  the 
Galileo  spacecraft  could  be  successfully  performed 
now  in  fi ve--perhaps  three--weeks  with  an  increase 
in  the  amount  of  valuable  modal  data  obtained. 

Summary 

Many  excitation  techniques  now  exist  which 
are  suitable  for  performing  modal  surveys  of  com¬ 
plicated  structures.  Optimal  selection  of  the 
excitation  method,  or  methods,  for  a  particular 
test  offers  significant  advantages  for  reducing 
the  time  and  cost  associated  with  the  modal  test 
program.  This  selection  procedure  requires  a 
thorough  understanding  of  each  method  and  its 
strengths  and  limitations  relative  to  the  test 


X(a))  =  H(w)  F(a3)  (2) 

where 

X((^)  =  [Xi(u)),...,Xi(u)),...,Xn(a))],  and  (3) 

F(c.)  =  [F^(u)),...F^-(c.),...,  Fjo))]  (4) 

Traditionally,  equation  (2)  has  been  solved  for 
H(oj)  by  solving  the  least  squares  normal  equations 

Gj^p(aj)  =  H(aj)Gpp(ai)  (5) 

where  Gvp(w)  =  X(a))F^(w)  is  the  matrix  of  cross 
spectra  between  forces  and  responses  and  Gpp(oj)  = 
F(w)  F^(u))  is  the  auto  spectral  matrix  of  the 
force  channels,  F^(w)  is  the  transposition  of  the 
complex  conjugate  of  F(oo). 

To  solve  equation  5,  Gpp(a))  must  be  non¬ 
singular,  a  condition  that  for  random  broadband 
excitation  is  met  by  using  individual,  incoherent 
noise  sources  for  the  exciter  systems.  For  multi¬ 
point  stepped  sine  excitation,  linearly  indepen¬ 
dent  force  vectors  can  be  obtained  by  changing 
exciter  phase  patterns  between  measurements.  An 
advantage  of  the  multipoint  stepped  sine  frequency 
response  function  acquisition  is  that  data  is 
obtained  with  the  identical  force  levels  and  boun¬ 
dary  conditions  that  would  apply  to  a  tuned  sine 
dwell  test  using  the  same  testing  system. 
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Abstract 

An  experimental  modal  analysis  of  the 
Galileo  spacecraft  was  required  to  verify  a 
finite  element  model  used  in  loads  analysis. 
Multiple  input  random  and  polyreference  analy¬ 
sis  techniques  were  applied  in  this  program  to 
demonstrate  their  effectiveness  in  determining 
the  modal  characteristics  of  a  complex  space 
structure.  The  methods  were  successful  in 
determining  an  accurate  set  of  modal  data  from 
two  days  of  data  acquisition.  A  complete  set 
of  results  was  available  within  24  hours  of 
test  completion.  Final  analysis  shows  the 
modes  from  the  multiple  input  random  tests  to 
be  more  complete  and  orthogonal  than  those 
obtained  from  classical  sine  dwell  methods. 

Introduction 

Two  modal  surveys  were  performed  on  the 
Galileo  spacecraft  using  the  multiple  input 
random  method.  Frequency  response  functions 
were  calculated  from  the  measured  force  and 
acceleration  data  and  used  to  determine  modal 
parameters  using  the  polyreference  analysis 
method.  Results  were  compared  to  an  analytic 
model  as  well  as  to  test  results  obtained 
using  classical  tuned  sine  dwell  techniques. 
This  paper  describes  the  methods  used  to  per¬ 
form  the  multiple  input  random  testing  and 
parameter  estimation  and  presents  the  results 
in  both  stand-alone  and  comparative  fashion. 

Multiple  Input  Random 

Multiple  input  random  [1]  uses  a  multiple 
set  of  shakers  to  excite  and  define  all  modes 
of  interest  simultaneously.  Frequency  res¬ 
ponse  functions  (frf's)  are  calculated  between 
each  response  measurement  and  each  of  the 
individual  force  inputs.  A  consistent  data 
set  is  obtained  because  the  structure  is  un¬ 
likely  to  change  during  a  single  test;  thus 
boundary  conditions  are  constant,  and  the 
distribution  of  internal  forces  throughout  the 
structure  remains  consistent.  A  structure's 
dynamic  characteristics  (hence,  modal  para¬ 
meters)  can  change  significantly,  even  for 
seemingly  linear  structures,  whenever  one  or 
more  of  those  conditions  are  violated.  Some 
typical  situations  are: 

1.  Change  in  structure  and/or  its 
environment  (temperature,  etc,). 

High  level  excitation,  for  example, 
can  loosen  bolts  and  rivet  areas. 


2.  Changes  in  boundary  conditions. 

Every  time  a  different  shaker  setup  is 
used  (for  example,  different  shaker 
position(s)  or  different  number  of 
shakers)  boundary  conditions  change. 
This  can  result  in  different  struc¬ 
tural  response  and  shifts  in  mode 
frequency  and  damping. 

3.  Inconsistent  distribution  of  internal 
forces. 

Each  time  a  shaker  configuration  is 
altered,  the  structure  is  excited  in  a 
different  fashion.  This  is  true  es¬ 
pecially  for  sine-dwell  testing  but 
also  if  separate  single-shaker  random 
tests  are  performed.  Bolted  and/or 
sliding  joints,  fittings,  and  other 
nonhomogeneous  structural  areas  res¬ 
pond  differently  depending  upon  the 
distribution  of  the  internal  forces. 

Multiple  input  random  not  only  overcomes  these 
potential  inconsistencies  but  also  excites  the 
structure  with  forces  similar  to  real  environ¬ 
ments;  that  is,  random  input  at  multiple  loca¬ 
tions.  This  yields  the  best  linear  modal 
representation  of  even  a  highly  nonlinear 
structure.  Sine-dwell  testing  can  then  char¬ 
acterize  nonlinearity  as  changes  in  frequency 
and  damping  as  a  function  of  input  force 
level.  [2]  The  choice  of  number  and  locations 
of  exciters  is  based  upon  candidate  positions 
(there  are  usually  restrictions  on  where  ex¬ 
citers  can  be  attached)  and  engineering  exper¬ 
ience  and  judgement. 

Multiple  input  methods  have  been  shown  to 
be  most  effective  when  the  exciters  are  not 
aligned  with  any  principal  axes  or  towards  the 
structural  center  of  gravity.  [3]  In  this 
situation,  the  force  inputs  are  evenly  dis¬ 
tributed  and  all  modes  are  excited  rather 
uniformly  (that  is,  no  particular  modes  are 
emphasized).  This  results  in  frf's  in  which 
all  dominant  modes  have  similar  amplitudes. 
The  parameter  estimation  algorithms  work  bet¬ 
ter  with  data  of  this  type.  This  distributed 
input  method  also  reduces  the  chances  of  com¬ 
putational  problems  that  can  occur  when  the 
majority  of  one  response  is  from  one  ex¬ 
citer,  In  this  case,  the  frf's  computed 
between  that  response  and  the  other  shakers 
may  suffer  due  to  lack  of  analyzer  dynamic 
range. 

Multiple  input  random  is  an  extension  of 
the  concepts  involved  in  single  input  random 
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excitation.  Both  methods  determine  frf s 
between  measurements  of  the  output(s)  and 
input(s).  For  the  multiple  input  case,  matrix 
procedures  are  required  to  compute  n  frf's 
from  each  response  due  to  n  inputs.  To  accom¬ 
plish  this,  the  inputs  must  not  be  cor¬ 
related.  The  use  of  separate  random  waveform 
generators  satisfies  this  need.  The  n  frf's 
determined  in  the  multiple  input  case  are 
inherently  more  consistent  than  if  measured 
one  at  a  time,  as  in  the  single  input  case.  A 
reduction  in  data  acquisition  time  by  up  to  a 
factor  of  n  is  another  benefit  of  multiple 
input  methods. 

Poly reference  Modal  Parameter  Estimation 

Polyreference  [4]  estimates  modal  para¬ 
meters  from  frequency  response  functions.  The 
technique  is  actually  a  time-domain  curve¬ 
fitting  approach  using  the  impulse  response 
functions--the  inverse  Fourier-transformed 
frequency  response  functions.  An  overview  of 
the  technique  reveals  the  advantages  of  this 
type  of  approach. 

Normally,  not  all  modes  of  a  structure 
can  be  excited  sufficiently  from  a  single 
exciter  position.  One  reason  for  this  is  that 
the  exciter  may  be  positioned  at  a  node  for  a 
particular  mode  in  the  frequency  range  of 
interest.  Also,  sufficient  energy  may  not  be 
present  to  excite  modes  whose  primary  motion 
is  orthogonal  to  the  exciter  direction. 
Therefore,  to  accurately  model  a  mechanical 
system,  it  is  often  necessary  to  analyze  data 
from  a  number  of  different  exciter  locations. 

The  polyreference  method  uses  frequency 
response  data  from  multiple  exciter  (refer¬ 
ence)  locations  in  a  global  least-squares 
fashion.  These  data  may  be  obtained  from 
several  single-exciter  tests,  such  as  single¬ 
point  random,  or  from  a  multiple-exciter  test, 
such  as  multiple  input  random.  Simultaneous 
analysis  of  the  data  can  yield  a  consistent 
modal  model  while  minimizing  the  analyst's 
effort.  Most  other  curve-fitting  algorithms 
fail  to  use  data  from  more  than  one  exciter 
location  consistently  and  thus  force  the 
analyst  to  choose  between  several  estimates  of 
the  same  modal  quantities. 

The  accuracy  and  consistency  of  results 
obtained  using  polyreference  depend  upon  the 
accuracy  and  consistency  of  the  measured 
data.  Polyreference  has  demonstrated  the 
ability  to  define  closely  spaced  modes,  inclu¬ 
ding  repeated  roots  for  symmetric  structures, 
and  it  handles  high  modal  damping  (>10%  criti¬ 
cal)  [5].  As  such,  it  is  best  applied  to  data 
acquired  under  multiple  input  conditions  where 
data  consistency  is  highest. 

Technical  Approach  for  Galileo 

A  modal  survey  of  the  Galileo  spacecraft 
was  required  to  verify  a  mathematical  model 
used  in  loads  analysis.  The  methods  described 
in  this  paper  were  applied  as  a  research  tool 


for  determining  their  effectiveness  in  per¬ 
forming  an  experimental  modal  analysis. 
Specific  objectives  were: 

(1)  Demonstrate  the  validity  of  these 
techniques  on  a  complex  space  struc¬ 
ture.  Define  the  modal  characteris¬ 
tics  in  the  10  Hz  to  40  Hz  range, 

(2)  Perform  the  data  acquisition  in  two 
days  or  less. 

(3)  Provide  initial  results  (frequency, 
damping,  mode  shapes)  in  one  day  or 
less. 

(4)  Assist  in  comparing  the  results  to 

those  obtained  using  other  techniques 
as  well  as  those  obtained  from  the 

Test  Analysis  Model  (TAM).  [6] 

The  approach  used  to  fulfill  those  objectives 
included: 

•  Using  the  JPL  excitation  and  measure¬ 
ment  system.  [7] 

•  Performing  and  controlling  the  data 

acquisition  using  a  GenRad  2508  16- 

channel  structure  analysis  system. 

•  Performing  the  on-site  polyreference 
analysis  using  JPL  computers. 

The  on-site  program  was  performed  in  five 

days.  Two  days  were  devoted  to  equipment 
setup  and  checkout.  The  third  and  fourth  days 
consisted  of  data  collection  and  analysis 
(fourth  day  only).  Data  review  and  equipment 
removal  comprised  the  fifth  day. 

Data  Acquisition  and  Analysis 

A  photo  of  the  test  configuration  is 
shown  in  Figure  1.  Two  complete  modal  surveys 
were  performed,  one  using  three  exciters  and 
one  using  four  exciters.  Random  signals,  used 
to  drive  the  power  amplifiers,  were  obtained 
from  separate  noise  generators.  Thirty  1024- 
point  data  blocks  were  measured  by  sampling  at 
150  Hz,  with  an  antialiasing  filter  setting  of 
60  Hz.  This  resulted  in  a  Af  of  0.15  Hz. 
Data  acquisition  for  162  response  channels 
required  approximately  three  hours  to  complete 
for  each  survey.  For  each  of  the  two  tests, 
frf's  were  calculated  between  every  response 
point  (162  +  number  of  shakers)  and  every 
input  point  (exciter).  Reciprocity  between 
exciter  locations  was  excellent.  See  Figure 
2.  Polyreference  analysis  of  the  frf's  was 
performed  in  the  10  Hz  to  47  Hz  range  (256 
spectral  lines)  which  contained  all  modes  of 
interest. 

Test  Results  and  Comparisons 

Analysis  of  the  multiple  input  random 
data  identified  two  sets  of  modal  parameters 
(frequency,  damping,  stiffness,  mode  shape): 
21  modes  for  the  three-shaker  test  and  27  for 
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the  four-shaker  test.  Orthogonality  and  ef¬ 
fective  mass  results  were  computed  with  the 
analytic  model  (TAM),  Multiple  input  random 
results  were  compared  to  the  TAM  model  by 
frequency,  mode  shape,  and  effective  mass. 
Additionally,  a  comparison  was  made  to  the 
results  obtained  from  a  sine  dwell  modal  sur¬ 
vey,  performed  prior  to  the  random  tests,  A 
summary  of  these  results  and  comparisons 
follows. 

Table  1  presents  a  summary  of  the  multi¬ 
ple  input  test  results.  For  each  of  the  two 
surveys  (three-shaker  and  four-shaker)  each 
mode  is  identified  by  frequency,  damping, 
effective  mass  participation  (by  percentage  of 
total)  and  major  structural  participation. 
Modal  quantities  shown  in  bold  represent  glo¬ 
bal  modes  which  possess  10%  or  greater  effec¬ 
tive  mass  in  any  one  of  six  directions. 

Figure  3  plots  comparisons  between  mea¬ 
sured  frf's  and  synthesized  frf's.  The  syn¬ 
thesis  function  is  computed  from  the  experi¬ 
mental  modal  parameters.  [8]  The  comparison 
indicates  the  degree  of  accuracy  of  those 

modal  quantities  calculated  with 

polyreference. 

Table  2  compares  the  three-shaker  random 
modes  to  the  four-shaker  random  modes  using 
modal  assurance  criterion  (MAC)  [9],  The  MAC 
value  indicates  the  degree  of  independence 

between  mode  shape  estimates.  A  value  of  1.0 
indicates  the  modes  are  identical.  Values 

close  to  0.0  signify  independent  (different) 
modes.  All  MAC  values  were  above  0.6;  many 
are  above  .9,  indicating  the  modal  estimates 
are  nearly  identical.  Note,  however,  the 
structure  responded  differently  for  the  two 
tests  based  upon  a  shift  in  frequency  for 
modes  1  and  3,  possibly  due  to  a  change  in  the 
antenna  support  stiffness.  The  antenna  is  a 
significant  component  in  these  two  modes;  its 
structural  connection  to  the  spacecraft  sug¬ 
gests  possible  nonlinear  behavior, 

A  sine  dwell  modal  test  of  the  Galileo 
spacecraft  identified  14  modes.  This  test  was 
performed  in  a  six-week  period  immediately 
preceding  the  multiple  input  random  survey. 
Modal  assurance  between  TAM  model  modes  and 
the  corresponding  test  results,  including  the 
sine  test,  are  shown  in  Table  3.  In  general, 
the  four-shaker  modes  are  closer  in  agreement 
to  the  model  modes  than  are  those  of  either 
the  three-shaker  or  sine  dwell  shapes.  A  MAC 
comparison  between  the  four-shaker  test  and 
sine  test  for  the  14  corresponding  modes  is 
shown  in  Table  4,  Most  modes  show  good  cor¬ 
relation,  although  some  modes  are  different 
between  the  two  tests,  based  on  the  MAC 
values . 

Orthogonality  results  for  the  three- 
shaker  and  four-shaker  "global"  modes  are 
shown  in  Table  5,  The  four  shaker  data  yields 
the  best  orthogonality;  only  one  off-diagonal 
term  exceeds  10%.  Orthogonality  for  the  glo¬ 
bal  sine  modes  is  shown  in  Table  6.  Many  of 


the  sine  dwell  mode  shapes  are  not  very  ortho¬ 
gonal,  based  upon  the  number  of  off-diagonal 
terms  exceeding  10%. 

Summary 

Multiple  input  random  excitation  and 
polyreference  analysis  methods  were  success¬ 
fully  applied  to  the  Galileo  spacecraft  modal 
survey  program.  All  modal  data  was  collected 
in  two  days.  The  analysis  of  this  data  iden¬ 
tified  all  14  modes  derived  from  six  weeks  of 
sine  dwell  testing  and  defined  15  additional 
local  modes  which  further  characterized 
Galileo  structural  dynamics.  Accuracy  and 
completeness  of  the  modal  data  were  verified 
through  synthesis,  modal  assurance  criterion, 
effective  mass,  and  orthogonality  checks. 
These  results  demonstrate  that  the  methods  can 
be  applied  to  complex  aerospace  structures 
with  high  modal  density,  offering  an  alterna¬ 
tive  to  traditional  sine  dwell  and  single 
point  methods. 
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Figure  1.  Galileo  spacecraft  in  test  configuration  for  modal  survey  prior  to  installation  in  tesc 
bed  (left),  mounted  to  concrete  seismic  mass  (right). 


Figure  2.  Reciprocity  for  three  input  test  (left)  and  four  input  test  (right)  is  excellent. 
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Table  1 


MODAL  PARAMETER  RESULTS  FOR  MULTIPLE  INPUT  RANDOM  TESTS 

THREE  INPUT  SURVEY  FOUR  INPUT  SURVEY 


EFFECTIVE  HASS  %  EFFECTIVE  MASS  % 


HOPE 

FREQ 

DAMP 

A 

1 

1 

ex  Gy 

ez 

MODE 

FREQ 

DAMP 

1 

1 

1 

Gx 

Oy 

Gz 

MODE  DESCRIPTION 

1 

13.73 

.021 

0 

14 

0 

32 

1 

0 

1 

11.46 

.030 

1 

5 

0 

15 

2 

0 

High  Gain  Antenna  Y 

2 

14.10 

.017 

25 

0 

0 

1 

53 

0 

2 

14.02 

.017 

23 

0 

0 

1 

48 

0 

High  Gain  Antenna  X 

3 

18.32 

.011 

1 

32 

0 

34 

0 

0 

3 

17.44 

.009 

2 

42 

0 

52 

2 

0 

Core  Bending  Y 

4 

18.62 

.013 

23 

0 

0 

0 

22 

4 

4 

18.54 

.018 

19 

1 

0 

1 

17 

5 

Core  Bending  X 

5 

19.45 

.008 

0 

0 

0 

0 

0 

19 

5 

19.33 

.009 

0 

0 

0 

0 

1 

19 

Science  Boom  X 

6 

22.19 

.006 

24 

2 

0 

1 

15 

2 

6 

22.06 

.005 

21 

3 

0 

1 

14 

1 

i  RTG  Z  out  of  phase 

NI 

7 

22.22 

.026 

0 

5 

1 

8 

0 

0 

i  RTG  Z  out  of  phase,  Sci  Boom  Z 

7 

22.81 

.007 

6 

9 

2 

2 

4 

1 

8 

22.52 

.009 

4 

15 

2 

5 

2 

1 

±  RTG  Z  in  phase,  Sci  Boom  Z  o/p 

8 

25.33 

.011 

0 

3 

13 

1 

0 

1 

9 

25.19 

.010 

0 

2 

13 

0 

0 

2 

+  RTG  Z  in  phase,  Sci  Boon  Z  i/p 

9 

25.80 

.006 

1 

0 

1 

0 

0 

24 

10 

25.80 

.007 

1 

1 

2 

1 

1 

22 

Core  Twist  about  Z 

10 

26.64 

.023 

2 

4 

0 

1 

2 

0 

11 

26.36 

.020 

0 

3 

0 

0 

0 

0 

Damper  Y 

11 

27. B9 

.021 

0 

0 

2 

0 

0 

1 

12 

27.84 

.020 

1 

0 

4 

0 

0 

2 

Damper  +Y,  RRH  -  Y 

12 

28.16 

.006 

0 

0 

0 

0 

0 

0 

- 

NI 

Sunshade  Z 

13 

28,58 

.007 

0 

0 

0 

0 

0 

1 

13 

28.29 

.011 

0 

0 

0 

0 

0 

1 

RRH  Y 

- 

NI 

14 

30.50 

.035 

1 

0 

6 

1 

1 

0 

Scan  Platform  Z 

14 

31.92 

.028 

1 

0 

1 

0 

3 

9 

15 

31.84 

.029 

0 

1 

0 

0 

0 

7 

Damper  X 

15 

33.46 

.012 

14 

0 

i 

0 

5 

0 

16 

33.42 

.015 

13 

0 

1 

0 

4 

0 

Core  2nd  Rending  X,  +  RTG  +Y 

_ 

NI 

17 

33.76 

.011 

4 

1 

0 

0 

1 

5 

Core  2nd  Rending  X,  ±  RTG  -Y 

16 

34.32 

.008 

4 

0 

0 

0 

2 

3 

18 

34.50 

.007 

1 

0 

0 

0 

0 

2 

Science  Boon  X,  Z 

17 

37.98 

.006 

0 

0 

45 

0 

0 

0 

19 

37.91 

.006 

0 

0 

46 

0 

0 

0 

Core  +Z,  Appendages  -Z 

_ 

NI 

20 

39.14 

.046 

0 

0 

10 

0 

0 

1 

+  Thruster  Y  in  phase 

18 

39.88 

.006 

0 

0 

0 

0 

0 

0 

- 

NI 

RRH  Y 

_ 

NI 

21 

39.77 

.012 

0 

6 

0 

5 

0 

3 

Science  Boom  Y,  ±  Thruster  Y  o/p 

- 

NI 

22 

41.73 

.018 

0 

0 

1 

0 

0 

1 

+  Thruster  Y 

19 

42.57 

.014 

0 

2 

0 

0 

0 

1 

23 

42.35 

.028 

0 

2 

0 

1 

0 

0 

±  Thruster  Y  o/p  RRH,  Sci  Room  Y 

- 

NI 

24 

42.36 

.007 

0 

1 

0 

1 

0 

0 

-  Thruster  Y 

- 

NI 

25 

44.61 

.006 

0 

2 

0 

1 

0 

1 

+  Thruster  Y  in  phase,  RRH  Y  o/p 

20 

45.14 

.005 

0 

0 

1 

0 

0 

0 

26 

44.98 

.005 

0 

0 

1 

0 

0 

0 

±  Thruster  Y  out  of  phase 

21 

46.05 

.007 

£ 

1 

i 

1 

£ 

_0 

27 

46.00 

.004 

2 

£ 

1 

£ 

_0 

±  Thruster  Y  in  phase 

102 

68 

67 

75  108 

66 

91 

90 

86 

95 

93 

72 

Global  modes  are  shown  in  bold 
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Table  2 


Modal  assurance  criterion  between  modes  from  three  and  four 
input  random  tests 


3  INPUT 
MODE  NO. 
1 
2 

3 

4 

5 

6 

7 

8 

9 

10 
11 

13 

14 

15 

16 
17 

19 

20 
21 


3  INPUT 
FREQ. 
13.73 
14.10 

18.32 
18.62 

19.45 
22.19 
22.81 

25.33 
25.80 
26.64 
27.89 
28.58 
31.92 

33.46 
34.32 
37.98 
42.57 
45.15 
46.05 


4  INPUT 
MODE  NO. 
1 
2 

3 

4 

5 

6 
8 

9 

10 
11 
12 
13 

15 

16 
18 
19 
23 
26 
27 


4  INPUT 
FREQ. 
11.46 
14.02 
17.44 
18.54 
19.33 
22.06 
22.52 
25.19 
25.80 
26.36 

27.84 
28.29 

31.84 
33.42 
34.50 
37.91 
42.35 
44.98 
46.00 


MAC 

VALUE 

0.97 

0.97 

0.77 

0.94 

0.99 

0.62 

0.56 

0.99 

0.96 

0.98 

0.73 

0.96 

0.99 

0.86 

0.99 

0.95 

0.77 

0.80 

0.96 


Table  3 

Modal  assurance  criterion  between  modes  from  TAM  model 
and  test  results 


4-INPUT 

MODEL 

3  INPUT 

MAC 

4  INPUT 

MAC 

SINE  DWELL 

MAC 

MODE  NO. 

FREQ. 

FREQ. 

VALUE 

FREQ. 

VALUE 

FREQ. 

VALUE 

1 

11.08 

13.73 

0.93 

11.46 

0.86 

12.70 

0.90 

2 

11.20 

14.10 

0.92 

14.02 

0.85 

13.11 

0.98 

3 

15.08 

18.32 

0.68 

17.44 

0.49 

17.76 

0.26 

4 

14.94 

18.62 

0.75 

18.54 

0.58 

17.40 

0.27 

5 

16.36 

19.45 

0.80 

19.33 

0.81 

18.60 

0.83 

6 

20.04 

22.19 

0.61 

22.06 

0.48 

21.67 

0.42 

8 

20.37 

22.81 

0.22 

22.52 

0.59 

23.10 

0.29 

9 

23.53 

25.33 

0.34 

25.19 

0.39 

23.66 

0.05 

10 

21.02 

25.80 

0.46 

25.80 

0.42 

25.46 

0.42 

13 

26.41 

28.58 

0.37 

28.29 

0.43 

29.70 

0.04 

19 

32.78 

37.98 

0.63 

37.91 

0.63 

37.92 

0.59 

Table  4 


Modal  assurance  criterion  between  modes  from  sine  dwell  and 
four  input  random  tests 


SINE  DWELL 

SINE  DWELL 

4  INPUT 

4  INPUT. 

MAC 

MODE  NO. 

FREO. 

MODE  NO. 

FREO. 

VALUE 

1 

12.70 

1 

11.46 

0.99 

2 

13.11 

2 

14.02 

0.85 

3 

17.76 

3 

17.44 

0.80 

4 

17.40 

4 

18.54 

0.69 

5 

18.60 

5 

19.33 

0.95 

6 

21.67 

6 

22.06 

0.65 

7 

23.10 

8 

22.52 

0.56 

8 

23.66 

9 

25.19 

0.54 

9 

25.46 

10 

25.80 

0.87 

10 

26.12 

12 

27.84 

0.64 

11 

29.70 

13 

28.29 

0.09 

12 

37.92 

19 

37.91 

0.93 

13 

42.20 

22 

41.73 

0.34 

14 

42.53 

24 

42,36 

0.10 
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TABLE  5 


Othogonality  results  for  global  modes 


1  2  3 

4 

5 

6 

7 

8 

9 

15 

17 

Mode  no. 

1.00  -0.03  -0.22 

0.03 

-0.05 

-0.02 

0.01 

-0.05 

-0.01 

0.01 

-0.01 

1 

1.00  0.01 

-0.03 

-0.04 

0.04 

-0.04 

0.01 

-0.02 

0.04 

0.01 

2 

1.00 

-0.07 

-0.04 

0.02 

-0.01 

0.02 

-0.01 

0.02 

-0.03 

3 

1.00 

0.01 

0.05 

-0.07 

0.04 

-0.04 

0.04 

-0.02 

4 

1.00 

0.00 

0.00 

-0.07 

0.03 

-0.01 

0.03 

5 

1.00 

-0.25 

-0.07 

-0.03 

0.15 

-0.01 

6 

1.00 

0.07 

0.07 

-0.04 

0.00 

7 

1.00 

0.04 

-0.03 

0.00 

8 

Three  input  random  survey 

1.00 

-0.07 

0.03 

9 

1.00 

-0.03 

15 

1.00 

17 

1  2  3 

4 

5 

6 

8 

9 

10 

16 

19 

Mode  no. 

.00  0.02  -0.16 

0.04  - 

0.03  - 

■0.04 

0.04  - 

0.04  - 

0.02 

0.00  - 

0.01 

1 

1.00  0.02  - 

0.04 

0.04  - 

0.04 

0.00  - 

■0.02  - 

■0.02 

0.00  - 

0.03 

2 

1.00 

0.01  - 

0.03  - 

0.02 

0.01 

0.01 

0.00 

0.01  - 

n.oi 

3 

1.00 

0.05  - 

0.05 

0.01  - 

0.07  - 

0.02 

0.00 

0.01 

4 

1.00 

0.05 

0.02  - 

0.01  - 

0.02  - 

0.02 

0.03 

5 

1.00  - 

0.03  - 

0.02 

0.02 

0.09 

0.01 

6 

1.00 

0.07  - 

0.04  - 

0.04 

0.00 

8 

1.00  - 

0.05 

0.00 

0.00 

9 

Four  input  random  survey  1.00  0.09  -0.03  10 

1.00  0.01  16 

1.00  19 

TABLE  6 

Orthogonality  results  for  global  modes 


1 

2 

3 

4 

5 

6 

9 

12 

Mode 

1.00 

0.32 

0.20  • 

-0. 

.04 

0. 

o 

o 

0. 

.03 

-0.01 

-0, 

,01 

1 

1.00 

0.10 

0. 

.04 

0. 

.05 

.15 

-0.02 

-0, 

.01 

2 

1.00  . 

-0. 

.19 

.16 

-0^ 

lIZ 

0.01 

0, 

.02 

3 

1. 

.00 

.15 

-0. 

.20 

0.01 

-0, 

.02 

4 

1. 

.00 

.22 

0.04 

0 

.02 

5 

Sine 

dwell 

survey 

1. 

.00 

-0.08 

-0 

.02 

6 

1.00 

0 

.02 

9 

1 

.00 

12 
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Abstract 

Modal  tests  are  playing  an  increasingly  impor¬ 
tant  role  in  structural  dynamics  efforts  which  are 
in  need  of  analytical  model  verification  or  trouble 
shootings.  In  the  meantime,  the  existing  modal 
testing  methods  are  undergoing  great  changes  as 
well  as  new  methods  are  being  created.  Although 
devoted  advocates  of  each  method  can  be  found  to 
argue  the  relative  advantages  and  disadvantages, 
the  general  superiority,  if  any,  of  one  or  the 
other  is  not  yet  evident. 

The  Galileo  spacecraft,  a  realistic,  complex 
structural  system,  will  be  used  as  a  test  article 
for  performing  modal  tests  by  various  methods. 

The  results  will  be  used  to  evaluate  the  relative 
merits  of  the  various  modal  testing  methods. 

Introduction 

Modal  testing  plays  a  significant  role  in  the 
spacecraft  development  activity  in  which  the  exper¬ 
imentally  determined  natural  frequencies,  mode 
shapes  and  other  modal  parameters  are  used  to 
verify  the  analytical  model  for  design  purpose. 
Although  the  traditional  modal  test  method  was 
first  proposed  in  1950  (Ref.  1),  this  so-called 
"multi-shaker  sine  dwell"  method  is  still  used  ex¬ 
tensively  in  the  aerospace  industry.  However,  with 
the  advent  of  the  computers  and  mini-computers,  the 
so-called  "frequency  response  function"  method  be¬ 
comes  popular.  It  would  have  been  beneficial,  had 
some  detailed  comparisons  of  these  two  approaches 
been  made.  So  far  most  of  the  comparisons  were 
made  on  relatively  simple  structures  such  as  a  beam 
or  a  plate.  Only  limited  actual  testing  compari¬ 
sons  were  performed  on  realistic  complex  struc¬ 
tures,  (Refs.  2  and  3).  In  the  summer  of  1983,  the 
Galileo  spacecraft  modal  test  provided  an  opportun¬ 
ity  to  evaluate  these  modal  testing  methods.  The 
results  of  the  evaluation  are  the  subject  of  the 
present  report. 

Basically  all  modal  testings  can  be  classi¬ 
fied  as  forced  vibration  test  in  which  external 
forces  are  applied  and  responses  are  measured. 

A  linear  elastic  structure  behaves  as  selected 
bandpass  filters  as  far  as  input  and  output  re¬ 
lation  is  concerned.  In  other  words,  the  struc¬ 
ture  will  amplify  the  output  at  certain  frequencies 
and  suppress  it  at  others.  By  properly  arranging 
the  inputs,  i.e.,  the  external  forces,  certain  de¬ 
sirable  type  of  responses  may  be  obtained.  The 
multi-shaker  sine  dwell  method  is  to  concentrate 
the  input  at  a  discrete  frequency  and  force  the 
responses  into  a  particular  shape  which  is  similar 
to  one  of  its  normal  modes.  The  eigenvalues  and 
eigenvectors,  i.e.,  the  natural  frequencies  and 
the  mode  shapes,  are  measured  directly  and  no  fur¬ 
ther  data  processing  is  necessary.  Also  since  the 
structure  is  responding  in  steady  state,  no  high 


speed  data  acquisition  and  analysis  capability  is 
required  once  the  mode  is  tuned.  On  the  other 
hand,  the  "Frequency  Response  Function"  methods 
make  sure  that  the  inputs  contain  all  the  frequen¬ 
cies  of  interest.  The  responses  filtered  by  the 
structural  characteristics  will  carry  informations 
which  are  functions  of  modal  parameters.  In  other 
words,  all  the  modes  of  interest  are  excited 
simultaneously.  From  the  measured  time  history, 
the  eigenvalues  and  eigenvectors  are  extracted. 
Therefore,  it  is  necessary  that  high  speed  data 
acquisition  and  analysis  systems  are  available  to 
process  the  data.  It  became  clear  why  the  multi¬ 
shaker  sine  dwell  method  was  the  only  modal  testing 
technique  more  than  30  years  ago  and  the  frequency 
response  function  methods  were  not  possible  until 
the  microprocessor  technology  became  matured. 

A  detailed  description  of  the  development  of  test¬ 
ing  methods  with  extensive  bibliography  can  be 
found  in  Ref.  4. 

These  drastically  different  testing  methods 
have  advantages  and  disadvantages  of  each  and,  as 
such,  have  their  own  ardent  devotees.  The  objec¬ 
tive  of  the  present  study  is  not  to  evaluate  the 
ease  or  difficulty  in  implementing  these  testing 
techniques  since  no  matter  which  method  was  chosen, 
the  success  of  the  test  is  still  quite  heavily  de¬ 
pendent  on  the  experiences,  or  luck  to  a  certain 
degree,  of  the  test  engineer  who  performs  the  test. 
Of  course,  the  complexity  of  the  test  article  is 
the  foremost  important  factor  in  determining  the 
qualities  of  the  test  results.  Therefore,  the 
present  evaluation  will  be  focused  on  two  aspects 
of  the  modal  test.  One  is  the  theory  on  which  the 
testing  method  was  based.  The  inherent  difficul¬ 
ties  of  satisfying  the  theoretical  assumptions  will 
be  examined  for  the  different  testing  techniques. 

The  second  aspect  is  to  evaluate  the  results  of 
the  modal  testing  of  the  same  test  article  in 
terms  of  the  qualities  of  the  results.  Although 
identical  test  article  and  instrumentation  were 
used  in  the  applications  of  these  different  test¬ 
ing  methods,  different  test  personnel  was  put  in 
charge  for  implementing  the  different  methods. 

Since  each  plays  leading  role  in  the  modal  testing 
community  in  their  chosen  method,  the  quality  of 
the  testing  itself  will  be  assured,  hopefully. 

Theoretical  Background 

In  the  evaluation  of  modal  testing  methods, 
the  differences  in  the  theoretical  approach  are 
obviously  of  prime  concern.  As  mentioned  before, 
the  following  brief  theoretical  description  is  for 
the  purpose  of  examining  the  inherent  constraints 
of  the  modal  testing  methods. 

The  equations  of  motion  for  an  n-DOF  (degrees- 
of-freedom)  linear  damped  system  under  external 
excitation  can  be  written  as: 
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mCx]  +  [C]{i}  +  [K]{x}  =  {F(t)} 


(1) 


where  [M] ,  [C]  and  [K]  are  the  mass,  damping  and 

stiffness  matrices  of  the  structure,  respectively, 
and  {F(t)}  is  the  external  forcing  function  vector. 
The  system  represented  by  Eq .  (1)  is  said  to 
possess  classical  normal  modes  if  and  only  if  it 
can  be  reduced  to  a  set  of  n  uncoupled  second 
order  systems.  A  necessary  and  sufficient  condi¬ 
tion  for  the  existence  of  classical  normal  modes 
is  that  matrices 

[M]“hc]  and  [M]^hK] 


where  {f}  represents  the  amplitudes  of  the  forces 
distributed  on  the  system  and  :  is  the  frequency 
of  these  forces.  The  generalized  forces  in  Eq .  (7) 
will  be  defined  as 

[(i.]^{F(t)}  =  [vJ^{f}  sin  I  t  =  jg^j  sin  ::;t  (9) 

The  acceleration  responses  measured  by  the  acceler¬ 
ometers  during  test  can  be  obtained  from  Eq .  (6) 

and  (7)  as 


commute  (Ref,  5). 

[M]"hc][M]‘hK]  =  [M]"iK][M]‘hc]  (2) 

For  the  type  of  spacecraft  structural  system, 
although  the  damping  is  usually  unknown,  its  values 
are  small  and  assumed  to  be  proportional  to  the 
mass  and  stiffness  matrices, 

[C]  =  'a[M]  +  P4K]  (3) 

wmere 


(10) 


where  a  and  B  are  arbitrary  proportional  constants. 
It  is  also  defined,  obviously,  as  the  proportional 
damping.  The  existence  of  the  classical  normal 
modes  assures  the  follow^ing  orthogonality 
conditions 


[9]^[C][<t] 

['?]^[K][U 

where 


(4) 


The  first  part  and  second  part  of  the  right  hand 
side  of  Eq .  (10)  are  also  know^n  as  CO  (coincidence) 
and  QUAD  (quadrature)  responses  because  of  their 
in-phase  and  90°  out-of-phase  nature  with  respect 
to  the  input  forces. 


Now%  applying  the  modal  transformation  As  outlined  originally  by  Lewis  and  Wrisley 

(Ref.  1),  that  a  number  of  shakers  could  be 

(x)  =  [<f>]{q}  (0)  "tuned"  to  "exactly"  balance  the  dissipative 

forces  in  a  structure  at  a  certain  frequency.  The 
The  governing  equation,  Eq .  (1)  can  be  written  as  external  forces  will  be  assumed  as 


Once  the  external  forces  {F(t)}  is  defined,  the 
motion  of  the  system  may  be  obtained  by  Eqs.  (6) 
and  (7). 

1.  Multi-Shaker  Sine  Dw^ell  Method 

For  the  case  of  multi- shaker  sine  dw^ell  method, 
the  external  forces  are  sinusoidal  with  frequency 
i,  therefore, 

{F(t)  }  =  {  f }  sin  ill  (8) 


If;  =  [Cjix}  (12) 

and  the  response  of  the  structure  w^ill  be  that, 
let’s  say,  the  jth  mode.  Hence 

•lx}  =  ^  (13) 

and  the  Shaker  forces  will  become,  according  Co 

Eq.  (12) 

=  (U) 

Substituting  Eq.  (14)  into  the  generalized  forces 
in  Eq ,  (11)  and  using  Eqs.  (3)  and  (4),  one 
obtains 
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8-: 


0 


for  i  ^  j 


(15) 


Therefore  Eq.  (17)  implies  that  for  an  "almost 
tuned"  j th  mode,  the  following  are  valid. 


gj  ^  0 

Next,  the  forcing  function  frequency  will  be 
"tuned"  to  be  that  of  the  jth  resonance  frequency, 
i.  e.  , 


'  j 

The  a  's  and  b.'s  can  be  obtained  as 
1  1 


(16) 


b  .  >  >  b .  for  i  ^  j 

1  1 

I a^ I  <  1.0  for  all  i 


With  these  considerations,  the  acceleration 
response,  Eq.  (10),  will  be 


{xl  = 


Qt  +  Contamination 


(21) 


(22) 


The  acceleration  responses,  Eq.  (10),  becomes 

{x}  =  gj  *  cos  ^^t  (18) 


where 

i=n 

Contamination  =  ^  ^  ^^i^i  * 

i=l  ^  (23) 

b^g^  cos  fit) 

(for  i  ^  j) 

Based  on  Eqs,  (20)  and  (21),  the  first  term  of 
the  right  hand  side  is  much  greater  than  the  con¬ 
tamination  terms.  This  assumes  that  the  response 
measurements  are  indeed  similar  to  the  jth  mode. 

For  the  case  of  very  close  modal  frequencies, 
or  close  mode  shapes,  the  inequalities  in  Eqs.  (20) 
and  (21)  are  weakened.  This  will  emphasize  the 
contamination  terms  and  pollutes  the  measurements. 
It  is  evident  that  the  key  issue  of  the  multi¬ 
shaker  sine  dwell  is  the  shaker  force  appropria¬ 
tion  which  has  generated  many  studies  (Refs.  6  to 
9) .  However,  none  has  been  accepted  as  industry 
standard . 


Under  this  perfect  condition,  the  response  will  be 
90°  from  the  input  forces  and  its  spatial  distri¬ 
bution  will  be  exactly  that  of  the  ith  mode. 

However,  in  practice,  things  are  far  from 
ideal.  First,  in  general  only  very  limited  number 
of  shakers  will  be  available  because  of  physical 
constraints,  therefore,  Eq.  (12)  can  not  be  satis¬ 
fied.  In  other  words,  it  is  impossible  to  balance 
out  the  dissipative  forces  since  one  can  not  in¬ 
stall  shakers  at  all  the  DOF.  Secondly,  the  jth 
mode  shape  can  not  be  known  as  an  a  priori  condi¬ 
tion,  only  an  estimated  one  based  on  pre-test 
analysis  or  engineering  judgment  is  available. 
Therefore,  Eq.  (13)  is  also  not  satisfied.  At  the 
best,  the  force  distribution  as  expressed  in 
Eq.  (14)  is  an  approximation, 


and  according  to  Eq.  (11) 


g .  A  0  for  i  =  1,2. 

but 

gj  >>  gj^  for  i  ¥  j 


During  the  test,  the  frequency  is  easier  to 
"tune"  to  one  of  the  resonance  frequencies  since 
both  the  90°  phase  angle  and  maximum  amplitude 
criteria  can  be  used.  The  resonance  condition, 
Eq.  (16),  or  a  very  close  one  can  be  achieved. 


In  summary,  the  inherent  constraints  of  the 
multi-shaker  sine  dwell  method  are  inability  of 
tunning  the  "pure"  mode  except  in  very  limited 
cases  and  the  difficulty  in  separating  the  close 
modes . 

2.  Frequency  Response  Function  Method 

The  solution  of  Eq.  (1)  in  the  form  of  Laplace 
transformation  can  be  written  as 

{x(s)}  =  [cf>]  ^n  ]  ['l^]'^(F(S)  } 

(24) 

where  x(S)  and  F(S)  are  the  Laplace  transforms  of 
x(t)  and  F(t)  respectively.  Furthermore  if  one 
substitutes  the  Laplace  variable  S  by  ifi,  the 
acceleration  responses  of  the  system  can  be 
obtained 

{x(ifi)}  =  [()>]  (a.  +  ib.)  ^  [<S>]'’^{F(lfO}  (25) 

where  a^  and  are  defined  in  Eq.  (11)  and  the 
frequency  response  function  (frf)  is  defined  as 

j^(frf)^^j  =  [(])]  (a^  +  ib^)  j  (26) 
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Eq .  (26)  contains  all  the  information  related  to 
the  modal  parameters,  namely,  mode  shapes^  fre- 


quencies  and  damping.  The  idea  is  to  develop  a 
curve-fitting  procedure  for  Eq.  (26)  to  determine 
all  the  modal  parameters. 

If  a  single  shaker  is  used  during  test,  the 
element  in  one  column  of  the  [(frf)ij]  matrix 
can  be  readily  obtained  by  dividing  the  measured 
responses  by  the  input  forces,  the  concept  of 
transfer  function.  It  can  be  shown  that  only  a 
single  column  or  a  single  row  of  the  [(frf)ij] 
matrix  is  needed  for  determining  all  the  modal 
parameters . 

If  multiple  shakers  are  used,  in  principle, 
multiple  rows  or  columns  of  the  frequency  response 
function  matrix  can  be  obtained.  There  are  algo¬ 
rithms  that  utilize  as  much  of  the  redundant  infor¬ 
mation  within  these  frequency  response  functions 
as  possible.  A  primary  example  is  the  Poly  Ref¬ 
erence  approach. 

If  the  responses  are  measured  after  the 
external  forces  have  been  terminated,  an  equiva¬ 
lent  time  domain  formulation  similar  to  that  of 
Eq .  (25)  can  be  written  for  the  free  decay  re¬ 
sponse.  Ibrahim  Time  Domain  approach  extracts  the 
modal  parameters  from  this  free  decay  information. 

The  brief  description  given  above  for  the  fre¬ 
quency  response  function  method  of  modal  testing 
indicated  that  the  approach  is  based  on  sound 
theory  and  seemingly  no  constraint  is  apparent  in 
its  modal  parameter  extraction  concept.  Although 
one  may  question  the  accuracy  of  the  curve-fitting 
procedure,  the  concept  is  valid>  nevertheless. 
However,  one  of  the  most  important  aspects  of 
this  approach  has  yet  to  be  discussed.  This  con¬ 
cerns  how  the  measured  time  domain  data  is  trans¬ 
formed  into  the  frequency  domain  data  for  modal 
parameter  extraction  process.  The  Fourier  trans¬ 
form  has  served  as  the  bridge  between  the  time 
domain  and  frequency  domain  functions.  The  basis 
is  a  Fourier  transform  pair  for  continuous  signals 
defined  as  follows. 


X(f) 


x(t) 


-iPTTft 

e 


dt 


i2rft 

e 


df 


(27) 


The  upper  case  X(f)  represents  the  frequency 
domain  function;  and  the  lower  case  x(t)  is 
the  time  domain  function.  Their  relationship 
is  governed  by  Eq.  (27).  Hovzever,  when  the 
measured  time  domain  data  are  sampled  and 
analyzed,  it  is  the  finite,  discrete  version 
of  the  Fourier  transform,  or  the  Fourier 
series  expansion,  that  must  be  used.  The 
analogous  discrete  Fourier  transform  pair  are 
as  follows: 
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(28) 


j  =  0,I,2,---,  N-1;  k  =  0,1,2, •••  N-1. 

Although  most  of  the  properties  of  the  con¬ 
tinuous  Fourier  transform  are  retained,  sev¬ 
eral  differences  result  from  the  constraint 
that  the  discrete  Fourier  transform  must 
operate  on  the  time  domain  data  defined  over 
finite  intervals.  The  so-called  Cooley-Tukey 
fast  Fourier  transform  (FFT)  algorithm  is 
simply  an  efficient  method  for  computing  the 
discrete  Fourier  transform.  The  FFT  can  be 
used  in  place  of  the  continuous  Fourier  trans¬ 
form  only  to  the  extent  that  the  discrete 
Fourier  transform  could  before,  but  with  a 
substantial  reduction  in  computer  time.  Some 
of  the  inherent  constraints  of  the  discrete 
Fourier  transform  will  be  briefly  described  in 
the  following. 

The  ideal  condition  for  a  time  domain 
function  is  to  be  sampled  exactly  at  the  peaks 
and  zeros.  Problems  will  appear  if  the  devia¬ 
tions  from  the  ideal  case  occur.  One  of  the 
problems  is  the  "aliasing”  x^hich  is  caused  by 
the  high  frequency  components  of  a  time  func¬ 
tion  impersonating  low^  frequencies  if  the 
sampling  rate  is  too  lox7.  The  cure  to  this 
problem  involves  sampling  the  signal  at  a 
rate  at  least  txv^ice  as  high  as  the  highest 
frequency  present.  If  the  signal  has  been 
passed  through  a  lox^7-pass  filter,  a  sampling 
rate  can  be  chosen  so  that  the  components 
above  the  Nyquist  frequency  are  negligible. 

Another  problem  is  the  "leakage”  which  is 
inherent  in  the  Fourier  analysis  of  any  finite 
record  of  data.  Neglecting  everything  before 
and  after  the  data  period  is  equivalent  to 
multiplying  the  signal  by  a  rectangular  x^zindow 
in  time  domain  and  performing  a  convolution  in 
the  frequency  domain.  The  results  are  a 
series  of  spurious  peaks  will  appear  because 
of  this  abrupt  ending  of  the  signal  in  time 
domain.  These  "leakages"  in  the  frequency 
domain  seriously  affect  the  accuracy  of  the 
curve-fitting  procedure.  The  usual  approach 
to  reduce  the  leakage  is  applying  a  data  win- 
dox^  to  the  time  domain  function,  which  has 
lox^7er  spurious  peaks  in  the  frequency  domain 
than  that  of  the  rectangular  data  xvindoTv.  One 
of  the  most  commonly  used  data  x^rindox^z  is  the 
Hanning  x^7indox^7. 

In  summary,  the  inherent  constraints  of 
the  frequency  response  function  modal  test 
method  are  the  leakage  and  aliasing  problems. 
Hox^^ever,  the  effects  of  these  problems  can  be 
reduced  by  applying  anti-aliasing  filters, 
increasing  sampling  rate  and  proper  choice  of 
time  domain  functions  and  windox^s . 

Galileo  Spacecraft  Modal  Test 


The  Galileo  is  an  interplanetary  space¬ 
craft  X'jhose  mission  is  to  conduct  scientific 
exploration  of  the  planet  Jupiter.  It  is  to 
be  launched  by  the  Space  Shuttle  and  a  modi¬ 
fied  Centaur  Upper  Stage  in  1986.  Fig.  1 
shox>7S  the  Galileo  spacecraft  in  its  modal  test 
configuration  x^rith  its  major  components  indi¬ 
cated.  The  total  xveight  of  the  spacecraft  is 
approximately  5300  lbs.  A  finite  element 
model  using  NASTRAN  code  was  constructed  for 
performing  the  design  loads  analysis.  This 
model  consists  of  approximately  1.0,000  static 
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Fig.  1.  Galileo  Spacecraft  in  Model  Test 
Configuration 


Table  1  TAM  prediction 


Mode 

no . 

Frequency 

(Hz) 

Description 

1 

11.08 

SXA  in  Y 

2 

11.20 

SXA  in  X 

3 

14.94 

Global  Bending  in  X 

4 

15.08 

Global  Bending  in  Y 

5 

16.36 

1st  Global  Torsion 

6 

20.04 

RTG  Walking  Mode 

7 

20.37 

Appendages  in  Z 

8 

21.03 

2nd  Global  Torsion 

9 

23.53 

Science  Boom  in  Z 

10 

24.87 

Sun  Shade  in  Z 

11 

25.33 

Probe  in  Y 

12 

26.41 

EDP  in  Y 

13 

30.67 

Thruster  Booms  in  Y,  Out 

of  Phase 

14 

31.77 

Thruster  Booms  in  Y,  In 

Phase 

15 

32.21 

RRH  in  Y 

16 

32.78 

Global  Bounce  Mode  Z 

17 

33,03 

RRH  in  Y 

18 

34.81 

400  N.  Engine  in  Y 

19 

35.35 

Science  Boom  in  X-Y 

20 

35.51 

400  N.  Engine  in  Y 

modal  testings  for  number  of  years  especially 
for  using  their  chosen  methods.  It  is  their 
professional  dedication  which  assures  high 
quality  of  the  test  results.  Fig.  2  shows 
typical  response  function  for  various  methods. 
As  expected,  they  are  very  similar. 


degrees-of-freedom  (DOF)  and  1600  mass  DOF. 

It  is  this  loads  analysis  model  which  is 
required  to  be  verified  by  the  modal  test. 

Extensive  pre-test  analysis  has  been  con¬ 
ducted  prior  to  the  modal  test  (Ref.  10)  for 
the  purpose  of  understanding  the  modal  char¬ 
acteristics  of  the  loads  model.  This  was 
essential  in  the  design  of  the  modal  test 
such  as  the  instrumentation  distribution  and 
external  excitation  selection.  After  careful 
consideration,  it  was  determined  that  162 
channels  of  accelerometer  measurements  as  well 
as  118  channels  of  strain  gage  measurements 
were  to  be  taken.  The  instrumentation  distri¬ 
bution  was  such  that  all  the  important  modal 
displacements  and  modal  forces  were  measured 
with  sufficient  resolution.  Since  the  number 
of  DOF  in  the  loads  analysis  model  was  few 
orders  of  magnitude  greater  than  the  number 
of  measurements  to  be  made  during  test,  a 
condensed  model  was  constructed  such  that  its 
DOF  would  be  compatible  with  the  measurements. 
This  condensed  model  was  called  the  Test- 
Analysis  Model,  TAM,  which  was  obtained  by 
Guyon  reduction  method  to  collapse  the  mass 
and  stiffness  matrices  in  the  loads  analysis 
model  onto  162  DOF.  The  TAM  was  so  adjusted 
that  all  the  modal  characteristics  predicted 
by  the  loads  model  should  be  reproduced  by 
TAM  within  the  range  of  interest.  Table  1 
shows  the  TAM  prediction  of  the  modes. 

The  modal  test  was  performed  by  various 
testing  methods  and  their  detailed  descrip¬ 
tions  and  results  can  be  found  in  Refs.  11  to 
14.  Table  2  summarizes  the  methods  used  and 
the  participants  associated  with  the  methods. 
These  participants  have  all  been  involved  in 


Results  Comparisons 

Table  3  lists  the  frequencies  of  the  nor¬ 
mal  modes  obtained  by  the  methods  listed  in 
Table  2  with  the  exceptions  of  Tuned  Sweep 
and  ITD  method.  Incomplete  channels  of  data 
were  taken  for  the  Tuned  Sweep  method  and  the 
results  of  the  ITD  method  were  not  available 
to  this  author  at  the  time.  However  they  can 
be  found  in  Ref.  14.  The  correlation  of  the 
modes  obtained  by  the  various  methods  is 
carried  out  by  examining  not  only  the  frequen¬ 
cies  but  also  the  mode  shapes,  cross¬ 
orthogonality  between  modes  from  different 
methods,  effective  mass  and  kinetic  energy 
distribution.  As  pointed  out  in  the  pre-test 
analysis,  (Ref.  10),  that  vibration  modes  are 
not  equal  in  the  degrees  of  importance  with 
respect  to  the  loads  analysis  in  the  design 
process .  Some  modes  contribute  to  the  dyna¬ 
mic  loads  more  heavily  than  others  and  these 
important  modes  are  usually  the  target  modes 
to  be  verified  in  a  modal  test.  The  modes 
which  are  important  for  the  Galileo  spacecraft 
loads  analysis  have  been  identified  as  global 
modes  and  all  of  them  have  been  test  verified 
by  all  the  methods  as  shown  in  Table  3. 
Furthermore,  the  frequencies  of  these  modes 
are  consistent  regardless  which  method  was 
used.  The  two  exceptions  are  that  the  first 
mode  obtained  by  the  4-shaker  random  method 
is  noticeably  lower  than  the  rest  of  them  and 
the  single  point  random  method  failed  to 
obtain  the  fifth  mode.  As  for  the  rest  of 
the  non-global  modes  (local  modes),  the  fol¬ 
lowing  observations  can  be  made; 

1.  Except  for  mode  30,  in  general  the  fre¬ 
quencies  are  in  good  agreement  for  all  modes. 
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Table  2  Summary  of  Galileo  modal  test  methods 


No. 

Methods 

No .  of 
shakers 

Input  function 

Participant /organ. 

Remark 

1 

Sine  dwell 

Up  to  8 

Sine 

Trubert /JPL^ 

Required  by  Galileo  Project 

2 

Multi-shaker  random 

3 

Random 

2 

Hunt /SDRC 

Uncorrelated  signals  for  the 
shakers 

3 

Multi-shaker  random 

4 

Random 

Hunt/SDRC 

Uncorrelated  signals  for  the 
shakers 

4 

Single-point 

random 

1 

Random 

Stroud/STI^ 

5 

CHIRP 

1 

Fast  sine  sweep 

Stroud/STI 

6 

SWIFT 

1 

Discrete  sine 

sweep 

Stroud / STI 

frf’s  are  obtained  between 
the  frequency  changes 

7 

Tuned  sweep 

1 

Discrete  sine 

sweep 

Stroud / STI 

Sweep  within  narrow  frequency 
band 

8 

4 

SFD 

1 

Random 

Coppolino/MSC 
Stroud / STI 

Used  same  frf's  as  no.  4 

9 

ITD 

1 

Random  decay 

Pappa/LaRC^ 

Stroud / STI 

New  modal  parameter  extraction 
algorithm 

1.  Jet  Propulsion  Laboratory 

2.  Structural  Dynamics  Research  Corporation 

3.  Synergistic  Technology  Incorporated 

4.  Simultaneous  Frequency  Domain  (Ref.  15) 

5.  MacNeal-Schwendler  Corporation 

6.  NASA  Langley  Research  Center 
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Fig.  2.  Response  Functions  of  Modal  Test 


566 


Table  3  Frequency  comparison  for  various  test  methods 


No. 

TAM 

Sine 

dwell 

4-Shaker 

random 

3- Shaker 
random 

SWIFT 

CHIRP 

Single-pt . 
random 

SFD 

Description 

1 

*11.08 

12.70 

11.46 

13.73 

12.54 

12.59 

12.66 

12.52 

SXA  in  Y 

2 

*11.20 

13.11 

14.02 

14.10 

13.78 

13.86 

13.88 

13.76 

SXA  in  X 

3 

*14.94 

17.41 

18,54 

18.62 

17.40 

17.95 

18.14 

17.47 

Global  Bending  in  X 

4 

*15.08 

17.76 

17.44 

18.32 

17.62 

17.97 

17.93 

17.62 

Global  Bending  in  Y 

5 

*16.36 

18.59 

19.33 

19.45 

18.93 

19.30 

- 

18.93 

1st  Global  Torsion 

6 

_ 

18.22 

18.54 

18.54 

18.37 

SXA  and  +  X  Thruster  in  Y 

7 

— 

— 

_ 

_ 

18.59 

18.59 

18.62 

18.74 

SXA  in  X 

8 

_ 

_ 

- 

- 

19.31 

19.34 

19.31 

19.45 

RRH  in  Y 

9 

_ 

22.22 

- 

22.04 

21.98 

22.08 

22.03 

RTG  in  Z 

10 

*20.04 

21.67 

22.06 

22.19 

22.23 

22.24 

22.21 

22.27 

RTG  Walking  Mode 

11 

20.37 

23.10 

22.52 

22.81 

22.35 

22.62 

22.48 

22.52 

Appendages  in  Z 

12 

*21.03 

25.46 

25.80 

25.80 

25.30 

25.71 

25.74 

25.37 

2nd  Gobal  Torsion 

13 

*23.53 

23.66 

25.19 

25.33 

27.61 

- 

27.63 

27.62 

Science  Boom  in  Z 

14 

_ 

_ 

- 

- 

- 

- 

- 

24.57 

15 

24.87 

28.16 

- 

- 

- 

- 

Sun  Shade  in  Z 

16 

25.33 

_ 

26.36 

26.64 

- 

- 

- 

- 

Probe  in  Y 

17 

26.41 

_ 

_ 

- 

26.83 

25.75 

- 

26.86 

EDP  in  Y 

18 

— 

_ 

- 

- 

- 

- 

27.08 

19 

_ 

- 

- 

- 

_ 

28.81 

20 

30.67 

29.71 

33.42 

33.46 

- 

- 

- 

- 

Thruster  Boom  in  Y  O/P 

21 

26.12 

30.50 

_ 

28.37 

28.56 

28.51 

28.13 

Damper  in  Y 

22 

31.77 

42.20 

39.14 

- 

- 

- 

- 

- 

Thruster  Boom  in  Y  l/P 

23 

_ 

31.84 

31.92 

29.48 

- 

- 

29.47 

Damper  in  X 

24 

— 

_ 

33.02 

33.21 

33.13 

33.04 

Probe  in  X 

25 

_ 

_ 

_ 

33.63 

33.74 

33.64 

33.69 

Probe  and  +  Thruster  in  X 

26 

_ 

_ 

- 

33.98 

- 

- 

33.99 

Mag.  Can.  and  DDS  in  X 

27 

_ 

33.76 

- 

33.40 

33.80 

- 

33.35 

Thruster  in  X 

28 

32.21 

«. 

27.84 

27.89 

26.22 

25.53 

- 

26.23 

RRH  in  Y 

29 

*32.78 

37.92 

37.91 

37.98 

38.  17 

38.09 

37.94 

38.14 

Global  Z  Mode 

30 

33.03 

- 

28.29 

28.58 

39.70 

- 

39.75 

RRH  in  Y 

31 

34.81 

- 

42.35 

42.57 

- 

- 

- 

- 

400  N  Engine  in  Y 

32 

35.35 

_ 

34.50 

34.32 

33.75 

33.85 

33.79 

33.76 

Science  Boom  in  X-Z 

33 

35.51 

- 

41.73 

- 

- 

- 

- 

400  N.  Engine  in  Y 

34 

_ 

_ 

- 

- 

- 

37.05 

35 

_ 

_ 

39.77 

_ 

- 

- 

Science  Boom  in  Y 

36 

_ 

_ 

_ 

39.88 

41.01 

- 

- 

41.11 

RRH  and  Mag.  Can.  in  Y 

37 

_ 

_ 

_ 

- 

- 

- 

41.63 

38 

_ 

_ 

- 

- 

- 

42.04 

39 

42.36 

- 

- 

- 

- 

- 

Thruster  in  Y 

40 

_ 

_ 

44.61 

- 

- 

- 

- 

- 

Thrusters  in  Y  l/P 

41 

- 

42.53 

44.98 

45.14 

42.99 

- 

42.98 

Scan  Platform  in  X 

42 

46.00 

46.05 

44.82 

44.70 

44.34 

44.86 

Thrusters  and  RRH  in  Y 

43 

- 

- 

- 

- 

- 

- 

44.93 

.  of 

Mode 

14 

27 

21 

27 

21 

18 

34 

^Denote  the  global  modes 


2.  Mode  15,  an  analytical  predicted  local 
mode  was  test  obtained  by  the  3-shaker  random 
method  only.  The  4-shaker  random  method  as 
well  as  all  others  failed  to  obtain  this  mode. 

3.  Modes  16,  17,  20,  22,  33,  all  predicted 
by  the  analysis,  are  test  obtained  by  only 
some  of  the  methods. 

4.  Modes  28,  30,  31,  32,  33,  all  predicted 
by  the  analysis,  are  test  obtained  only  by 
the  frequency  response  function  methods. 

5.  Modes  6,  7,  8,  23,  24,  25,  and  26  are 
test  obtained  by  only  the  single  shaker 
methods.  Neither  the  multi-shaker  random 
methods,  nor  the  analysis  succeeded  in  identi¬ 
fying  them. 


6.  In  general,  the  frequency  response  func¬ 
tion  methods  identifies  more  modes  than  the 
sine  dwell  method. 

7.  Several  modes  identified  by  the  SFD 
method  only  are  suspicious. 

For  detailed  comparisons,  the  sine  dwell 
method  and  4-shaker  random  method  will  be 
chosen  to  represent  the  force  appropriation 
and  the  frequency  response  function  approaches 
of  the  testing  techniques,  respectively. 

Tables  4  and  5  show  the  effective  mass  of  the 
modes  from  the  two  methods  in  percentage.  The 
effective  mass  usually  is  considered  as  a 
criterion  for  completeness  of  the  test.  Their 
comparisons  indicate  that  effective  mass  for 
4-shaker  random  method  is  only  10  ---  20%  higher 
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Table  4.  Effective  Mass  for  Sine  Dv/el  1  Modes 


MODE 

FREQUENCY 

X 

y 

z 

e 

X 

e 

6 

z 

201 

12.70 

0.3 

8.7 

0.0 

23.1 

0,9 

0.0 

101 

13.11 

13.3 

0.3 

0.0 

0.6 

33.5 

0.0~ 

501 

17.76 

9.6 

26.5 

0.1 

31.5 

10.9 

0.2 

404 

17.40 

13.8 

19.  1 

0.0 

25.2 

18.3 

0.4 

301 

18.60 

0.0 

0.0 

0.0 

0.0 

1.9 

20.2 

601 

21.67 

42.4 

0.3 

0.  1 

0.3 

39.6 

2.4 

*2050 

23.  10 

0.0 

2.6 

4,0 

1.2 

0.4 

0.  1 

*  702 

23,66 

0.0 

0.6 

6.7 

1.1 

0.0 

0.0 

803 

25.  16 

0.8 

0.0 

0.2 

0.0 

0.3 

23.2 

*  902 

26.12 

0.  1 

0.  1 

5.7 

0.2 

0.0 

4.3 

*2902 

29.71 

1.0 

0.8 

0.0 

0.1 

0.1 

6.5 

1503 

37.92 

0.2 

0.2 

45.8 

0.0 

0.2 

0.  1 

*2002 

42.20 

0.1 

0.0 

0.4 

0.0 

0.0 

0.0 

*1801 

42.53 

0.0 

0.0 

1.2 

0.0 

0.0 

0.  1 

81.6 

59.3 

64.1 

83.3 

106.2 

57.5 

*Denote  for  local  modes 

tl.an  that  of  the  sine  dwell  method,  although 
almost  twice  as  many  modes  was  obtained  by 
the  4-shaker  random  method.  This  clearly 
demonstrates  that  the  sine  dwell  method  has 
obtained  all  the  major  modes  despite  only 
50%  fewer  modes  were  tested. 

Next,  the  orthogonality  of  the  test  modes 
are  examined  as  it  is  a  measurement  of 
"cleanness"  of  the  modes,  especially  the 
global  modes.  Tables  6  and  7  show  the  ortho¬ 
gonality  of  the  modes  obtained  by  the  sine 
dwell  method  and  4-shaker  random  method, 
respectively.  Off-diagonal  terms  greater 
than  0.10  are  boxed  and  the  results  shov/ 
clearly  that  modes  from  4-shaker  random  test 
are  much  more  orthogonal  than  those  from  the 
sine  dxv^ell  test.  In  fact,  if  only  the  global 
modes  are  considered,  the  orthogonality  of 
the  sine  dwell  modes  is  not  very  good  at  all. 
Of  course  the  errors  could  also  be  due  to 
incorrect  mass  matrix  used  in  the  orthogonal¬ 
ity  check.  The  cross-orthogonality  between 
the  modes  obtained  by  the  two  method  is  shown 
in  Table  8.  The  more  similar  of  the  modes, 
the  coupling  terms  will  be  closer  to  unity, 
1.00.  On  the  other  hand,  the  small  coupling 
terms  indicate  the  modes  are  orthogonal. 
Correlation  between  the  modes  is  Identified 
by  boxing  the  coupling  terms.  For  certain 
modes  with  close  similarity  of  shapes  v/ith 
more  than  one  mode  from  the  other  group,  the 
identification  is  made  by  other  consideration 
such  as  the  closeness  of  the  frequencies  and 
characteristics  of  the  modes. 

Table  9  shows  the  mode  shape  comparison 
for  the  first  mode.  The  modal  amplitude  is 
listed  in  the  order  of  its  amplitude  with  the 


Table  5.  Effective  Mass  for  Multi- Shaker  Random 
Modes 


MODE 

FREQUENCY 

X 

y 

z 

X 

y 

z 

1 

11.46 

0.7 

4.8 

0.0 

14.8 

1.5 

0.0 

2 

14.02 

22.7 

0,2 

0.4 

0.7 

48.0 

0.0 

3 

17.44 

1.8 

41.6 

0.3 

52.1 

1.7 

0.0 

4 

18.54 

18.6 

0.5 

0.2 

0.6 

17.2 

4.7 

5 

19.33 

0,0 

0.2 

0.0 

0.  1 

0.6 

19.4 

6 

22.06 

21.3 

2.9 

0.3 

1.3 

14.2 

1.3 

7 

22.52 

3.6 

14.8 

1.5 

5.4 

1.5 

0.9 

8 

25.19 

0.0 

1.7 

12.5 

0.1 

0.0 

1.6 

9 

25.80 

1.3 

0.8 

1.9 

0.8 

0.6 

22.0 

*10 

26.36 

0.0 

3.3 

0.0 

0.4 

0.0 

0.3 

*11 

27,84 

0.1 

0.  1 

3.8 

0.0 

0.  1 

1.7 

*12 

28.29 

0.3 

0.4 

0.0 

0.  1 

0.0 

0.7 

*13 

30.50 

0.7 

0.0 

5.7 

0.9 

0.9 

0.0 

*14 

31.84 

0.2 

0.5 

0.1 

0.2 

0.  1 

7.  1 

15 

33.42 

13.3 

0.0 

0.9 

0.  1 

3.8 

0.2 

*16 

33.76 

3.8 

0.7 

0.  1 

0.  1 

1.2 

4.6 

*17 

34.50 

0.8 

0.2 

0.0 

0.0 

0.2 

2,2 

18 

37.91 

0.  1 

0.2 

45.6 

0.  1 

0.  1 

0.0 

*19 

39.14 

0.2 

0.0 

9.8 

0.2 

0.2 

1.0 

*20 

39.77 

0.2 

6.3 

0.2 

4.9 

0.  1 

2.7 

*21 

41.73 

0.0 

0.0 

1.1 

0.0 

0.0 

0.6 

*22 

42.35 

0.0 

1.5 

0.0 

0.6 

0.1 

0.0 

*23 

42.36 

0.1 

0.7 

0. 1 

0.8 

0.0 

0.0 

*24 

44.61 

0.2 

2.1 

0.0 

1.2 

0.2 

0.6 

*25 

44.98 

0.2 

0.4 

1.0 

0.4 

0.1 

0.0 

*26 

46.00 

0.0 

0.9 

0.0 

1.0 

0.1 

0.2 

90.4 

84.5 

85.6 

87.2 

92.5 

72.0 

*D€note  for  local  mode 


maximum  normalized  to  unity.  It  is  obvious 
that  the  first  mode  is  the  antenna  bending  in 
y  direct  since  its  larger  motion  in  that 
direction.  The  RSS  1  is  the  square  root  of 
the  sum  of  the  differences  of  TAM  and  test 
modal  amplitude  squared  and  the  RSS  2  is  the 
similar  value  between  the  two  test  obtained 
modes.  It  is  interesting  to  note  that  dif¬ 
ferences  between  the  TAM  and  test  modes  are 
greater  than  the  differences  between  the  two 
test  modes.  Table  10  shows  the  mode  shape 
comparison  of  the  RTG  walking  mode.  The  pre¬ 
dicted  TAM  value  indicates  that  the  two  RTG 
are  moving  s^mimetrically  although  in  opposite 


568 


Table  6.  Orthogonality  of  Sine  Dwell  Modes 


^Shaded  numbers  are  local  modes. 


Table  7.  Orthogonality  of  Multi-Shaker  Random  Modes 


*  SHADED  NUMBERS  ARE  LOCAL  MODES 

direction.  However,  both  test  modes  indicate 
that  one  RTG  amplitude  is  much  higher  than 
the  others.  Table  11  and  Table  12  show  the 
kinetic  energy  distribution  for  the  corre¬ 
sponding  modes  shown  in  Table  9  and  10.  For 
the  first  mode,  more  than  90%  of  the  kinetic 
energy  is  y  direction  and  among  them  more 
than  70%  is  concentrated  at  the  SXA.  This 
mode  is  described  as  the  SXA  antenna  bending 


in  y  direction.  From  Table  12  the  kinetic 
energy  for  the  RTG  walking  mode  indicates 
that  contrary  to  the  TAM  results,  the  ener¬ 
gies  of  the  two  RTG’s  are  indeed  different. 
Careful  examination  of  the  test  article  shows 
physical  differences  in  mass  mockups .  The 
kinetic  energy  distribution  is  a  very  useful 
tool  in  the  understanding  of  detailed  modal 
characteristics . 
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Table  8.  Cross  Orthogonality  Between  Sine  Dwell  and  Multi-Shaker  Random  Modes 


MODE 

1 

2 

3 

4 

5 

6 

7 

8 

9 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21  _2^ 

25 

201 

[LOOj 

-.  02 

-.06 

.06 

-.04 

.01 

.02 

-.04 

.02 

0 

.03 

.01 

-.  07 

.05 

.01 

.01 

.03 

0 

-.02 

-.06 

-.01  -.03 

.07 

101 

.39  1^ 

-.06 

-.  26 

.13 

.01 

-.  01 

-.  03 

-.  02 

0 

0 

-.  01 

03 

.04 

-.  01 

-.  02 

-.  01 

0 

-.  01 

-.(M 

.02  -.02 

.02 

.33 

-.08  1 

-1.00| 

-.  35 

.10 

.08 

01 

0 

-.  02 

.06 

.07 

-.04 

.08 

-.  03 

0 

0 

-.02 

0 

.01 

.22 

-.  05  . 07 

-.07 

404 

-.12 

-.13 

.63  |-1.00| 

.25 

.01 

-.  01 

.10 

.08 

-.  01 

-.  06 

-.  01 

.03 

-.12 

0 

.02 

.03 

-.02 

-.  01 

-.  13 

0  -.06 

.13 

301 

0 

-.  03 

.09 

.08 

[Too] 

.06 

.01 

-.01 

-.  02 

.02 

.07 

.08 

.01 

.07 

0 

-.  01 

.02 

.03 

-.01 

-.  14 

.01  .05 

-.  01 

601 

.09 

.27 

.10 

.22 

-.eeFTMI 

.31 

.09 

-.10 

-.M 

-.  07 

.02 

-.04 

-.  06 

-.09 

-.10 

-.03 

-.  02 

.02 

.02 

.05  -.03 

-.06 

2050 

-.06 

.25 

.03 

.18 

-.  22  [ 

Tooir^rTMi 

-.  18 

.57 

.10 

-.06 

-.  20 

-.  07 

-.  10 

-.  07 

-.  01 

-.  10 

.06 

-.11 

-.03  0 

.03 

702 

05 

0 

.04 

-.04 

.04 

.24 

.53  |r^ 

-.10 

.70 

.27 

-.  05 

-.31 

.02 

-.11 

-.  10 

.03 

0 

.02 

-.06 

-.06  0 

.02 

803 

05 

-.(M 

-.04 

0 

.06 

.06 

-.03 

.12 

.15 

-.12 

-.09 

-.04 

.35 

.05 

.07 

-.  29 

.01 

-.08 

-.  13 

.01  -.02 

.05 

902 

.01 

-.  03 

-.05 

-.06 

-.08 

.01 

.03 

.43 

.13 

-.62  |-1.00| 

.03 

.42 

-.  07 

.11 

.08 

0 

-.02 

,06 

.03 

.03  -.01 

2902 

.07 

.02 

.(M 

.05 

.11 

.06 

05 

06 

.02 

0 

.25 

.34 

-.  38 

-.30  [33 

-.  65 

-.  23 

-.24  O 

-.11 

-.03  -.72 

,27 

1503 

-.  02 

-.03 

-.  03 

0 

.02 

.02 

.01 

01 

-.  02 

-.03 

-.04 

.01 

.09 

.09 

-.02 

-.  02 

-.01  [3 

-.45 

.05 

.12  -.02 

-.  01 

2002 

.06 

.01 

.01 

.03 

.03 

0 

-.  01 

-.05 

.07 

.03 

-.  03 

-.11 

.02 

.08 

.11 

.12 

-.  12 

.03 

.33 

R%|  .68 

.18 

1801 

-.  01 

.06 

.03 

.09 

.02 

-.  02 

-.  02 

0 

.03 

0 

-.  05 

0.06 

.23 

.25 

-.04 

0 

.03 

-.m 

.36 

.65 

-.47  .71 

[Tm] 

NOTC:  SHADED  NUMBERS  INDICATE  QUESTIONABLE  COUPLING. 


Table  9.  Mode  Shape  Comparison 


TAMl  SD201  MSRl 

(11. 08  HZ}  (12. 70  HZ)  (11.46  HZ) 


SXATIP  IN  Y 

1.00 

(1) 

1.00 

(1) 

1.00 

(1) 

SXA  BASE  RING  IN  Y 

0.49 

(2) 

0.47 

(2) 

0.49 

(2) 

SXAC.G.  INY 

0.25 

(3) 

0.30 

(3) 

0.30 

(3) 

SXATIP  INX 

0. 10 

(4) 

-0.22 

(4) 

-0.27 

(4) 

EDP  INZ 

0. 08 

(5) 

0.06 

(7) 

0.06 

(7) 

MAG.  CANISTER  INZ 

0.08 

(6) 

0.05 

(8) 

0. 06 

(9) 

SCIENCE  BOOM  HINGE  INZ 

0.08 

(7) 

0.07 

(6) 

0.09 

(6) 

PLS  INZ 

0. 08 

(8) 

0. 04 

0. 03 

MAG.  CANISTER  INZ 

0. 07 

(9) 

0. 05 

(9) 

0.05 

(10) 

MAG.  CANISTER  l/F  INZ 

0. 07 

(10) 

0.05 

0.05 

RSS  1 

0.330 

0.384 

RSS  2 

0.059 

Table  10. 

Mode 

Shape 

Comparison 

TAM  6  5D601  MSR  6 

(20. 04  HZ)  (21. 67  HZ)  (22. 06  HZ) 


+X  RTG  IN  Z 

1.00 

(1) 

0. 69 

(4) 

0. 35 

(5) 

-X  RTG  IN  Z 

-0.97 

(2) 

-0.94 

(2) 

-1. 00 

(1) 

RRH  IN  Y 

-0.32 

(3) 

-0.66 

(5) 

-0.65 

(2) 

SXATIP  INX 

-0.26 

(4) 

-0.11 

0.15 

MAG.  CANISTER  INX 

0.23 

(5) 

-0.37 

0.26 

(7) 

MAG.  CANISTER  l/F  INX 

0.20 

(6) 

1.00 

(1) 

0. 28 

(6) 

EPD  INX 

0.17 

(7) 

0.66 

(6) 

0.21 

-X  THRUSTER  INZ 

0. 16 

(8) 

-0.21 

0.17 

BUS  INX 

-0. 16 

(9) 

-0.56 

(9) 

-0.16 

BUS  INX 

-0.16 

(10) 

0.62 

(7) 

-0.18 

RSS  1 

1.66 

0.84 

RSS  2 

1.59 

Table  11.  Kinetic  Energy  Distribution 

TAM  1  SD  201  MSR  1 

(11,08  HZ)  (12.70  HZ)  (11.46  HZ) 


X 

Y 

Z 

X 

Y 

Z 

X 

Y 

Z 

SXATIP 

0.7 

73.5 

0 

3.5 

75,2 

0 

5.5 

76.5 

0.3 

BUS 

0 

1.6 

0.2 

0 

0.9 

0.2 

0.2 

0.1 

0 

BUS 

0 

2.5 

0.3 

0.1 

1.2 

0.4 

0.1 

0.2 

0.1 

OXIDIZER  2 

0 

1.8 

0,3 

0 

1.3 

0.1 

0.1 

0.4 

0 

OXIDIZER  1 

0 

1.8 

0.3 

0.1 

1.0 

0.1 

0.4 

0.6 

0 

0.9 

93.9 

4.7 

4.1 

92.9 

2.8 

7.0 

90.5 

2.1 

Table  12.  Kinetic  Energy  Distribution 

TAM  6  SD  601  MSR  6 

(20. 04  HZ)  (21. 67  HZ)  (22. 06  HZ) 


X 

Y 

Z 

X 

Y 

Z 

X 

Y 

Z 

OXIDIZER  2 

4.2 

0.1 

0 

7.3 

0.2 

0.1 

4.3 

0.7 

0.1 

FUEL  2 

1.5 

0.2 

0 

4.1 

0.8 

0 

2.0 

0.3 

0 

OXIDIZER  1 

4.9 

0 

0 

13,7 

0.8 

0 

7.7 

0.2 

0.1 

FUELl 

2.2 

0.1 

0 

5.0 

0.6 

0 

4.4 

0.4 

0.1 

+X  RTG 

0 

0 

39.2 

0.2 

0 

oo 

0 

0 

6.2 

-X  RTG 

0 

0 

36.7 

0.4 

0 

14.5 

0 

0 

50.5 

19.5 

1.3 

77.9 

65.5 

6.2 

25.7 

30.8 

8.1 

59.6 

DAMPINGS 


Finally,  the  test  measured  damping  values 
are  plotted  as  shown  in  Fig.  3.  It  is 
totally  uncorrelated  with  the  frequency. 

Fig.  3  contains  only  the  sine  dwell  and 
multi-shaker  random  tests ,  however  data  from 
other  test  results  are  equally  scattered. 


Fig.  3.  Modal  Dampings 


Evaluation  of  Testing  Methods 

It  must  be  emphasized  here  that  conclu¬ 
sions  from  the  present  experiences  are  valid 
for  the  specific  type  of  structural  system 
that  we  tested,  namely,  the  large,  complex 
spacecraft.  The  basic  objective  for  the 
modal  test  is  to  verify  the  analytical  model 
for  the  design  process.  It  tends  to  involve 
large  number  of  measurements  and  extensive 
test/analysis  correlation.  Of  course  it  is 
recognized  that  there  are  many  other  objec¬ 
tives  for  doing  modal  testings  on  a  variety 
of  systems  and  each  has  its  own  particular 
requirement  and  constraints.  These  indivi¬ 
dual  conditions  may  ultimately  determine  the 
selection  of  testing  method.  Nevertheless, 
based  on  the  present  experiences,  the  eval¬ 
uations  are  as  follows: 

1.  All  methods  are  able  to  extract  the  major 
modes  of  importance. 

2.  The  modal  parameters  obtained  by  differ¬ 
ent  methods  are  generally  consistent. 

3.  Frequency  response  function  methods 


extract  more  modes  than  that  of  the  multi¬ 
shaker  sine  dwell  method. 

4.  Sine  dwell  method  is  able  to  make  large 
amplitude  response  to  investigate  the  non¬ 
linear  effects. 

5.  Sine  dwell  method  excites  the  test  arti¬ 
cle  in  "pure"  mode  which  is  suitable  for 
investigating  the  pathological  behavior  of 
the  structures. 

6.  Actual  testing  time  for  the  frequency 
response  function  methods  is  only  a  small 
fraction  of  that  of  the  sine  dwell  method. 

7.  Data  processing  for  the  frequency 
response  function  method  can  be  made  almost 
real  time.  The  data  from  multi-shaker  ran¬ 
dom  tests  were  processed  immediately  by  a  VAX 
11/780  computer  and  reports  for  modal  param¬ 
eters  are  available  within  24  hours. 

8.  Multi-shaker  random  tests  simplify  the 
test  by  not  repeating  the  test  for  other 
shaker  configurations  as  required  by  the 
single  shaker  tests. 

9.  Input  energy  distribution  among  modes  is 
more  even  for  the  multi-shaker  random  test 
than  that  of  the  single  shaker  tests. 

10.  The  operational  simplicity  of  the  single 
shaker  tests  is  quite  remarkable.  This  is 
definitely  an  advantage  for  those  who  lack 
extensive  modal  testing  experiences. 

11.  SWIFT  method  seems  to  perform  better 
among  the  single  shaker  tests, 

12.  Damping  data  is  very  inconsistent,  in 
fact,  it  is  quite  chaotic. 


Concluding  Remarks 

In  addition  to  the  evaluation  of  vari¬ 
ous  modal  testing  methods,  the  objective  of 
the  present  study  also  includes  the  attempts 
to  rank  these  methods  according  to  their 
capabilities.  However,  it  has  failed  because 
of  the  fact  that  each  method  has  its  own 
unique  merit  that  others  cannot  provide.  The 
selection  of  proper  modal  testing  method 
should  be  determined  by  the  requirements, 
constraints  and  the  nature  of  the  test 
article . 

It  should  be  reassuring  that  the  age  old 
sine  dwell  method  still  possesses  certain 
capabilities  that  other  modern  frequency 
response  methods  can  provide.  Perhaps,  this 
is  the  reason  why  the  method  which  was  devel¬ 
oped  in  the  1950 ’s  is  still  popular  among 
aerospace  industry.  On  the  other  hand,  the 
modern  modal  test  methods  by  data  processing 
demonstrate  their  powerful  capabilities  and 
tremendous  operational  ease.  It  is  this 
author’s  belief  that  these  frequency  response 
function  methods  will  be  matured  further  and 
become  the  standard  practice. 
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Abstract 

A  microprocessor  controlled,  lightweight, 
reaction  type  force  actuator  system  has  been 
developed  and  tested.  The  dynamic  characteris¬ 
tics  of  the  system  were  determined  using  digital 
Fourier  analysis.  Finally,  the  actuator  system 
was  demonstrated  by  controlling  the  vibrations  of 
a  cantilevered  beam. 

Introduction 

A  current  area  of  research  concerns  itself 
with  the  study  of  large,  flexible  space  struc¬ 
tures,  The  theory  behind  large  space  structures, 
and  in  particular  how  to  control  their  vibra¬ 
tions,  has  grown  greatly  in  the  past  decade. 
However,  the  experimental  testing  and  verifica¬ 
tion  of  these  structural  control  problems  has 
lagged  behind. 

One  apparent  need  that  must  be  met  to  carry 
out  meaningful  control  experiments  is  the  devel¬ 
opment  of  hardware  to  implement  these  control 
laws.  This  work  reports  on  the  development  of  a 
small,  lightweight,  self-contained  force  actuator 
system  that  may  be  used  to  implement  a  wide  range 
of  control  laws.  The  actuator  system  is  not 
attached  to  ground,  allowing  it  to  be  placed 
nearly  anywhere  on  the  test  structure. 

A  description  of  the  NASA-UVA  Proof  Mass 
Actuator  (PMA)  system  follows.  The  dynamic  char¬ 
acteristics  of  the  actuator  were  determined  and 
guidelines  are  suggested  for  when  actuator  dynam¬ 
ics  may  be  neglected  in  the  derivation  of  the 
control  law.  Finally,  the  actuator  system  was 
used  to  add  active  control  to  control  the  vibra¬ 
tions  of  a  cantilevered  beam. 

Description  of  the  PMA  Systems 

The  PMA  system  is  comprised  of  the  PMA,  its 
collocated  sensors,  various  amplifiers,  and  a 
dedicated  microprocessor  controller. 

The  PMA  is  an  electro-magnetic  reaction  type 
force  actuator  with  a  stroke  length  of  +  1/2 
inch.  The  PMA  has  two  collocated  sensors.  The 
accelerometer  measures  the  structures  local  ac¬ 
celeration.  The  Linear  Variable  Displacement 
Transducer  (LVDT)  measures  the  position  of  the 
actuators'  proof  mass  with  respect  to  the  struc¬ 
ture. 

A  current-controlled  amplifier  is  used  to 
drive  the  actuator's  coil.  The  other  amplifier 
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used  is  in  the  signal  conditioning  circuitry  for 
the  accelerometer. 

A  dedicated  microprocessor  is  used  to  pro¬ 
vide  the  PMA  with  localized  digital  control. 
Digital  control  was  selected  because  of  the  many 
advantages  it  has  over  analog  control.  For  the 
intended  uses  of  the  PMA  system,  a  major  advan¬ 
tage  of  digital  control  is  that  the  control  laws 
may  be  easily  changed  by  just  changing  the  digi¬ 
tal  control  program  stored  in  memory,  in  compari¬ 
son  to  the  hardware  changes  that  would  be  needed 
in  an  analog  control  device.  Also,  digital  con¬ 
trol  programs  can  be  easily  tested  using  software 
simulation  techniques. 

A  typical  digital  control  system  is  shown  in 
figure  1.  The  inputs  to  the  digital  controller, 
%  ^n*  typically  a  reference  signal  which 
the  plant  is  to  follow  and  state  variable  inform¬ 
ation  that  is  being  fed  back.  The  digital  con¬ 
troller  is  comprised  of  the  sample  and  holds,  the 
A/D  and  D/A  converters,  and  the  digital  computer. 
The  digital  computer  normally  includes  a  central 
processing  unit,  memory,  and  input-output  (I/O) 
ports . 

In  keeping  with  the  spirit  of  trying  to 
reduce  the  size  of  the  PMA  system,  the  micropro¬ 
cessor  included  in  the  PMA  system  is  the  Intel 
2920  Analog  Signal  Processor^ .  The  2920  is  a 
single  chip  "microcomputer"  which  was  designed 
especially  to  process  real  time  signals.  It  has 
onboard  program  (EPROM)  and  scratchpad  (RAM) 
memory,  A/D,  D/A,  and  I/O  circuitry,  and  a  digi¬ 
tal  processor.  It  is  a  complete  digital  control 
system  on  a  single  chip.  Using  this  microproces¬ 
sor  greatly  reduces  the  part  count,  and  thus  the 
size,  of  the  digital  controller. 

The  tradeoff  in  using  the  2920  as  the  digi¬ 
tal  controller  is  that  the  system  now  has  a  fixed 
amount  of  memory  and  I/O  ports,  and  the  2920 
itself  has  a  small  instruction  set.  However, 
considering  the  intended  applications  of  the  PMA 
system,  these  limitations  are  acceptable.  It 
should  be  noted  that  if  needed,  2920's  may  be 
cascaded  to  increase  the  amount  of  memory  and  the 
number  of  I/O  ports  of  the  controller. 

The  PMA  system  is  shown  in  figure  2,  The 
typical  2920  program  samples  and  converts  to 
digital  words  one  or  more  of  the  input  signals, 
performs  some  arithmetic  operations  on  the  words, 
and  then  outputs  one  or  more  signals. 

The  program  executes  in  an  endless  loop  (no 
internal  program  jumps  allowed).  If  an  input  is 
sampled  once  during  a  program,  the  sample  rate  of 
the  controller  is  the  time  it  takes  the  2920  to 
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pass  througli  tlie  program  loop  once.  Typical 
sample  rates  are  on  the  order  of  70-110psec. 
Shannons  sampling  theorem^^J  is  obviously  satis¬ 
fied  for  the  intended  control  applications  of  the 
system. 


Dynamic  Testing 


Many  researchers  have  developed  various 
control  laws  to  reduce  the  vibrations  of  large, 
flexible  structures.  These  control  laws  have 
generally  been  based  solely  on  the  dynamic  pro¬ 
perties  of  the  structure  to  be  controlled.  The 
importance  of  actuator  (and  sensor)  dynamics  has 
just  recently  received  attention  in  the  litera¬ 
ture.  Caughey  and  Goh^^^  have  shown  that  actua¬ 
tor  dynamics,  if  not  properly  treated,  may  cause 
an  otherwise  stable  system  to  become  unstable. 
Kosut  and  Sal  zwedel  ^ have  developed  control 
laws  ignoring  actuator  dynamics,  but  the  effects 
of  actuator  dynamics  on  the  control  are  then 
evaluated . 


used  in  each  test  and  the  RMS  voltage  input  was 
adjusted  so  that  the  full  stroke  length  of  the 
PMA  was  utilized.  It  should  be  noted  that  the 
friction  present  in  the  actuator  is  negligible 
when  the  full  stroke  length  is  utilized.  How¬ 
ever,  if  the  full  stroke  length  is  not  utilized, 
the  effect  of  friction  is  noticeable.  Instead  of 
trying  to  model  the  friction,  the  approach  taken 
here  was  to  test  at  full  stroke  length  and  to  try 
to  reduce  the  friction  in  the  future.  It  will 
also  become  evident  later  that  the  low  frequency 
chracterist ics  of  the  system  are  improved  when 
the  full  stroke  length  is  utilized. 

The  mass  of  the  proof  mass,  m,  was  deter¬ 
mined  to  be  0.0159  lbf-sec*/ft. 

The  measured  frequency  response  functions 
are  shown  in  figure  5^.  The  value  of  k^  can  be 
determined  by  noting  that  the  magnitude  of  the 
frequency  response  function,  determined  by  sub¬ 
stituting  s=jw  in  equation  (1),  tends  toward  k^ 
as  w  tends  toward  infinity,  i.e.. 


The  dynamic  characteristics  of  the  PMA  sys¬ 
tem  were  determined  so  that  they  may  be  included 
in  future  control  work.  The  dynamic  testing  was 
also  used  to  determine  the  physical  limitations 
of  the  PMA  and  will  help  in  gaining  insight  on 
how  to  build  better  actuators  in  the  future. 

The  dynamic  characteristics  of  the  PMA  were 
determined  experimentally  using  digital  Fourier 
analysis  techniques.  The  experimental  set-up  is 
shown  in  figure  3, 

The  PMA  is  excited  by  a  broadband  random 
voltage  signal  with  a  Gaussian  distribution.  A 
fraction  of  the  relative  position  of  the  proof 
mass  is  fed  back.  This  feedback  creates  an  elec¬ 
tronic  pseudo-spring  in  that  a  force  that  is 
proportional  to  the  proof  masses'  displacement 
from  the  midpoint  of  the  coil  is  applied  to  the 
proof  mass.  This  pseudo-spring  is  present  to 
stop  the  proof  mass  from  hitting  the  stops  of  the 
PMA  shell. 

A  block  diagram  description  is  shown  in 
figure  4.  It  should  be  noted  that  the  inductance 
effects  of  the  coil  were  found  to  be  negligible. 
The  closed  loop  transfer  function  of  this  model 
can  be  expressed  as: 

kirns* 

—  (S)  =  - ^ 

ms^+kjds+k^k^ 


IF  I 

-  ( jw)  =  kj 


kj  was  determined  to  be 


0.617  Ibf/volt. 


In  order  to  determine  the  back  emf  constant 
d,  which  effectively  adds  damping  to  the  PMA 
system,  we  must  first  express  the  system  transfer 
function  in  standard  time  constant  form: 


F  _ _ _ _ _ 

"  l+2^(s/w^)+(s/w^)^ 


(3) 


Figure  5c  gives  the  Bode  magnitude  plot  of 
the  three  tests  where  the  numerator  dynamics  of 
the  transfer  function  have  been  removed  digitally 
and  the  gain  set  to  unity.  These  plots  are  just 
the  frequency  response  function  of  a  plant  con¬ 
sisting  of  a  pair  of  complex  conjugate  poles, 
i.e.  : 


where : 


F  -force  output  of  actuator 

V  -input  voltage  to  amplifier 

S  -Laplace  operator 

k  -gain  of  amplifier  and  actuator 

m^  -mass  of  proof  mass 

l/(ms*)  -synthesizes  position  of  proof  mass 

k  -gain  of  LVDT  feedback 

ds  -back  emf  effects  due  to  relative 

motion  of  proof  mass  with  respect  to 


coil 


Three  separate  tests  were  performed  to  de¬ 
termine  the  constants  in  the  model.  A  different 
value  of  the  feedback  spring  constant,  k2,  was 


W(S) 


1 _ 

l+2£(s/w  )+(s/w  )* 
^  n  n 


(5) 


The  damping  rate  was  determined  by  noting  that 
the  magnitude  of  W(jw^)  is: 

|W(jw^)l=i^  (6) 

The  natural  frequency,  w  ,  was  taken  to  be 
the  frequency  at  which  the  p£ase  was  equal  to 
ninety  degrees.  The  back  emf  constant  was  deter- 

*  Magnitude  plots  should  be  multiplied  by  10 
to  reflect  the  change  made  in  the  gain  of 
the  current-controlled  amplifier. 
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mined  by  minimizing  the  squared  errors  between 
the  experimentally  observed  damping  rate  and  that 
predicted  by  equation  4,  i.e. 


min 

wrt 

d 


exp  i 


1 

) 


(7) 


From  this  minimization,  the  constant  d  was  deter¬ 
mined  to  be  3.865  volt-sec/ ft. 


We  have  now  determined  all  the  unknown  quan¬ 
tities  in  equation  1.  We  can  see  that  the  PMA 
system  actually  acts  like  a  high  pass  filter. 
Since  the  voltage  input  to  the  system  cannot 
exceed  one  volt,  the  maximum  force  output  of  the 
actuator  is  0.617  Ibf. 


experiment  was  0.2688  Ibf/in.  It  was  chosen 
arbitrarily  that  the  damping  constant  would  be 
1.78x10”*  Ibf-sec/in.  The  vibrational  character¬ 
istics  of  the  beam  were  then  determined  using 
experimental  modal  analysis. 

To  serve  as  a  comparison,  a  NASTRAN  model  of 
the  experiment  was  formulated,  as  shown  in  figure 
6.  The  effects  of  the  PMA  system  were  modeled  as 
idealized  discrete  elements.  The  rate  feedback 
law  is  equivalent  to  having  the  beam  connected  to 
ground  through  a  viscous  damper.  The  pseudo¬ 
spring-proof  mass,  which  is  inherent  in  the  PMA 
system,  is  the  same  as  having  an  untuned  vibra¬ 
tion  absorber  attached  to  the  beam.  Finally,  the 
mass  of  the  PMA  shell  and  the  sensors  are  modeled 
as  a  lumped  mass  attached  to  the  beam. 


There  is  some  operational  frequency,  w^p, 
above  which  the  frequency  response  function  is 
flat  and  the  phase  difference  is  approximately 
zero.  If  the  frequency  content  of  the  voltage 
signal  has  no  component  lower  than  w^p,  the  force 
out  will  directly  follow  the  input  voltage. 
Practically  speaking,  this  means  that  above  w^jp, 
the  PMA  system  can  be  made  to  behave  like  the 
ideal  force  actuator  many  researchers  have 
assumed  available  in  their  theoretical  optimal 
control  work.  Since  large,  flexible  structures 
generally  have  low  natural  frequencies,  we 
obviously  would  like  to  make  w^p  as  low  as  pos¬ 
sible. 


The  natural  frequencies  of  the  controlled 
and  uncontrolled  beam  are  shown  in  figure  7. 
Case  B  is  actually  the  structure  to  which  the  PMA 
provides  active  control.  The  observed  damped 
natural  frequencies  of  the  system  in  case  C  do 
not  differ  greatly  from  those  predicted  by 
NASTRAN*. 

The  mode  shapes  of  the  actively  controlled 
beam  are  depicted  in  figure  8.  The  mode  shapes 
have  been  normalized  to  a  unit  largest  component 
and  the  complex  portion  of  the  mode  ignored. 
Once  again,  the  experimental  results  are  quite 
close  to  those  predicted  by  NASTRAN. 


The  only  system  parameter  which  one  can 
easily  change  is  the  feedback  spring  rate  con¬ 
stant  k2«  By  inspection,  one  can  see  that  lower¬ 
ing  k2  raises  the  amount  of  system  damping  pre¬ 
sent  and  lowers  the  breakpoint  frequency  w^* 
Both  of  these  factors  tend  to  lower  w^p. 
Although  both  of  the  above  factors  affect  the 
phase  plot,  the  two  effects  seem  to  cancel  each 
other  out. 

Therefore,  to  lower  w^p,  one  can  minimize  k2 
subject  to  the  constraint  that  the  pseudo-spring 
must  be  stiff  enough  to  stop  the  proof  mass  from 
hitting  its  stops  during  an  experiment. 

Experimental  Study 

The  purpose  for  developing  the  PMA  system 
was  to  have  a  self-contained  device  capable  of 
implementing  various  control  laws  to  control  the 
vibrations  of  flexible  structures.  To  demon¬ 
strate  the  working  PMA  system,  a  relatively 
simple  structural  control  problem  was  formulated. 

In  this  experiment,  the  PMA  system  was  used 
to  control  the  vibrations  of  a  cantilevered  beam. 
The  control  law  is  based  on  rate  feedback,  which 
essentially  adds  damping  to  the  structure. 

The  actuator  was  placed  near  the  end  of  the 
beam.  The  rate  feedback  law  is  implemented  by 
digitally  integrating  the  structures  acceleration 
and  multiplying  it  by  some  damping  constant. 
Likewise,  the  pseudo-spring  is  created  by  digi¬ 
tizing  the  LVDT  signal  and  multiplying  it  by  a 
stiffness  constant.  It  was  determined  that  the 
minimum  stiffness  constant  needed  to  stop  the 
proof  mass  from  hitting  its  stops  during  the 


The  damping  ratios,  are  given  in  table  1. 
It  can  be  seen  that  the  observed  damping  rates 
are  higher  than  those  predicted  by  theory.  The 
additional  damping  is  probably  due  to  a  combina¬ 
tion  of  structural  and  air  damping.  There  is 
also  some  error  associated  with  the  assumption 
that  the  controlled  structure  is  proportionally 
damped,  which  it  obviously  is  not. 

Summary 

A  self-contained,  actuator-sensor-controller 
system  has  been  developed  and  tested.  The  digi¬ 
tal  control  system  is  small  enough  to  allow  it  to 
be  attached  to  the  actuator,  is  capable  of  imple¬ 
menting  numerous  control  laws,  and  allows  for 
future  expansion.  The  actuator  itself  is  not 
attached  to  ground  so  that  it  can  be  placed 
nearly  anywhere  on  the  test  structure. 

A  linear,  time  invarient  model  of  the  system 
has  been  developed.  The  model  shows  how  the 
system  parameters  affect  the  PMA's  frequency  re¬ 
sponse.  This  knowledge  is  useful  in  practice  and 
may  also  serve  as  a  guide  for  future  actuator 
designs . 

Finally,  the  PMA  system  was  demonstrated  on 
a  cantilevered  beam.  The  experiment  showed  that 
the  system  was  able  to  implement  the  desired  rate 
feedback  control  law. 


Mode  1  characteristics  not  determined  exper¬ 
imentally  due  to  frequency  response  of  re¬ 
sponse  accelerometer  used. 
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Abstract 


Transonic  aeroelastic  stability  and 
response  analyses  are  performed  for  the  MBB  A~3 
supercritical  airfoil.  Three  degrees  of  freedom 
are  considered:  plunge,  pitch,  and  aileron 

pitch.  The  objective  of  this  study  is  to  gain 
insight  into  the  control  of  airfoil  stability 
and  response  in  transonic  flow.  Stability 
analyses  are  performed  using  a  Pad^  aeroelastic 
model  based  on  the  use  of  the  LTRAN2”NLR  tran¬ 
sonic  small -disturbance  finite-difference 
computer  code.  Response  analyses  are  performed 
by  coupling  the  structural  equations  of  motion 
to  the  unsteady  aerodynamic  forces  of  LTRAN2- 
NLR.  The  focus  of  the  present  effort  is  on 
transonic  time-marching  transient  response  solu¬ 
tions  using  modal  identification  to  determine 
stability.  Frequency  and  damping  of  these  modes 
are  directly  compared  in  the  complex  s-plane 
with  Pad^  model  eigenvalues.  Transonic  stabil¬ 
ity  and  response  characteristics  of  2-D  airfoils 
are  discussed  and  comparisons  are  made.  Appli¬ 
cation  of  the  Pad6  aeroelastic  model  and  time¬ 
marching  analyses  to  flutter  suppression  using 
active  controls  is  demonstrated. 


Nomencl ature 


U,  U^ 


X  ,  X. 
a’  3 


{X},  {Z} 


"h’ 


free  stream  velocity;  U/booc^, 
nondimensional  flight  speed 
nondimensional  distances 
from  elastic  axis  to  airfoil  mass 
center  and  hinge  line  to  aileron 
mass  center,  respectively 
displacement  and  state  vectors, 
respecti vely 

airfoil  pitching  d.o.f.,  positive 
leading  edge  up 

aileron  pitching  d.o.f.,  positive 
trailing  edge  down 
control  surface  command 
control  surface  viscous 
damping  ratio 

m/iTpb^,  airfoil  mass  ratio 
h/b,  nondimensional  plunging 
d.o.f.,  positive  downward  from 
elastic  axis 
nondimensional  sensor 
plunging  displacement, 
positive  downward  from  sensor 
location 

free  stream  air  density 
uncoupled  natural 
frequencies  of  plunging,  pitching 
about  elastic  axis,  and  aileron 
pitching  abut  hinge  axis, 
respecti vely 


^h 

b 

^3 

i'.i 

h 

Kp,  Kv, 


[K] 

m 

M 

[M] 

P 


s  _ 
t,  t 


nondimensional  elastic  axis 
location,  positive  aft  of 
midchord 

airfoil  semi -chord 
nondimensional  aileron  hinge 
line  location 

nondimensional  damping  matrix 
control  distribution  vector 
plunging  d.o.f.,  positive 
downward  from  elastic  axis 
displacement,  velocity,  and 
acceleration  control  gains, 
respecti vely 

nondimensional  stiffness  matrix 
mass  of  the  airfoil  per  unit  span 
free  stream  Mach  number 
nondimensional  mass  matrix 
nondimensional  sensor  location, 
positive  aft  of  midchord 
aerodynamic  load  vector 
radii  of  gyration  of 
airfoil  about  elastic  axis  and  of 
aileron  about  hinge  axis, 
respecti vely 

o+i(jo,  Laplace  transform  variable 
time;  Wojt,  nondimensional  time 


Introducti on 


Aeroelastic  time-response  characteristics 
of  airfoils  and  wings  in  transonic  flow  have 
recently  attracted  considerable  research 
interest. In  the  time-response  analysis 
the  structural  equations  of  motion  are  coupled 
to  transonic  aerodynamic  codes  using  a  numerical 
integration  procedure  to  calculate  transient 
responses. 

Time-marching  transient  solutions  of 
plunging  and  pitching  airfoils  were  analyzed  by 
Edwards,  et  al.,^  using  a  complex  exponential 
modal  identification  technique.  Transonic 
flutter  boundaries  versus  Mach  number  and  angle 
of  attack  were  determined  for  the  NACA  64A010 
and  MBB  A-3  airfoils.  A  state-space  aeroelastic 
model  employing  Padd  approximants  for  the 
unsteady  airloads  demonstrated  the  accuracy  of 
the  time-marching  technique  for  the  linearized 
case.  Subsequently,  Bland  and  Edwards^  demon¬ 
strated  that  such  locally  linear  procedures  may 
be  used  with  airloads  derived  from  a  transonic 
small -di sturbance  code. 
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Batina^  studied  transonic  aeroelastic 
stability  and  response  behavior  of  two  conven¬ 
tional  airfoils,  NACA  64A006  and  NACA  64A010, 
and  one  supercritical  airfoil,  MBB  A-3.  In  the 
present  study,  further  results  are  presented  for 
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the  MBB  A-3  airfoil.  Three  degrees  of  freedom 
(d.o.f.)  are  considered:  plunge,  pitch,  and 

aileron  pitch.  Response  analyses  are  performed 
by  simultaneously  integrating  the  structural 
equations  of  motion  along  with  the  unsteady 
aerodynamic  forces  of  transonic  code  LTRAN2- 
NLR.^^  A  modal  identification  technique 
similar  to  that  of  Bennett  and  Desmarais^^  is 
applied  to  the  time-marching  response  curves  to 
identify  the  aeroelastic  modes.  Estimated 
frequency  and  damping  of  these  modes  are  plotted 
in  a  "root-locus"  type  format  in  the  complex 
s-plane.  Stability  analyses  are  performed  using 
a  state-space  aeroelastic  model,  termed  the  Pad^ 
model,  formulated  using  Pad6  approximants  of  the 
unsteady  aerodynamic  forces.  These  forces  are 
described  by  an  interpolating  function 
determined  by  a  least  squares  curve-fit  of 
LTRAN2-NLR  harmonic  transonic  aerodynamic  data. 
The  Pad^  model  is  written  as  a  set  of  linear, 
first-order,  constant  coefficient,  differential 
equations.  These  equations  are  solved  in  the 
Laplace  domain  yielding  eigenvalues  compared  in 
the  complex  s-plane  with  time-marching  modal 
estimates.  The  objective  of  the  stability 
analysis  is  to  investigate  the  applicability  of 
locally  linear  aeroelastic  modeling  to  airfoils 
in  transonic  flow.  Representative  Pad^  model 
stability  results  for  the  NACA  64A010  airfoil 
were  reported  in  Ref.  12.  (The  Padd  model  may 
alternatively  be  solved  in  the  time  domain  with 
appropriate  initial  conditions  yielding  the 
aeroelastic  displacement  time-histories.  1^) 

Open-loop  stability  and  response  analyses 
are  performed  to  determine  the  behavior  of  the 
aeroelastic  modes  as  a  function  of  flight 
speed.  Time-marching  response  calculations  are 
performed  at  three  different  flight  speeds  to 
investigate  subcritical,  critical,  and  super¬ 
critical  flutter  conditions.  Frequency  and 
damping  of  the  aeroelastic  modes  identified  from 
these  transient  responses  are  compared  with  Padd 
model  results. 

Closed-loop  stability  and  response  analyses 
are  performed  to  investigate  application  of  the 
Padd  aeroelastic  model  and  time-marching 
analyses  to  flutter  suppression  using  active 
controls.  The  control  law  is  intentionally 
simple  for  illustrative  purposes.  Aeroelastic 
effects  due  to  simple,  constant  gain,  feedback 
control  laws  utilizing  displacement,  velocity, 
or  acceleration  sensing  are  studied  using  a 
variety  of  control  gains. 

The  objective  of  this  study  is  to  gain 
insight  into  the  control  of  airfoil  stability 
and  response  in  transonic  flow.  The  focus  of 
the  present  effort  is  on  time-marching  transient 
response  solutions  with  aeroelastic  modal 
identification.  The  calculations  presented  here 
reveal  some  interesting  aeroelastic  behavior 
discovered  when  augmenting  the  aeroelastic 
system  with  active  controls.  Transonic  aero¬ 
elastic  stability  and  response  characteristics 
of  2-D  airfoils  are  discussed  and  comparisons 
are  made. 


Time-Marching  Response  Anah 


tions  of  motion  along  with  the  unsteady 
aerodynamic  forces  of  the  transonic  code 
LTRAN2-NLR.  The  equations  of  motion  for  a 
typical  airfoil  section  oscillating  with  three 
d.o.f. 's  can  be  written  as^>12-14 

[M]{X}  +  [C]lX}  +  [K]{X}  =  {p}  +  {G}6c  (1) 

where  {x}  =  [5  a  e]T  is  the  displacement 
vector  containing  plunge  displacement  C,  pitch¬ 
ing  rotation  a,  and  aileron  pitching  rotation 
3.  The  dot  denotes  differentiation  with  respect 
to  nondimensional  time  w^^t. 

For  closed-loop  study,  a  simple,  constant 
gain,  feedback  control  law  has  been  assumed  of 
the  form 


where  K[),  Ky,  and  K/\  are  the  displacement, 
velocity,  and  acceleration  control  gains, 
respectively;  Cs  ''s  the  sensor  measured  plung¬ 
ing  motion.  A  single  sensor  was  placed  along 
the  airfoil  chord  to  obtain  a  measure  of  airfoil 
plunge  and  pitch  motions  from 

53  =  lHjIx}  (3) 

where  [Hj  =  [1  (p-aj^)  Oj  and  p  is  the  sensor 
location  aft  of  midchord. 

The  control  system  consists  of  a  single 
sensor  located  near  the  control  surface  hinge 
line  at  70%  chord  (p  =  0.4),  the  control  law, 
Eq.  (2),  and  a  trailing  edge  control  surface  of 
25%  chord.  With  this  system,  control  surface 
aerodynamic  forces  are  utilized  to  alleviate 
flutter  instability.  Details  of  the  control 
system  and  equations  may  be  found  in  Ref.  12. 

By  expressing  the  control  law  Eq.  (2)  in 
terms  of  the  airfoil  motion,  the  aeroelastic 
equations  of  motion  may  be  written  in  general 
form  for  time-integration  as 

[M*]{X}  +  [C*]{X}  +  [K*]{X(  =  {p}  (4) 

where  [M*]  =  [M]  -  K^{g}lHj  (5a) 

[C*]  =  [C]  -  Kv{g}lHj  (5b) 

[K*]  =  [K]  -  KplGltHj  (5c) 

Details  of  the  time-marching  response  solution 
procedures  were  given  in  Ref.  13. 

A  modal  identification  technique  is  used  to 
determine  the  damping,  frequency,  amplitude,  and 
phase  of  the  aeroelastic  modes  from  the  time¬ 
marching  displacement  response  histories.  A 
method  similar  to  that  of  Bennett  and 
Desmarais^l  was  used  to  least-squares  curve- 
fit  the  time  responses  by  complex  exponential 
functions  in  the  form 

m  (— ) .  T 

x(t)  =  +  I  e  “a  [aj  cos  (■^)j  t 

“  (6) 


Response  analyses  are  performed  by 
simultaneously  integrating  the  structural  equa¬ 
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The  damping  and  frequency  of  the  complex  modes  Table  1.  Aeroelastic  parameter  values  for 

thus  obtained  stability  and  response  analyses. 


(— ).  +  i  (— ).  =  (M- 

“a  J  “a  J  “a  J 


(7) 


are  estimates  of  the  aeroelastic  eigenvalues  and 
may  then  be  directly  compared  in  the  complex 
S“plane  with  those  computed  by  the  Padd  model. 

As  an  example.  Fig.  1  shows  a  typical 
response  analysis  of  the  MBB  A-3  airfoil  at 
M  -  0.765  and  c^  =  0.58.  The  LTRAN2-NLR  time¬ 
marching  pitching  response  a  and  the  modal  curve 
fit  using  Eq.  (6)  are  shown  in  the  top  part  of 
the  figure.  Only  the  data  used  for  curve 
fitting  (144  points)  is  shown.  In  the  lower 
part  of  the  figure  are  the  two  component  aero¬ 
elastic  modes,  identified  from  the  modal  fit. 


Padg  Model  Stability  Analysis 

Stability  analyses  are  performed  using  a 
linear  eigenvalue  analysis  of  the  Padd  model. 
This  model  was  formulated  by  curve-fitting  the 
unsteady  aerodynamic  forces  by  a  Pad^  approxi¬ 
mating  function. These  approximating 
functions  are  then  expressed  as  linear  differen¬ 
tial  equations  which,  when  coupled  to  the  struc¬ 
tural  equations  of  motion,  lead  to  the  first- 
order  matrix  equation 


Ul  =  It  +  1b}b^  (8) 

a 

where  {z}  is  the  state  vector  containing 
displacement,  velocity,  and  augmented  states; 
s/w^^  is  the  complex  eigenvalue.  By  expressing 
the  control  law  Eq.  (2)  in  terms  of  the  state- 
vector  {Z},  Eq.  (8)  is  easily  solved  using 
standard  eigenvalue  solution  techniques. 
Details  of  the  Pad^  model  formulation  are  given 
in  Ref.  12. 


Results  and  Discussion 


Transonic  aeroelastic  stability  and 
response  analyses  were  reported  in  Ref.  9  for 
three  airfoil  configurations:  NACA  64A006,  NACA 
64A010,  and  MBB  A-3.  All  three  airfoils  are 
among  those  proposed  by  AGARD  for  aeroelastic 
applications  of  transonic  unsteady  aerody¬ 
namics.^^  Aeroelastic  behavior  of  the  MBB  A-3 
airfoil  was  studied  at  the  design  Mach  number 
M  =  0.765  and  at  (1)  zero  mean  angle  of  attack 
a  =  0*^;  and  (2)  the  design  steady  lift  coeffi¬ 
cient  C£  =  0.58.  The  mean  angle  of  attack 
necessary  to  match  c^  =  0.58  using  LTRAN2-NLR 
is  a  =  0.86°.  In  this  report,  representative 
time-marching  response  histories  and  s-plane 
stability  root-loci  for  the  MBB  A-3  airfoil  at 
M  =  0.  765  and  c^  =  0.58  are  presented.  Aero¬ 
elastic  parameter  values  selected  are  the  same 
as  those  used  in  Refs.  12  and  13  and  are  listed 
in  Table  1. 


(jt). /u)  =  0.3 

h  a 

X  =  0.2 

a 

to^/u3  =  1.5 

3  a 

II 

o 

cn 

a 

U  =  50,0 

X.  =  0,008 
p 

ah  = 

r^  =  0.06 

p 

c,  =  0.0 

Steady  pressure  solutions  are  required  as 
aerodynamic  initial  conditions  for  unsteady  cal¬ 
culations.  As  an  example,  the  MBB  A-3  steady 
pressure  distribution  computed  using  LTRAN2-NLR 
at  M  =  0.765  and  c^  =  0.58  is  shown  in  Fig.  2 
along  with  the  airfoil  contour.  This  steady 
pressure  data  compares  well  with  the  experimen¬ 
tal  results  of  Bucciantini  et  al.^^  There  is 
a  relatively  weak  shock  wave  on  the  airfoil 
upper  surface  near  55%  to  60%  chord.  Steady 
pressure  distributions  for  all  of  the  cases 
considered  indicate  shock  locations  in  the  range 
of  50%  to  65%  chord  and  shock  strengths  that  are 
well  within  the  range  of  applicability  of 
transonic  smal 1 -di sturbance  theory.^ 


Open-Loop 

Open-loop  stability  and  response  analyses 
are  performed  to  determine  the  behavior  of  the 
aeroelastic  modes  as  a  function  of  flight  speed. 
These  calculations  were  first  performed  using 
the  Pad^  aeroelastic  model  with  results  plotted 
in  a  flight  speed  root-locus  format.  As  an 
example,  open-loop  root-loci  as  a  function  of 
flight  speed  are  presented  in  Fig.  3  for  the  MBB 
A-3  airfoil.  With  increasing  flight  speed,  the 
torsion  branch  moves  to  the  left  in  the  stable 
left-half  of  the  complex  s-plane.  The  aileron 
branch  is  also  stable  throughout,  moving  up  and 
to  the  left  as  flight  speed  is  increased.  The 
bending  dominated  root-locus  becomes  the  flutter 
mode  at  a  nondimensional  flutter  speed  of 
Up  =  2.370.  In  addition,  the  Padd  model  also 
predicts  the  divergence  speed,  where  an  aerody¬ 
namic  lag  root  moves  onto  the  positive  real 
axis,  as  Uq  =  3.320.  This  divergence  pheno¬ 
menon  is  similar  to  that  reported  by 
Edwards,  where  static  divergence  of  a 
typical  section  in  incompressible  flow  occurred 
due  to  the  emergence  of  a  real  positive  root 
from  the  complex  s-plane  origin.  In  Ref.  14, 
this  root  appeared  in  addition  to  the  original 
structural  poles  and  was  also  predicted  using  a 
Pad^  model.  Table  2  compares  the  flutter  and 
divergence  speeds  with  those  computed  using 
linear  aerodynamic  theory.  Flutter  speeds  from 
a  p-k  method  flutter  analysis  are  also  tabulated 
for  further  comparison.  These  p-k  method 
calculations  were  performed  to  assess  the 
accuracy  of  the  Pad^  model  flutter  solution. 
Pad^  model  flutter  speeds  compare  well  with  the 
p-k  method  values. 
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Table  2.  Summary  of  open-loop  flutter  and 

divergence  speeds  for  the  MBB  A-3 
airfoil  at  M  =  0.765. 


AIRFOIL 

FLUTTER 

METHOD 

FLUTTER 

SPEED 

U* 

DIVERGENCE 

SPEED 

^D* 

Ud 

Up 

MBB  A-3 

Cj)  =0.58 

Pads 

2.370 

3.320 

1.401 

P-k 

2.403 

LINEAR 

THEORY 

Pade 

2.711 

3.611 

1.332 

P-k 

2.729 

Time-marching  transient  responses  were  then 
obtained  at  three  different  flight  speeds  to 
investigate  subcritical,  critical,  and  super¬ 
critical  flutter  conditions.  These  calculations 
were  performed  independent  of  the  Padd  approxi¬ 
mation,  primarily  for  verification  purposes. 
Transient  response  histories  are  shown  in  Fig.  4 
for  three  values  of  flight  speed  near  the 
flutter  speed.  A  one-percent  semi-chord  plunge 
displacement  was  used  as  initial  condition. 
Time-responses  for  U/Up  =  1.0  in  Fig.  4  are 
nearly  neutrally  stable  corresponding  to  the 
flutter  condition.  The  flutter  speed  used  for 
time-marching  analyses  was  the  p-k  method 
value.  Aeroelastic  transients  for 

U/Up  =  0.844  and  U/Up  =  1.156  in  Fig.  4  show 
converging  (subcritical)  and  diverging  (super¬ 
critical)  oscillatory  behavior,  respectively. 

Damping  and  frequency  estimates  of  the 
aeroelastic  modes  were  determined  from  the  time- 
response  histories  of  Fig.  4.  These  estimates 
are  compared  with  Pad6  model  eigenvalues  for  the 
bending  and  torsion  modes  in  Fig.  5.  In 

general,  the  Pad6  results  compare  well  with  the 
time-marching  modal  frequency  and  damping 
values.  Agreement  for  the  lower  frequency  bend¬ 
ing  mode  is,  in  general,  better  than  that  for 
the  higher  frequency  torsion  mode.  Frequency 
and  damping  estimates  for  the  aileron  mode  are 
much  less  accurate  than  those  for  bending  and 
torsion.  The  above  discrepancies  are  attributed 
to:  (1)  the  Pad6  model  is  less  accurate  at  the 
higher  damping  ratios  involved;  (2)  the 
structural  integration  is  performed  with  fewer 
time-steps  per  cycle  of  the  higher  frequency 
modes;  and  (3)  since  the  aileron  mode  has  much 
more  damping  In  comparison  with  bending  and 
torsion,  its  contribution  to  the  responses  dies 
out  quickly  leaving  very  little  information  for 
modal  curve-fitting. 


Closed-Loop 

The  Pad6  aeroelastic  model  was  used  to 
study  the  effects  of  active  feedback  control  on 
the  aeroelastic  modes  at  the  flight  speed  equal 
to  the  open-loop  flutter  value.  These  calcula¬ 
tions  were  performed  primarily  to  determine  the 
range  and  sign  of  the  control  gains  required  to 
stabilize  the  flutter  mode.  Padd  stability  cal¬ 
culations  were  also  performed  at  the  same  Mach 
numbers  using  linear  subsonic  aerodynamic  theory 
for  comparison  with  transonic  Pad^  model 
results.  Effects  due  to  displacement,  velocity. 


and  acceleration  feedback  were  further  assessed 
using  time-marching  response  analyses  for 
comparison  with  Pad6  results.  Finally,  an 
example  is  presented  illustrating  the 
effectiveness  of  velocity  feedback  upon  flutter 
suppression  at  speeds  above  and  below  the  open- 
loop  flutter  speed. 


Effects  of  Active  Control  on  Flutter  Mode. ~ 
Closed-loop  analyses  are  first  performed  at  the 
flight  speed  equal  to  the  open-loop  flutter 
value,  to  determine  the  behavior  of  the  aero¬ 
elastic  modes  as  a  function  of  control  gain. 
Effects  of  active  control  on  the  bending 
dominated  flutter  mode  are  of  primary  interest. 
Control  gain  root-loci  computed  using  the  Pad^ 
model  for  displacement,  velocity,  and  accelera¬ 
tion  control  laws  are  shown  in  the  left,  center, 
and  right  of  Fig.  6,  respectively.  Correspond¬ 
ing  root-loci  computed  using  linear  subsonic 
theory  are  given  in  Fig.  7.  In  each  case  there 
are  three  open-loop  aeroelastic  roots  or  “poles" 
corresponding  to  the  three  structural  d.o.f. 's. 
The  two  poles  in  the  stable  left-half  of  the 
complex  s-plane  correspond  to  the  torsion  and 
aileron  modes;  the  pole  that  lies  on  the 
imaginary  axis  is  the  bending  dominated  flutter 
mode.  These  aeroelastic  roots  move  toward 

"zeros"  of  the  aeroelastic  transfer  function  as 
the  control  gains  Kq,  Ky,  or  Kj\  are 

monotonical ly  increased  or  decreased.  Solid¬ 
line  root-loci  indicate  the  sign  of  the  control 
gain  that  stabilizes  the  flutter  mode  whereas 
the  dashed-line  loci  indicate  the  opposite 
effect.  Comparison  of  LTRAN2-NLR  results  of 
Fig.  6  with  the  linear  theory  results  of  Fig.  7 
indicates  that  frequency  and  damping  values  are 
significantly  different  for  transonic  and 
subsonic  cases,  although  the  overall  root-locus 
trends  are  similar.  This  lack  of  agreement 

between  linear  theory  results  and  LTRAN2-NLR 
root-loci  illustrates  the  importance  of 
including  transonic  effects  in  aeroelastic 
stability  calculations. 

Displacement  feedback  with  negative  control 
gains  easily  stabilized  the  flutter  mode  as 
shown  in  Figs.  6  and  7.  Negative  displacement 
feedback,  however,  results  in  static  divergence 
of  the  same  nature  found  in  the  open-loop  cases. 
For  the  MBB  A-3  airfoil  at  M  =  0.765  and 

C£  =  0.58,  this  occurs  for  Kq  _<  -0.5. 

Divergence  root  locations  are  shown  in  Figs.  6 
and  7  for  Kq  =  -1.0.  Also,  positive 

displacement  feedback  destabilized  the  flutter 
mode. 

Velocity  feedback  with  positive  control 
gains  stabilized  the  bending  dominated  flutter 
pole  and  increased  the  damping  of  the  torsion 
mode.  The  transonic  results  of  Fig.  6  indicate 
that  there  is  more  damping  in  bending  and 
aileron  modes,  and  much  less  in  torsion  than 
predicted  by  linear  subsonic  theory  in  Fig.  7. 
Also,  negative  velocity  feedback  destabilized 
the  flutter  mode. 

Acceleration  feedback  with  positive  control 
gains  stabilized  the  flutter  pole  and  decreased 
damping  and  frequency  of  the  torsion  mode. 
Also,  negative  acceleration  feedback  destabil¬ 
ized  the  flutter  mode. 
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Effects  Due  to  Displacement  Feedback.  - 
Aeroelastic  effects  due  to  displacement  feed- 
back,  Css  were  further  studied  by  obtaining 
time-marching  transient  responses  for 
Kq  =  -1.0  and  detailed  Pad6  stability  results 
for  the  range  of  displacement  gains 
-1.0  1  Kq  _<  0.0.  These  calculations  were 

performed  primarily  to  investigate  the  diver¬ 
gence  phenomenon  predicted  by  a  positive  real 
aerodynamic  lag  root  in  the  Pad^  model.  The 
three  d.o.f.  time-histories  computed  using 
LTRAN2-NLR  at  U/Up  =  1.0  and  Kq  =  -1.0  are 
given  in  Fig.  8.  These  responses  show  that 
flutter  has  been  suppressed  and  that  the  aero¬ 
elastic  displacements  are  indeed  divergent. 
Comparisons  of  time-marching  frequency  and 
damping  estimates  with  Padd  eigenvalues  are 
shown  in  Fig.  9.  Good  agreement  is  found  in 
predicting  this  aeroelastic  divergence.  In 
addition,  negative  displacement  feedback 
increased  the  damping  in  bending  and  decreased 
the  torsion  mode  frequency.  The  lower  frequency 
bending  mode  damping  and  frequency  values  for 
K[)  =  -1.0  compare  well;  results  from  the  time¬ 
marching  modal  fits  for  the  higher  frequency 
torsion  and  aileron  modes  were  not  reliably 
determi ned. 

Padd  stability  calculations  were  then 
performed  for  the  range  of  gains 
-1.0  _<  Kq  ^  0.0  to  reveal  the  effects  of  nega¬ 
tive  displacement  feedback  on  flutter  and 
divergence  speeds.  These  more  detailed  results 
are  shown  in  Fig.  10  for  the  MBB  A-3  airfoil. 
Negative  displacement  feedback  slowly  increases 
the  flutter  speed  and  first  rapidly  increases 
the  divergence  speed.  For  gains  Kq  between 
approximately  -0.2  and  -0.5,  divergence  is 
eliminated.  In  this  region,  the  aerodynamic  lag 
root  previously  causing  divergence  no  longer 
crosses  through  the  origin.  For  Kq  j<  -0.5, 
divergence  reappears  as  the  critical  mode  of 
instability  at  speeds  much  lower  than  flutter. 
The  flutter  speed  is  increased  approximately  14% 
for  Kp  -0.5. 


Effects  Due  to  Velocity  Feedback. 
Aeroelastic  effects  due  to  velocity  feedback, 

were  further  investigated  by  obtaining 
transient  responses  for  successively  increased 
velocity  feedback.  These  calculations  are  first 
performed  at  the  flight  speed  U*  =  Up.  Values 
selected  for  the  control  gains  were  Ky  =  3.0, 
6.0,  and  9.0,  the  same  gains  shown  by  the  tri¬ 
angles  in  the  center  portion  of  Fig.  6. 
LTRAN2-NLR  response  results  are  shown  in  Fig. 
11.  These  response  histories  show  that  as  Ky 
is  increased  the  dominant  motion  is  consistently 
more  damped  and  of  higher  frequency.  Also, 
positive  velocity  feedback  significantly 
increased  the  nonrational  part^^^  of  the  plunge 
displacement  responses.  Here,  the  6-transients 
oscillate  about  an  asymptotically  decaying 
rather  than  a  zero  mean  value. 

Damping  and  frequency  of  the  aeroelastic 
modes  determined  from  the  LTRAN2-NLR  displace¬ 
ment  transients  are  plotted  in  Fig.  12  along 
with  Pad^  model  results.  The  flutter  mode 
damping  and  frequency  are  both  successively 
increased  for  values  of  Ky  =  3.0,  6.0,  and 

9.0.  The  torsion  mode  damping  is  significantly 


increased  with  little  effect  upon  the  torsion 
mode  frequency.  Comparison  of  Pad^  eigenvalues 
with  time-marching  modal  estimates  shows  general 
agreement.  Discrepancies  between  the  two  sets 
of  results  are  attributed  to  the  same  reasons  as 
in  the  open-loop  case.  Also,  the  torsion  mode 
for  Ky  =  6.0  and  9.0  could  not  be  identified 
from  the  time-marching  transients  because  of  the 
large  increase  in  damping. 

Velocity  feedback  with  positive  control 
gains  suppressed  flutter  for  the  range  of  flight 
speeds  investigated.  Some  sensitivity  with 
respect  to  mean  angle  of  attack  has  been 
observed  though  in  calculations  using  velocity 
feedback.  12  Por  the  MBB  A-3  airfoil  at 
M  =  0.  765  and  zero  mean  angle  of  attack,  the 
flutter  speed  was  increased  by  only  11%  for  the 
gain  Ky  =  9.0.  Additional  calculations  also 
showed  that  velocity  feedback  does  not  affect 
the  divergence  speed.  Therefore  for  the 
C£  =  0.58  case,  the  aeroelastic  instability 
becomes  that  of  static  divergence.  Since  the 
control  law  with  velocity  feedback  was  found  to 
be  generally  the  most  effective  in  raising 
flutter  speeds, 12  more  detailed  calculations 
were  performed.  These  results  are  described  in 
a  following  section  entitled  "Illustrative 
Example. " 


Effects  Due  to  Acceleration  Feedback.  - 
Aeroelastic  effects  due  to  acceleration  feed¬ 
back,  6s»  were  further  investigated  by  obtain¬ 
ing  transient  responses  for  successively 
increased  acceleration  feedback.  These  calcula¬ 
tions  are  performed  at  the  flight  speed 
U*  =  Up.  Values  selected  for  the  control 
gains  were  K/\  =  6.0,  12.0,  and  18.0,  the  same 
gains  shown  by  the  triangles  in  the  right  por¬ 
tion  of  Fig.  6.  LTRAN2-NLR  response  results  are 
shown  in  Fig.  13.  These  response  histories  show 
that  as  Kj\  is  increased  the  dominant  motion  is 
consistently  more  damped  and  of  lower  frequency. 
Also,  a  higher  frequency  transient  becomes  more 
visible  in  the  a  and  3  responses  for  the  larger 
values  of  K/\.  This  is  due  to  the  decreased 
damping  of  the  torsion  mode  as  shown  in  the 
frequency  and  damping  comparisons  of  Fig.  14. 
Positive  acceleration  feedback  increased  damping 
in  bending,  decreased  damping  in  torsion,  and 
lowered  the  frequencies  of  both  modes.  Compari¬ 
son  of  Padd  eigenvalues  with  time-marching  modal 
estimates  shows  general  agreement.  Results  for 
the  lower  frequency  bending  mode  are  in  better 
agreement  than  results  for  the  higher  frequency 
torsion  mode. 

Acceleration  feedback  with  positive  control 
gains  raised  the  flutter  speed  approximately  25% 
for  the  maximum  gain  studied,  K/\  =  18.0. 
Additional  calculations  showed  that  acceleration 
feedback  does  not  affect  the  divergence  speed. 


Illustrative  Example.  -  Additional  aero¬ 
elastic  analyses  were  performed  at  speeds  above 
and  below  the  open-loop  flutter  speed  using  the 
velocity  feedback  control  law  since  this  control 
law  was  found  to  be  generally  the  most 
effective. ^2  These  results  are  presented  to 
further  illustrate  application  of  the  Padd 
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and  time-marchi ng  methods.  Pad^  flight  speed 
root-loci  are  shown  in  Fig.  15  for  values  of  the 
velocity  gain  Ky  =  3.0,  6.0,  and  9.0.  Posi¬ 

tive  velocity  feedback  significantly  increased 
the  damping  of  the  torsion  root-locus  and 
decreased  the  damping  of  the  aileron  mode.  The 
bending  root-locus  for  Ky  =  3.0  reflects  an 
increase  in  flutter  speed  of  approximately  29% 
(Up  =  3.050),  while  for  Ky  =  6.0  and  9.0 
flutter  has  been  eliminated.  Since  velocity 
feedback  does  not  affect  the  divergence  speed, 

the  aeroelastic  instability  becomes  that  of 
static  divergence  at  the  uncontrolled  divergence 
speed  Uq  =  3.320.  This  divergence  speed  is 
approximately  40%  greater  than  the  open-loop 
flutter  speed  as  shown  in  Table  2. 

Time  marching  response  calculations  were 
then  performed  for  U/Up  =  1.266  using  LTRAN2- 

NLR  to  complement  and  verify  the  Padd  model 
results.  These  response  histories  shown  in 
Fig.  16,  correspond  to  the  U*  =  3.0  diamond- 
symbol  eigensolutions  of  Fig.  15.  These  aero¬ 
elastic  transients  are  bending  dominated  and 
converging  for  all  three  values  of  the  control 

gain  Ky.  As  Ky  is  increased,  the  responses 
become  more  stable  indicating  a  monotonic 
increase  in  bending  mode  damping,  at  approxi¬ 
mately  the  same  frequency.  Again,  positive 
velocity  feedback  significantly  increased  the 
nonrat ional  part  of  the  plunge  displacement 
responses. 

Effects  of  velocity  feedback  on  bending  and 
torsion  modes  at  U/Up  =  1.266  are  shown  in 
Fig.  17.  Because  of  the  large  damping  increase 
in  torsion  due  to  Ky  and  the  relatively  high 
frequency  of  the  aileron  mode,  only  the  bending 
mode  was  determined  from  the  aeroelastic  tran¬ 
sients  of  Fig.  16.  Comparison  of  the  two  sets 
of  bending  root-locus  results  in  Fig.  17  shows 
very  good  agreement.  Positive  velocity  feedback 
increased  bending  mode  damping  at  approximately 
the  same  frequency. 

Finally,  open  and  closed-loop  flight  speed 
root-loci  are  shown  in  Fig.  18  for  both  bending 
and  torsion  modes.  The  velocity  feedback  gain 
used  to  generate  the  closed-loop  results  is 
Ky  =  9.0,  the  same  value  used  in  the  right 
portion  of  Fig.  15.  Pad6  model  and  time¬ 
marching  solutions  for  the  bending  mode  compare 
well.  The  control  gain  Ky  =  9.0  increased  the 
torsion  mode  damping  for  the  range  of  flight 
speeds  0.844  j<  U/Up  £  1.266,  such  that  the 
results  do  not  permit  comparison  between  Pad6 
and  time-marching  solutions.  Fig.  18 

illustrates  again  that  positive  velocity 
feedback  has  eliminated  the  flutter  instability 
for  the  MBB  A-3  airfoil  at  M  =  0.765  and 

Cjt  =  0.58. 


Conclusions 


Transonic  aeroelastic  stability  and 
response  calculations  have  been  performed  for 
2-D  airfoils  using  the  LTRAN2-NLR  transonic 
small -disturbance  code.  Representative  results 
are  presented  here  for  the  MBB  A-3  airfoil  at 
the  design  condition  M  =  0.765  and  c^  =  0.58. 
Emphasis  is  placed  on  time-marching  transient 
response  solutions  with  modal  identification  for 


comparison  with  Padd  model  eigenvalues.  Exten¬ 
sion  of  the  time-marching  transient  response 
analysis  to  a  three  degree  of  freedom  aero¬ 
elastic  system  including  active  controls  is 
demonstrated.  Accurate  frequency  and  damping 
estimates  were  obtained  using  a  complex 
exponential  least  squares  curve-fit  of  the  aero¬ 
elastic  responses.  Good  agreement  was  found 
between  s-plane  eigenvalues  calculated  using  the 
Pad^  aeroelastic  model  and  time-marching  modal 
estimates.  Therefore,  locally  linear  aero¬ 
elastic  modeling  was  found  to  be  applicable  to 
2-D  airfoils  in  small -disturbance  transonic 
flow,  for  cases  that  are  within  the  range  of 
validity  of  the  transonic  codes.  The  importance 
of  including  transonic  effects  in  aeroelastic 
stability  calculations  was  illustrated  by  the 
differences  between  root-loci  calculated  using 
linear  subsonic  theory  and  LTRAN2-NLR.  Although 
the  overall  root-locus  trends  are  similar, 
frequency  and  damping  values  are  significantly 
different  for  transonic  and  subsonic  cases. 

Effects  due  to  simple,  constant  gain, 
control  laws  utilizing  displacement,  velocity, 
or  acceleration  sensing  were  studied.  Displace¬ 
ment  feedback  with  negative  control  gains 
suppressed  flutter  but  caused  airfoil  responses 
to  diverge.  Comparison  of  Pad^  eigenvalues  with 
time-marching  frequency  and  damping  estimates 
showed  good  agreement  in  predicting  this  aero¬ 
elastic  divergence.  In  addition,  negative  dis¬ 
placement  feedback  increased  the  damping  in 
bending,  and  decreased  the  torsion  mode 
frequency.  Detailed  Pad^  stability  calcula¬ 
tions  revealed  the  effects  of  negative  displace¬ 
ment  feedback  on  flutter  and  divergence  speeds. 
Velocity  feedback  with  positive  control  gains 
suppressed  flutter.  Padd  stability  results 
compared  well  with  time-marching  frequency  and 
damping  values.  In  general,  positive  velocity 
feedback  increased  damping  in  both  bending  and 
torsion  modes,  and  significantly  increased  the 
nonrational  part  of  the  plunge  displacement 
responses.  Here,  the  plunge  transients 
oscillated  about  an  asymptotically  decaying 
rather  than  a  zero  mean  value.  Acceleration 
feedback  with  positive  control  gains  also 
increased  flutter  speeds.  Again,  Pad6  results 
compared  well  with  time-marching  modal 
estimates.  In  general,  positive  acceleration 
feedback  increased  damping  in  bending,  decreased 
damping  in  torsion,  and  lowered  the  frequencies 
of  both  modes. 
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Fig.  2  Steady  pressure  distributions  for  the 
MBB  A-3  airfoil  at  M  =  0.765  and 
=  0,58. 
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g.  3  MBB  A-3  open-loop  flight  speed  root-loci 
at  M  =  0.765  and  =  0.58. 
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Fig.  4  Effect  of  flight  speed  on  MBB  A-3 

open-loop  time-marching  displacement 
responses  at  M  =  0.765  and  Co  =  0.58. 


Fig.  5  MBB  A-3  flight  speed  root-loci  for 

bending  and  torsion  modes  at  M  =  0.765 
and  Cj^  =  0.58. 


Fig.  6  MBB  A-3  control  gain  root- loci  at  the 
open-loop  flutter  speed  (U*  =  Up), 

M  =  0.765  and  =  0.58. 


Fig.  7  Control  gain  root-loci  at  the  open-loop 
flutter  speed  (U*  =  Uf)  computed  using 
linear  subsonic  aerodynamic  theory  at 
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Fig.  8  Effect  of  displacement  feedback  on  MBB 
A-3  time-marching  displacement  responses 
at  the  open-loop  flutter  speed 
U/Up  =  1.0,  M  =  0.765  and  c^  =  0.58. 


Fig.  10  Effect  of  negative  displacement 
feedback  on  MBB  A-3  flutter  and 
divergence  speeds  at  M  =  0.765  and 
Cjj^  =  0.58. 


Fig.  9  Effect  of  displacement  feedback  on  MBB 
A-3  bending  and  torsion  modes  at  the 
open-loop  flutter  speed  U/Up  =  1.0, 

M  =  0.765,  and  c^  =  0.58. 


Fig.  11  Effect  of  velocity  feedback  on  MBB  A-3 
time-marching  displacement  responses  at 
the  open-loop  flutter  speed  U/Up  =  1.0, 
M  =  0.765  and  C£  =  0.58. 
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Fig.  12  Effect  of  velocity  feedback  on  MBB  A- 3 
bending  and  torsion  modes  at  the 
open-loop  flutter  speed  U/Up  =  1.0, 

M  =  0.765  and  =  0.58. 


Fig.  14  Effect  of  acceleration  feedback  on  MBB 
A-3  bending  and  torsion  modes  at  the 
open-loop  flutter  speed  U/Up  =  1.0, 

M  =  0.765  and  Cj^  =  0.58. 
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Fig.  13  Effect  of  acceleration  feedback  on  MBB 
A-3  time-marching  displacement 
responses  at  the  open-loop  flutter 
speed  U/Up  =  1.0,  M  =  0.765  and 
Cj^  =  0.58. 


Fig.  15  MBB  A-3  velocity  feedback,  flight  speed 
root-loci  at  M  =  0.765  and  C£  =  0.58. 
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Fig.  18  MBB  A-3  open  and  closed  (K\j  =  9.0)  loop 
flight  speed  root-loci  for  bending  and 
torsion  modes  at  M  =  0.765  and  Cj^  =  0.58. 


Fig.  16  Effect  of  velocity  feedback  on  MBB  A-3 
time-marching  displacement  responses  at 
U/Up  =  1.266,  M  =  0.765  and  Cj^  -  0.58. 


Fig.  17  Effect  of  velocity  feedback  on  MBB  A-3 
bending  and  torsion  modes  at 
U/Up  =  1.266,  M  -  0.765  and  Cj^  =  0.58. 


588 


AERO£LASTIC  BEHAVIOR  OF  STRAIGHT  AND  rORWARD  SWEPT  GRAPHITE/lPOXY  WINGS 


84-0903 


Brian  J.  Landsberger* 

6520  Test  Group,  Range  Squadron 
Edwards  Air  Force  Base,  CA  93523 

John  Dugundji** 

Department  of  Aeronautics  and  Astronautics 
Massachusetts  Institute  of  Technology 
Cambridge,  MA  02139 


Abstract 

An  analytical  and  experimental  investigation 
was  made  of  the  aeroelastic  deflection,  divergence, 
and  flutter  behavior  of  both  straight  and  30° 
forward  swept  rectangular,  graphite/epoxy, 
cantilevered  plate  type  wings,  with  various  amounts 
of  bending-torsion  stiffness  coupling.  The 
analytical  investigation  used  a  Rayleigh-Ritz 
formulation  together  with  incompressible 
3-dimensional  Weissinger  L-Method  aerodynamics  for 
the  divergence,  and  incompressible  2-dimensional 
unsteady  strip  theory  for  the  flutter.  Rough 
attempts  were  also  made  to  obtain  the  steady 
airload  deflections  of  the  wing  including  the 
nonlinear  siall  behavior.  Experiments  on  13  wing 
configurations  showed  divergence  and  bending- 
tcrsion  flutter  at  low  angles  of  attack,  and 
torsion  stall  flutter  and  bending  stall  flutter  at 
higher  angles  of  attack.  Good  agreement  with 
theory  was  found  for  the  divergence  and  bending- 
torsion  flutter  cases  at  low  angles  of  attack, 
and  for  the  nonlinear  steady  wing  deflections  at 
high  angles  of  attack.  The  +15°  ply  configuration 
was  efficient  in  relieving  the  adverse  divergence 
effect  of  the  forward  swept  wing. 


1.  Introduction 

The  use  of  composite  materials  in  aircraft 
structures  had  added  another  design  dimension  to 
the  aircraft  designer.  These  composite  materials 
are  useful  not  only  for  their  high  strength  to 
weight  ratio,  but  also  because  they  give  the 
designer  the  ability  to  vary  the  force  deflection 
behavior  by  varying  the  layup  scheme,  and  thus 
have  made  some  previously  impractical  design 
options  attractive.  In  particular,  forward 
swept  wings  have  gained  renewed  interest  because 
their  major  drawback,  low  wing  divergence  speeds, 
can  be  significantly  improved  by  using  tailored 
composite  material  in  wing  construction.  A  good 
general  discussion  of  this  is  given  by  Hertz, Shirk, 
Ricketts,  and  Weisshaar.^  Other  detailed  studies 
of  forward  swept  wings  are  given  in  References  2 
through  8.  The  later  studies  begin  to  explore  the 
effects  of  rigid  body  pitch  modes  on  these  forward 
swept  wings. 
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The  present  paper  Is  a  continuation  of 
previous  work  by  Hollov^ell  and  Dugundji,^  who 
explored  the  divergence  and  flutter  behavior  of 
a  series  of  stiffness  coupled,  graphite/epoxy, 
unswept  cantilever  plate  wings.  Using  that 
work  as  a  foundation,  the  present  paper  extends 
the  range  by  investigating  some  new  ply  layup 
patterns  and  by  investigating  the  30  degree 
forward  sweep  case  as  well.  As  before,  both  the 
low  angle  of  attack  (linear)  and  the  high  angle 
of  attack  (nonlinear)  aeroelastic  properties  of 
cantilever  wings  are  explored.  All  static 
deflection,  divergence,  and  flutter  data  are 
carefully  documented  and  as  such  they  extend 
the  experimental  base  for  aeroelastic  tailoring 
with  composites.  The  present  paper  is  based  on 
an  M.S.  thesis  by  the  first  author. 10  More 
extensive  details  of  the  analysis  and  experiment 
can  be  found  there. 


2.  Theory 

For  all  tests,  the  flat  plate  wing  was 
mounted  vertically  in  the  wind  tunnel.  The 
corresponding  swept  wing  geometry  is  shown  in 
Figure  1,  with  the  z  axis  pointing  into  the  paper 
along  with  positive  deflection  w,  and  positive 
lift  L.  The  positive  fiber  ply  direction  ep  used 
for  this  investigation  is  also  shown.  All  staric 
and  dynamic  analyses  were  done  using  the  Rayleigh- 
Ritz  method  with  five  modes  to  describe  the 
vertical  deflection  w,  namely. 


5 

i  Y.{x,y)  q.(t)  (1) 

i  =  l  ^  ^ 

where 


(x)  (y)  (2) 

and  (t)^(x)  and  ^^(y)  are  single  dimension  modes  in 
ihe  X  and  y  directions  respectively,  given  by 


This  paper  is  declared  a  work  of  the  U.S. 
Government  and  therefore  is  in  the  public  domain. 
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(5) 


0^  (x) 

_  1  s  c 

canti  1.  beam 

mode,  ii-i(y)  =  l 

1 2  ( ^ ) 

canti  1.  beam 

mode,  4)201  =  1 

=  si  n 

(  ttx/2^  ) , 

'l'3(y)=y/c 

=  sin 

(  3Trx/2^  ) , 

'i'4(y)=y/c 

65{x) 

-f 

^5{y)=[4(|)^ 

(3) 


These  modes  represent  first  bending  (IB),  second 
bending  {2B),  first  torsion  (IT),  and  second  tor¬ 
sion  (2T),  and  first  chordwise  bending  (1C), 
respectively,  and  are  the  same  modes  used  in  the 
previous  analysis  by  Hollowell  and  Dugundji.^ 


Fig.  1  Swept  Wing  Coordinate  System 


The  strain  energy  U  for  a  symmetric 
anisotropic  laminate  plate  is^^ 

c 

i  2 

^  '2 


+  D22(w,--)  +4D^gW,--w,--+4D2gW,^.w,-^ 


+  4Dgg(w,-^)  ]  dy-dx 


where  a  comma  denotes  partial  differentiation,  and 
the  D^-j's  are  the  appropriate  bending  stiffnesses 
for  the  laminate.  The  kinetic  energy  T  for  the 
plate  is 


(4) 


T  =  ^  / 
^  0 


C 

2.2 

mw  dydx 


where  (*)  =  d/dt,  m  =  p^t^  is  the  mass  per  unit 
area,  pq  the  density  of^graphite/epoxy ,  ana  tg 
the  total  plate  thickness.  The  change  in 
external  work  6We  can  be  expressed  as 


6W^  - 


Ap^  6w  dydx 


(6) 


where  Ap^  is  the  distributed  lateral  load  per  unit 
area.  Finally,  placing  all  the  previous  terms 
into  Lagranges  equations,  results  in  the  five 
equations  of  motion. 


[M]  q  +  [K]  q  -  Q 


(7) 


where  [K]  and  [M]  are  the  appropriate  stiffness 
and  mass  matrices  resulting  from  strain  and 
kinetic  energies,  while  Q  is  the  generalized 
force  whose  elements  are^given  by 


Ap  dxdy 


(8) 


The  elements  of  the  [K]  and  [M]  matrices  are 
given  in  Reference  9  (earlier  version)and  10. 

The  structural  deflection  and  twist  behavior 
of  the  wing  tip  for  a  given  applied  tip  load  P 
can  be  obtained  from  Equation  (7)  by  neglecting 
the  inertia  terms  [M]q  and  setting  the  generalized 
forces  =  P  Y](^),  Q2  =  -  P  Y2(^)5  Q3  =  Q4  = 

Q5  =  0.  Solving  Equation  (7)  for  q  and  placing 
into  Equation  (1)  gives  the  desired  deflections 
and  twists.  Similarly,  the  deflection  behavior 
due  to  an  applied  tip  twisting  moment  Mt  can  be 
obtained  by  setting  Q]  ^  Q2  =  Qs  "  0,  Q3  =  M-/c, 

Q4  =  Equation  (7). 


Steady  Airload  Deflections  and  Divergence 

The  steady  deflections  of  a  wing  in  an  air- 
stream  is  obtained  by  combining  the  structural 
deflection  characteristics  of  the  wing  together 
with  the  aerodynamic  loads  developed  on  the  wing. 
Conventional  linear  theory  for  the  structure  and 
the  aerodynamics  will  be  assumed  here.  Later, 
the  effects  of  aerodynamic  nonlinearity  will  be 
exami ned. 

The  swept  wing  geometry  is  shown  in  Figure  1. 
with  the  2  axis  pointing  into  the  paper,  along 
with  positive  deflection  w  and  positive  lift  L. 

The  angle  of  attack  0  of  a  wing  section  parallel 
to  the  on-coming  flow,  due  to  the  elastic 
deformation  of  che  wing  w(x,y),  can  be  expressed 
as 


9W  dVJ  3W  . 

Ty  ~  ~  ^ 


(9) 
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Placing  the  assumed  deflection  pattern  Equation 
(1)  into  the  above,  one  can  express  the  elastic 
angle  of  attack  0  at  a  number  of  spanwise  stations 


in  matrix  form  as 


The  steady  airload  deflections  of  the  wing 
in  an  airstream  are  obtained  by  neglecting  the 
inertia  terms  [M]  q  in  Equation  (7)  and  combining 
with  Equations  (lOT,  (11),  (14),  (15),  (16)  to 
give 


=  [S]  q 


(x.,  y^-)  cos  A  -  (x.,  y.)  sin  a 


{^[I]  -  [D])  e  =  [D]  1 
where  the  matrix  [D]  is  defined  as 
[D]  E  [S][K]’''[R][W][A]''' 


where  the  elements  S-jj  are  evaluated  at  the  3/4 
chord  of  each  spanwise  section.  The  total  angle 
of  attack  a  of  each  section  is  given  as 


a  =  a  +6 
0 


where  aQ  represents  the  root  angle  of  attack  of 
the  wing. 

The  aerodynamic  lift  on  each  section  of  the 
wing  can  be  expressed  as, 


L  =  q  cC^  Ax 


In  the  above,  [I]  is  a  square  unity  matrix,  1^  is 
a  column  of  I's,  and  olq  is  the  root  angle  of^ 
attack.  Solution  of  Equation  (17)  gives  the 
elastic  twist  distribution  e,  which  is  then 
added  to  to  give  the  total  a  as  indicated  by 
Equation  (11).  The  total  lift'^loads  L  correspond¬ 
ing  to  this  a  are  then  found  from  Equations  (14) 
and  the  inverted  (15) . 

Divergence,  for  this  linear  problem,  occurs 
when  the  determinant  of  the  left-hand-side  of 
Equation  (17)  equals  zero.  This  gives  rise  to 
the  standard  real  eigenvalue  problem. 


where  q  is  the  dynamic  pressure,  c  the  chord,  Cg, 
the  local  lift  coefficient,  and  ax  the  width  of 
the  section.  To  relate  the  lift  to  the  local 
angle  of  attack,  3-dirnensional  Weissinger  L-Method 
theory  for  a  finite  swept  wing  in  incompressible 
flow  is  used.  This  is  presented  by  De  Young 
and  Harper^^  as 


[D]  6  =  -  0  ( 

The  largest  positive  eigenvalue  1/q  gives  the 
lowest  value  of  q  for  divergence.  For  some 
configurations,  the  largest  eigenvalue  is  nega¬ 
tive,  thereby  indicating  no  divergence  possible 
for  that  wing. 


where  z  is  the  semispan  (see  Figure  1)  and  a^- are 
nondimensional  coefficients  tabulated  in  Reference 
12  for  different  configurations  at  the  Multhopp 
stations  x/ii  =  .924,  .707,  .383,  and  0.  In 
matrix  form.  Equations  (12)  and  (13)  become 


L  =  q  [W]  cC 


Flutter  Analysis 

The  flutter  analysis  was  done  using  the 
familiar  V-g  method. 1^  A  structural  damping 
coefficient  g,  is  introduced  into  the  equations 
of  motion  Equations  (7),  to  represent  the 
amount  of  damping  that  must  be  added  to  the 
structure  to  attain  neutral  stability  (flutter) 
at  the  given  velocity.  Negative  values  of  g 
indicate  the  structure  is  stable,  while  positive 
values  indicate  instability.  Flutter  occurs 
when  g  is  equal  to  the  actual  damping  in  the 
structure. 


a  =  [A]  cC^  (15 

where  [W]  is  an  appropriate  section  width  diagnol 
matrix  weighted  for  the  Multhopp  station  oistri- 
bution.  Inverting  Equation  (15)  and  placing  into 
(14)  gives  the  lift  distribution  L  resulting  from 
a  given  angle  of  attack  di scributTon  a.  The 
corresponding  generalized  force  matrix  Q  which 
causes  deformation  of  the  wing  Equati on'( 1 ) ,  can 
be  obtained  by  considering  the  lift  loads  as 
point  loads  acting  at  the  1/4  chord  of  the  wing. 
Using  Equation  (8),  this  gives 


Assuming  harmonic  motion  q  -  qe  ,  the 
equations  of  motion  Equations  (7)  become 


..^[M])q  =  Q 


where  the  generalized  force  Q  is  defined  by 
Equation  (8)  and  comes  from  fhe  aerodynamic 
loadings.  For  the  aerodynamics,  2-dimensional, 
incompressible,  unsteady  strip  theory  is  used 
with  sections  taken  parallel  to  the  flow  as 
shown  in  Figure  1.  To  obtain  Q,  it  is  convenient 
to  express  the  change  in  external  work  6Wg  of 
Equation  (6)  as 


where  the  elements  R-jj  =  Y-j  (x^-,  yj)  are 
evaluated  at  the  1/4  chord  of  each'^sectic 


/  (L6h  +  M6e  +  N6c)  dx 
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where  the  section  forces  and  deflections  here  are 
taken  at  the  midchord,  and  all  twists  0  and 
moments  M  are  taken  abou'c  an  axis  parallel  to  the 
X  axis.  The  section  forces  and  moments  are 
defined  as 


L  =  /  Ap  dy 

M  =  -  /  (y-y^)  Ap  dy  (22) 

N  =  /  Ap  dy 


while  the  section  deflection,  twist  and  camber 
change  are  expressed  using  Equations  (1),  (2), 
(3)  and  (9)  as 


h  =  q,  +  4>2  ^2 

®  =  -  r  (‘•'3  <13  +  'f4  q4)  cos  a  (23) 

-  ( — L  q  +  q  )  sin  a 

dx  '  dx  ^ 

5  =  4’5  qg 


Usi ng  Z-dimensional ,  incompressible  unsteady 
aerodynamic  theory  and  including  camber  effects 
as  adapted  from  Spielberg^^  and  described  in 
Reference  9,  the  aerodynamic  forces  can  be 
expressed  as, 

L  =  cos  A(L.-^  +  L„0+L^  •5)e''“^ 

Ab  B  C  b 

M  =  TTpu^b'^  cos  A(M^^  +  (24) 

N  =  irp^b^  cos  A(N^~  +  Nge+N(,|)e''“'" 

where  b  =  c/2  represents  the  semichord,  p  is  the 
air  density,  and  the  cos  a  factor  accounts  for 
the  sweep.  Placing  Equations  (23)  into  (21)  and 
matching  coefficients  of  6qi  gives  the  five 
generalized  forces  Qi .  Then  substituting 
Equations  (24)  and  (23)  into  these  relations 
gives  the  generalized  force  matrix  Q  in  the  final 
form, 

Q  =  TTpuj^b^  [A]  q  e^^^  (^s) 


where  the  elements  Aij  of  the  5x5  aerodynamic 
matrix  [A]  involve  the  sweep  angle  A,  certain 
definite  integrals  of  and  d(i)-j/Gx,  and  the 
aerodynamic  functions  L^,  which  are  complex 

functions  of  reduced  frequency,  k  =  wb/V. 
Expressions  for  A-jj  are  given  by  Landsberger .  ^0 

Combining  the  aerodynamic  forces  Equations 
(25)  with  the  structural  representation  Equation 
(20),  introducing  structural  damping  by  multi¬ 
plying  the  stiffness  matrix  [K]  by  (1  +  ig). 


and  rearranging,  gives  rise  to  the  complex 
eigenvalue  problem. 


[B]  q  -  Z  [K]  q  (26) 


where, 

[B]  =  [M]  +  iipb^CA],  Z  =  (27) 

(1) 

For  given  values  of  reduced  frequency,  k  =  wb/V, 
the  complex  coefficients  A-jj  are  evaluated,  and 
together  with  M-j  ^  and  K-j are  placed  into 
Equation  (26)  which  is  solved  for  the  five 
complex  eigenvalues  Z,  From  these  eigenvalues 
and  from  k,  the  to,  g,  and  V  are  determined. 

Plots  of  g  and  oo  versus  V  then  characterize  the 
flutter  stability  and  frequencies  of  the  wing. 

The  (jj  values  at  V  =  0  represent  the  natrual 
frequencies  with  air  mass  effects  present.  The 
natural  frequencies  in  a  vacuum  are  also  obtained 
from  Equation  (26)  by  using  a  small  value  of  air 
density  and  a  large  value  of  k. 


Nonlinear  Steady  Airload  Deflections 

Because  the  flat  plate  wings  were  flexible 
and  could  deflect  to  large  bending  and  twisting 
angles  without  failure,  the  wings  would  stall 
out  when  the  linear  calculated  divergence  speed 
was  approached  or  even  exceeded.  Accordingly, 
an  attempt  was  made  to  calculate  the  nonlinear 
steady  airload  deflections  and  twist  behavior 
by  using  rough  approximations  to  the  nonlinear 
life  and  drag  characteristics.  Only  the  straight 
wing  case,  a  =  0° ,  was  attempted 

Figure  2  shows  the  measured  lift  and  drag 
coefficients  on  a  flat  plate  wing  as  given  by 
Riegels.TS  Also,  an  aft  center  of  pressure 
movement  was  noticed  from  about  25%° c  at 
a  =  5°  to  40%  c  at  20°.  These  force  coefficient 
data  were  first  resolved  in  the  direction  normal 
to  the  chord,  and  then  fitted  by  a  simple  power 
series  in  a.  Then  the  pressure  was  distributed 
over  the  surface  in  the  chordwise  direction  in  a 
manner  roughly  resembling  linear  theory,  but 


Fig.  2  Lift  and  Drag  Coefficients  for  Flat  Plate 
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including  the  aft  center  of  pressure  movement. 
Finally,  a  spanwise  tip  correction  was  added  to 
insure  the  pressures  fall  to  zero  at  the  tips. 
The  resulting  approximation  used  is  given  below 
for  the  pressure  coefficient  Cp. 

C  =  (A.a^  +  +  A^^a^  +  A^a) 

p  4  3  2  I 

x{l.ll)[l-(x/ii)^]{  (3.5-5. 7a)[.5-(y/c)^-^] 


+1.63  a)  +3.5  (28) 


For  further  details  and  motivations,  see  Lands- 
berger.^Q  The  angle  of  attack  a  to  be  used  in 
the  above  can  be  approximated  as, 

a(x)  .  +  ^  Sin  ^  (29) 

since  the  vast  majority  of  the  twist  e  is  from  the 
first  torsion  mode.  Equations  (1)  and  (9). 

To  obtain  a  solution  for  the  steady  deflec- 
tions  and  twist,  a  numerical  iteration  process  is 
used.  First,  to  start,  the  rigid  angle  of  attack 
ct  is  placed  in  Equation  (28)  and  the  pressure 
coefficient  Cp  is  evaluated  at  a  number  of 
chordwise  and^spanwise  points  on  the  wing.  The 
pressures,  Ap^  =  qCp,  are  then  placed  into 
Equations  (8)  to  obtain  the  generalized  forces 
Q-j  by  numerical  integration  of  the  pressure 
di stribucion .  Placing  the  Qi  into  Equation  (7) 
without  the  mass  term  [Mlq,  allows  one  to  solve 
for  the  deflections  q.  PTacing  q  into  Equation 
(29)  then  gives  a  new  a(x)  distribution  to  start 
the  process  over  again.  For  low  air  speeds, 
three  iterations  were  sufficient  for  convergence. 

At  the  higher  speeds  of  this  investigation,  up  to 
seven  iterations  were  used. 


Experiment 

Experimental  aeroelastic  tests  were  conducted 
on  a  series  of  13  flat  plate  wings  with  different 
ply  configurations  at  0°  and  30°  sweep.  The  0° 
sweep  configurations  complemented  some  earlier 
studies  by  Hollowell  and  Dugundji^,  while  the  30° 
forward  sweep  configurations  (a  =  -30°  )  were  new. 

The  wing  models  for  the  tests  were  similar  to 
those  used  in  Reference  9,  and  the  properties  are 
described  more  fully  there.  Basically,  each  model 
had  an  effective  length  of  305  mm  (12  in.)  and  a 
chord  of  76  mm  (3  in.),  giving  the  wings  a  length 
to  chord  ratio  i/c  =  4.  The  models  were  all  made 
up  of  6  plies  of  Hercules  ASl/3501-6  graphite/ 
epoxy  with  7  different  ply  layups,  namely, 

[02/90]c,  [+15o/0]s,  [±15/0]s,  [+302/0]s,  [±30/0]s 

[+452/0jsj  [t4b/0]s.  By  reversing  the  direction 
of  flow,  another  6  configurations  were  obtained, 
[-152/OJs,  [+15/0]s,  ...  to  give  a  total  of  13 
configurations.  These  spanned  a  good  range  of 
bending-torsion  stiffness  coupling. 


Structural  deflection  tests  were  conducted  on 
the  wings  by  placing  them  in  a  stiff  jig  frame 
and  subjecting  them  to  force  and  moment  couples 
applied  near  the  tip,  and  carefully  monitoring  the 
resulting  tip  deflection  and  twist. 

All  wind  tunnel  tests  were  performed  in  the 
M.I.T.  Acoustic  Wind  Tunnel.  This  tunnel  has 
continuous  flow  with  a  1, 5x2.3  rn  (5  x  7.5  ft.) 
free-jet  test  section  2.3  m  (7.5  ft.)  long, 
located  inside  a  large  anechoic  chamber,  and  can 
be  varied  continuously  up  to  approximately 
30  m/s  (98.4  ft/sec).  The  model  was  mounted 
vertically  on  a  turntable  which  could  readily  be 
rotated  to  change  the  angle  of  attack.  See 
Figure  3.  Additionally  a  large,  heavy,  swivel 
clamp  joint  at  the  wing  root  could  be  rotated  to 
change  the  angle  of  sweep.  For  the  present  tests, 
only  the  unswept  (a  =  -30°)  positions  were 
investigated. 


Fig.  3  Test  Set-up  in  Wind  Tunnel 


The  wind  tunnel  tests  were  carefully 
monitored  by  video  movies,  photographs,  and  strain 
gages  in  an  attempt  to  obtain  the  static  deflec¬ 
tions  and  angles  under  airloads  as  well  as  the 
flutter  vibration  amplitudes  and  frequencies.  An 
overhead  mirror  was  mounted  above  the  test  wings, 
and  by  proper  angles,  one  could  look  down  upon 
the  wing  tip  and  view  it  against  a  grid  painted 
on  the  turntable  base.  Subsequent  analysis  of 
video  movies  taken  under  floodlight  and  strobe 
light  conditions  (to  slow  down  the  motion), 
allowed  one  to  obtain  tip  deflections  and  twists 
under  both  steady  airloads  and  during  flutter. 

The  movies  were  taken  both  looking  down  upon  the 
wing  and  also  looking  directly  at  the  wing. 

Before  each  wind  tunnel  test,  the  natural 
vibration  frequency  of  a  wing  was  checked.  With 
the  wing  mounted  for  the  wind  tunnel  test,  a 
simple  initial  deflection  in  twist  and  in  bending 
was  given  to  the  wing  and  then  quickly  released. 
The  resulting  oscillations  picked  up  by  the 
strain  gages  were  recorded  on  a  strip  chart,  and 
gave  a  good  estimate  of  the  bending  and  torsion 
frequencies  of  the  wing. 
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For  the  wind  tunnel  tests,  the  wings  were  set 
at  zero  angle  of  attack  and  the  tunnel  was  run 
up  to  a  given  airspeed.  The  angle  of  attack  was 
then  varied  to  check  for  possible  flutter 
conditions.  If  flutter  was  found,  the  strain 
gage  signals  were  recorded  and  the  frequency 
additionally  checked  with  a  strobe  light.  After 
finishing  tests  at  that  airspeed,  the  angle  of 
attack  was  reduced,  the  airspeed  increased  by 
1  m/s,  and  the  test  porocedure  was  repeated. 

This  allowed  the  flutter  boundary  curve  of  flutter 
speed  versus  root  angle  of  attack  to  be  mapped 
out  for  a  wing.  After  the  flutter  boundary 
curve  was  defined,  certain  points  were  selected 
for  further  examination.  For  these  tests,  more 
complete  records  were  taken  including  video 
movies  and  photographs  in  order  to  check  the 
flutter  amplitudes,  frequencies  and  average 
static  positions  of  the  wing.  Additionally,  on 
the  unswept  wings  (a  =  O'"),  tests  were  run  at 
several  fixed  airspeeds  to  observe  the  variation 
of  steady  wing  tip  deflection  and  twist  with  root 
angle  of  attack  under  steady  airload  conditions. 


4.  Results 

The  present  studies  explored  the  nonlinear  as 
well  as  the  linear  aspects  of  flutter  and 
divergence.  The  models  were  sufficiently  flexible 
so  that  when  they  actually  fluttered  or  diverged, 
they  were  not  destroyed,  but  rather  went  into 
steady-state  limit  cycles  which  were  limited  by 
the  nonlinear  airforces  (stalling). 

The  structural  deflection  and  twist 
characteristics  of  a  typical  wing  under  given 
applied  forces  and  moments  is  given  in  Figure  4. 
Since  the  wings  were  30.5  cm  length,  the  deflec¬ 
tions  are  over  large  ranges.  The  linear  5  mode 
Rayl ei gh-Ri tz  analysis  gave  good  correlation  for 
small  amplitudes,  including  the  bending-torsion 
stiffness  coupling.  Occasional  buckling  occured 
for  the  low  angle,  lightly  coupled  layups  due 
to  slight  camber  imperfection  effects  resulting 
from  ply  layup  inaccuracies. 


The  natural  frequencies  of  the  wings  are 
given  in  Table  1.  These  were  found  from  the 
initial  deflection  tests  prior  to  the  wind 
tunnel  runs,  and  agreed  reasonably  well  with  the 
theoretical  calculations  and  with  previous  values 
given  by  Reference  9,  and  by  Jensen,  Crawley,  and 
Dugundji,16  Occasionally,  the  third  mode  could 
not  be  picked  out  by  the  transient  decay. 


Table  1  Natural  Frequencies  of  Wings 


WING 

First 

Theo . 

(hz) 

Rendi  ng 

Exp. 

(hz  ) 

First 

Theo. 

(hz) 

Torsion 

Exp. 

(hz ) 

Second 

Theo. 

(hz) 

Bending 

Exp. 

(hz) 

(02 /90]s 

10.8 

10.5 

39 

44 

67 

**** 

[  +  152/01S 

8.5 

9.2 

48 

48 

58 

66 

[t 15/Ols 

9.9 

10.0 

50 

52 

63 

77 

(^■302  /0]s 

6.0 

7.1 

60 

60 

41 

44 

(±  30/0]s 

7.8 

8.0 

65 

68 

50 

**** 

[+452/0)3 

4,6 

6.2 

55 

48 

31 

32 

(±45/0)3 

5.7 

6.0 

69 

76 

37 

36 

The  flutter  and  divergence  characteristics  of 
these  wings  are  presented  in  Figures  5  and  6  for 
the  unswept  and  the  forward  swept  wings 
respectively.  These  plots  of  flutter  speed 
versus  root  angle  of  attack  give  the  nonlinear 
(high  angle  of  attack)  behavior  as  well  as  the 
linear  (low  angle  of  attack)  behavior.  The 
frequency  (Hz)  of  the  resulting  oscillations  is 
also  indicated  on  the  graphs  in  order  to  show  the 
change  in  flutter  modes.  As  in  Reference  9,  four 
different  type  of  aeroelastic  phenomena  are 
observed;  bending-torsion  flutter  (cd^  <  w  <  w^) 
and  divergence  at  low  tip  angles  of  attack,  and 
torsion  stall  flutter  (fx>  -  w^)  and  bending  stall 
flutter  (oj  ^  0)^)  at  high  tip  angles  of  attack. 

The  sharp  drop  in  torsion  stall  flutter  speed 
versus  root  angle  of  attack  was  also  reported  by 
Rainey^7  for  isotropic  wings,  and  probably  results 
from  the  tip  section  going  in  and  out  of  stall. 
Further  studies  of  stall  flutter  were  also 
conducted  by  Dugundii  and  AravamudanIS  and 
Dugundji  and  Chcpral9  on  2-dimensional  sections. 
The  bending  stall  flutter  is  not  very  familiar, 
and  was  reported  earlier  in  Reference  9.  The 
divergence  condition  was  noted  when  the  angle  of 
attack  could  not  be  set  small  enough  to  keep  the 
wing  from  flipping  over  to  either  one  side  or  the 
other.  Generally,  a  bending  stall  oscillation  at 
the  low  bending  frequency  would  then  begin 
for  these  flexible  wings. 


Fig.  4  Structural  Deflections  of  L+SO^/O]^  Wing 
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VELOCITY 


V  (m/s) 


Fig.  5  Flutter  and  Divergence  Boundaries  (a=0®) 


Fig.  6  Flutter  and  Divergence  Boundaries  (a=-30®) 


The  linear  flutter  and  divergence  character¬ 
istics  of  the  wings  at  low  root  angles  of  attack 
are  shown  in  Figure  7  for  the  [+e2/0]s  family 
of  wings.  Similar,  but  less  dramatic  results, 
were  obtained  fro  the  [±6/0]s  family.  Figure  7 
represents  a  crossplot  from  the  data  of  Figure  5 
and  6  at  aQ  =  0.  For  negative  ply  angles  ep  and 
forward  sweep  (a  =  -30°),  divergence  dominates  the 
aeroelastic  behavior.  Going  to  positive  ply 
angles  increases  the  divergence  speed  of  the 
forward  swept  wing,  and  a  higher  flutter  speed 
now  limits  the  flight  speed.  However,  too  much 
positive  ply  angle  (+45®)  results  in  a  low 
divergence  speed  again  since  the  bending  stiffness 
becomes  too  low,  and  the  coupling  cannot  overcome 
the  geometric  divergence  tendency.  A  positive 
ply  angle  layup  [+152/0]^  seemed  to  be  about 
optimum  here,  both  from  Figure  7  and  from  Figures 
5  and  6.  The  linear  5  mode  flutter  and 
divergence  analyses  gave  good  correlation  with 
these  experimental  results,  particularly  for  the 
divergence,  where  3-dimensional  aerodynamic  theory 
was  used.  It  should  be  noted  that  the 
experimental  trends  shown  in  Figure  7  are  also 
similar  to  the  theoretical  trends  shown  in  Figure 
7  of  Hertz,  Shirk,  Ricketts,  and  Weisshaar.l 


Fig.  7  Flutter  and  Divergence  at  Low  Angles 


The  nonlinear  steady  airload  deflections  and 
twists  of  the  wing  tip  are  shown  in  Figures  8  and 
9  for  two  contrasting  wings,  [+302/0]s  and 
[-302/0]s  with  no  sweep  (a  =  0°).  These  were 
obtained  from  visual  inspection  of  the  resulting 
video  movies  and  photos  of  the  test,  and  show  a 
highly  nonlinear  relation  with  root  angle  of 
attack,  particularly  for  the  [-302/0]s  wing 
which  diverges  at  15  m/s.  The  contrasting 
character  of  the  two  wings,  were  one  twists 
negatively  to  offset  the  root  angle  of  attack 
change  while  the  other  twists  positively  to  bring 
the  tip  rapidly  to  the  stall  condition,  is 
readily  apparent.  The  analytical  calculations 
using  the  rough  nonlinear  theory  including  stall 
effects  described  earlier,  give  a  reasonable 
correlation  with  theory. 


Fig.  9  Steady  Airload  Deflections  of  [-SO^/O]^ 
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The  amplitudes,  frequencies,  and  average 
static  positions  of  the  resulting  flutter 
oscillations  for  the  different  wings  are  shown 
in  Tables  2  and  3.  These  were  measured  visually 
from  the  video  movies  and  photos,  and  give  some 
interpretation  to  the  nonlinear  flutter  behavior 
indicated  in  Figures  5  and  6.  In  particular,  the 
character  of  the  flutter,  whether  of  a  bending  or 
a  torsional  nature,  and  the  associated  frequency, 
is  apparent. 


Table 

2 

FI  utter 

Data , 

Unswept  Wing 

o 

CD 

It 

WING 

V 

(m/s ) 

“o 

(deq) 

avq 

(cm) 

Aw 

(cm) 

e 

avq 

(deq) 

AB 

(deq) 

w 

(hz  ) 

[02/90]s 

26 

1 

0,5 

0.7 

1  .0 

10.3 

33 

1  3 

10 

2.4 

0 

3.5 

9.8 

40 

[+152 /0]s 

25 

1 

0.2 

0.2 

0.7 

8.1 

32 

24 

10 

5.1 

0.2 

-4.0 

19.3 

37 

[±  15/Ols 

28 

3 

4.0 

00 

o 

-0.7 

8.5 

37 

1  6 

10 

3.8 

0 

0.4 

5.0 

49 

[+15/0]s 

21 

1 

4.3 

0.5 

4.8 

14 

43 

10 

10 

2.2 

0.1 

2.8 

7.0 

43 

[-152 /0]s 

18 

1 

4.7 

9.4 

10.1 

17.4 

5.1 

1  3 

10 

3.3 

11.7 

7.9 

28.4 

7.( 

[+302 /Ols 

29 

0 

-0.6 

1  ,7 

2.4 

1  2 

60 

28 

12 

7.9 

4.0 

-4.8 

35 

61 

[±30/01s 

27 

10 

11.7 

1  .  2 

-3.7 

1  2 

46 

[+30/0]s 

24 

1 

13.5 

1.3 

13.5 

8.8 

40 

1  5 

10 

8.4 

0.2 

5.6 

6.7 

52 

[-302 /Ols 

15 

1 

5.1 

1  7.2 

3.9 

16 

2.( 

8 

10 

3.0 

4.5 

4.9 

5.8 

4.  ' 

[+452/0]s 

27 

1 

2.1 

3.6 

2.2 

23 

25 

23 

1  0 

9.9 

2.7 

-2.7 

20 

26 

[±45/0]s 

25 

8 
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-2.4 
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44 
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10 
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49 
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22 

1 

16.0 

0.9 

9.0 

1  .5 

40 

14 

10 

12,2 

0.1 
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55 

[-452 /0]s 

14 

1 

10.9 

1  2 

10 

14 

3.5 

9 

10 

5.2 

10.3 

5.2 

9.  1 

4.2 

Table 
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Flutter  Data 
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1 
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O 

o 

) 
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V 
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“c 
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Aw 
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e 
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5.  Conclusions 

An  analytical  and  experimental  investigation 
was  made  of  the  aeroelastic  deflection,  divergence, 
and  flutter  behavior  of  unswept  and  30""  swept 
forward  graphite/epoxy  cantilevered  plate  wings, 
with  various  amounts  of  bending-torsion  stiffness 
coupling,  in  incompressible  flow.  The  present 
work  complements  an  earlier  investigation  by 
Hollowell  and  Dugundji^  on  unswept  wings.  Both 
the  low  angle  of  attack  (linear)  and  the  high 
angle  of  attack  (nonlinear)  properties  were 
explored.  The  investigation  extends  the 
experimental  base  for  aeroelastic  tailoring  with 
composites. 
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Structural  deflection  tests  on  the  6  ply 
composite  plate  type  wings,  revealed  reasonable 
linear  bending  and  twisting  behavior  up  to  large 
deflections.  The  bending-twist  couplings  were 
well  predicted  by  Rayleigh-Ritz  analysis. 
Occasional  buckling  occured  for  low  angle, 
lightly  coupled  layups  due  to  ply  layup 
i naccuracies . 


The  divergence  and  flutter  investigation 
showed  the  large  variation  in  aeroelastic 
properties  possible  by  changes  in  ply  layups. 

Four  different  types  of  aeroelastic  phenomena  were 
observed;  bending-torsion  flutter  and  divergence 
at  low  tip  angles  of  attack  (linear  range), 
and  torsion  stall  flutter  and  bending  stall 
flutter  at  high  tip  angles  of  attack  (nonlinear 
range) . 

The  flutter  and  divergence  characteristics 
at  low  angles  of  attack  were  well  predicted  by 
linear  theory.  A  5  mode  Rayleigh-Ritz  analysis 
gave  good  correlation  with  experiment  for 
divergence  using  3-dimensional  aerodynamics, 
and  gave  reasonable  correlation  with  experiment 
for  flutter  using  2-dimensional,  velocity  parallel, 
unsteady  aerodynamics.  The  effects  of  ply 
orientation  were  well  predicted.  A  positive 
ply  angle  layup  [+152/0]5  seemed  to  have 
efficient  bending-torsion  coupling  to  overcome 
the  adverse  geometric  divergence  effect  of  the 
30°  forward  swept  wing. 


Nonlinear  steady  airload  deflections  and 
twists  of  the  wing  tips  were  obtained,  and  gave 
good  indication  how  the  wings  were  behaving 
aeroelastically.  Analytical  calculations  using 
rough  nonlinear  theory  including  stalling 
effects  gave  reasonable  correlation  with 
experiment. 


The  amplitudes,  frequencies,  and  average 
static  position  of  selected  flutter  points  were 
measured  and  recorded.  This  helped  identify  the 
severity  and  character  of  the  flutter  modes 
encountered.  The  nonlinear  flutter  tests  gave 
additional  insight  into  the  stall  behavior  of 
flexible  wings,  which  had  been  pointed  out 
earlier  by  Rainey. 
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V. 


UTILIZATION  OF  ATFs  AS  AN  ANALYSIS  TOOL 

With  the  derivation  of  the  ATF  completed,  it  is 
now  possible  to  apply  equation  (14)  to  the  task 
of  finding  the  best  possible  exciter  locations, 
or  at  least  evaluating  what  modes  may  or  may  not 
be  excited  by  a  particular  exciter  location. 

To  accomplish  this  it  is  necessary  to  solve 
equation  (14)  for  all  possible  combinations  of 
exciter  and  response  locations  within  the 
frequency  range  of  interest  for  the  modal  test. 
For  example,  if  a  full  size  analytical  model  were 
reduced  to  ”n"  dofs,  then  normally  *'n”  response 
and  "n"  exciter  locations  are  available  for 
analysis,  with  2  *  n**2  ATFs  possible  (magnitude 
&  phase). 

In  some  cases  this  number  can  be  reduced  by 
physical  constraints,  such  as  the  physical 
Inability  to  actually  position  an  exciter 
"stinger”  at  the  proper  location  and 
orientation.  Obviously,  if  it  Is  impossible  to 
drive  the  structure  at  a  particular  location, 
there  is  no  need  to  compute  the  "2*n"  ATFs  for 
that  location  other  than  for  academic  Interest. 

Even  with  some  reduction  in  the  number  of  ATFs 
to  be  computed  and  inspected,  the  task  might  at 
first  appear  formidable.  Indeed,  to  evaluate  and 
compare  possibly  many  thousands  of  ATFs  might 
seem  an  overwhelming  task.  However,  with  the  aid 
of  a  computer,  the  job  can  be  reduced  to  a 
manageable  size  both  for  the  creation  of  the  ATFs 
and  for  their  eventual  analysis  as  will  be 
discussed  later. 

Creating  a  computer  algorithm  to  obtain  the 
ATFs  is  not  a  very  difficult  task,  but  it  can 
consume  considerable  computer  time  based  on  the 
number  of  ATFs  generated  as  well  as  the  frequency 


range 

and 

interval. 

For 

purposes  here, 

the 

initial  work 

should  be 

to  create  a  program  to: 

1. 

solve 

for 

the 

ATFs 

as  a 

function 

of 

frequency 

2. 

store 

the 

accumulated 

data 

in  some 

form 

which 

can 

be 

easily 

later 

utilized 

for 

selection. 

VI.  QUALIFYING  ATF  PEAKS  AS  TRUE  RESONANT 
RESPONSES 

Once  the  accumulated  data  from  above  is 
available  for  further  analysis,  the  next  step  in 
exciter  location  selection  involves  establishing 
the  criteria  that  will  determine  which  peak 
magnitudes  and  associated  phase  angles  of  an  ATF 
"qualify"  as  true  resonant  responses  to  the  given 
target  frequencies.  In  other  words,  it  is  the 
contention  of  this  paper  that  not  all  peaks  meet 
the  requirements  of  resonance  for  a  given  target 
frequency  near  them,  both  from  the  standpoint  of 
not  actually  being  related  and  also  from  not 
satisfying  the  additional  requirements  of 
resonance. 


To  be  a  true  resonant  peak,  representing  an 
acceleration  at  the  response  point  for  a  force  at 
the  exciter  point  for  some  target  frequency,  the 
following  requirements  are  made: 

1.  The  magnitude  of  the  ATF  must  have  passed 
thru  an  inflection  point  (maximum) . 

2.  The  frequency  of  this  peak  must  be  within 
some  defined  bandwidth  on  either  side  of  a 
target  frequency. 

3.  The  associated  phase  angle  must  have  passed 

thru  the  +/-  tt/z  point  at  which 

the  forcing  frequency  equals  the  undamped 
natural  frequency  within  the  same  bandwidth. 

It  might  be  argued  at  this  point  that  it  is 
sufficient  to  satisfy  requirements  1  and  2,  but 
it  is  felt  that  adding  the  extra  requirement 
practically  guarantees  a  "true"  resonant  response 
rather  than  just  a  "good"  response.  Analytical 
data  obtained  for  an  actual  test  has  confirmed 
that,  in  some  cases,  peaks  appearing  to  be 
resonant  responses  did  not  actually  have  a 
resonant  phase  shift  associated  with  them.  They 
came  quite  close  in  some  cases,  but  didn’t 
qualify  (See  Figures  1  &  2).  This  might  well  be 
an  Indication  that  the  mode  shape  at  this 
particular  response  dof  is  not  very  pure  and 
should  probably  not  be  used  for  exciter  selection 
purposes.  In  any  case,  if  required,  the  criteria 
of  phase  angle  shift  can  always  be  relaxed  or 
deleted  by  the  analyst. 

In  selecting  both  the  frequency  interval  for 
ATF  generation,  and  the  bandwidth  for  resonant 
peak  selection,  some  factors  to  keep  in  mind  are: 

1.  system  damping,  (which  will  affect  the 

amount  by  which  a  target  frequency  differs 
from  its  equivalent  center  frequency  peak 
on  the  ATF), 

2.  closeness  of  the  target  frequencies  to  each 
other,  (which  will  affect  the  necessary 
frequency  Interval  for  ATF  computation). 


At  this  time,  no  definitive  rules  or  algorithms 
have  been  developed  to  automate  the  selection  of 
a  frequency  Interval  and  bandwidth.  Good 
engineering  judgement  and  common  sense  are 
needed.  If  the  target  frequencies  are  well 
spaced  and  damping  is  small,  it  is  reasonable  to 
Increase  the  frequency  Interval  for  ATF 
computation  as  well  as  decrease  the  selection 
bandwidth  for  peak  qualification. 


VII.  EXCITER  LOCATION  SELECTION 

With  the  technique  of  peak  selection 
established,  it  is  necessary  to  devise  some  means 
to  store  the  qualified  acceleration  level  peaks 
so  that  final  selection  of  driver  locations  can 
be  readily  accomplished. 
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II.  NOMENCLATURE  AND  DEFINITIONS 


Modal  testing  to  extract  system  natural 
frequencies  and  mode  shapes  has  always  been  a 
somewhat  trial  and  error  proposition,  with 
Initial  exciter  locations  being  determined  by  a 
combination  of  experience,  Intuition, 
accessibility,  some  analytical  analysis,  and 
luck.  If  the  Initial  exciter  selections  failed 
to  separate  the  required  responses,  a  "shotgun" 
approach  was  usually  employed  until  either  test 
time  expired  or  all  desired  modes  and  frequencies 
were  finally  found. 

However,  there  Is  a  relatively  convenient  and 
easily  applied  method,  utilizing  acceleration 
transfer  function  data,  that  will  provide  the 
modal  test  analyst  with  a  pre-test  selection  of 
exciter  locations  that  will  adequately  drive  the 
test  structure  to  obtain  the  desired  mode  shapes 
and  frequencies  of  the  system. 

In  addition,  each  analytically  selected  exciter 
location  can  be  compared  or  rated  against  the 
other  possible  selections  to  determine  how  well 
It  excites  a  given  mode  shape. 

Further,  since  acceleration  transfer  functions 
can  be  directly  related  to  expected  test 
accelerometer  output.  It  Is  possible  to  provide 
the  test  conductor  with  a  set  of  abort  channel 
accelerometer  locations  and  magnitudes  based  on 
the  maximum  desired  test  levels. 

The  method  Itself  Involves  creation  of  a 
three-dimensional  summary  matrix  of  "qualified" 
peak  acceleration  levels,  based  on  selection 
criteria  presented.  This  matrix  Is  then  "viewed" 
from  various  axes  to  provide  two  dimensional 
summary  arrays  that  simplify  exciter  selection. 

The  topics  discussed  In  the  paper  are 
applicable  to  virtually  any  type  of  modal  test, 
and  can  be  Implemented  on  a  computer. 


[()]  = 
[M]  = 

[K]  = 

H- 

w  = 

_a  = 

?  = 

X/F  = 
0 

ATF(s)  = 
dof  = 
(1)  = 

(j)  = 

(k)  = 
Fq  = 
F(t)  = 


system  modes  matrix 

system  mass  matrix 

system  stiffness  matrix 

selector  vector  for  desired  response 
dof 

selector  vector  for  desired  exciter 
dof 

circular  system  frequency 
(target  frequency) 

driver  frequency 

modal  damping  coefficient 

output  acceleration  magnitude  for  a 
1  lb.  Input  exciter  force,  l.e. 
transfer  function  magnitude/phase 

Acceleration  Transfer  FunctlonCs) 

degree  of  freedom 

1th  response  degree  of  freedom 

jth  target  frequency 

kth  exciter  degree  of  freedom 

peak  magnitude  of  a  sinusoidal  force 

time  dependent  exciter  force 


x,x,x  -  discrete  displacement,  velocity, 
and  acceleration 


q,q,q  “  modal  displacement,  velocly,  and 
acceleration 

C  =  discrete  damping 
s  =  Laplace  Operator 
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MATRIX  VIEW 


Since  there  are  three  basic  variables  involved 
(exciter  locations,  response  locations,  and 
target  frequencies),  it  would  seem  appropriate  to 
store  the  acceleration  magnitudes  of  qualified 
peaks  in  a  three  (3)  dimensional  array,  with  each 
axis  representing  one  of  the  variables.  This 
concept,  illustrated  in  Figure  (3),  has  the 
advantage  of  simple  computer  implementation  along 
with  the  ability  to  have  “slices”  of  the  matrix 
easily  viewed  from  various  axes.  The  real 
importance  of  this  matrix  can  be  better 
understood  when  it  is  realized  that  all  the 
necessary  information  from  the  entire  set  of  ATFs 
(normally  several  thousand)  has  been  distilled 
into  this  one  block  of  data  in  easily  accessible 
form. 


Target  freq(j) 


Exciter  dof(k) 


OUTPUT (2  dimensional  array 


of  peak  magnitudes*) 


(n)  exciter  dofs 


(n)  :  see 

response  :  TABLE  2 

dofs  : 


(m)  target  freqs. 

(n)  :  see  : 

response  :  TABLE  3  : 

dofs  :  : 


With  the  data  available  in  this  form  it  is  (m)  target  freqs. 

simply  a  matter  of  the  analyst  determining  which 

type  of  information  (or  view)  is  desired.  The  (n)  :  not  : 

three  possible  views  of  the  matrix  that  can  be  Response  dof(l)  exciter  :  illustrated  : 

used  are  summarized  in  Table  (1),  with  two  of  the  dofs  :  : 

three  views  illustrated  by  Figure  (3);  and  — 


Figure  3  Three-dimensional  Summary  Matrix  of  Transfer  Function  Magnitudes 
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TABLE  (2) 


MODE  M  2( =  29.35  HZ . ) 


Partial  View  of  a  Typical  3-D  Summary  Matrix* 
for 

a  given  Target  Frequency 


FORCECONO.  =  1(Z)  3(Z)  5(Z)  7(Z)  9(Z)  12(Z)  13(Z)  I9(Z)  20(Z)  21(Z)  27(Z)  30(Z)  76(X)  7S(Y)  7S(Z) 
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7(Z) 
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0.01 
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9(Z) 
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0.03 
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0.00 

0.00 

0.  13 

12(Z) 

0.06 

1  .  10 

4.98 

0.21 

0.13 

6.06 

13(Z) 

0.01 

0.32 

1 .44 

0.06 

0.07 

1 .45 

19(Z) 

0.01 

0.29 

1 . 34 

0.07 

0.  1  1 

1  .  23 

20(Z) 

0.05 

0.91 

4.  18 

0.  15 

0.  1  1 

4.87 

21{Z) 

0.09 

1 . 59 

7 , 30 

0.29 

0.20 

8 . 86 

27(Z) 

0.02 

0.31 

1 .40 

0.07 

0.07 

1  .  79 

30(Z) 

0.06 

1  .01 

4.57 

0,21 

0-19 

5.75 

76(X) 

0.  10 

1  .  75 

8.41 

0.39 

0.33 

10.83 

76(Y) 

0.  13 

2.23 

9.87 

0.47 

0.47 

12.53 

76(Z) 

0.05 

0.92 

4.21 

0.  15 

0.  1  1 

4 . 90 

120(X  ) 

0.08 

1  .  37 

6.60 

0.31 

0.24 

8.61 
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0.09 

1 . 53 

6.70 

0.33 

0.29 

8 . 73 
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0.04 

0.82 

3.74 

0.  12 

0.  10 

4.20 

123(X) 

0-03 

0.58 

2.90 

0.  12 

0.  10 

3.62 

123( Y) 

0.04 

0.62 

2.84 

0.  13 

0.05 

3 . 45 

123( Z) 

0.04 

0.94 

4.00 

0.  14 

0.  1  1 

4 . 73 

132(X) 

0.  14 

3.12 

12.34 

0.51 

0.55 

17 . 23 

132( Y) 

0.  14 

5.41 

13.19 

0.52 

0.34 

20.50 

132( Z) 

0.05 

1 .20 

4.43 

0. 19 

0.  16 

6.26 

135(X) 

0.  13 

2 . 58 

11.72 

0.49 

0.51 

15.38 

135( Y) 

0.  13 

2.83 

12.00 

0.44 

0.30 

13.80 

135(Z) 

0.00 

0.12 

0.25 

0.01 

0.00 

0.28 
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0.06 

1 . 30 

6.28 

0.24 

0.24 

8 . 26 

143(  Y  ) 

0.04 

1 .01 

5.25 

0.  13 

0.00 

4 . 46 

143(Z) 

0.01 

0.17 

0.78 

0.03 

0.04 

1  .03 

155(X) 

0.02 

0.58 

1 .45 

0.08 

0.06 

2.40 
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0.03 

0.63 

2 . 34 

0. 12 

0.07 

3 . 53 
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0.03 
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2 . 20 

0. 10 

0.08 
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150(X) 

0.04 

0.67 

2.92 
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0.08 

4 . 27 
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0.00 

0.  17 
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0.00 
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0.52 

150(Z) 

0.00 
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0.  19 
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0.03 
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0.33 

6.22 

27.94 

1  .  19 

0.92 

34.54 

0.01 
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0.05 

0.09 

0.02 

0.06 

0.  10 

0.13 

0.05 

0.32 

0.29 

0.91 
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0.31 
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1 .75 

2.23 

0.92 
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4.  18 
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1 . 40 
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8.41 

9.87 

4.21 
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0.07 
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0.11 
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8.86 
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0.45 
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2.60 

3 . 12 
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0.98 
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0.41 
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0.99 
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7.00 
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8 . 30 
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3.79 
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3.82 
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12.37 
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2.75 
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3.  17 
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3.72 

4 . 49 
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13.89 
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5.08 

16.34 

30.25 
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14.00 

3.30 
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18.05 
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14.69 
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4.05 
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3.85 

12.73 
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0.28 
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6.36 
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7.56 
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0.32 
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2.25 

0.80 
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3.52 

0.57 
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TABLE  (3) 


FORCING  POINT  =  76(X) 


Partial  View  of  a  Typical  3-D  Summary  Matrix* 
for 

a  given  Exciter  DOF 


F(NATURAL)S 


12.14  29.35  34.95  40.88  44.86  50.40 


RESPONSE  PT. 
KZ) 
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19(Z) 

20(Z) 

21(Z) 

27(Z) 

30(Z) 

76(X) 

76(Y) 

76(Z) 

120(X) 

120(Y) 

120(Z) 

123(X) 

123( Y ) 

123( Z  ) 
132(X) 
132(Y) 

132( Z) 

135(X  ) 

135( Y) 
135(Z) 
143{X) 
143(Y) 
143(Z) 

155(X ) 
155(Y) 
155(Z) 
150(X) 

150( Y) 
150(Z) 

158( Z  ) 


Good  Response 


O.  10 
2.89 
1 .59 
0. 

0. 

0. 

6. 

7  . 

3. 

O. 


.  46 
.50 
.03 
.37 
.  32 
.35 
.  74 
1 .97 
4.69 
8.47 
15.93 
3 . 38 
7.  18 
14.08 
4  .  18 
1.71 


49.77 
3.97 
1  .  19 
28.91 

3.24 
3.91 

20.54 

0.71 

0.20 

2.93 

2 . 24 
6.85 

10.98 

2.57 

9.00 


No  Response 


lOi 

75 

41 

39 
33 
83 
60 
26 
61 
56 
12 
95 
95 
46 
68 
25 
98 
64 
93 

45 

46 

25 
24 
63 
36 
98 
46 

26 
46 
93 
19 

42 
26 
85 
52 

40 
72 


0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 


.05 
00 
.  77 
20 
.85 
.00 
00 
.00 
00 
.00 
.00 
00 
oo 
.00 
.00 
.00 
.  49 
.54 
.00 
8  1 
.  82 
.  13 
.94 
87 
.  18 
.00 
.  90 
.00 
.  12 
.  18 
.  16 
.00 
.40 
.OO 
.07 
.59 
.00 


0.00 

0.00 


0.80 


77 
74 
16 
00 
00 
64 
37 
00 
3 . 46 
1  .  49 
0.00 
7  .  13 
0.00 
0.00 
4.75 
0.00 
7.22 
6.84 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
81.61 


0. 14 
6.04 
5  .  13 
0.31 
1  .07 

4 . 29 
2.23 
6.90 
7.62 
8 . 72 
1  .  27 
2.41 

48 . 84 
33.35 

7 . 96 

42.60 
32.02 

2.  15 
22.88 
12.87 
3 . 25 

19.61 
16.  18 

6 . 84 
24  .  16 
33.03 

3 . 30 
35.04 
48.68 

1 .53 
26.95 

14 .62 

0.00 

41.37 

42.85 
2.41 

26 . 29 


Notes : 

*  units  =  in/sec^  (output)  /  1  Ibf  (input) 

**  For  this  particular  exciter  DOF,  there  are 
many  response  DOFs  with  non-zero  values 
indicating  qualified  resonant  peaks.  This 
exciter  is  thus  identified  as  a  good 

exciter  for  target  frequency  #2  (and  for 
several  others). 

***  Target  frequency  #3  will  definitely  not  be 
excited  by  this  particular  exciter  DOF. 

Similiar  data  is  available,  but  not 
presented,  which  illustrates  that  target 
frequency  is  excited  while  #2  is  not 

(for  the  same  exciter  node,  but  in  a 
different  orientation).  See  Figures  (2) 
and  (3), 
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The  entire  three  dimensional  summary  matrix  can 
be  further  summarized  by  obtaining  maximums 
across  all  target  frequencies  for  a  given  exciter 
dof  and  a  given  response  dof.  Table  4  presents 
this  summary— of “a-summary  for  all  combinations  of 
exciter  and  response  dofs.  Carrying  the  summary 
process  to  its  conclusion,  a  single  vector  of 
"max-max"  values  (last  line)  can  be  extracted. 
Each  element  represents  the  largest  response 
(abort  maximum)  at  a  given  exciter  location. 


Table  4 


ABORT  MAXIMUMS 

FORCE  COND.  =  1(Z)  3(Z)  5(Z) 


RESPONSE  PT. 


1(Z) 

0 

00 

0 

03 

0 

13 

3(Z) 

0 

03 

1 

03 

3 

03 

5(Z) 

0 

13 

3 

03 

25 

27 

7(Z) 

0 

01 

0 

16 

1 

21 

9(Z) 

0 

02 

0 

18 

1 

08 

12(Z) 

0 

1 1 

1 

10 

4 

98 

13(Z) 

0 

16 

2 

25 

4 

85 

19(Z) 

0 

29 

2 

58 

7 

93 

20(Z) 

0 

27 

1 

20 

7 

21 

21  (Z) 

0 

24 

1 

59 

9 

88 

27(Z) 

0 

02 

0 

68 

3 

18 

30(Z) 

0 

08 

1 

62 

8 

67 

76(X) 

0 

14 

6 

04 

15 

83 

7G(Y) 

0 

19 

5 

56' 

9 

87 

7G(Z) 

0 

27 

1 

21 

7 

40 

120(X) 

o 

12 

5 

25 

12 

69 

120( Y) 

0 

17 

4 

93 

7 

44 

120(Z) 

0 

26 

1 

48 

1  1 

31 

123(X) 

0 

07 

2 

79 

2 

90 

123( Y) 

0 

1  1 

2 

50 

13 

68 

123(Z) 

0 

27 

1 

45 

7 

48 

132(X) 

0 

37 

3 

12 

19 

87 

132( Y  ) 

0 

59 

17 

55 

16 

01 

132{Z) 

0 

08 

1 

38 

16 

5  1 

135(X) 

0 

32 

3 

22 

17 

35 

135( Y) 

0 

34 

10 

23 

12 

00 

135(Z) 

0 

04 

1 

14 

2 

48 

143{X) 

0 

21 

4 

51 

37 

23 

143(Y) 

0 

28 

7 

28 

54 

52 

143(Z) 

0 

09 

2 

18 

18 

00 

155(X) 

0 

09 

3 

22 

9 

64 

155(Y) 

0 

15 

3 

54 

29 

25 

155(Z) 

0 

07 

1 

75 

14 

54 

150(X) 

0 

12 

5 

07 

2  1 

35 

150( Y) 

0 

2  1 

5 

19 

1  1 

39 

150(Z) 

0 

04 

0 

.91 

1 

.90 

158(Z) 

1 

20 

6 

.60 

39 

.  20 

202(X) 

0 

03 

1 

.  22 

6 

.  52 

202( Y) 

0 

10 

2 

.09 

17 

.60 

202(Z) 

0 

16 

1 

.  97 

8 

.92 

22  1( Z) 

1 

69 

14 

.  14 

92 

.  92 

228(X  ) 

0 

59 

4 

.99 

50 

.43 

228( Y) 

0 

46 

6 

.61 

62 

.92 

228(Z) 

1 

5  1 

13 

,  1  1 

81 

.85 

260( Z) 

0 

93 

15 

.04 

91 

.89 

262(Z) 

1 

15 

20 

.  36 

160 

.61 

264(Z) 

0 

67 

17 

.02 

132 

.80 

266( Z) 

0 

99 

24 

.  23 

200 

.63 

320( Y ) 

0 

.  24 

7 

.  15 

44 

.  42 

320(Z) 

0 

.  13 

2 

.  97 

24 

.62 

338(X) 

0 

.  28 

2 

.03 

14 

.42 

338( Y  ) 

0 

.  4G 

12 

.  7  1 

89 

.66 

338(Z) 

0 

.63 

14 

.  77 

122 

.  27 

343(X) 

0 

34 

3 

.  52 

18 

.  18 

343(Y  ) 

0 

,48 

14 

.  32 

27 

.70 

343{Z) 

0 

.08 

2 

.31 

2 

.44 

351(X) 

0 

,31 

3 

.77 

16 

.  9  1 

351{Y) 

0 

.  28 

9 

.  50 

22 

.01 

351(Z) 

0 

.08 

1 

.07 

8 

.  97 

354(X) 

0 

.  30 

4 

16 

.68 

354(Y) 

0 

.37 

13  . 

,  70 

31 

.45 

354(Z) 

0 

.  12 

1 

.  94 

15 

,87 

max-max 

1 

,  69 

24 

.  23 

200 

.63 

Partial  Abort  Maximum  Summary 

7(Z)  9(Z)  12(Z)  13(Z)  19(Z)  20(Z) 


0 

01 

0 

02 

0 

1  1 

0 

16 

0 

29 

0 

27 

0 

16 

0 

18 

1 

10 

2 

25 

2 

58 

1 

20 

1 

21 

1 

08 

4 

98 

4 

85 

7 

93 

7 

2  1 

0 

07 

0 

08 

0 

65 

0 

73 

1 

35 

1 

26 

0 

08 

0 

35 

0 

94 

1 

35 

2 

40 

2 

19 

0 

65 

0 

94 

7 

02 

8 

04 

14 

50 

13 

05 

0 

7  3 

1 

35 

8 

04 

1  1 

48 

20 

54 

18 

67 

1 

35 

2 

40 

14 

50 

20 

54 

36 

55 

33 

27 

1 

26 

2 

19 

13 

05 

18 

67 

33 

27 

30 

15 

1 

18 

2 

00 

12 

19 

16 

94 

30 

22 

27 

22 

0 

17 

0 

31 

1 

79 

1 

50 

2 

15 

1 

75 

0 

49 

0 

78 

5 

75 

5 

26 

9 

38 

8 

37 

0 

76 

1 

07 

10 

83 

6 

37 

7 

32 

8 

61 

0 

87 

2 

22 

12 

53 

12 

22 

1  4 

04 

10 

24 

1 

30 

2 

25 

13 

42 

19 

20 

34 

21 

31 

00 

0 

62 

0 

96 

8 

61 

5 

4  1 

6 

27 

6 

81 

0 

77 

0 

88 

8 

73 

10 

83 

12 

44 

7 

09 

1 

26 

2 

10 

12 

50 

17 

90 

3  1 

75 

28 

8  1 

0 

16 

0 

51 

3 

62 

1 

26 

3 

23 

3 

62 

0 

66 

0 

90 

5 

25 

7 

59 

13 

36 

12 

01 

1 

35 

2 

26 

13 

4.7 

19 

34 

34 

4  1 

31 

20 

1 

15 

6 

44 

17 

23 

5 

12 

1  1 

88 

13 

89 

2 

74 

3 

03 

20 

50 

38 

5  1 

44 

19 

20 

56 

0 

79 

1 

42 

6 

26 

4 

24 

6 

84 

5 

64 

1 

02 

5 

56 

15 

38 

7 

2  1 

12 

63 

12 

29 

1 

59 

1 

76 

13 

80 

22 

46 

25 

74 

16 

30 

0 

18 

0 

42 

1 

83 

2 

51 

4 

03 

3 

7  1 

1 

78 

3 

36 

8 

26 

7 

82 

14 

63 

13 

30 

2 

59 

3 

94 

7 

53 

15 

96 

18 

31 

16 

67 

0 

86 

0 

78 

2 

47 

3 

38 

6 

29 

5 

65 

0 

92 

0 

93 

2 

40 

8 

01 

3 

79 

4 

42 

1 

40 

1 

04 

6 

52 

7 

59 

14 

98 

13 

66 

0 

70 

0 

64 

3 

15 

4 

19 

5 

02 

6 

32 

1 

03 

1 

24 

4 

27 

5 

20 

6 

79 

6 

35 

0 

.  63 

3 

.62 

3 

48 

8 

55 

9 

80 

6 

76 

0 

.  19 

0 

.61 

1 

.87 

2 

.68 

4 

.84 

4  , 

.  38 

5 

.  76 

9 

.85 

64 

.  14 

83 

.77 

148 

.  10 

133  . 

.  86 

0 

.34 

O 

.43 

1 

.40 

2 

.90 

4 

.59 

3 

.  66 

0 

.93 

0 

.89 

4 

.86 

7 

.  9  1 

12 

.  70 

10 

.  94 

1 

,  20 

1 

.  38 

12 

.  96 

12 

.  88 

24 

.  43 

23 

.  32 

13 

.  36 

14 

.83 

146 

.  29 

139 

.  4  1 

268 

.  38 

257 

.04 

4 

,81 

5 

.31 

43 

.  73 

49 

.  20 

9  1 

.  1  1 

84 

.  80 

3 

.89 

4 

.  22 

29 

.  55 

38 

.77 

69 

.  59 

63 

.  23 

1  1 

.89 

13 

.  19 

131 

.  30 

124 

.  16 

239 

.  44 

229 

.68 

5 

.  33 

7 

.  57 

47 

.84 

64 

.  74 

1  16 

.  42 

106 

.  33 

8 

.71 

9 

.  28 

59 

.  94 

81 

.  36 

14  1 

.90 

130 

.  67 

6 

.90 

6 

.  80 

8 

.  37 

59 

.99 

93 

.  46 

73 

.  72 

10 

.34 

10 

.05 

25 

,  19 

88 

.  34 

138 

.  34 

108 

.  19 

2 

,  12 

1 

,75 

9 

.81 

15 

.  7  1 

18 

.00 

8 

42 

1 

,  17 

0 

.89 

3 

.31 

2 

.93 

3 

.  24 

2 

,92 

0 

,85 

4 

.  68 

12 

.  27 

6 

.61 

1  1 

.  85 

10, 

,  75 

4 

,  27 

3 

.  25 

17 

.54 

19 

.82 

22 

.  69 

18 

00 

5 

.82 

4 

.45 

16 

,65 

15 

.8  1 

29 

.65 

26 

73 

1 

.07 

5 

,  83 

17 

.04 

7 

.62 

13 

.31 

13 

63 

2 

,  23 

2 

.47 

18 

.  39 

31 

.  44 

36 

,06 

19 

.84 

0 

,  36 

0 

.  40 

2 

.66 

5 

.07 

5 

,81 

4  , 

,  28 

0 

.98 

5 

,  24 

15 

.  39 

9 

.  55 

15 

.38 

13 

95 

1 

,53 

3 

,  5  1 

18 

.  29 

25 

,  50 

34 

.06 

31  , 

,00 

0 

,  4  1 

1 

.27 

4 

.  24 

5 

.66 

10 

.09 

9, 

10 

0 

,96 

5 

.04 

15 

.48 

12 

.  16 

17 

.  17 

15 

59 

2 

.  10 

4 

.80 

26 

.  33 

37 

.  2  1 

45 

.42 

41  , 

,31 

0 

,75 

1 

,8  1 

5 

.88 

8 

.  12 

14 

.  54 

13. 

1  1 

13 

,  36 

14 

.83 

146 

.  29 

139 

.  4  1 

268 

.  38 

257  , 

04 

21(Z)  27(Z)  30(Z)  76(X)  76(Y)  76(Z) 


0 

24 

0 

02 

0 

08 

0 

14 

0 

19 

0 

27 

1 

59 

0 

68 

1 

62 

6 

04 

5 

56 

1 

2  1 

9 

88 

3 

18 

8 

67 

15 

83 

9 

87 

7 

40 

1 

18 

0 

17 

0 

49 

0 

76 

0 

87 

1 

30 

2 

00 

0 

31 

0 

78 

1 

07 

2 

22 

2 

25 

12 

19 

1 

79 

5 

75 

10 

83 

12 

53 

13 

42 

16 

94 

1 

50 

5 

26 

6 

37 

12 

22 

19 

20 

30 

22 

2 

15 

9 

38 

7 

32 

14 

04 

34 

21 

27 

22 

1 

75 

8 

37 

8 

61 

10 

24 

3  1 

00 

24 

40 

2 

60 

8 

30 

15 

56 

18 

30 

28 

00 

2 

60 

0 

50 

1 

63 

3 

12 

3 

76 

1 

77 

8 

30 

1 

63 

5 

24 

9 

95 

1  1 

54 

8 

61 

15 

56 

3 

12 

9 

95 

48 

84 

33 

35 

8 

68 

18 

30 

3 

76 

1  1 

54 

33 

35 

30 

5  1 

10 

33 

28 

00 

1 

77 

8 

61 

8 

68 

10 

33 

31 

87 

12 

37 

2 

50 

7 

96 

42 

60 

28 

57 

6 

92 

12 

80 

3 

32 

8 

15 

32 

02 

27 

00 

7 

16 

26 

06 

2 

09 

7 

89 

7 

64 

a 

73 

29 

62 

5 

17 

1 

05 

3 

33 

22 

88 

15 

08 

3 

79 

10 

76 

1 

68 

3 

99 

12 

87 

13 

67 

12 

36 

28 

20 

2 

20 

8 

58 

8 

46 

9 

60 

32 

08 

25 

14 

5 

97 

16 

34 

30 

25 

42 

31 

14 

00 

27 

82 

1  1 

7  1 

27 

74 

49 

77 

95 

19 

20 

72 

9 

1  1 

1 

76 

5 

72 

10 

63 

12 

27 

5 

74 

22 

90 

4 

99 

15 

53 

28 

36 

35 

04 

12 

39 

20 

42 

6 

81 

16 

13 

33 

03 

55 

34 

16 

74 

3 

4  1 

0 

76 

1 

86 

3 

30 

6 

20 

3 

81 

12 

04 

3 

17 

7 

99 

35 

04 

24 

10 

13 

67 

15 

21 

4 

85 

1  1 

47 

48 

68 

39 

44 

17 

13 

5 

04 

0 

70 

2 

29 

1  1 

35 

G 

29 

5 

8  1 

5 

18 

3 

33 

9 

14 

26 

95 

16 

62 

4 

62 

12 

42 

2 

96 

8 

1  1 

18 

57 

10 

25 

14 

04 

5 

70 

1 

48 

4 

05 

9 

13 

6 

26 

6 

49 

7 

4  1 

1 

59 

5 

00 

41 

37 

26 

35 

6 

64 

7  , 

,  74 

3 

.  24 

8 

39 

42 

85 

28 

43 

7 

06 

3 

,94 

0 

,61 

1 

.46 

2 

.  57 

4 

.93 

4 

.50 

107  , 

.  85 

16 

,93 

44 

.85 

8  1 

.61 

133 

.  72 

137 

.56 

2 

.  70 

1 

,  20 

3 

.  25 

10 

.23 

6 

,  3  1 

3 

.71 

9 

.  88 

3 

.  25 

3 

.71 

9 

.  22 

1  1 

.42 

1  1 

.  26 

22  , 

.  38 

3 

,  22 

10 

.  33 

19 

.  47 

22 

.  58 

24 

.04 

247  , 

.  55 

9 

,  6  1 

68 

.59 

49 

.  83 

75 

.07 

265 

.  20 

78 

,  98 

8 

.  1  1 

20 

.21 

17 

.  18 

9 

.49 

87 

.  28 

57  , 

.  14 

1  1 

.02 

27 

.  49 

13 

.64 

12 

.63 

64 

.93 

22  1  , 

.59 

14 

.  73 

63 

.  33 

69 

.  72 

1  16 

.9G 

236 

.99 

97  , 

,03 

18 

.  36 

36 

.  33 

126 

.  24 

78 

.46 

109 

.  39 

120, 

.67 

30 

.  94 

47 

.81 

38 

.  45 

44 

.  7  1 

134 

.45 

53  , 

.  19 

25 

,91 

70 

.  54 

101 

.  59 

62 

.  24 

74 

.  73 

76  , 

.  74 

38 

.  52 

105 

.  39 

43 

.  24 

50 

.97 

109 

.65 

14 

,  75 

4 

.  76 

1  1 

.  27 

31 

93 

38 

.66 

8  . 

.  50 

2 

61 

0 

.  80 

3 

.  14 

15 

47 

8 

.  57 

3  , 

.00 

18 

15 

4 

.  26 

12 

.  28 

22 

31 

30 

.46 

1  1  . 

.04 

26 

.  67 

5 

.99 

17 

.  55 

102 

99 

64 
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VIII.  FINAL  THOUGHTS  AND  SUMMARY 


This  paper  has  presented  detailed  methodology 
for  determination  of  the  "best"  exciter  locations 
to  extract  target  modes  and  frequencies  plus 
actual  abort  channel  acceleration  levels  and 
their  magnitudes  for  a  modal  test  of  a  structure. 

The  techniques  discussed  Included  utilization 
of  acceleration  transfer  functions,  selection 
criteria  for  resonant  peaks  of  the  transfer 
functions,  and  methods  to  utilize  and  Inspect  the 
data  thus  generated.  Significant  attention  was 
focused  on  the  selection  criteria  as  well  as 
means  of  determining  the  final  exciter  locations 
to  be  used  In  the  test* 

The  methods  discussed  are  general  enough  that 
they  can,  and  should  be,  adapted  to  the  user’s 
specific  situation.  This  entire  paper  should  be 
considered  as  one  more  analytical  tool  for 
assistance  In  modal  testing.  It  should  be  used 
in  conjunction  with  any  other  available  tools  or 
techniques  available. 
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III.  INTRODUCTION  AND  BACKGROUND 


Modal  testing  has  always  been  (and  still  is)  a 
somewhat  inexact  discipline  for  the  dynamics 
engineer.  Some  of  the  analytical  questions  and 
decisions  that  confront  the  test  engineer  before 
any  tests  are: 

1)  Do  I  have  a  good  full  sized  analytical 
structural  model  representative  of  the 
physical  structure? 

2)  Can  I  get  a  reduced  analytical  test  model 
that  is  still  representative  of  the  full 
system? 

3)  How  large  should  the  reduced  model  be? 


4) 

Which  modes  and  frequencies 
extract  from  the  test? 

do 

I  want 

to 

5) 

Where  will  the  structure 

be 

forced 

to 

properly  generate  resonant 

responses 

for 

the  modes/frequencies  desired? 

Usually  the  first  four  concerns  are  reasonably 
well  answered  by  conventional  wisdom  and 
analytical  orthogonality/ cross-orthogonality 
checks,  but  the  fifth  question  does  not  always 
have  a  clear-cut  answer  using  existing 
conventional  tools  such  as  mode  shape  plots, 
etc.  It  is  the  purpose  of  this  paper  to  address 
this  last,  and  perhaps  most  difficult,  question 
by  providing  an  analytical  approach  to  solve  it. 

IV.  DERIVATION  OF  ACCELERATION  TRANSFER  FUNCTION 

Assuming  that  an  accurate  analytically  reduced 
model  is  available,  and  that  accelerometers  can 
be  fastened  at  all  the  reduced  dofs,  it  is  now 
appropriate  to  direct  efforts  toward  creating 
ATFs  as  the  next  step  in  determining  "ideal" 
exciter  locations. 

Acceleration  transfer  functions  are  preferred 
in  the  analysis  of  exciter  location  selection 
since  accelerometers  are  normally  used  as 
response  read-out  devices  and  thus  can  be 
directly  related  to  the  ATFs. 

Presented,  as  a  review,  is  a  brief  derivation 
of  the  acceleration  transfer  function  for  a 
damped  system  with  harmonic  excitation. 

The  equation  of  motion  for  a  forced  system  with 
damping  is: 

[M]x(t)  +  [C]x(t)  +  [K]x(t)  =  F(t)  (1) 

This  equation  is  transformed  to  the  modal  domain 
by: 


x(t) 

=  [ipi 

q(t) 

x(t) 

=  [<)] 

q(t) 

(2) 

x(t) 

=  [()] 

’q(t) 

Substitutions  (2)  Into  (1),  and  premultiplying 
T 

by  [(^],  (1)  becomes: 


T  , .  T 

[(!>]  [M][(l)]  q(t)  +  [ij)]  [C][({)]  q(t) 

T  T 

+  [<!)]  [K][(l)]  q(t)  -  [$]  F(t)  (3) 

Utilizing  mass  normalized  mode  shapes. 


T 


[j)]  [M][<)]  =  [1] 

(4) 

T 

[(t)]  [K][(l)]  =  [w2] 

(5) 

T 

[•1)1  [C][(l)]  =  [2i 

w] 

(6) 

Substituting  (4), 

,  (5),  and  (6)  Into  (3): 

q  (t)  +  [2  f  w‘ 

I  q(t)  +  [w^]  q(t) 

= 

T 

Applying  the  Laplace  transform, 

F(t)  (7) 

q(t) 

=  Q(s) 

q(t) 

=  sQ(s) 

(8) 

q(t) 

=  s^Q(s) 

to  (7)  yields: 

(s^  +  [2}w]s  + 

[w2])Q(s)  =  [4]  F(s) 

(9) 

Since  the  relationship  between  x(t)  and 

x(t)  is 

s2,  ie: 

Q(s)  =  s2  Q(s)  (10) 

Utilizing  (lU),  (9)  can  be  expressed  as: 


F(s)  6^  +  [2fw]s  +  [w^]  (11) 

Substituting  s  “  IjL  into  (11),  the  absolute 
acceleration  transfer  function,  in  the  modal 
domain,  becomes:  ^ 

Q  =  _ if};: _ [it] 

Fq  [w2]  +  [2^wi-n-]  -IL?  (12) 

By  use  of  relationship  (z),  (12)  becomes: 

’i_  =  [it] _ 

Fo  [w2]  +  [2^wln]  -  SL^  (13) 

Equation  (13)  is  the  basic  equation  for  the 
acceleration  transfer  function  in  the  time  domain. 

In  practice,  two  selector  vectors  can  now  be 
used  to  operate  on  the  modes  matrices  to  extract 
a  scalar  ATF  representing  a  given  input  exciter 
location  (<^p)  and  a  given  response  location 
(<r  p) .  In  addition,  a  given  maximum  excitation 
force  can  be  selected  (such  as  +/-  1  lb.)  and 
rationed  to  determine  actual  abort  levels.  The 
final  form  of  equation  (13)  used  is: 

=  j"^}  [♦'3 - ifl - fU 

Fp  ^  [w2]  +  [2fwlll.]  -S)l  '"(lA) 
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Abstract :  In  this  paper,  we  use  differential 

geometric  methods  to  understand  the  dynamics  and 
control  of  certain  multibody  systems. 
Specifically,  we  treat  rigid  spacecraft  with 
rotors  and  announce  a  basic  stability  theorem  for 
the  dual-spin  maneuver.  We  then  show  how  to 
decouple  the  effect  of  disturbance  torques  from 
spacecraft  attitude  variables. 

Our  stability  arguments  based  on  Lie-Poisson 
structures  involve  general  principles  that  are 
applicable  to  more  complex  multibody  systems  than 
those  considered  here.  The  techniques  for 
decoupling  disturbance  torques  that  we  use  here 
also  admit  applications  to  more  complex  multibody 
systems  including  elastic  elements. 

1.  Introduction 


There  has  been  a  tremendous  resurgence  of 
interest  in  the  subject  of  analytical  mechanics 
in  recent  years,  this  has  been  partly  due  to  the 
systematic  infusion  of  a  rich  variety  of 
geometric  ideas  and  techniques  into  the  foun¬ 
dations  of  the  subject.  Recent  discoveries  of 
new  inegrable  classes  of  systems  (both  finite  and 
infinite  dimensional),  phenomena  related  to 
*chaos*  and  recent  developments  in  stability  and 
critical  point  theory  of  mechanical  systems  have 
relied  heavily  on  geometric  and  algebraic  ideas. 
Along  side  these  developments,  there  has  been  a 
steady  effort  on  the  part  of  control  theorists  to 
understand  problems  of  control  and  estimation  of 
nonlinear  systems  using  geometric  tools. 

In  this  paper,  we  aim  to  show  certain 
geometric  methods  and  ideas  in  action,  -  in 
solving  concrete  problems  related  to  attitude 
control  of  spacecraft.  We  focus  on  the  simplest 
class  of  multibody  spacecraft,  namely  rigid  spa¬ 
cecraft  carrying  symmetric  rotors.  There  is  a 
Hamiltonian  structure  underlying  this  class  of 
dynamical  systems  even  when  the  rotors  are  dri¬ 
ven,  A  complete  understanding  of  this  fact  would 
necessitate  an  excursion  into  the  recent  develop¬ 
ments  in  Hamiltonian  systems  with  inputs  and  out¬ 
puts  due  to  Brockett,  Takens ,  Willems  and 
Van-der-Schaf t  (see  [l],  [l6],  [l9],  [l7]  ). 

Instead  we  outline  a  treatment  based  on 
Lie-Poisson  structures  and  announce  a  basic  sta¬ 
bility  theorem  for  dual-spin  spacecraft.  Details 
of  the  proof  are  to  be  found  in  [9],  [lO]. 

We  then  proceed  to  solve  the  problem  of 
decoupling  a  spacecraft  with  momentum  wheels  from 
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internal  disturbance  torques.  This  is  achieved 
by  designing  appropriate  nonlinear  feedback  laws 
for  the  driving  torques  on  the  wheels.  To  keep 
the  paper  self-contained  an  exposition  of  the 
abstract  disturbance  decoupling  theory  is  also 
given. 


2.  Dynamics  of  Rigid  Spacecraft  with  Rotors 


The  equations  of  motion  for  a  rigid  spa¬ 
cecraft  carrying  multiple  symmetric  rotors  may  be 
obtained  by  systematic  application  of  Newton ^s 
laws.  In  the  notation  of  Wittenburg  [20]  ,  these 
are. 


,  m  o 

Jco  +  y  h-i  +  wx 
i=l  ^ 


+.1,^1  +  I  hi  ] 

i=l  i=m‘fl 


=  M 


-i ,  hi 


(2.1a) 


r  •  o  r 

u^  •  (Ji  w  +  h^J  =  M^,  1=1,2, ...m, 


(2.1b) 


where,  we  assume  that  of  a  total  of  (m+n)  rotors 
each  indexed  by  i  the  first  m  are  subject  to  known 

r 

axial  torque  components  M^  and  the  remaining  n 
have  known  angular  momenta  hi(t)  with  respect  to 
the  body  of  the  spacecraft.  In  the  scalar 
equations  (2.1,b),  u^  denotes  a  unit  vector  along 
the  axis  of  the  i^^  rotor,  and  (o)  denotes  dif¬ 
ferentiation  with  respect  to  a  spacecraft  frame, 
r 

J±  =  moment  of  inertia  of  i^^  rotor  about  its  spin 
axis  and  J  =  moment  of  inertia  of  spacecraft  with 
all  rotors  locked,  o)  is  the  spacecraft  body  angu¬ 
lar  velocity  and  h^  is  the  angular  momentum  of  the 
ith 

rotor  relative  to  the  spacecraft,  M  denotes 
the  resultant  of  external  torques. 

Suppose  now  that  one  is  interested  in 
understanding  the  dual-spin  maneuver.  Here  the 
intuition  is  the  following  :  if  the  spacecraft 
contains  a  driven  rotor  spinning  at  a  sufficient ly 
high  constant  relative  angular  velocity,  then  in 
the  presence  of  a  suitable  additional  damping 
mechanism,  the  spacecraft  body  angular  velocity 
eventually  converges  to  an  (unique)  equilibrium 
spin.  Although  many  attempts  have  been  made  in 
analyzing  the  dual-spin  turn,  our  stability 
theorem  below  apears  to  be  the  first  rigorous 
verification  of  the  above  intuition  for  a  model 
linear  damping  mechanism  based  on  rotors. 

We  assume  that  the  spacecraft  has  two  sets  of 
three  symmetric  rotors  each;  one  set  free-spinning 
with  linear  damping  and  one  set  driven  at  constant 
relative  angular  velocities.  The  equations  of 
motion  (2,l.a-b)  now  take  the  form. 
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hy  —  S(J  ^hy)  [hy  +  hjj  +  h^]  ”  Y^v 


hd  ^  “  ^^d  (2.2) 

=  0, 

where,  +  to^)  is  the  3-vector  of  angu¬ 

lar  momenta  of  the  damping  rotors  with  respect  to 

w  w 

inertial  space;  h^  =  is  the  3-vector  of  angu¬ 

lar  momenta  of  the  driven  rotors  relative  to  the 
spacecraft;  hy  =  and  =  spacecraft  angular 

Y 

velocity  vector  ;  =  moment  of  inertia  of  spa¬ 

cecraft  with  all  rotors  locked  and 

J  =  -J3  ;  Y  =  aJ“^,  6  =  aJ^  ^  and  a  =  diagonal 

matrix  of  positive  damping  coefficients  of  the 
free-spinning  wheels.  Among  the  main  results  in 
[9],  [10]  we  mention: 

(1)  as  a>0,  the  system  (2,2)  tends  to  a 
Hamiltonian  system; 

(2)  the  Hamiltonian  structure  in  (1)  is  not 
canonical  but  is  a  Li e-Poisson  structure; 

(3)  if  a>0,  then  for  hy  sufficiently  large, 
we  have  proved  an  asymptotic  stability 
theorem. 

The  details  are  to  be  found  in  [9].  We  enlarge 
upon  items  1  and  2  above. 

Let  ^  be  a  finite  dimensional  Lie  algebra 
with  braqcket  [•»•]•  Let  CQ*  be  the  dual  space 
of  CQ  ,  The  space  F(  CQ*)  of  smooth  real-valued 
functions  on  ^  carries  a  Poisson  structure 
(bracket)  as  follows: 


2 


<  h^,  j 


d-l 

a 


The  coadjoint  orbits  are  spheres  and  are 
invariant  (4=^  total  body  angular  momentum  is 
conserved).  The  Hamiltonian  H  =  T-Q-W,  where 
T  =  total  kinetic  energy  of  spacecraft,  Q  = 
total  energy  supplied  through  driven  rotors, 

W  =  kinetic  energy  of  driven  rotors  (maintained 
constant) . 

If  a>0,  we  showed  in  [9]  that  for  a  range  of 
values  of  hy  (given  by  the  perfectness  conditions 
of  [10]),  the  system  (2.2)  is  asymptotically 
stable  in  the  large  (i.e  all  trajectories  con¬ 
verge  to  one  of  the  equilibrium  points).  The 
Lyapunov  function  used  to  establish  this  is 
V  =  H+W.  The  key  observation  here  is  that  W  is 
an  element  in  the  center  the  Poisson  bracket 
algebra  F(  eg*).  The  addition  of  such  an  element 
(called  a  Casimir  element)  to  the  Hamiltonian 
gives  us  a  Lyapunov  function.  This  is  not  acci¬ 
dental  and  is  part  of  a  rather  general  picture 

see  ([4],  [11]). 

We  have 

Theorem:  Assume  that  hy  is  large  enough  for 
the  perfectness  conditions  of  ([9]  [lO])  to  hold. 
Then  almost  all  trajectories  of  (2.2)  converge  to 
the  unique  global  minimum  of  V  on  the  momentum 
variety , 

2  2 

II h  +  h,  +  h  11  ~  ]i  ~  constant 

V  d  w 

3.  Disturbance  Decoupling  in  Spacecraft 


(•,•}  :  F(  1^*)  X  F(  (^)  F(  <^) 

(!)>  >  4')  ^ 

{<(',  i|)}  (f)  =  [  IF  > 

Where  ^ ^  ^  denotes  the  natural  pairing 

between  cg*  and  og  ,  and  denote  Lie  algebra 

gradients  ([4],  [5],  [ll],  [l2],  [iS]).  Given  H 
(a  Hamiltonian)  in  F(5^)>  the  vector  field  Xy  is 
defined  by  setting 


Spacecraft  control  system  designers  must 
design  attitude  control  systems  that  shield  or 
decouple  the  attitude  variables  from  a  variety  of 
disturbance  effects.  These  include, 

(a)  external  forces  and  torques  due  to 
gravity  gradient,  solar  pressure  on  panels, 
aerodynamic  drag  at  low  altitudes,  magnetic 
field  interactions  etc.; 

(b)  internal  forces  and  torques  due  to 
crew  motion,  internal  reconfiguration  (e.g. 
space  shuttle  manipulator  motions),  fuel 
sloshing  etc. 


Xh(4.)  =  {h,,(>}  . 

If  X  denotes  a  global  coordinate  system  on 
then  the  differential  equation, 


is  known  as  the  Lie-Poisson  equation  associated 
to  ig*,  H  and  the  chosen  basis.  The  vector 
fields  Xjj  leave  invariant  the  coadjoint  orbits  in 
(^*  (see  [9]). 

In  [9]  we  showed  that  the  system  (2.2)  with 
a  =  0  (and  hence  y  =  5  =  0)  is  in  Lie-Poisson 
form,  with 

C)g  =  so(3)  ©  e 


When  accurate  models  of  such  disturbances  we 
available,  it  is  possible  to  design  specific  com¬ 
pensation  schemes.  For  a  recent  survey  of  the 
literature  and  an  overview  of  techniques,  see 
[15]. 

In  this  paper,  we  show  how  to  design  nonli¬ 
near  feedback  control  laws  for  momentum  wheels 
which  can  decouple  a  part  of  the  attitude  dyna¬ 
mics  (more  precisely,  a  row  of  the  direction 
cosine  matrix)  from  internal  disturbance  torques. 
This  is  a  long  exercise  in  Lie  bracket  calcula¬ 
tions  and  solution  of  first  order  partial  dif¬ 
ferential  equaions.  The  only  previous  effort  of 
this  nature  (that  we  are  aware  of)  is  in  [l4]. 

In  that  paper  the  authors  treat  the  (simpler) 

problem  of  decoupling  (from  external 
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disturbances),  rigid  body  dynamics  using  reaction 
jets. 

Eliminating  the  rotor  dynamics  from  (2,1) 
and  relabeling  certain  variables  we  get  the 
following  basic  model, 

A  =  S(a))A 

0)  =  J  ^S((jo)Ah  + 

+  g2  ^2  pw 

where  A  =  direction  cosine  matrix,  tu  =  body  angu~ 
lar  velocity  vector,  g^  =  (1,0,0)",  g2  =  (0,1,0)" 

and  p  =  (0,0,1);  J  =  ^  “  conserved  angu¬ 

lar  momentum  vector. 

The  normalized  momentum  wheel  torques  are 
denoted  as  u]^(t)  and  U2(t)  and  w(t)  is  an 
(internal)  disturbance  torque. 

Our  aim  is  to  design  a  feedback  law,  of  the 
form  =  f]^(a),A)  and  U2  =  f2(w,A)  such  that  the 
last  row  of  the  attitude  matrix  A  is  unaffected 
by  the  disturbance  a)(*). 

In  section  4  below,  we  outline  the  general 
geometric  framework  for  disturbance  decoupling. 
The  basic  ideas  appeared  in  linear  system  theory 
during  the  period  1969-1975  and  a  comprehensive 
exposition  may  be  found  in  [22]  (see  also  [2l]), 
Nonlinear  decoupling  methods  are  of  recent  origin 
and  the  basic  results  are  in  [3],  [6]. 

Our  solution  to  the  disturbance  decoupling 
problem  for  spacecraft  using  momentum  wheels  is 
given  in  seciton  5,  Since  repeated  use  of  dif¬ 
ferential  geometric  notation  is  made  in  the 
following  pages  we  note  here  : 

(i)  given  f(x)  and  g(x) ,two  smooth  n-vector 
functions  viewed  as  local  coordinate  represen¬ 
tation  of  two  vectorfields  in  R^,  the  Lie 
bracket  [f,g]  has  the  local  coordinate  represen¬ 
tation 

[f,g]  :  =  -(i|)g 


By  a  (smooth)  distribution  A  on  M  we  mean  a 
(smooth)  choice  of  a  subspace  A^  C  TMx  of  the 
tangent  space  at  each  point  xeM, 

A  distribution  A  is  invariant  under  the 
dynamics  'l  if 

[f,  a]  ca 

4.2 

[gi,  A]  C  A  .  i=l,2,..,  m 

Have  [•»•]  denotes  Lie  bracketting. 

^tivolutive  closure  A  of  a  distribution  A 
is  the  smallest  distribution  A  containing  A  and 
satisfying , 

[T,  "a]  cT  4.3 

Fact :  If  A  is  invariant  under  ^  then  so  is  A. 

Let  A  be  an  involutive  (i.e.  A  =  A), 
invariant  distribution  of  constant  rank  k  for  the 
system  We  obtain  a  reduction  theorem  for  ^  as 
follows ; 

Let  (xj,  X2)  be  local  coordinates  such  that 
xieR^“^  and  X2eR^  respectively. 

and 

=  span  {  } 

In  these  coordinates  the  system  ^  becomes 
XI  =  fi(xi,  X2)  +  Gi(xi,  X2)u 

^2  =  f2(Xi.  Xa)  +  G2(Xj.  X2)u  4.4 

y  =  h(x^,  x^). 

But  since  A  is  invariant, 

[f.  ]  E  span  {  1^  }  . 

This  implies  -r - -  0 

^^2 


(ii)  The  Lie  derivative  of  a  smooth  function 


n 

a(x)  along  a  vector  field  X  =  I 

i=l 


is  given  by 


Xa 


n 

I  fi 


i=l 


^ "  Disturbance  Decoupling  (an  outline) : 

An  analytic  nonlinear  control  system  on  a 
manifold  M  (=  phase  space)  may  be  represented  in 
local  coordinates  in  the  form 


O  VJ 

Similarly  '  =  0 

Thus  fj,  Gi  are  functions  of  x^^  alone  and  we 
obtain 

Zp  :  x^  =  f j(xj^)  +  Gj(Xj^)u  4.5 

a  subsystem  of  J]. 

For  the  purposes  of  disturbance  decoupling 
we  need  a  modified  notion  of  invariance. 


X  =  f(x)  +  G(x)u 

I  :  4.1 

y  =  h(x)  , 

where  G(x)  =  [gx(x),  •••,  gni(x)  ] ,  f,  gi  are  ana¬ 
lytic  vector  fields  and  h  is  an  analytic  output 
map. 


Let  a(x)^  (ax  (x)  ,  ...»  a^(x))rdenote  a 
smooth  R°^-valued  function  of  x  and  let  3  (x)  ^ 
[3ij  (x)  denote  a  smooth  mxm  matrix  valued 
(invertible)  function  of  x.  We  interpret  a(x)  as 
defining  a  nonlinear  feedback  and  3(x)  as 
defining  a  change  of  coordinates  in  the  input 
space  which  depends  nonlinear ly  on  x. 
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For  the  purposes  of  disturbance  decoupling 
we  need  a  modified  notion  of  invariance. 

Let  a(x)^  (ai  (x) ,  a^(x) ) "denote  a 

smooth  R°^-valued  function  of  x  and  let  3(x)  ^ 
[3ij(x)]njxm  denote  a  smooth  mxra  matrix  valued 
(invertible)  function  of  x.  We  interpret  a(x)  as 
defining  a  nonlinear  feedback  and  3(x)  as 
defining  a  change  of  coordinates  in  the  input 
space  which  depends  nonlinearly  on  x. 

Let  (G0)i  denote  the  i^^  column  of  the 
matrix  G0  and  let  f+Ga  denote  the  closed  loop 
drift  vectorfield. 

We  say  that  a  distribution  A  is  (f,  G) 
invariant  if  there  exist  a(x)  and  3(x)  such  that 


Theorem:  For  analytic  control  systems  the  state 

feedback  disturbance  decoupling  problem  is 
solvable  locally  (with  3  invertible)  iff  there 
exists  a  distribution  A  such  that 

A  is  (f  ,G)  invariant 

image  (P(x))  C  A^  CKer(dh(x))  // 

This  theorem  together  with  the  previous 
lemma  provides  a  very  useful  tool  for  control 
synthesis  to  achieve  disturbance  decoupling. 

The  above  theorem  is  due  to  Hirschorn  [s] 
and  independently  Isidori,  Krener,  Gori-Georgi 
and  Monaco  [b].  Other  variations  due  to  Van  der 
Schaft  &  Nijmeier  are  also  known.  See  ([l3]-[l4]) 


[f  +  Ga,  a]  C  A 
[(G6)i,  a]  e  A 


4.6 


In  other  words  there  is  a  nonlinear  feedback  law 
a  and  a  nonlinear  change  of  coordinates  3  in 
input  space  such  that  A  is  invariant  under  the 
new  dynamics 


^  Disturbance  decoupling  using  momentum 
wheels : 


In  this  section  we  show  using  the  general 
theory  outlined  in  section  4,  that  it  is  possible 
to  design  nonlinear  feedback  laws  for  2  momentum 
wheels  to  decouple  a  part  of  the  spacecraft  atti¬ 
tude  variable  from  internal  disturbance  torques. 


f  =  f  +  Ga 


3*1  Equations  in  local  coordinates 


G  =  G3 

Often  it  is  difficult  to  establish  (f ,G) 
invariance.  But  there  is  a  related  concept: 

A  distribution  A  is  locally  (f,G)  invariant 
if 


[f  ,  a](x)  C  A(x)  +  span  (g^(x)}™^^ 

[g^,  a](x)  C  A(x)  +  span  . 

Lemma :  [?]  Suppose  A  is  locally  (f ,G) 

invariant  and  A  is  its  involutive  closure  and  the 

dimensions  of  A(x),  span  (g^(x)}™^^  and  A(x)nSpan 

{g.(x)}?_,  are  constant.  Then  locally  around 
each  xeft  there  exists  an  a(x)  and  an  invertible 
3(x)  satisfying  (4,6). 

The  concept  of  (f ,G)  invariance  plays  a  crucial 
role  in  the  disturbance  decoupling  problem. 


We  know  from  section  3  that  the  equations  of 
motion  are: 


A  =  S(a))A 

0)  -  J''ls(w)  A  h(0)  +  J~^z 
Denoting  the  attitude  matrix  as 


we  can  rewrite  (5.1.1)  as 
ri  =  W3r2  -  W2r3 
r2  =  -m3r]^  +  ^1^3 
r3  =  a32ri  -  mir2 
SI  =  u)3S2  -  aj2S3 


(5.1.1) 


We  outline  the  main  ideas  behind  disturbance 
decoupling.  Consider  a  system 

X  =  f(x)  +  G(x)u  +  P(x)w 

. 

y  =  h(x) 

Here  the  vector  ue  R®  is  a  control  and  the  vector 
we  RP  is  a  (time-dependent)  disturbance.  One 
says  that  the  system  is  disturbance  decoupled 
if  the  output  y  is  independent  of  the  disturbance 
w.  Now  a  given  system  may  not  have  this  pro¬ 
perty.  So  one  can  try  to  modify  the  system  using 
feedback  a(x)  and  input  change  of  coordinates 
B(x)  such  that  the  modified  system  is  disturbance 
decoupled.  This  is  the  essential  idea.  Now  it 
is  possible  to  achieve  local  disturbance 
decoupling,  by  testing  the  conditions  of  the 
following  theorem. 


52 

53 
tl 
t2 
t3 

mi 

u)2 

0)3 


=  -0138]^  +  o)|S3 

=  0)231  -  0)^82 

=  0)3t2  -  o)2t3 

=  — o)3t  1  +  0)  1 1 3 

=  o)2ti  -  0)it2 

=  0)3  ^2  “  ^2  ^3  ^  ^1 
2  2 

=  0)1  J^3  -  0)3  ^^i  +  U2 
3  3 

=  0)2  ^1  “  0)1  ^^2  I*  d 


(5.1.2) 
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Where  ^2®2  ■*"  ^3^2 

^3  =  ^1^3  +  ^2^3  +  ^3^3 

^3  ==  -^4^3  +  ^5^3  +  ^6^3 

^1  ”  ^4^^!  ^5^1  +  ^6*^1  (5.1.3) 

3 

=  ^jTi  +  Z3S1  +  ^9^1 

^2  =  ^7^2  ■*’  ^8^2  +  ^9^2 

^1  “  ^1^1  ■*■  ^2®1  ^3^1 

2 

*^2  ="  +  ^5S2  +  ^6^2 

^3  =  ^7^3  +  ^8S3  +  ^9^3 

Here  (ill,  ^2>  ^3^  normalized  vector  of 

total  body  angular  momentum  h(0)  (which  remains 
invariant  under  internal  disturbance  torques). 

5.2  Existence  of  an  (f,G)  invariant 
distribution 

We  have: 


r-3t 


where  {ei,  •••,  612}  denotes  the  standard  basis 
in 

We  are  looking  for  a  distribution  A  such  that; 

^  e  A  C  Ker  dy  =  /  Span  {e^,  e^,  e^} 

and  A  is  locally  (f,G)  invariant: 

[f_,A]  C  A  +  Span  {gig?} 

[£j,A]  C  A  +  Span  {sig?| 

H.  Nijmeijer  and  van  der  Schaft  [l3]  give  an 
algorithm  for  computing  the  maximal  (f,G) 
invariant  distribution  contained  in  a  given 
distribution  (Kefdy  here);  the  same  algorithm  is 
given  in  a  dual  form  by  A.  Isidori  et  al.  in  [b]. 
This  algorithm  requires  us  to  solve  systems  of 
PDE's  in  a  12  X  12  +  12  =  156  dimensional  space! 
We  therefore  have  to  take  an  alternative 
approach. 

Consider  the  following  distribution: 
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A  =  Span  {X^,  X^} 

[f  ,a]  C  a  +  Span  {§,^£.2}  [i.>  ]  e  *  + 

Span 


[f_,  X2]  e  A  + 
Span  {£j, 


(5.2.1) 


(5.2.2) 


8X, 


[1.  Xj  = 


0 

-to 


Therefore  [^,  =  ~X2  +  (^2  -  1^2^  i_l 


+  (flj  -  0)^ 


where  =  e^^  and 


'11 


Hence  [£»  2Li  ]  ^  ^  §2^ 


Now, 


[I.  x. 


3X 

17“  - 


9f 

3x 


(5.2,3) 


3x 


2 

3 

4 

5 

'  6 
7 
S 
9 

10 

11 

12 


10  11  12^ 


Hence : 


[f  ,X2]  -  (u^n^  "  “3^1  +  “3^1 


“3“l)  1.1 


(“2^3 "  “3^2 


“2^3  ''■  “3^2^  ^2 


fe  A  +  span  (_£^,  _g2 


(5.2.4) 


Next  we  have  to  check  that,  for  each  x  M, 
the  statespace,  the  vectors,  [gj,  Xj^](x), 


S2»  ^2 

[M2> 

,11.  §2 


>  [H’  X2](x),  [gi,  X2](x)  and 
(x)  ail  belong  to  space  A(x)  +  span 
.  This  can  be  verified  by  direct  calcu¬ 


lation  that, 

[-^1’  2ii]  “  [®2’  ^1  ]  ~  ^  ’ 


and 


LSl*  ^2 

[ip,  X 


'11 


'10  • 


This  completes  the  verification  that  A  is 
locally  (f ,  G)  invariant.  It  can  be  further 
explicitly  verified  ,  that. 

(a) .  A  is  involutive  and  of  rank  2. 

(b) .  dim  (span  { gj »  ^])  2  =  constant  on 

TS0(3)  the  tangent  bundle  of  S0(3)  = 
attitude  x  angular  velocity  space, 

(c) .  dim  (A  n  span  { gj ,  ^}) 

=  0  =  also  constant. 

Thus  the  hypothese  of  the  lemma  of  section  4  are 
satisfied.  Hence  there  exists  a  feedback  law 
a(x)  and  a  nonlinear  change  of  coordinates  in  the 
input  space  3(x)  such  that  A  is  (f,G)  invariant 
i.e .  , 

[f  +  Ga,  a]  C  a  (5.2.5) 

[(Ge)i,  a]  c  A 

i-1,2  . 

This  implies,  from  the  theorem  of  section  4, 
that  the  disturbance  decoupling  problem  is 
solvable.  In  the  next  section  we  explicity  com¬ 
pute  a( • )  and  3 ( • ) • 

5.3  Construction  of  decoupling  feedback  laws 
Summarizing  what  we  already  have: 

A  =  Span  {Xi,  X2} 

[f_,  X]^]  =  -X2  +  (m2  -Jni2)  g_i  +  (f^i  -  “l)  £2 


(5.3,1) 


2  2  11 
h,  X2]  =  -  m3^^2  "P  ^3^1  -  $^3^2)  ^ 


1  1  2  2 
+  ((1)2^3  “  ^3^2  ^3^2  ~  ^3^2^  g  2 


(5.3.2) 
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Ill’ll]  =  [i2.Xi]  =  0 

LSi>X2]  =  -£2  [l2>*2]  =  ii 

[Xi,X2]  =  0 


(5.3.3)  From  (5.3.11)  and  (5.3.2)  we  get 


(5.3.4) 

(5.3.5) 


2  1  2  1 

103(523  -  523)  -  103(521  -  52i)  +  02  -  X2(ai)  =  0 


We  want  to  find  a(x)  =  and  3(x)  - 

a2(x) 


2  1  2  1 

^3(^2  "  ^2)  “  ^2(^3  “  ^3)  +  oti  “  X2(a2)  =  0 


X(x)  y(x) 
v(x)  a(x) 


where  X2(a)  is  given  by: 

3oc  8a  9a  3a 

X2(o)  =  r2^-  ri^+S2^-  si_  + 


such  that  A  is  invariant  under  the  new  dynamics: 
f  =  f  +  G  a 


1-r.  4-  ,  9a  9a 

3^7+ “2-3^-  <^1  3^ 


and  ^  =  £  £ 

£  =  Lgi>  =  [eio  eii] 

ai 

£iL  =  [®10  ^ll]  =  “leio  +  a2eil 

«2 

Therefore  £  +  £  a_  =  J.  +  ^lo  +  a2  ei i  (5.3,6) 
and  we  should  have 

[f  +  oi  eio  +  012  eii,  *]  C  A  , 

or  equivalently 

[f  +  oi  eio  +  02  eii,  Xi]  e  A  ,  (5.3.7) 


(5.3.12) 

Therefore  we  seek  to  solve  the  system  of  PDF's 
(I)”(IV);  which  can  be  written  as  follows: 

^“i  1 

•3:jr““2-«2  (I) 


2  2 

3JJ7  =  -“1  + 


X2(ai)  -  02  =  101(523  -  523)  -  103(521  -  52})  (III) 


2  1  2  1 

X2(a2)  -  =  t03(S^2  ”  ^2)  ”  ^2(^3  ”  ^3)  (IV) 


[f  +  01  eio  +  “2  eii,  X2]  e  A  .  (5.3.8) 

(5.3.7)  <=>  [f  +  oieio  +  02  en,  Xi]  = 

[f.Xf]  -  Xi(ai)£i  -  Xi(a2)£2  ^  ^  (5.3.9) 


3o 


Xi(a2) 


(5.3.10) 


Using  equations  (5.3.1),  (5.3.9)  and  (5.3.10)  we 
get: 


From  (5.1.3)  we  get, 


2  1 

^3  “  ^3  =  (^4  “  ^1)^3  +  (^5  ”  ^2)s3  + 


(^6  -  ^3)t3 


(5.3,13) 


^1  “  =  (^4  -  ^i)ri  +  (Jl5  -  ^2)si  + 


(^6  -  ^3)tl 


(5.3.14) 


Similarly 


2  1 

^2  “  ^2  =  (^4  “  ^l)i^2  +  (^5  “  ^2)s2  + 

(^6  “  ^3)t2  (5.3.15) 


1  ^1 

TJ-  =  “2  -  ^2 


2  2 


(5.3.8)  <->  [f  +  a^^^  +  X^]  = 

[f,X2]  -  (ai  +  X2(a2))£2 

(^2  -  X2(al))g2  e  A 


2  1 

^3  -  ^3  =  (i^4  -  ili)r3  +  (il5  -  ^^2)83  + 

ae  -  J^3)t3  (5,3.16) 

From  (5.3.13),  (5,3.14)  and  (III)  we  get: 

X2(ai)  -  a2  =  (^4  -  ii)  r2  +  (^^5  -  1^2)  ^2  + 


(£6  -  ^3)  t2 


From  (5.3.15),  (5,3,16)  and  (IV)  we  get: 


(5.3.17) 
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(5.3.29) 


X2(a2)  -  ai  =  -  Jli)  ri  +  (£5  -  Hi)  si  + 

(£5  -  l2>  M  (5.3.18) 

Now,  let  us  make  the  following  change  of 
variables : 

=  (0)2  -  ^'1^2  ~  ^2S2  "  + 

Ai(ri,  r2,  ...^2)  (5,3.19) 

a2  =  (-^1  +  ii^Ti  +  ^5Si  +  ^ 

A2(ri,  r2,  ...0)2)  (5.3,20) 

Define  the  new  variables: 

ai  =  ^4  -  li  c^2  =  ^5  "  ^2  c)3  =  ^6  "  ^3 

(5.3,21) 

After  further  manipulations,  we  get  the  following 
system: 

X2(Ai)  -  A2  =  nia)ir3  +  02^153  +  03Wxt3  (V) 
X2(A2)  +  Ax  =  -(JxW2r3  -  CJ2W2S3  +  <J3“2t3  (^1) 
One  can  check  that: 

Al  =  “^1^2^3  ”  '^2“2®3  ”  ^3^2^3  (22) 

A2  -  0  (23) 

is  a  solution  to  the  system  (V),  (VI). 

This  leads  to  the  following  expressions  for 
ax  and  a2i 

ax  =  (1)2^3  "  ^1^2^3  ”  ^2S2^3  ^3t2^3  “  ^1^2^3 

-  02^2^3  “  ‘^3^2^3  (5.3.24) 

a2  =  -(jJx^3  +  ^4^1^3  +  ^5S1^3  ■*"  ^6^1“3  (5.3.25) 


[pexo  +  cJexi.A]  C  A 

the  pairs  (X,v)  and  (y,a)  play  a  symmetric  role 
and  therefore  will  satisfy  the  same  system  of 
partial  differential  equations. 

(5.3.28)  =>  [Xexo  +  vexi,Xx]  e  A 

but  [Xexo  "^^ll*  ^1]  "  "■Xx(X)exo  ”  Xx(v)exi 
Hence  Xx(X)  =  0  (5.3,30) 

Xx(v)  =  0  (5.3.31) 

(5.3.28)  ->  [Xexo  +  ^exi,X2]  =  (v  -  X2(X))exo  " 

(X  +  X2(v))exx  e  ^ 

Therefore  X2(X)  -  v  =  0  (5,3.32) 

X2(v)  -  X  =  0  (5.3,33) 

(y,o)  satisfy  the  same  system  of  equations 
(5.3.30)-(5,3.33).  We  note  that  (rx,  ^2) ,  (sx, 

S2)  and  (tx,  t2)  are  all  solutions  to  the  system 
of  PDE's  (5.3.30)-(5.3.33). 

Now,  we  summarize  our  results  in  the 
following  theorem. 

Theorem  :  Consider  the  momentum  wheels  attitude 

control  system  of  equation  5,1.1, 

The  feedback  law: 

ux  =  (^2^3  -  -llx^^2^3  “  ^2S2^3  “  ^3^2^3  “  CFl^2r3  “ 
02^253  -  <730)213)  +  rxvx  +  sxv2 
U2  =  (-mxW3  +  il4rxW3  +  ^^58x^3  +  + 

r2Vi  +  S2V2 

decouples  the  last  row  (r3,  33,  13)  of  the 
attitude  matrix  from  a  disturbance  acting  on 
an  internal  disturbance  torque  acting  along 
the  0)3  axis. 


Furthermore  ax  and  a2  satisfy  equations  (I)  and 

(II): 

From  (5,3.24)  we  have 


1 

—  =  (jj2  “  (^1^^2  ^2®2  ^3^2^  -  W2  !^2 


From  (5.3,25)  we  have 


^  ^9  2 

— _  =  +  (£4rx  +  ^5SX  +  ^b^l)  ^  “^1  “^l- 


Now,  let  us  compute  3  which  satisfies: 


[(Gg)^,  a]  C  A  ,  i=l,2. 


(5.3.26) 


GB  =  [eio  eii]  =  [Xeio  +  ven 


yeio  +  aeiiJ 


(5.3.27) 


Therefore  ^  (5.3.28) 


6.  Final  Remarks: 

We  have  shown  how  differential  geometric 
vnethods  contribute  to  the  solution  of  two  types  of 
•problems  arising  in  multibody  spacecraft  -  spin 
stabilization  and  disturbance  decoupling.  The 
tools  used  here  are  expected  to  play  an  essential 
iTole  in  rigorous  analytical  investigations  of  more 
complex  multibody  spacecraft  and  related  control 
synthesis  questions. 
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Abstract 

An  application  of  convected  finite  element 
transient  analysis  to  maneuver  and  deployment  of 
flexible  multi-member  trusses  and  frames  for  appli¬ 
cation  to  large  space  structures  is  presented.  The 
use  of  convected  analysis  within  the  finite  element 
framework  permits  accurate  treatment  of  both  large 
elastic  deformations  and  large  rigid  body  rotations, 
while  permiting  the  utilization  of  a  vast  storehouse 
of  existing  computional  finite  element  technology. 

A  consistent  mass  (rather  than  a  lumped  mass)  formu¬ 
lation  of  the  equations  of  motion  is  developed  so 
that  exact  rotational  inertial  properties  are  re¬ 
tained  in  the  analysis.  TTis  is  critical  for 
space  structures  which  undergo  unlimited  rotations. 

A  shortcoming  of  consistent  mass  formulations  for 
rotating  elastic  systems  is  that  they  lead  to  iner¬ 
tial  terms  which  depend  upon  elastic  motion  and  thus 
require  up-dating.  It  is  shown  that  this  shortcom¬ 
ing  may  be  avoided  by  making  appropriate  approxima¬ 
tions  with  little  loss  in  accuracy.  The  analysis 
is  used  to  study  maneuver  of  slender  booms,  deploy¬ 
ment  of  axi symmetric  hoops  composed  of  flexible 
members  and  deployment  of  planar  unfolding  multi- 
flexible-member  structures.  It  is  found  that 
multi-member  structures  can  possess  natural  deploy¬ 
ment  patterns  such  as  a  sequential  (member-by-mem¬ 
ber)  pattern.  Such  patterns  may  be  highly  desir¬ 
able  features  of  deployment  design  and  their 
achievement  without  the  use  of  complex  control 
mechanisms  could  represent  considerable  cost 
savi ngs . 

Nomencl ature 

a^,^,a^  2  coefficients  of  i^^  beam  element 

’  flexural  shape  function 

^i  11  ’  ^i  12  integrals  of  flexural  shape  func- 

^i*,21  5  ^i*,22  "t^on  as  given  in  Appendix  B 

[B]  connectivity  matrix,  eq.  (20) 

[C]  constraint  matrix,  eq.  (22) 

[D]  damping  matrix 

(d-j)  vector  of  displacement  degrees- 

of-freedom  for  i^h  finite  element 

(d)  full  vector  of  displacement  degrees- 

of-freedom,  see  eq.  (20) 

(^^ )  vector  of  generalized  forces  for  i^^ 

finite  element,  see  Appendix  A 

(f)  full  vector  of  generalized  forces 


”1  ,rs 


[M^] 


N 

Nd 

r,  R 


Rh 

s’ 
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vector  of  external  forces 

vector  of  nonlinear  inertial  terms 
for  the  i^h  finite  element. 

total  vector  of  nonlinear  inertial 
terms 

^  4 

components  of  (G.);  (G-)= 

j  =  l 

entries  of  (G^^J^)  as  given  in 
Appendix  B;  l£  m£  6;  l£  n^  6 

bending  displacement  of  i^^  finite 
element  beyond  the  i’^*^  convected 
coordinate,  eq.  (13) 

integrals  of  the  flexural  shape 
function;  1^  i_<  N;  l£  5,  see 
Appendix  B 

rotational  spring  constant  at  joints 
of  deployable  structures 

spring  constant  matrix,  see  eq.  (30) 

length  of  i^*^  finite  element 

mass  of  i^*^  finite  element 

entries  of  [M|(^)];  l£  N  ; 
lj<  s£  N,  see  Appendix  A 

assembled  mass  matrix 

mass  matrix  for  i^*^  finite  element 

components  of  mass  matrix; 

[M^]  =  I  [M^(3)] 
j  =  l 

total  number  of  members 

total  number  of  independent  degrees 
of  freedom 

local  radius  of  hoop  member  dur¬ 
ing  deployment  at  its  center  and 
either  end,  respectively 

fully  deployed  hoop  radius 

local  dimensionless  coordinate 
along  convected  beam  finite 
element;  0  <  s  <  1 
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[T-j]  convected  coordinate  transformation 

matrix  for  i'^^  finite  element 

u,  V  local  displacement  of  beam  element 

parallel  to  x  and  y  axis  respec¬ 
tively 

X,  y  global  cartesian  coordinate  system 

angle  formed  by  i^^  undeformed 
finite  element  and  x  axis 

^i,ll  >  ^i,12  >  integrals  of  flexural  shape 

^i,21  »  ^i,22  functions,  see  Appendix  A 

6  variational  operator 

Efyi  -j  mean  axial  strain  of  straight 

line  joining  end  points  of 
finite  el ement 

^  mean  axial  strain  of  i^^  deformed 

’  finite  element 

I  2  point  displacements  of  i^*^ 

’  ’  finite  element  parallel  to  x  axis 

e-j  angle  formed  by  straight  line 

joining  the  end  points  of  i^h 
finite  element  and  the  x  axis 

1  »  2  point  displacements  of  i^^ 

’  *  finite  element  parallel  to  y  axis 

(j).  .  »  9  rotations  of  i^*^  finite  element 

endpoints 


bility  and  large  angle  rotation,  flexible  and 
rotational  responses  are  uncoupled  and  a  linear 
solution  is  possible. 

This  situation  can  occur  when  the  following  condi¬ 
tions  are  satisfied: 

(i)  the  structural  modes  (including  rigid  body 
modes)  do  not  change  with  time 

(ii)  the  contributions  of  the  external  forces  in 
each  modal  shape  (including  rigid  shape)  do  not 
depend  on  the  structure's  rotated  position 

(iii)  the  structural  deformations  are  small 

(iv)  the  nonlinear  centrifugal  and  Coriolis  forces 
are  negligible. 

When  only  some  of  these  conditions  are  met,  it 
may  still  be  accurate  to  perform  a  quasi-linear 
analysis  in  which  the  modes  and/or  external  force 
contributions  in  the  modal  shapes  are  updated  peri¬ 
odically  in  the  course  of  the  analysis.  However, 
there  exists  a  large  class  of  problems  in  which 
the  nonlinear  coupling  between  flexibility  and 
large  angle  rotation  must  be  accounted  for. 

In  space  structures  problems  requiring  a  non¬ 
linear  analysis,  the  strains  in  the  structural 
components  are  small  even  though  rotations  and 
hence  displacements  are  large.  To  avoid  the  compu¬ 
tations  associated  with  accurate  strain  measures 
for  large  motions,  it  is  desirable  to  separate  the 
rigid  body  rotations  from  the  structural  deforma¬ 
tions.  This  separation  may  be  accomplished  by 
using  an  updated  or  convected  coordinate  system. 


angle  formed  by  hoop  member  and 
vertical  axis,  see  figure  7 


Introduction 

Recently,  interest  has  grown  in  establishing 
permanently  manned  space  stations.  Space  stations 
may  be  composed  of  multi -body  interconnected  struc¬ 
tural  components  some  of  which  are  thin  shells 
(habitation  and  work  modules),  panels  (solar  arrays 
and  radiators)  or  beams  (space  booms,  towers  and 
robotic  manipulator  arms).  These  components  or 
the  entire  space  station  may,  from  time  to  time, 
be  maneuvered  or,  as  in  the  case  of  robotic  arms, 
manipulated  through  large  rotations.  Such  maneuvers 
result  in  dynamic  loads  on  the  various  space  station 
components.  It  is  likely  that  to  obtain  structural 
component  loads  for  preliminary  design,  maneuvers 
of  large  beam-frame  models  will  be  analyzed. 

In  addition,  many  station  components  may  be 
sent  aloft  packaged  and  then  deployed  in  orbit. 
Deployment  concepts  often  involve  large  rotations 
of  flexible  truss-type  members.  Since  deployment 
experiments  are  both  difficult  and  expensive  to  per¬ 
form  either  on  the  ground  or  in  orbit,  dynamic 
analyses  will  be  relied  upon  to  validate  performance 
of  proposed  deployment  concepts. 

In  any  of  the  three  application  areas,  maneuver, 
manipulation  or  deployment,  dynamics  of  intercon¬ 
nected  flexible  components  undergoing  large  rota¬ 
tions  is  involved.  In  some  cases  involving  flexi¬ 


Over  the  past  decade,  convected  coordinates 
have  been  succesfully  used  in  conjunction  with 
finite  element  models  in  performing  transient  res¬ 
ponse  analyses  using  explicit  time  integration 
algorithms.  (For  example,  see  references  1-4). 

Thus,  convected  transient  analysis  techniques  offer 
a  viable  approach  for  analyzing  maneuver,  manipula¬ 
tion  and  deployment.  Two  additional  benefits  to 
this  approach  are  the  utilization  of  a  vast  store¬ 
house  of  finite  element  computational  technology  and 
the  capability  of  the  convected  analysis  within  the 
finite  element  framework  to  account  for  both  large 
elastic  deformations  and  large  rigid  body  rotations. 

Even  though  convected  transient  analysis  has 
seen  considerable  use,  its  application  to  fundament¬ 
al  configurations  which  are  likely  to  arise  in 
space  stations  and  their  components  has  not  receiv¬ 
ed  much  attention.  Previous  developments  in  con¬ 
vected  frame  analysis  have  been  limited  to  struc¬ 
tures  containing  large  concentrated  masses,  such 
as  automobiles  where  the  engine,  transmission, 
differential,  etc,  may  be  treated  as  lumped  masses. 

A  lumped  mass  formulation  has  considerable  numeri¬ 
cal  advantages  over  a  consistent  mass  formulation. 
However,  many  flexible  components  of  large  space 
systems  do  not  lend  themselves  to  an  accurate 
lumped  mass  treatment.  (See  reference  5.)  For 
example,  large  space  booms  and  antenna  structures 
have  uniform  or  slowly  varying  distributed  mass. 
Lumping  the  distributed  mass  leads  to  overestimat¬ 
ing  the  rotational  inertia  and  thus  underestimating 
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its  rigid  body  rotational  rate.  In  addition,  the 
coupling  between  rigid  body  motion  and  structural 
deformation  due  to  nonlinear  centrifugal  and 
Coriolis  forces  or  large  structural  deformations 
may  be  inaccurately  represented  in  a  lumped  mass 
formulation.  Thus  a  consistent  mass  formulation 
is  desirable. 

The  purpose  of  this  paper  is  to  present  the 
development  and  application  of  a  consistent  mass 
finite  element  formulation  for  convected  transient 
analysis  of  two-dimensional  beam-frame  configura¬ 
tions  for  use  in  space.  The  computational  conse¬ 
quences  of  a  consistent  mass  formulation  are  dis¬ 
cussed  with  emphasis  on  reducing  computations 
through  appropriate  approximations.  The  analysis 
is  applied  to  rotational  maneuver  and  translation 
of  long  slender  booms,  deployment  of  an  unfolding 
multi -fl exi bl emember  axi symmetric  hoop  and  deploy¬ 
ment  of  a  planar  unfolding  mul ti -fl exi bl e-member 
structure. 


y.Vj 


Figure  2.  Finite  Element  Deformation  and  Convec¬ 
ted  Coordinate  System 

(a)  Rotation  of  Convected  Axes 

(b)  One,  Two  and  Four  Finite  Element  Modeling 
of  a  Single  Beam  Member 

Coordinate  system 


Convected  Analysis 

The  purpose  in  using  a  convected  analysis  is 
to  separate  rigid  body  rotations  from  structural 
deformations  for  in  each  finite  element.  The  need 
for  this  separation  arises  since  any  truncated 
form  of  the  physical  strain  measure  in  a  fixed  coor¬ 
dinate  system  is  inaccurate  for  large  rotations. 
Separation  may  be  accomplished  by  setting  up  a 
collection  of  convected  coordinate  systems  which 
follow  the  rotation  of  each  finite  element.  The 
convected  analysis  used  herein  deviates  from  that 
of  references  1  thru  3  in  that  the  development  of 
the  inertial  terms  uses  a  consistent  mass  formula¬ 
tion  rather  than  a  lumped  mass  formulation.  The 
consistent  formulation  is  important  when  rigid 
body  rotations  must  be  accurately  accounted  for. 
To  illustrate  this  consider  the  rotation  of  a 
single  rigid  beam  member.  Figure  1  illustrates 
the  error  from  the  exact  rotational  inertia  asso¬ 
ciated  with  a  lumped  mass  or  diagonal  mass  matrix 
formulation.  This  simple  illustration  demonstrates 
that  when  a  lumped  mass  formulation  is  used,  five 
rigid  finite  elements  are  required  to  approximate 
the  exact  rotational  inertia  to  within  eight  per¬ 
cent.  On  the  other  hand,  a  consistent  mass  formu¬ 
lation  requires  only  one  rigid  finite  element  for 
the  exact  value. 


200 


150 


%  ERROR  100 


50 


0 


Consider  the  deformed  beam  finite  element 
shown  in  figure  2a.  The  convected  motion  of  the 
element  is  defined  by  the  straight  line  which 
joins  the  ends  of  the  element.  Deviation  from 
this  lines  constitutes  the  deformation  of  the  ele¬ 
ment.  A  convected  coordinate  system,  local  to 
each  element  is  thus  defined  which  rotates  with 
the  element,  but  does  not  translate  with  it.  (The 
convected  coordinate  system  could  be  defined  to 
translate  with  the  element,  but  this  is  not  neces¬ 
sary.)  The  convected  system  in  general  differs  for 
each  element.  Coordinates  in  the  global  stationary 
coordinate  system  are  related  to  those  in  the  i"^^ 
convected  system  by 


where  barred  and  unbarred  quantities  denote  mea¬ 
surements  in  the  convected  and  stationary  coordi¬ 
nate  systems  respectively  and 

cose^  -  sine 

[Ti]  = 

sine-j  cose 

The  convection  angle  e^  for  the  i^*^  element  is 
defined  by 

tane^  =  (Li^y  +  ACi)/(Li^x  +  (3) 

where  L^*x  the  projected  lengths  of  the 

ith  undeformed  element  on  the  x  and  y  axes  respec¬ 
tively  and 

Ani  =  ni,2  -  ^i,l 

^^i  =  ^i,l  -  ^i,2 

in  which  ^i,l  ^i,2»  the  values 

of  grid  pofnt  displacements  at’  the  ends  of  the 
ith  element  and  parallel  to  the  x  and  y  axes  as 
shown  in  figure  2a. 

The  displacements  in  the  convected  system  at  any 
point  on  the  ith  element  transform  as 


Figure  1.  Percent  Error  in  Centroidal  Rotational 
Inertia  For  Lumped  Mass  Modeling  of  Beam  Member 
[Error={ Approx,  val ue)/ ( Exact  value)  -  1] 


(4) 


However,  the  velocities  transform  as 


and  the  accelerations  transform  as. 


In  equation  (5b)  the  second  and  fourth  terms  on  the 
right  hand  side  are  recognized  as  the  Coriolis  and 
centrifugal  contributions,  respectively,  to  the 
absolute  acceleration  vector.  Converse  relation¬ 
ships  for  equations  (5a)  and  (5b)  may  readily  be 
derived. 

Rotation  and  Strain  Rates 

The  rotational  rate  of  the  straight  line  join¬ 
ing  the  end  points  of  the  i^h  finite  element  may 
be  found  by  differentiating  eq,  (3)  with  respect 
to  time  and  the  mean  axial  strain  rate  may  be 
found  by  differentiating  with  respect  to  time  the 
rel ation 


For  small  strains,  on  the  left  hand  side  of  eq. 

(7)  may  be  neglected  compared  to  unity. 


Virtual  l^ork 

The  virtual  work  contribution  from  the  inter¬ 
nal  forces  of  the  i^^  element  is  given  by, 

6U^  =  (Mi/L?6Vi"]ds  (10) 

where  is  the  average  axial  load  over  the  length 
of  the  ifh  element  and  M  is  the  bending  moment  in 
the  element  given  by, 

=  -(EI)i  v^'VL^^ 

From  eqs.  (7)  and  (9) , 

6e^  ^Q=(6in^cos6^  +  6A5^.sin6^  )/L^+h]6h!/L?  (11) 

Substituting  eqs. (11)  and  (8b)  into  eq.  (10)  gives, 

6U-j=P^  ( fiAn^cose^  +  SAC^si  ne^* )  +  ( VL?)  6h^'ds 

+  (1/Li)/Pihj6h^ds  (12) 

0 

Herein  the  flexural  displacement  is  defined  as, 

hi(s)=aT^l(s)4)i  j+ai^2{s)4>i,2 

-[ai (s)+ai ^2{s)]{0i-«i )  (13) 

where  i  and  2  rotations  of  nodes  1  and  2 
at  the  ends  of  the  i^^  element.  Substituting  into 
eq.  (12)  yields, 

6Ui  =  (fi)(6di)  (14) 

where 

(d^)  = 

and  the  expressions  for  entries  of  the  internal 
force  vector  (f-j)  are  given  in  Appendix  A. 


Finite  Element  Displacements 

The  finite  element  displacements  may  be  approx¬ 
imated  in  the  convected  system  as, 

u-j  (s)  =  ni  +  s'Ani  (8d) 


For  a  consistent  mass  formulation,  the  contri¬ 
bution  of  the  i  th  element  to  the  total  virtual 
work  done  by  the  inertial  forces  is  expressed  as, 

6W^  =m^-/^(6u^,  6v^ )  (If^  )^ds  (15) 


vi(s)  =  +  sA^i  +  hi(s)  (8b) 

where,  h-j  is  the  flexural  displacement  and 

hi(0)  =  hid)  =  0 
and 

0  <  "  <  1 


The  local  strain  at  the  neutral  axis  of  the  i^l*  ele¬ 
ment  may  be  found  from  by  adding  on  to  ei  m»  The 
usual  first-order  neutral  axis  strain  due  to  flexure 
to  yield. 


+  (l/2L?)(h!)^ 


and  the  axial  strain  at  any  point  through  the 
thickness  of  the  element  is, 

^i  ^  ^o,i  “  (^/Li)'^i 

where  z  is  a  thickness  coordinate  measured  from  the 
neutral  axis. 


where  m^  is  the  uniform  mass  of  the  i^^  element  and 
the  expressions  for  6  ui  and  6  Vi  may  be  found  by 
substituting  the  variations  of  eqs.  (8a)  and  (8b) 
into  eq.  (5)  to  yield 


+  ‘s6Ani 

+  ?6A^i 


+ 


hi  60icosei-6hisinei 


hi  6eisin0i+6hicosei  /(16a) 


The  expressions  for  Ui  and  Vi  are  found  by  differ¬ 
entiating  eqs.  (8a)  and  (8b)  and  substituting 
into  eq.(6)  to  yield. 
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In  each  of  equations  {16a)  and  (16b)  the  first 
column  vector  on  the  right  hand  side  arises  from 
the  rigid  body  motion  of  the  finite  element  while 
the  second  term  arises  from  the  flexural  deforma¬ 
tions  of  the  element,  Coriolis  and  centrifugal 
terms  are  explicit  in  the  the  second  term  of  eq. 
(16b)  and  implicit  in  the  first  term.  The  implicit 
effect  may  be  observed  by  transforming  the  first 
term  of  eq.  (16b)  to  convected  coordinates  via 
eq.  (6)  and  then  evaluating  the  result  at  the  ele¬ 
ment  end  points. 

When  the  product  of  eqs.  (16a)  and  {16b)  is 
taken  to  produce  the  integrand  of  eq.  (18)  and  the 
indicated  integration  is  performed,  rigid  body  ro¬ 
tation  and  flexural  deformation  terms  are  coupled. 
The  result  for  the  i^^  element  may  be  expressed  as 

(17) 

where  [M^]  is  the  mass  matrix  of  the  i^*^  finite 
element,  and  (G-j )  is  a  vector  of  nonlinear  kine¬ 
matic  terms. 

The  mass  matrix  contains  terms  due  to  rigid 
body  motion  and  the  predominant  inertial  coupling 
between  rigid  body  motion  and  flexural  deforma¬ 
tion.  The  treatment  of  the  mass  matrix  is  sim¬ 
plified  by  observing  that  it  may  be  separated  into 
three  distinct  parts,  namely, 


[M^]  = 

j^l 

The  entries  given  in  Appendix 

B.  Entries  of  ^ ]  are  independent  of  i  and 
arise  from  rigid  body  motions  and  stretching  of 
the  finite  element  while  those  of  and 

arise  from  flexural  motions  of  Ihe  i^  fi¬ 
nite  element.  The  entries  of  both  and 

depend  on  the  convected  rotation  6^  and 
hence  would  generally  require  up-dating  during  the 
analysis.  Furthermore,  those  entries  requiring  up¬ 
dating  contai n  h-j  . 

As  the  size  of  the  finite  element  is  reduced, 
the  value  of  h-j  decreases  as^  is  noted  in  figure 
2b  and  then  the  entries  of  also  decrease. 

Thus  for  a  sufficiently  ,tine  finite  element  grid, 
the  contribution  of  to  the  total  virtual 

work  becomes  negligible  and  if  retained  would  re¬ 
quire  few  up-dates  during  the  analysis.  Further¬ 
more,  if  an  element  is  rigid,  then  from  eq.  (13), 

^i  ,1  "  ^i  ,2  "  ®i  (^8) 

It  may^then  be^  shown  that  the  contributions  of 
(5d^  )[Mj  ^^)](d-j )  to  the  virtual  work  of  the 
inertial  forces  vanishes  for  a  rigid  element  and 
furthermore  for  a  stiff  element,  approaches  zero 
as  h  approaches  zero.  It  follows,  that  for  rela¬ 
tively  stiff  elements,  few  up-dates  of  will 

be  required.  For  the  cases  considered  herein,  it 
was  found  that  even  for  booms  with  slenderness 
ratios  up  to  1000.  still  required  few 

up-dates  and  ]  could  be  entirely  neglected 

when  two  finite  elements  were  used  per  half-wave 
of  beam  member  deformation.^ 

Similarly  the  vector  (G-j)  may  be  separated  as, 

(5^)  =  i  (G^O)) 

j=i 


whose  entries  are  given  in  Appendix  B.  These  vec¬ 
tors  arise  from  coupling  between  element  flexure 
and  nonlinear  centrifugal  and  Coriolis  effects. 
All  five  vectors  vanish  as  h-j  approaches  zero. 
Furthermore,  for  small  h^  ,  (G^^  J).  (G-j^  M  ^nd 

(Q-j  ^  )  behave  as  h-j,  while  (G-j^  0  behaves  as 
h?.  (This  does  not  imply  that  all  centrifugal 
and  Coriolis  effects  vanish  as  h-j  approaches 
zero,  for  these  effects  are  implicit  in  the  piece- 
wise  representation  of  the  entire  member). 

As  a  consequence  of  the  foregoing  discussion, 
it  is  clear  that  many  terms  in  the  governing  equa¬ 
tions  will  be  quite  small  in  many  applications  and 
either  be  negligible  or  require  few  up-dates. 


Equations  of  Motion  and  Constraint 

The  equations  of  motion  may  be  derived  from 
the  principle  of  virtual  work  using  eqs.  (14)  and 
(17) 

E  (6d^)'^{mi[MT](d‘i)+nii(Gi)+  (fi)}  ='5We  (ig) 

i=l 

where  6We  is  the  virtual  work  of  applied  external 
forces  and  N  is  the  total  number  of  beam  members. 
Lumped  masses  are  accomodated  by  appropriate  addi¬ 
tions  to  the  diagonal  entries  of  [R-j].  Equation 
(19)  yields  the  equations  of  motion  if  the  entries 
of  (<S^-j)  are  independent.  However,  they  are  not 
independent  since  members  are  connected  together 
and  since  multi-point  constraints  or  other  cons¬ 
traints  may  exist.  An  independent  set  of  displace¬ 
ments  can  be  formed  by  utilizing  the  constraints 
on  the  system. 


Connectivity  Constraints 

Connectivity  relations  may  be  expressed  by 
the  matrix  equation, 

=  ra(d)  (20) 

where  (d)  is  a  vector  of  Nq  degrees  of  freedom. 
The  connectivity  matrix  [B]  will  usually  contain 
many  zeros  and  ones.  Rather  than  substitute  eq. 
(20)  into  eq.  (19),  connectivity  is  usually  account¬ 
ed  for  in  finite  element  computer  implementation 
when  the  mass  matrix  and  internal  force  vectors 
are  assembled.  This  is  accomplished  by  appropriate 
superposition  of  entries  in  ("S-j),  (t^-j)  and  [frj  ]  as 
directed  by  the  connectivity  array  and  computer 
storage  addresses.  Thus  after  assembly,  eq.  (19) 
effectively  takes  on  the  form, 

(6d)T{[M](d)  +  (G)  +(f)}  =  (6d)T(F)  (21) 

where  (F)  is  a  vector  of  external  forces. 


Linear  Multi-point  Constraints 

For  (less  than  Nq)  multi-point  constraints 
one  has, 

/doX 

CCdd  I  Coilf  ""  j  "  ° 
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where  the  constraint  matrix  and  displacement 
vector  (d)  have  been  partitioned  into  dependent 
and  independent  sets.  Vne  selected  set  of  depen¬ 
dent  degrees-of-freedom  be  expressed  in  terms  of 
the  independent  set  of  degrees-of-freedom  as 

(do)  =  [C](di) 
where, 

[C]  =  -[Coq] 

Eq,  (22)  could  be  substituted  into  a  partitioned 
form  of  eqs.  (21).  However,  in  some  applications, 
the  multi-point  constraints  can  change  many  times 
during  the  course  of  analysis.  This  can  be  due  to 
lock-up  of  certain  members  in  a  deployment  analysis, 
contact  conditions  as  in  assembly,  docking  and  ber¬ 
thing  or  articulation  of  structural  components. 
In  such  cases  it  may  be  more  computationally  effi¬ 
cient  to  eliminate  the  j  th  dependent  degree-of- 
freedom  by  multiplying  the  j  th  row  of  [M],  (G), 
(f)  and  (F)  by  Cj^,  (where  cj^  is  an  entry  of  the 
constraint  matrix],  and  adding  the  result  to  all 
the  other  rows  of  [M] ,  (6),  (f)  and  (F)  respective¬ 
ly,  for  all  k  and  j  in  the  ranges  1<  k<  and 
Nc.  This  effectively  eliminates  .  A  simi¬ 

lar  procedure  is  followed  for  the  columns  of  [M] 
thereby  effectively  eliminating  (do). 


Constraints  Due  to  Rigid  Members 
Axial  rigidity 

The  i^*^  member  is  defined  as  axially  rigid  if 
the  neutral  axis  strain,  its  variation  and  its 
derivatives  vanish.  Then  from  eqs  (11), 

6ni^1  =  '5ni,2  +  ‘5ACitan9-i  (23a) 

fi-j  ^1  =  ^i,2  A^-jtanS-j  (23b) 

where,  for  simplicity,  the  first-order  nonlinear 
term  of  eq.  (11)  caused  by  local  finite  element 
flexure  has  been  dropped.  Differentiation  with 
respect  to  time  of  eq.  {23b)  yields, 

Ki  j=  A|*jtan9^  +  Aqa^sec^e^  (23c) 

and  from  eqs.  (7)  and  (23b) 

=  A^i/(LiCOS0i) 


TIME,  sec 

Figure  3.  Hub  Rotation  Due  To  Applied  Torque  Step 
Load 


Equations  (23a)  and  (23c)  may  be  used  to  eliminate 
6ni  1  and  m  i  in  eq.  (21)  by  appropriate  mani¬ 
pulation  of  Ihe  rows  of  (G),  (f)  and  (F),  and  the 
rows  and  columns  of  [M].  The  nonlinear  term  in 
eq.  (23c)  cannot  be  dropped  as  it  is  not  a  negli¬ 
gible  term.  It  may  be  handled  through  appropriate 
augmentation  of  the  internal  force  vector  (f). 


Flexural  rigidity 

If  the  i^^  member  is  flexurally  rigid  then,  from 
eq.  (18), 

Hi,l  = 

ii,l  =  ^i,2 

and  from  the  second  of  eqs.  (7), 

6Ci,i-6C-i,2“^An-jtan6-j-L-j64)-j^2/^os0-j  {24a) 

^i  ,l=^i  ,2-Anitanei-Li4>i^2/^os0i  (24b) 

Differentiation  of  eq.  (24b)  with  respect  to  time 
yields, 

C-j  ,1  “^i  ^2"An'jtan0-j  -L-j  (jj-j  "^i  ,m®i  ^i^®^®i 

{ 24c ) 

Eqs.  (24a)  and  (24c)  may  be  used  to  eliminate 
'54>i  1,  ^^i,l»  ^i,l  (21)  by  appropriate 

manipulation  of  the  rows  of  (G),  (f),  and  (F) 

and  the  rows  and  columns  of  [M].  The  nonlinear 
term  in  eqs.  (24c)  cannot  be  dropped  as  it  is  not 
negligible.  It  may  be  handled  through  appropriate 
augmentation  of  the  internal  force  vector  (f). 


Numerical  Solution  of  Equations  of  Motion 

Equation  (24)  may  be  solved  numerically  by 
selecting  from  any  of  a  wide  choice  of  time  inte¬ 
gration  algorithms.  (See  for  example  the  survey 
article  of  reference  6.)  An  explicit  algorithm  is 
chosen  here  because  it  can  readily  accommodate  a 
host  of  nonlinearities,  damping  mechanisms  and  con¬ 
trol  actuators.  In  particular  a  modified  central 
difference  algorithm  is  selected.  This  leads  to 
the  following  recursive  procedure, 

(d(t))=  -{[M]  +  {l/2)At[D]}-'l{(f(d(t))) 

+  (G(d(t) ,dp(t) ,dp(t))+[D](d(t-At) )-(F) } 

(d(t))=(d(t-At))+(l/2)At(d(t)+d(t-At)) 

(d(t))  =  Cd(t-At))  +  At(d(t))  (25) 

where  (dp)  and  (dp)  are  velocity  and  acceleration 
predictors  which  are  used  only  in  conjunction  with 
terms  on  the  order  of  the  flexure  of  a  finite 
element.  The  predictors  are  chosen  herein  as, 

dp(t)  =  d(t-At)+Atd*(t-At)  (26) 

dp(t)  =  d‘(t-At)  (27) 

and  [D]  is  a  linear  viscous  damping  matrix. 


621 


Appi 1  cations 

The  convected  transient  analysis  presented 
herein  is  applicable  to  multi-body  flexible  truss 
and  frame  problems  which  may  involve  maneuver 
through  large  angles,  translation  through  space  or 
deployment.  In  this  section  the  following  problems 
are  considered:  slewing  maneuver  of  a  long  slender 
boom,  translation  of  two  slender  beams  hinged  to¬ 
gether,  deployment  of  an  axisymmetric  multi-flexi- 
ble-member  hoop  and  deployment  of  a  planar  multi- 
flexible  member  unfolding  structure.  In  each 
application  cubic  flexural  shape  functions  are 
chosen. 


AVERAGE  AXIAL 
BOOM  FORCE,  j 
NEWTONS 


T0RQUE/(T0TAL  ROTATIONAL  INERTIA)  =  0.0025 

boom  ^ 


boom 

L- . .  u  Zj  SLENDERNESS  =  1000; 

'  50  m  '  50  m  '  7 

TIP  MASS/BOOM  MASS  =  10  / 


'  HUB  ROTATIONAL  INERTIA 
TOTAL  ROTATIONAL  INERTIA  ' 
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'  FORCE  BASED 
ON  RIGID 
BODY  MOTION 
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Figure  5.  Axial  Load  Due  To  Applied  Torque  Step 
Load 


Slewing  Maneuver 

Figure  3  displays  the  time  varying  response 
of  a  slender  boom  with  a  rigid  central  hub  subject 
to  an  applied  torque.  The  hub  rotation  for  a 
connected  flexible  boom  with  slenderness  ratio  1000 
is  compared  with  that  of  a  connected  rigid  boom. 
The  hub  rotation  with  a  connected  flexible  boom  is 
always  equal  to  or  greater  than  that  of  a  connected 
rigid  boom.  This  occurs  because  the  inertial  mass 
accelerated  by  the  applied  torque  is  the  sum  of  the 
hub  inertial  mass  plus  the  inertial  mass  of  the 
boom  from  the  hub  out  to  the  flexural  wave  front 
and  the  latter  mass  is  less  than  or  equal  to  the 
total  boom  inertial  mass.  Hence,  the  variation  of 
the  hub  motion  with  connected  rigid  and  flexible 
booms  depends  on  the  relative  rotational  inertial 
masses  of  the  hub  and  boom  as  well  as  boom  slender¬ 
ness  ratio.  For  the  case  displayed  in  figure  3, 
the  inertial  mass  of  the  hub  is  considerably  greater 
than  that  of  the  boom.  Hence  the  deviation  between 
the  rigid  and  flexible  responses  is  small. 

As  shown  in  figure  4,  the  tip  motions  of  the 
flexible  and  rigid  booms  are  quite  different  from 
that  of  the  hub.  Specifically,  the  tip  motion 
with  the  flexible  boom  lags  that  with  the  rigid 
boom.  This  may  be  understood  by  considering  the 
time  delay  caused  by  flexural  wave  propagation 
along  the  boom.  As  might  be  expected,  the  diff¬ 
erence  between  rigid  and  flexible  boom  tip  motion 
is  relatively  large  compared  to  the  differences 
at  the  hub.  Thus  boom  flexiblity  can  greatly 
influence  pointing  without  significantly  influenc¬ 
ing  hub  rotation.  Finally,  in  figure  5,  the  axial 
load  experienced  by  the  flexible  and  rigid  booms 
is  compared.  Axial  loads  are  due  to  centrifugal 


force.  The  flexible  boom  axial  load  is  seen  to 
oscillate  about  the  rigid  value  with  increasing 
amplitude  and  frequency  as  the  boom  gains  angular 
vel ocity . 

Translation  of  two  hinged  flexible  beams  by  a 
constant-direction  step  load 

Figures  6a  and  6b  display  the  calculated  mo¬ 
tion  of  two  identical  beams  hinged  together  at 
their  ends  and  subject  to  constant-direction  step 
load  at  one  end.  The  problem  is  kinematically 
nonlinear  because  the  torque  caused  by  the  con¬ 
stant-directional  load  and  the  load  components  in 
the  beam  modes  vary  with  the  kinematics.  Displace¬ 
ments  are  shown  in  figure  6a  for  a  flexible  beam 
and  the  trajectory  of  the  load  application  point 
is  shown  in  figure  6b  for  both  a  flexible  and  a 
rigid  beam.  Examination  of  the  trajectories  of 
the  load  application  point  indicate  that  flexure 
has  little  effect  on  trajectory  during  the  early 
phase  of  motion,  but  becomes  more  important  as  the 
motion  proceeds. 


HORIZONTAL  MOTION 

(a)  MEMBER  LENGTH  (b) 

Figure  6.  Large  Distortion  and  Motion  of  Two 

Pin-Connected  Beams  Subject  to  a  Vertical 
Tip  Step  Load 

(a)  Member  Deformations 

(b)  Load  Point  Trajectory 


Hoop  Deployment 


The  hoop  investigated  here  is  similar  in 
some  respects  to  that  of  the  Hoop/Column  Antenna 
concept  of  reference  7.  In  the  present  study 
the  complex  control  linkage  between  adjacent  mem¬ 
bers  of  the  hoop  in  reference  7  is  replaced  by 


Figure  7.  Hoop  Deployment  (N=16) 

(a)  Deployment  Sequence 

(b)  Top  View  of  Two  Adjacent  Members 

(c)  Front  View  of  Two  Adjacent  Members 


The  first  term  is  associated  with  member  motion  in 
the  plane  and  has  already  been  established  in  eq. 
(17).  It  remains  to  establish  the  second  term. 

The  second  term  is  derived  from  the  geometric 
relationship  between  the  translations  of  the  plane 
and  motions  of  the  member  in  the  plane.  For 
the  purpose  of  deriving  this  geometric  relationship 
the  members  are  assumed  to  behave  rigidly.  However 
this  assumption  is  relaxed  later  in  performing  the 
dynamic  deployment  analysis. 

The  angle  2y  which  is  formed  by  the  radii  of 
two  adjacent  joints  depends  on  the  number  of  hoop 
members  as 

y  =  tt/N 

The  value  of  a  remains  constant  during  deployment, 
but  as  R  increases  during  the  deployment  process, 
the  angle  \J;  formed  by  the  member  and  the  vertical 
axis  varies  since, 

Rsiny  =  {L/2)sin\i;  (27) 

When  fully  deployed  ijj  is  V2  and 
Rh  =  L/(2sinT)  (28) 

Since, 

sinijj  =  (Tib-na)/L 

where  na  and  nb  are  horizontal  displacements  of 
the  hoop  member  ends  in  a  plane  normal  to  r,  eq. 
(27)  yields. 


simple  linear  rotational  springs  at  each  joint 
which  drive  the  deployment  as  shown  in  figures  7a 
and  b.  The  hoop  is  assumed  to  be  composed  of  N, 
(an  even  integer),  identical  flexible  beam  members 
of  length  L.  The  members  are  assumed  to  be  con¬ 
nected  through  universal  joints  which  do  not  trans¬ 
mit  any  moments.  At  any  time  during  deployment, 
the  members  project  on  the  horizontal  plane  as  an 
N  sided  polygon  with  the  joints  between  adjacent 
members  lying  on  a  circle  of  radius  R.  As  deploy¬ 
ment  proceeds,  R  increases  to  a  fully  deployed 
hoop  values  of  Rb- 


Rsiny  =  (l/2)(nb-na)  (29) 

The  contribution  to  the  virtual  work  due  to  radial 
motion  is, 

6w(^)  =  mr6r 

Noting  that 

r=Rcosy 

and  substituting  from  eq.  (29)  gives 


Due  to  the  symmetry  of  the  hoop,  only  one  mem¬ 
ber  of  the  hoop,  say  the  i^^  member,  needs  to  be 
analyzed  provided  the  effects  of  the  other  members 
on  it  are  accounted  for.  The  effect  of  the  other 
members  on  the  i"^^  member  can  be  systematically 
derived  by  establishing  the  virtual  work  of  all 
the  members  in  terms  of  the  motions  of  the  i^^ 
member.  Effectively,  the  other  members  constrain 
the  motion  of  the  i"^*^  member  and  it  is  shown 
herein  that  this  constraint  may  be  modeled  as  an 


additional  mass  matrix  superimposed  on 
matrix  of  the  i^^^  member. 


the 


mass 


=  (m/4)  (Ki^-n^)  (  6rib-5ng)cot2y 

The  principle  of  virtual  work  applied  to  the  entire 
hoop  may  be  expressed  as, 

N(6cl)’f[M(^](d)  +  2N(  6d)  ^[Kj]  (d)=0  (30) 

where, 

(d)  =  (nT  9^i  ,1»’^1 ,2»^i  ,2»^i  ,2>'  •* 

»^p,2’^p,2»^p,2)^ 


As  shown  in  figure  7b,  the  i'^h  member  lies  in 
a  plane  normal  to  and  translating  parallel  to  the 
local  radius  r.  Thus  its  virtual  work  has  a 
contribution  from  the  motion  of  the  member  in  the 
plane  and  a  contribution  from  the  motion  of  the 
plane,  namely, 

6W^  =  +  6W^(2) 


and  p  is  the  number  of  finite  elements  employed  to 
model  the  i^h  hoop  member.  The  nonzero  entires 
of  [M^]  are, 

("'hh.l  =  ("'h)q,q  =  ('nM)cot2Y 
("’h)l,q  =  ('"h)q,l  =  -(n'/4)cot2Y 
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The  nonzero  entries  of  [K5]  are 
,3  ^  (^s  )6p,6p 

where  k  is  the  rotational  spring  constant  at  each 
joint.  Dividing  eq.  (30)  by  N  reveals  that  the 
equation  of  motion  for  axi symmetric  deployment  is 
identical  to  that  for  a  single  hoop  member  whose 
mass  matrix  is  incremented  by  [M^]  and  which  has 
grounded  rotational  springs  at  each  end  with  a 
spring  constant  equal  to  twice  the  nominal  spring 
constant  value. 

As  an  example  application,  consider  a  twenty 
member  hoop  {N=20).  Figure  8  displays  the  predict¬ 
ed  motion  of  two  adjacent  flexible  hoop  members 
during  the  deployment  process.  Each  member  has  a 
slenderness  ratio  of  1000.  Hoop  member  deformation 
is  shown  at  one  quarter,  one-half  and  near  fully 
deployed.  During  deployment,  each  member  deforms 
into  a  two  half-wave  pattern  which  is  consistent 

with  the  symmetry  of  the  hoop.  In  figure  9,  the 

time  for  the  hoop  to  reach  full  deployment  is 

examined  over  a  range  of  N  values.  Two  cases  are 

displayed.  In  one  case  the  individual  hoop  member 
length  is  fixed  so  that  as  N  increases,  the  fully 
deployed  hoop  radius  and  total  hoop  weight  also  in¬ 
crease,  while  in  the  other  case,  the  fully  deployed 
hoop  radius  is  fixed  so  that  as  N  increases,  the 
individual  member  lengths  and  mass  decrease,  however 
the  total  hoop  weight  remains  essentially  unchanged. 

In  each  case  results  are  shown  for  hoops  con¬ 
taining  all  rigid  or  all  flexible  members  and  flex¬ 
ibility  is  seen  to  have  little  affect  on  deployment 
time. 


The  trends  for  the  two  cases  are  different  and, 
where  they  cross,  the  hoop  geometries  are  identical. 
The  trend  for  each  case  may  be  approximately  estab¬ 
lished  in  closed  form  by  considering  only  the 
influence  of  the  diagonal  entries  of  the  added 
mass  matrix  [Mh]  on  a  rigid  member.  Such  a  consi¬ 
deration  reveals  that  for  the  fixed  length  case 
the  deployment  time  varies  linearly  with  N  while 
for  the  fixed  radius  case  it  varies  inversely  with 
the  square  root  of  N.  The  deployment  analysis 
confirms  these  trends. 


TOP  VIEWS 


Figure  8.  Top  and  Front  Views  of  Two  Adjacent 

Hoop  Members  During  Deployment  of  Twenty 
Member  Hoop,  k=2.82  m.N/radian 


NUMBER  OF  HOOP  MEMBERS,  N 


Figure  9.  Deployment  Times  For  Hoops  Composed  of 
Various  Numbers  of  Members 


Multi -member  Unfolding  Deployment 

An  accordi an-1 i ke  flexible  beam  deployable 
structure  having  N  pin-connected  members  is  shown 
in  figure  10.  When  fully  deployed  the  structure 
is  a  continuous  flexible  boom.  Thus,  when  the 
angle  between  two  adjacent  members  reaches  180 
degrees,  the  joint  is  assumed  locked  and  thereafter 
is  a  rigid  joint.  The  deployment  of  the  structure 
is  driven  by  rotational  springs  located  at  each 
joint.  All  springs  are  identical,  initially  com¬ 
pressed  and  fully  relaxed  when  the  joint  they  are 
located  at  locks-up.  Considerable  insight  into 
unfolding  deployable  structures  is  gained  by  exam¬ 
ination  of  this  generic  structure. 


DEPLOYMENT 

DIRECTION 
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Figure  10.  Geometric  Configuration  of  Planar 

Unfolding  Structure  Showing  Rotational 
Joint  Springs  and  Joint  Numbering 
Pattern.  (Not  An  Actual  Deployment) 


Even  Number  of  Members  ( N=2  ,4  ,6  , . . . ) 

N=2  -  Figure  11  displays  the  calculated  deploy¬ 
ment  sequence  of  a  two-member  structure  in  a  cumu¬ 
lative  superimposed  fashion  where  each  member  was 
modeled  with  two  finite  elements.  Member  deforma¬ 
tions  have  not  been  scaled-up,  but  are  consistent 
with  the  drawn  member  length  and  little  flexure  of 
the  members  prior  to  lock-up  is  visible.  Following 
lock-up  considerable  member  flexure  occurs  and  the 
deployed  boom  vibrates  in  essentially  a  first  sym¬ 
metric  free-free  mode  shape. 

N=4  -  Figure  12  displays  the  deployment  of  a 
four  member  structure  in  the  same  fashion  as  that 
used  in  figure  11.  Prior  to  lock-up,  members 
appear  to  exhibit  more  flexure  than  in  the  single¬ 
member  case.  Since  the  outer  members  accelerate 
less  mass,  the  outer  joints  lock-up  first  shortly 
followed  by  the  inner  joint.  Following  lock-up. 
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the  deployed  boom  vibrates  with  essentially  a  sec¬ 
ond  symmetric  free-free  mode  shape.  However,  the 
post-lock-up  shape  depends  upon  member  stiffness. 
Though  not  shown,  stiffen  members  can  yield  a 
first  symmetric  free-free  vibration  shape. 

N=6,8,10,...When  the  structure  has  six  or 
more  members,  the  time  difference  between  the  lock¬ 
up  of  the  joints  becomes  greater  than  that  exhibit¬ 
ed  in  the  two-member  case.  Lock-up  begins  at  the 
outer  most  joints  and  proceeds  towards  the  center 
of  the  structure  as  shown,  for  example,  in  the  pro¬ 
gressive  deployment  states  of  the  sixteen-member 
structure  of  figure  13.  Also,  lock-up  times  for 
some  of  the  joints  in  various  multi -member  configu¬ 
rations  are  provided  in  the  Table. 

Joints  are  numbered  beginning  at  the  outermost 
joint  and  progressing  towards  the  center  so  that, 
independent  of  the  number  of  members,  the  outermost 
joint  is  always  joint  number  one.  Note  that  the 
lock-up  time  for  joint  1  is  independent  of  the 
number  of  members  and  that  other  joint  lock-up 
times  also  become  independent  of  the  number  of 
members  as  the  number  of  members  increases.  In 
general,  lock-up  times  for  all  but  the  innermost 
joints  are  independent  of  the  number  of  members. 
The  result  is  that  the  structural  joints  lock-up 
sequentially  even  though  all  members  and  springs 
are  identical.  Again  the  reason  for  this  is  traced 
to  the  quantity  of  mass  the  various  members  must 
accelerate. 


Figure  11.  Deployment  Sequence  of  Two-Flexible- 
Member  Unfolding  Structure 


Figure  12.  Deployment  Sequence  of  Four-Flexible- 
Member  Unfolding  Structure 

This  basically  sequential  pattern  is  consider¬ 
ed  a  desirable  quality  for  deployable  space  struc¬ 
tures.  (  See  references  8  and  9.)  For  the  multi¬ 
member  structure  considered  here,  sequential  de¬ 
ployment  appears  to  occur  naturally;  that  is,  with¬ 
out  the  aid  of  external  mechanisms,  controls  or 
dampers.  It  is  anticipated  that  multi-member  de¬ 
ployment  configurations  other  than  the  one  consi¬ 
dered  here  will  also  exhibit  natural  deployment 
patterns,  though  they  may  not  be  of  the  sequential 
type.  If  this  is  the  case,  it  would  allow  the 
designer  to  select  member  and  spring  properties  to 
achieve  a  preferred  deployment  pattern  without  the 
expensive  addition  of  controlled  or  passive  mechan¬ 
isms  to  enforce  a  prescribed  pattern. 

Odd  Number  of  Members  (N=3,5,7, . . , ) 

For  the  unfolding  type  structures  considered 
here  the  deployment  pattern  for  an  odd  number  of 
members  differs  from  that  of  an  even  number  of 
members.  For  example,  consider  the  five  member 
structure  of  figure  14.  Due  to  the  odd  number  of 
members,  the  deployment  pattern  tends  to  appear 
rotated  counter-clockwise.  Actually,  the  two 
outer  members  are  rotating  clockwise  while  the 
three  inner  members  are  rotating  counter-clockwise. 
The  result  is  that  the  pattern  satisfies  the  con¬ 
servation  of  angular  momentum.  As  in  the  case  of 
an  even  number  of  members,  the  deployment  pattern 
tends  to  become  sequential  as  the  number  of  members 
in  the  structure  increases.  However,  the  pattern 
will  be  distorted  somewhat  due  to  the  conservation 
of  angular  momentum.  This  distortion  should  de¬ 
crease  as  the  number  of  members  increases. 
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Figure  13.  Deployment  Sequence  of  Sixteen- 

Flexible-Member  Unfolding  Structure 


Concluding  Remarks 

The  application  of  convected  finite  element 
transient  analysis  to  maneuver  and  deployment  of 
two-dimensional  truss  and  frame  space  structures 
has  been  presented.  This  approach  permits  the 
utilization  of  a  vast  storehouse  of  finite  element 
computational  technology  and,  within  the  finite 
element  framework,  the  convected  analysis  accounts 
for  both  large  rotations  and  large  elastic  deforma- 
ti ons. 

A  consistent  mass  (rather  than  a  lumped  mass) 
formulation  of  the  equations  of  motion  has  been 
incorporated  so  that  exact  rotational  inertial 
properties  are  retained  in  the  analysis  which  is 
critical  for  space  structures  which  can  undergo 
large  rotations.  Within  the  convected  analysis 
framework,  a  consistent  mass  approach  has  been 
shown  to  allow  the  resulting  inertial  terms  to  be 
ordered  in  relative  magnitude  and  many  of  the 
terms  which  require  frequent  updating  may  often 
be  safely  neglected  when  the  finite  element  grid 
is  a  relatively  fine  one.  For  the  problems  con¬ 
sidered  herein,  little  or  no  updating  was  required 
even  for  booms  with  slenderness  ratios  of  1000  when 
two  finite  elements  were  used  per  halfwave  of 
deformation.  Thus,  frequent  up-dating,  a  major 
shortcoming  of  the  consistent  mass  approach  in  a 
convected  coordinate  system  can  be  avoided. 

Results  of  the  convected  analysis  have  been 
presented  for  maneuvering  of  slender  booms  through 
large  rotations,  translation  of  two  hinged  beams, 
deployment  of  an  unfolding  multi-flexible-member 
axi symmetric  hoop  and  deployment  of  a  planar  un¬ 
folding  mul ti -fl exi bl e-member  structure.  For  a 
symmetrical  arrangement  of  booms  extended  from  a 


Figure  14.  Deployment  Sequence  of  Five-Flexible- 
Member  Unfolding  Structure 


central  hub  and  subject  to  a  torque,  flexibility 
influences  boom  tip  deflection  and  hence  pointing, 
but  has  little  influence  on  hub  rotation. 

Deployment  of  an  axisymmetric  multi -fl exibl e- 
member  hoop  may  be  analyzed  by  considering  only 
one  hoop  member  when  an  appropriate  derived  mass 
matrix  is  superimposed  on  the  member  mass  matrix. 
Applying  this  procedure  some  aspects  of  hoop  deploy¬ 
ment  have  been  studied.  It  has  been  found  that 
hoop  deployment  time  is  essentially  independent 
of  member  flexibility  and  that  flexible  members 
deform  in  a  two-half-wave  pattern. 

Furthermore,  planar  unfolding  deployment  of  a 
mul ti -fl exibl e-member  structure  has  indicated  that 
these  structures  may  possess  natural  deployment 
patterns  which  are  very  desirable  in  practice. 

The  structure  considered  herein  displays  a  natural 
sequential  deployment  pattern  without  the  use  of 
any  control  mechanisms  which  are  usually  quite 
complicated  and  expensive. 


Number 

of 

Members 

1 

2 

Joi  nt 

3 

Number 

4 

5 

'4 

1.448 

1.468 

8 

1.453 

2.308 

2.792 

2.814 

12 

1.452 

2.330 

2.856 

3.631 

3.930 

16 

1.454 

2.401 

2.861 

3.680 

4.643 

20 

1.461 

2.476 

2.877 

3.816 

Table.  Joint  Lock-Up  Times  In  Seconds  For  An  Even 
Number  Of  Deploying  Members 
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Appendix  A 

This  appendix  contains  entries  of  the  vector  (fi). 

fi.l  =  +  Yi,2)s 
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^1,3  “  ’'^1,1 


s  =  sin  0. 

X 


Appendix  B 


This  appendix  contains  entire  of  the. matrices 
TOJ)];  j=l,2,3  and  the  vectors 
k=l,2,3,4  . 
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Abstract 


A  modal  parameter  identification  technique  re¬ 
ferred  to  as  the  Eigensystem  Realization  Algorithm 
(ERA)  was  applied  to  f ree-response  measurements 
from  the  Galileo  spacecraft  modal  survey  test. 
The  data  were  recorded  following  single-point  random 
excitation  of  the  structure.  This  work  is  one 
phase  in  a  research  project  coordinated  by  the  Jet 
Propulsion  Laboratory  to  compare  the  performance 
of  various  contemporary  identification  techniques 
using  Galileo  data.  Principal  emphasis  is  placed 
on  estimating  the  accuracy  of  the  ERA-identi fi  ed 
modal  parameters.  Various  accuracy  indicators, 
such  as  Modal  Amplitude  Coherence  and  Modal  Phase 
Col  1  i neari ty ,  are  discussed.  More  than  20  modes 
of  the  spacecraft  were  identified,  demonstrating 
the  ability  of  the  ERA  method  to  determine  the 
dynamics  of  such  complex  structures  using  only  a 
few  seconds  of  test  data. 


Introduction 

The  Galileo  spacecraft  is  an  interplanetary 
vehicle  to  be  launched  in  1986  for  a  detailed 
investigation  of  the  planet  Jupiter  and  its  moons. 
It  consists  of  a  planetary  orbiter  and  an  atmos¬ 
pheric  entry  probe  that  will  be  deployed  towards 
the  planet.  Improved  instrumentation,  combined 
with  satellite  flybys  more  than  20  times  closer 
than  achieved  by  Voyager,  promises  exceptional 
data  on  the  chemical  composition  and  structure  of 
the  Jovi an  system. 


In  the  design  of  the  spacecraft,  finite-element 
analytical  models  of  the  structure  are  used  to 
assess  dynamic  launch  loads  and  interaction  effects 
with  the  attitude  control  system.  As  a  final 
check  of  the  accuracy  of  these  models,  modal  survey 
testsl»2  ^ere  conducted  on  a  completely  assembled 
twin  of  the  flight  vehicle — the  so-called  Develop¬ 
ment  Test  Model  (DTM).  These  tests  were  performed 
at  the  Jet  Propulsion  Laboratory  (JPL)  in  the 
summer  of  1983.  The  DIT-I  is  a  replica  of  the  flight 
unit  except  that  all  electronics  and  scientific 
instruments  are  replaced  by  rigid  mass  simulations. 
It  was  built  to  mission  specifications  and  will 
later  be  refurbished  to  become  the  backup  flight 
vehi cl e. 


The  primary  objective  of  the  modal  survey 
test  is  to  confirm  that  the  important  natural 
frequencies,  mode  shapes,  and  modal  damping  of  the 
structure  agree  adequately  with  those  of  the 
analytical  model.  Damping  is  an  assumed  quantity 
in  the  analysis,  of  course,  prior  to  receiving 
actual  test  data.  Because  of  high  modal  density, 
nonlinearities,  and  the  large  number  of  measurements 
that  are  made,  however,  the  experimental  results  for 
such  complex  structures  are  not  easily  obtained. 
For  several  decades,  the  standard  method  in  the 
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aerospace  industry  for  modal  survey  tests  has  been 
the  multi-shaker,  sine-dwell  approach.  In  recent 
years,  however,  several  alternate  methods  using 
other  types  of  excitation  and  data  analysis  have 
evolved^"^.  These  newer  techniques,  while  offering 
significant  reductions  in  test  time  and  complexity 
over  the  traditional  method,  are  not  yet  universally 
accepted^. 

Based  on  past  successful  experience,  the  clas¬ 
sical  multi-shaker,  sine-dwell  approach  was  selec¬ 
ted  as  the  principal  modal  identification  method 
for  the  Galileo  test^.  In  addition,  as  a  research 
project,  several  other  methods  were  also  used 
during  testing  of  the  DTM  in  launch  configu- 
rati on^? 9 ,10^  These  newer  techniques  were  applied 
by  researchers  outside  JPL  who  had  experience  with 
the  methods.  This  paper  discusses  the  results  of 
one  of  these  independent  research  analyses  of 
Galileo  test  data,  using  a  recently  implemented 
modal  identification  technique  referred  to  as  the 
Ei gensystem  Real ization  Algorithm  (ERA)ll.  A  fu¬ 
ture  comparison  of  all  results  from  the  project 
will  hopefully  provide  an  improved  understanding 
of  the  various  approaches. 

Recent  emphasis  on  interaction  of  control 
systems  with  the  dynamics  of  large  flexible  space 
structures  has  resulted  in  increased  interdisci¬ 
plinary  research  in  these  areas.  The  ERA  method 
was  developed  under  this  interdisciplinary  acti¬ 
vity.  It  is  an  extended  version  of  the  Ho-Kalman 
algorithmic^  based  on  system  realization  theory 
established  in  the  controls  and  process  modeling 
fieldslC,14^  l\  summary  of  the  ERA  technique 
is  provided  in  the  Appendix  of  this  paper.  More 
detailed  explanation  is  contained  in  Ref.  11, 
including  its  relationship  to  other  successful 
time-domain  identification  methods,  such  as  that 
discussed  in  Refs.  4,  15,  16,  and  17. 

In  the  next  two  sections  of  the  paper,  the 
test  configuration  and  the  test  and  data  acquisition 
procedures  that  were  used  are  described  briefly. 
The  following  section  contains  a  summary  of  the 
ERA  results,  with  emphasis  placed  throughout  on 
estimating  the  accuracy  of  the  identified  modal 
parameters. 


Test  Configuration 


Several  views  of  the  Galileo  spacecraft  are 
shown  in  Figs.  1  and  2.  The  data  for  this  research 
were  obtained  during  modal  survey  tests  of  the 
spacecraft  in  launch  configuration,  as  shown  in 
Fig.  2.  All  appendages,  including  the  S-X  band 
antenna  (SXA)  at  the  top  of  the  vehicle,  were 
locked  in  their  stowed  positions.  The  structure 
was  cantilevered  from  its  base  by  bolting  the 
bottom  edge  of  the  conical  spacecraft  adapter  ring 
to  a  massive  seismic  block.  The  adapter  ring  is 
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the  interface  between  Galileo  and  a  Centaur  upper 
stage  that  will  provide  the  interplanetary  boost. 

Completely  assembled,  the  test  article  mass 
was  about  2400  kgs.  Approximately  40  percent  of 
the  total  was  concentrated  in  the  Retro  Propulsion 
Module  (RPM),  and  approximately  35  percent  in  seven 
major  appendages.  All  four  RPM  fuel  tanks  were 
filled,  using  alcohol  and  freon  substitute  liquids, 
and  held  under  low  pressurization.  For  dynamic 
excitation,  several  electrodynamic  shakers  of  about 
110  N  capacity,  hung  on  soft  suspensions  from 
overhead  cranes,  could  be  attached  at  various 
points.  Response  measurements  were  made  with  162 
accelerometers  distributed  over  the  test  article. 

The  finite-element  model  of  the  structure  in 
this  configuration  predicted  45  modes  of  vibration 
below  50  Hz,  with  the  lowest  frequency  at  about 
13  Hz.  However,  as  discussed  in  Ref.  1,  many  of 
the  modes  are  of  lesser  importance  based  on  their 
predicted  contribution  to  the  dynamic  launch  loads. 
In  fact,  only  about  15  of  the  modes  are  major 
contributors.  The  presence  of  the  others,  however, 
interspersed  in  frequency  with  the  important  ones, 
results  in  high  modal  density  and  makes  accurate 
parameter  identification  more  difficult. 

Complete  details  of  the  test  configuration, 
the  analytical  model  predictions,  and  the  method 
used  to  estimate  the  relative  importance  of  the 
modes  can  be  found  in  Refs.  1,  2,  and  8. 


Test  and  Data  Acquisition  Procedures 

All  results  presented  in  this  paper  were  ob¬ 
tained  from  two  sets  of  f ree-response  measurements 
recorded  following  single-point  random  excitation 
of  the  structure.  The  first  data  set  was  obtained 
using  single-shaker,  lateral  excitation— i n  the 
global  X  di rection--and  the  second  set  with  single¬ 
shaker,  vertical  excitati on--i n  the  global  z  direc¬ 
tion.  These  tests  are  referred  to  as  simply  the 
"x  direction"  and  "z  direction"  tests.  For  both 
tests,  no  special  effort  was  made  to  select  the 
position  for  the  shaker.  Each  position  was  chosen 
using  only  the  knowledge  that  many  modes  were  ex¬ 
cited  from  the  location  in  previous  tests.  Other 
than  the  point  and  direction  of  excitation,  all 
characteristics  of  the  test,  data  acquisition,  and 
data  reduction  processes  were  exactly  the  same  for 
both  data  sets. 

The  random  excitation  signal,  bandlimited  to 
the  interval  from  10  to  45  Hz,  was  generated  digi¬ 
tally  with  the  same  test  system  which  was  also 
used  to  record  the  accelerometer  response  signals. 
Approximately  five  seconds  of  data  were  recorded 
following  the  end  of  the  excitation  signal.  The 
responses  were  digitized  at  a  rate  of  102.4  samples 
per  second,  resulting  in  about  500  free-response 
points  in  each  test. 

Two  minor  compromises  of  a  practical  nature 
were  necessary  during  data  acquisition.  The  first 
occurred  because  the  number  of  signals  being  re¬ 
corded  in  the  test  was  several  times  larger  than 
the  number  that  could  be  digitized  simultaneously 
by  the  recording  system.  For  the  data  analysis, 
however,  all  free-response  measurements  in  each 
test  should  correspond  to  exactly  the  same  initial 
state  of  the  structure.  Because  the  162  acceler¬ 


ometer  signals  were  distributed  across  four  re¬ 
cording  groups,  the  excitation  sequence  was  repeated 
four  different  times  for  each  test  (after  allowing 
all  previous  motion  to  damp  out).  Since  the  exci¬ 
tation  sequence  was  generated  digitally,  it  could 
be  repeated  precisely  each  time.  However,  though 
a  common  response  signal  appearing  in  each  of  the 
four  groups  was  found  to  have  been  repeated  closely 
each  time,  the  repetition  was  not  exact.  The  four 
data  groups  were  then  later  combined,  with  the 
accelerometer  signals  rearranged  using  a  global 
numbering  scheme  established  for  the  test. 

The  second  compromise  necessary  during  testing 
was  the  use  of  relatively  low  instrumentation 
amplifier  gains.  The  data  for  this  work  (and  for 
the  others  in  the  research  project  to  compare 
modern  identification  techniques)  were  recorded 
off-hours  on  the  same  days  that  were  also  being 
used  for  multi-shaker,  sine-dwell  tests  during 
normal  working  hours.  To  avoid  possible  mistakes 
in  resetting  the  large  number  of  instrumentation 
channels,  project  rules  stipulated  that  the  channel 
gains  not  be  varied.  The  gains  at  which  the 
amplifiers  were  set  were  based  on  acceleration 
levels  encountered  during  the  multi -shaker ,  sine- 
dwell  testing.  However,  the  typical  dynamic  re¬ 
sponse  levels  in  those  tests  were  significantly 
higher  than  in  single-shaker  random  tests,  where 
the  maximum  force  capacity  of  the  shaker  was  distri¬ 
buted  over  a  35  Hz  bandwidth.  Thus,  in  general, 
the  free-response  data  used  in  this  work  were 
smaller,  and  therefore  of  lower  signal -to-noi se 
ratio,  than  if  variable  gain  settings  had  been 
availabl e. 


Identification  Results 

Because  of  the  large  number  of  measurements 
made  in  this  test,  it  is  difficult  to  summarize 
all  the  results  quantitatively.  This  is  partic¬ 
ularly  true  for  the  identified  mode  shapes,  which 
consist  of  162  complex-valued  components  each. 
Since  the  main  purpose  of  this  paper  is  not  to 
describe  the  structural  dynamic  characteristics  of 
Galileo,  but  rather  to  discuss  the  identification 
performance  achieved  with  the  ERA  method  in  this 
application,  the  following  approach  is  taken: 

1.  An  overview  of  the  ERA  results  is  made  in  Fig.  3 
by  a  comparison  of  ERA-identi fied  natural 
frequencies  with  those  obtained  by  two  other 
experimental  techniques  and  with  those  predicted 
by  the  pre-test  NASTRAN  model. 

2.  Typical  examples  of  information  obtained  in 
the  ERA  analysis  are  shown  in  Figs.  4  through 
6,  and  are  discussed  in  individual  subsections 
of  the  paper.  The  examples  selected  for  Figs. 
3  through  6  represent  four  fundamental  types  of 
information  obtained  in  each  ERA  analysis: 
eigenvalues  (natural  frequencies  and  modal 
dampi ng) ,  mode  shapes,  modal  amplitudes,  and 
data  reconstructions. 

3.  An  overall  summary  of  the  results  is  then 
made  in  Tables  I  and  II,  in  which  the  identified 
natural  frequencies  and  modal  damping  factors  are 
listed  alongside  a  set  of  parameters  used  as 
indicators  of  the  identification  accuracy  that 
was  achieved. 
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Since  the  ERA-i denti f i ed  mode  shapes  are  in 
good  agreement  with  the  shape  descriptions  provided 
elsewhere  (in  Table  2  of  Ref.  9,  for  example),  the 
descriptions  are  not  repeated  in  this  paper. 


Natural  Frequencies 

In  Fig.  3,  the  natural  frequencies  identified 
by  ERA  analysis  for  both  x-  and  z-direction  tests 
are  compared  with  one  another  and  with  the  results 
obtained  by  two  other  experimental  techniques  and 
by  pre-test  NASTRAN  analysis.  A  line  spectrum 
format  was  chosen  to  permit  rapid  visual  comparison. 

For  the  ERA  results,  shown  in  parts  (e)  and 
(f),  the  individual  spectral  lines  are  of  variable 
height  to  also  indicate  a  measure  of  confidence 
with  which  each  mode  was  identified.  The  parameter 
chosen  for  this  purpose,  referred  to  as  the  Modal 
Amplitude  Coherence,  is  defined  later  when  typical 
modal  amplitude  results  are  discussed.  It  provides 
a  good  indication  of  how  strongly  the  mode  was 
identified  in  the  data  analysis,  relative  to  the 
instrumentation  noise  floor.  The  other  spectral 
lines  in  the  figure,  in  parts  (a)  through  (d),  are 
all  of  equal  height  since  no  confidence  information 
appeared  in  the  literature  from  which  the  results 
were  extracted^ 

The  meaning  of  the  expression  ''+  shift  ERA 
analysis"  used  in  the  (e)  and  (f)  subcaptions  is 
explained  in  Step  4  of  the  Appendix.  Its  signifi¬ 
cance  will  also  be  discussed  further  in  the  Summary 
of  Results  section. 

Several  conclusions  can  be  drawn  from  the 
results  in  Fig.  3: 

1.  The  pre-test  NASTRAN  analysis  predicted  more 
modes  than  were  identified  by  any  of  the 
experimental  methods. 

2.  The  mul ti -shaker,  sine-dwell  test  identified 
about  half  the  number  of  modes  obtained  by  the 
other  methods  (which  was  by  choice,  since  only 
the  principal  1 oads-i nduci ng  modes  predicted  by 
analysis  were  soughtl»8), 

3.  Somewhat  different  frequencies  were  obtained 
among  the  ERA  and  Polyreference^  analyses.  Two 
explanations  are  possible.  Since  the  data  were 
(unfortunately)  recorded  on  four  different  days 
during  the  test  program,  a  change  in  structural 
characteristics  cannot  be  discounted.  A  more 
likely  explanation,  however,  is  the  influence 
of  known  nonlinearities®,  causing  frequency 
shifts  between  different  excitation  conditions. 

4.  A  large  drop  in  the  frequency  of  the  lowest  mode 
(a  first  bending  mode  of  the  S-X  band  antenna) 
in  the  4-shaker  Polyreference  test  was  not 
apparent  in  the  other  experimental  results.  As 
discussed  in  Ref.  10,  one  possible  explanation 
is  that  high-level  sine  testing  directed  at 
this  mode,  which  occurred  in  the  time  period 
between  the  3-  and  4-shaker  Poly  reference  tests, 
caused  a  significant  structural  change.  Though 
the  z-direction  ERA  test  was  also  performed  after 
this  point  in  time,  the  lowest  two  modes  were 
found  in  this  data  to  remain  near  14  Hz.  Since 
the  mode  at  13.8  Hz  in  the  z-direction  ERA  test 
was  only  very  weakly  excited,  however,  the 


differences  are  not  conclusive. 

5.  The  frequency  of  the  lowest  two  modes  was 
about  13  Hz  in  the  NASTRAN  and  mul  ti -shaker , 
sine-dwell  results,  but  about  14  Hz  in  the 
other  results.  This  may  be  explained  by  the 
nonlinearity  of  these  modes.  The  results  in 
Fig,  3  of  Ref.  8,  however,  suggest  that  the 
ERA-identi f i ed  frequencies,  which  were  obtained 
with  about  0.1  g  antenna-tip  acceleration, 
should  be  lower  than  the  sine-dwell  results. 


Mode  Shapes 

Because  of  the  difficulty  in  visualizing 
three-dimensional  mode  shapes  of  such  distributed 
structures--usi ng  sketches  of  the  deformed  shape, 
for  exampl e--typical  results  are  presented,  rather, 
as  x-y  plots  of  relative  amplitude  and  phase  of 
the  motion  versus  measurement  point  number.  Though 
this  format  provides  no  information  on  the  physical 
shape  of  the  deformation  pattern,  it  is  generally 
more  useful  for  comparing  results  from  different 
tests  and  for  studying  the  degree  of  identification 
scatter.  Further  information  on  the  location  and 
direction  of  each  of  the  162  response  sensors 
would  add  little  to  the  discussion  of  ERA  identi¬ 
fication  performance.  Additionally,  as  mentioned 
earlier,  the  physical  shapes  of  the  ERA-identi fi ed 
modes  are  in  good  agreement  with  the  descriptions 
provided  in  Ref.  9. 

Three  typical  ERA-identi  fi  ed  mode  shapes  are 
shown  in  Fig.  4.  (Note  that  a  negative  amplitude 
is  assigned  to  those  components  with  phase  angle 
closer  to  180°  than  to  0°.  This  was  done  to  permit 
easier  noting  of  the  relative  phasing  of  the 
motion.)  Using  the  results  in  Fig.  4  and  obser¬ 
vations  from  other  data  not  shown,  the  following 
conclusions  can  be  drawn: 

1.  The  local  behavior  of  many  of  the  Galileo 
modes — exemplified  by  the  antenna  mode  shown  in 
Fig.  4(a)  in  which  only  about  five  measurements 
show  motion--makes  it  more  difficult  to  accur¬ 
ately  identify  all  162  components  of  the  mode 
shapes  because  of  the  low  response  levels. 
(This  situation  is  certainly  true  for  other 
identification  techniques  as  well.) 

2.  A  good  measure  of  the  effects  of  noise  on 
the  mode  shape  accuracy  is  often  indicated  by 
the  amount  of  scatter  in  the  identified  modal 
phase  angles  from  the  ideal  0°-180°  normal-mode 
behavior.  Of  course,  true  complex-mode  behavior 
needs  to  be  differentiated  from  identification 
scatter  due  to  noise  and  nonlinearity.  The  best 
remedy  is  to  compare  the  results  for  the  same 
mode  obtained  in  several  different  tests. 

3.  How  closely  the  modal  phase  angle  results  for 
each  mode  cluster  near  0°  and  180°  can  be  well 
summarized  by  a  parameter  referred  to  as  the 
Modal  Phase  Col  1 i neari ty^^ .  Calculated  using 
principal  component  analysis,  it  indicates  the 
extent  to  which  the  information  in  each  complex¬ 
valued  mode  shape  is  representable  as  a  real¬ 
valued  vector.  It  ranges  from  a  value  of  zero 
for  no  col  linearity  to  100  percent  for  perfect 
collinearity. 

4.  Based  on  studies  with  simulated  data,  the 
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accuracy  of  mode  shapes  showing  clustering  of 
the  identified  phase  angles  near  0°  and  180°, 
such  as  in  Figs.  4(a)  and  (b),  can  generally  be 
accepted  with  little  questioning.  Those  modes 
with  significant  phase  angle  scatter,  such  as 
in  Fig.  4(c),  however,  should  not  be  used  with¬ 
out  further  confirmation. 

5.  Most  mode  shape  components  whose  identified  phase 
angles  are  displaced  from  the  0°  and  180°  lines 
are  those  with  the  smallest  amplitudes.  This 
characteristic  is  consistently  observed  in  the 
result  shown  in  Fig.  4(b).  Small  modal  amplitude 
results  for  these  components,  however,  usually 
indicate  accurately  that  the  response  amplitude 
is,  in  fact,  very  small.  This  information  is 
all  that  can  be  expected  from  a  measurement 
standpoint,  and  is  all  that  is  required  in  many 
instances. 


Modal  Amplitudes 

Another  important  indicator  of  ERA  identifi¬ 
cation  accuracy  is  the  purity  of  the  individual 
modal  amplitude  time  histories.  For  each  identified 
eigenvalue,  a  modal  amplitude  time  sequence  is 
obtained.  This  data  provides  a  direct  indication 
of  the  strength  with  which  the  mode  was  identified 
in  the  analysis.  For  strongly  identified  modes, 
the  modal  amplitude  history  is  a  pure,  exponentially 
decaying  sinusoid  of  the  corresponding  frequency  and 
damping,  which  decays  smoothly  over  the  entire 
analysis  interval.  For  weakly  identified  modes, 
the  modal  amplitude  history  is  distorted.  In 
particular,  the  history  is  a  sequence  of  noise  for 
any  eigenvalue  not  corresponding  to  a  structural 
mode. 

Typical  examples  of  modal  amplitude  results 
from  the  Galileo  analysis  are  shown  in  Fig.  5. 
These  data  were  selected  to  illustrate  the  variation 
in  the  purity  of  the  modal  amplitude  histories  for 
a  mode  which  was  strongly  excited  in  only  one  of 
the  two  ERA  tests.  The  figure  will  also  be  used 
to  clarify  the  definition  of  Modal  Amplitude 
Coherence,  mentioned  earlier. 

Note  that  although  these  ERA-identi fi ed  modal 
amplitudes  are  similar  in  form  to  traditional  decay 
plots  obtained  following  sine-dwell  modal  tuning, 
they  are  the  result  of  digital  processing  of  random 
response  data. 

The  mode  shown  in  Fig.  5,  at  approximately 
38  Hz,  is  the  fundamental  z-direction  "bounce 
mode"  of  the  structure.  As  would  be  expected, 
the  modal  amplitude  plots  illustrate  that  the  mode 
was  more  strongly  excited  in  the  z-direction  test 
than  in  the  x-direction  test.  This  conclusion  is 
made  by  comparing  the  purity  and  amplitude  of  the 
time  history  shown  in  Fig.  5(a)  with  that  in  5(b). 
To  better  see  how  well  the  exponential  decay 
persists  at  small  amplitudes,  the  right-hand  plots 
in  Fig.  5  show  the  data  from  the  left-hand  side  on 
a  logarithmic  scale.  In  this  form,  exponential 
decay  corresponds  to  a  linearly  decreasing  envelope. 
As  a  reference,  the  waveform  in  Fig.  5(c)  is  in¬ 
cluded  to  show  how  closely  the  test  results  corres¬ 
pond  to  pure  exponential  decay.  This  plot  was 
calculated  by  extrapolating  the  initial  value  of 
the  time  history  in  Fig.  5(a)  to  later  points  in 
time  using  the  identified  frequency  and  damping 


for  the  mode. 

Because  the  purity  of  the  modal  amplitude 
time  history  is  a  good  indicator  of  identification 
accuracy,  a  means  of  automatically  assessing  the 
level  of  purity  is  used.  This  is  done  by  calcul¬ 
ating  the  coherence  between  each  modal  amplitude 
history,  such  as  in  Fig.  5(a),  and  an  ideal  one, 
such  as  in  5(c).  The  parameter,  referred  to  as 
Modal  Amplitude  Coherence^!,  is  the  square  of  the 
correlation  coefficient  between  the  two  time  se¬ 
quences.  This  parameter  is  used  later  in  Tables  I 
and  II  to  highlight  those  modes  judged  of  higher 
accuracy  in  each  ERA  analysis. 


Data  Reconstruction 

The  final  aspect  of  the  ERA  method  available 
for  assessing  identification  accuracy  is  the  process 
of  data  reconstruction.  This  procedure  consists 
of  comparing  the  original  f ree-response  time  his¬ 
tories  (and  their  frequency  spectra)  with  ones 
calculated  using  the  set  of  identified  modal  para¬ 
meters.  If  the  ERA  modal  decomposition  process  is 
performed  accurately,  the  reconstruction  results 
will  closely  match  the  original  data. 

Figure  6  shows  a  typical  such  comparison  from 
the  Galileo  data  analysis.  The  two  time  histories 
are  compared  at  the  top  of  the  figure,  and  their 
Fourier  transforms  (FFT),  in  both  amplitude  and 
phase,  in  the  lower  plots.  The  reconstruction 
result,  the  smoother  of  the  two  lines  in  the  FFT 
plots,  is  seen  to  closely  follow  the  original  data 
in  both  amplitude  and  phase.  The  increase  in 
amplitude  of  the  test  data  below  2  Hz  is  due  to 
residual  motion  of  the  shaker  on  its  soft  sus¬ 
pension,  These  response  characteristics,  well 
below  the  first  flexural  mode  of  the  spacecraft, 
do  not  affect  the  modal  results  and  were  not  re¬ 
tained  in  the  identified  parameter  set. 


Summary  of  Results 

A  summary  of  the  identification  results  for 
the  X-  and  z-direction  tests  is  provided  in  Tables 
I  and  II,  respectively. 

The  three  damping  results  in  these  tables 
correspond  to  three  variations  in  the  realization 
of  the  state  matrix  (see  Step  4  of  the  Appendix). 
Because  the  best  approach  among  the  three  is  still 
a  subject  of  current  research,  all  three  results 
are  shown  for  completeness. 

Based  on  analysis  of  simulated  data,  the  pre¬ 
sence  of  noise  causes  the  identified  damping  values 
to  be  somewhat  too  high  in  positive  time  shift 
analyses,  and  somewhat  too  low  in  negative  time 
shift  analyses.  The  degree  to  which  the  results 
are  displaced  from  their  true  value  is  related  to 
how  closely  the  signal  strength  of  the  particular 
mode  is  to  the  measurement  noise  floor.  When  data 
are  analyzed  by  both  methods,  then,  the  results 
should  staddle  the  true  damping  value.  Addition¬ 
ally,  the  amount  of  separation  between  the  two 
estimates  provides  a  good  indication  of  the  degree 
to  which  noise  affected  the  results. 

The  third  column  of  damping  results  in  Tables 
I  and  II,  labeled  "Avg.  A  Matrix,"  are  those 
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obtained  using  a  variation  in  the  calculation  of 
the  state  matrix  which  offers  lower  damping  bias 
than  either  of  the  other  two  approaches.  Because 
the  performance  characteristics  of  this  approach 
are  still  under  study,  though,  its  use  cannot  yet 
be  recommended  over  the  others.  The  damping  bias 
is  reduced  in  this  approach  by  using  a  state  matrix 
formed  as  the  linear  combination  of  those  used  for 
positive  and  negative  time  shift  analyses. 

One  characteristic  of  the  negative  time  shift 
and  Avg.  A  Matrix  analyses  is  that  they  provide 
somewhat  less  indication  of  the  weakly  excited  modes 
than  does  the  standard  positive  time  shift  analysis. 
This  characteristic  caused  several  of  the  weakly 
identified  modes  in  the  positive  time  shift  analysis 
not  to  appear  in  either  or  both  of  the  other 
two  analyses. 

The  columns  on  the  right  half  of  Tables  I  and 
II  contain  several  accuracy  indicators  that  were 
used  in  this  research.  Perhaps  they  can  be  combined 
into  a  single  parameter  when  the  characteristics 
of  the  ERA  method  are  more  thoroughly  understood. 
Doing  so  at  this  point  in  the  development  of  the 
method,  however,  was  judged  unwise. 

As  mentioned  earlier,  the  best  single  accuracy 
indicator  now  available  is  the  Modal  Amplitude 
Coherence.  Its  value  from  the  positive  time  shift 
analyses  is  used  in  Tables  I  and  II  to  rate  the 
identified  modes  at  various  degrees  of  confidence. 
The  rating  scale--using  either  two  asterisks, 
one  asterisk,  or  a  plus  sign--is  noted  in  the  key 
beneath  the  tables.  A  brief  description  of  the 
information  in  each  of  the  three  columns  on  the 
far  right  of  the  tables  is  also  contained  in  the 
keys.  The  significance  of  Modal  Phase  Collinearity 
was  discussed  previously  in  the  Mode  Shapes  section 
of  the  paper.  The  data  in  the  other  two  columns 
provide  a  good  indication  of  the  strength  of  the 
modal  response  signals  relative  to  the  instrumen¬ 
tation  noise  floor.  These  results  are  provided  as 
additional  general  indicators  of  the  identification 
accuracy  that  was  achieved. 


Concluding  Remarks 

The  Eigensystem  Realization  Algorithm  (ERA)  is 
an  application  of  system  realization  theory  to 
structural  dynamics  data  analysis.  The  approach 
permits  well-established  theory  for  dynamic  systems 
analysis  developed  in  the  controls  field  to  be 
used  in  improving  modal  survey  test  results. 
Further  exchanges  of  this  type  between  structural 
dynamics  and  controls  disciplines  are  needed  to 
correctly  assess  the  adequacy  of  current  technology 
for  on-orbit  system  identification  and  control  of 
large  flexible  space  structures. 

In  the  analysis  of  the  Galileo  data,  approxi¬ 
mately  30  modes  of  the  spacecraft  were  identified 
with  ERA  using  two  sets  of  f ree-response  measure¬ 
ments.  These  data,  about  five  seconds  in  length, 
were  recorded  following  single-shaker  random  ex¬ 
citation  of  the  structure.  Less  than  ten  minutes 
of  CPU  time  on  a  CDC  mainframe  computer  were  re¬ 
quired  for  the  analysis.  Though  general  agreement 
was  found  between  the  ERA  results  and  those  obtained 
by  other  experimental  techniques,  a  closer  compari¬ 
son  is  difficult  in  view  of  the  measured  nonlinear¬ 
ities  of  the  structure,  since  each  technique,  in 


general,  acquired  data  under  a  different  set  of 
excitation  conditions. 

Principal  emphasis  in  this  application  was 
on  estimating  the  accuracy  of  the  ERA-identi f ied 
modal  parameters.  Based  on  the  results  of  other 
analyses  of  simulated  data,  the  parameters  referred 
to  as  Modal  Amplitude  Coherence  and  Modal  Phase 
Collinearity  are  good  indicators  of  the  identifi¬ 
cation  accuracy  that  is  achieved.  Using  these 
indicators,  more  than  half  of  the  modes  from  the 
Galileo  analysis  are  judged  to  be  of  high  accuracy. 
Additional  research  is  needed,  however,  to  correctly 
assess  the  degree  of  accuracy  achieved  by  those 
modes  showing  significant  identification  scatter. 
The  effects  of  structural  nonlinearities  on  the 
results  also  need  further  attention. 
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TABLE  I.  ERA  IDENTIFICATION  RESULTS  FOR  X-OIRECTION,  RANDOM  EXCITATION  TEST. 


iModa!  Phase  Collinearity — indicates  extent  of 
**95%  <  MAC  <  100%  modal  phase  angle  clustering  near  0°  and  180"^. 

*90%  <  MAC  <  95% 

+80%  <  MAC  <  90%  2j^/]aximum  initial  response  amplitude  in  g's 

among  the  162  identified  components.  (The 
measurement  noise  floor  was  approximately 
.002  g.) 

‘*'Best  damping 

estimate  ^No.  of  mode  shape  components  of  162  with 

initial  response  amplitude  >  .01  g. 

Indicator  of  local  or  global  response. 
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TABLE  II.  ERA  IDENTIFICATION  RESULTS  FUR  Z-DIRECTIUN,  RANDOM  EXCITATION  TEST 


MODE 

NO. 

Identified  | 
FREQ.  HZ 

,  Identified 

1  DAMPING  FACTOR,  % 

1  _ 

- . ACCURACY  INDICATORS  -  — 

Modal  Amplitude  MPC,1  f^x.2 
Coherence,  %  %  I. A. 

+  Shift  +  + 

i  _ _ 

No. 3 
>.01y 

+ 

+ 

Shift 

+ 

Shi  ft 

Shi  ft 

Avy .  A 
Matri  x"^  | 

1 

1  13.819* 

4.003 

.777 

1.701 

[  93.3* 

57.7 

.004 

37 

2 

14.07b**  : 

1.613 

1.318 

1.482 

99.7** 

95.4 

.132 

51 

3 

18.41b**  1 

1.608 

1.028 

1.342 

98.6** 

83.3 

.078 

48 

4 

IB.bbb 

4.b84 

67.3 

66.6 

.056 

24 

b 

19.341**  i 

.713 

.685 

.702  1 

98.9** 

98.6 

.205 

40 

6 

20.246  1 

.b21 

58.9 

32.0 

.007 

0 

7 

1  22.128** 

.299 

.272 

.282 

99.3** 

97.7 

.155 

66 

8 

22.b83**  ! 

.b67 

.496 

.484 

95.1** 

98.4 

.202 

46 

9 

1  25.2bl**  i 

.811 

.814 

.876 

99.7** 

96.0 

.619 

62 

10 

26.932**  1 

.469 

.389 

.325 

99.4** 

93.3 

.063 

36 

11 

1 

26.663** 

1.691 

.736 

.837 

97.5** 

94.6 

.287 

21 

12 

28.016+ 

2.6bl 

.568 

.720 

88.2+ 

71.0 

.151 

25 

13 

30.699  1 

3.638 

63.4 

49.5 

.062 

13 

14 

33.208** 

1.007 

.908 

.941 

99.6** 

55.7 

.677 

66 

lb 

33.802** 

.773 

.619 

.680 

98.9** 

41.4 

.321 

45 

16 

34.973**  I 

.772 

.695 

.729 

98.2** 

98.5 

.260 

32 

17 

37.328* 

1  2.342 

.912 

1.369 

91.8* 

74.6 

.370 

28 

18 

1  38.037**  i 

.613 

.486 

.493 

99.8** 

93.1 

.277 

79 

19 

39.437+ 

1  3.666 

.627 

.900 

86.7+ 

95.5 

2.894 

44 

20 

40.326+ 

1  4.390 

82.0+ 

95.8 

3.667 

59 

21 

41.886  1 

1  .  _ 

4.b0b 

55.9 

71.7 

.366 

18 

22 

43.3b9  1 

b.b30 

54.1 

81.8 

.259 

26 

23 

44.917+ 

1  1.466 

89.1+ 

73.0 

.142 

24 

24 

4b. 099** 

1  .611 

.341 

.308  ! 

96.0** 

87.2 

.175 

17 

2b 

46.188 

j  3.b92 

63.9 

37.2 

.134 

18 

26 

47.314 

6.523 

50.8 

45.3 

.109 

29 

^odal  Phase  Col  1  inearity-~ind1cates  extent  of 
<  MAC  <  100%  modal  phase  anyle  clustering  near  0®  and  180°. 

*90%  <  MAC  <  9b% 

+80%  <  MAC  <  90%  '^Maximum  initial  response  amplitude  in  g‘s 

among  the  162  identified  components.  (The 
measurement  noise  floor  was  approximately 
.002  g.) 

'^'Best  damping 

estimate  ^No.  of  mode  shape  components  of  162  with 

initial  response  amplitude  >  .01  g. 

Indicator  of  local  or  global  response. 
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(b)  The  Development  Test  Model  (DTM)  in 
test  cell,  with  shakers  attached 


test  configuration. 
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(e)  X-direction  random  test/+  shift  ERA  analysis. 
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(f)  Z-direction  random  test/+  shift  ERA  analysis. 


Fig.  3 


Comparison  of  ERA- identified  frequencies  with 
NASTRAN  and  with  other  experimental  results. 
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Frequency  =  13.613  Hz  Damping 

Modol  Amplitude  Coherence  =  98.6% 


3.301% 

Modal  Phase  Colineority  =  99.0% 


10  20  30  40  50  60  70  80  90  100  110  120  130  140  150  160 

Measurement  No. 

(a)  13.613  Hz  antenna  bending  mode  from  x-direction  random  test. 
Frequency  =  38.037  Hz  Damping  =  .513% 

Modal  Amplitude  Coherence  =  99.8%  Modal  Phase  Colinearity  =  93.1% 


10  20  30  40  50  60  70  80  90  100  110  120  130  140  150  i60 

Measurement  No. 

(b)  38.037  Hz  "bounce"  mode  from  z-direction  random  test. 

Frequency  =  28.016  Hz  Damping  =  2.651% 

Modal  Amplitude  Coherence  =  88.2%  Modal  Phase  Colinearity  =  71.0% 


**  **  *  **  ♦  *  w  «,* 
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(c)  28.016  Hz  mode  from  z-direction  random  test.  Predominantly  science 
boom  and  RRH  antenna  motion. 

4  Example  ERA-identi fied  mode  shapes,  illustrating  various  degrees  of 
phase  angle  scatter.  All  three  results  are  from  +  time  shift  analyses. 


Amplitude,  g  Amplitude,  g  Amplitude, 


(a)  38.037  Hz  modal  amplitude  from  z-direction,  random  excitation  test. 
Modal  Amplitude  Coherence  =  99.8%. 


X  10-^ 


Time,  sec 


Time,  sec 


(b)  38.019  Hz  modal  amplitude  from  x-direction,  random  excitation  test. 
Modal  Amplitude  Coherence  =  94.1%. 


Time,  sec  Time,  sec 

(c)  Extrapol ated-in-time  modal  amplitude  using  initial  value  in  (a)  and 
the  identified  eigenvalue. 

Fig.  5  Example  modal  amplitude  results.  This  mode  near  38  Hz  is  the 

fundamental  z-direction  "bounce  mode"  of  the  structure.  Comparison 
of  (a)  and  (b)  shows  that  the  mode  was  more  strongly  excited  in  the 
z-direction  test,  as  expected. 
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MEASUREMENT 


RECONSTRUCTION 


APPENDIX.  The  ERA  Method 


Hrs(O)  =  PDqT, 


(4) 


This  section  summarizes  the  ERA  identification 
technique;  complete  details  are  contained  in 
Ref.  11. 

The  approach  is  based  on  the  construction  of 
a  minimum-order,  linear,  state-variable  representa¬ 
tion,  or  realization,  of  the  dynamic  system  under 
study  using  measurements  of  its  free  response. 
Because  only  a  finite  number  of  modes  can  ever  be 
excited  in  a  test,  even  though  structures  are,  in 
general,  infinite-dimensional  dynamic  systems,  a 
finite-dimensional  realization  can  always  be  used 
to  represent  the  behavior  over  the  bandwidth  of 
excitation.  A  realization  consists  of  the  triple 
[A,B,C],  where  A  is  an  n  x  n  state  matrix,  B  is  an 
n  X  m  input  matrix,  and  C  is  a  p  x  n  output  matrix, 
for  which  the  discrete-time,  state-variable  descr¬ 
iption  of  a  finite-dimensional,  constant  dynamic 
system, 

x(k+l)  =  Ax(k)  +  Bu(k) 
y(k)  -  Cx(k), 


holds  for  all  sets  of  input  and  output  data. 
In  Eqs.  (1),  x{k)  is  an  n-dimensi onal  state  vector, 
u(k)  is  an  m-dimensi onal  input  vector,  y(k)  is  a 
p-dimensional  output  vector,  and  k  is  an  integer 
time  index.  A  minimum  realization  is  one  for  which 
n,  the  order  of  the  state  matrix  A,  is  a  minimum. 
This  is  a  deterministic  formulation,  treating  pro¬ 
cess  and  measurement  noise  implicitly  in  Eqs.  (1). 

The  impulse  response  of  the  system  of  equations 
(1)  is 


Y(k)  =  CaI<-1b, 


(2) 


where  P  is  an  isometric  matrix  of  left  singular 
vectors,  Q  is  an  orthogonal  matrix  of  right 
singular  vectors,  and  D  is  a  diagonal  matrix  of 
the  singular  values.  There  are  no  restrictions 
on  the  rank  deficiency  of  Hp5(0). 

3.  Determine  n,  the  order  of  the  system  (over 
the  bandwidth  of  excitation).  When  the  data 
noise  level  is  sufficiently  low,  the  correct 
order  equals  the  number  of  singular  values  above 
a  jump  in  magnitude  that  occurs  when  they  are  ar¬ 
ranged  by  decreasing  magnitude.  In  these  cases, 
the  order  will  be  determined  automatically.  When 
the  data  noise  level  is  too  high,  judgment  must 
be  applied.  The  best  choice  for  n  in  these 
cases  is  still  a  subject  of  current  research. 

4.  Construct  a  mi nimim-order  realization  using  a 
second  block-Hankel  matrix,  Hpsik),  consisting 
of  data  k  samples  away  in  time  from  corresponding 
elements  of  Hps(O),  as  the  triple 


[PSH,3(k)Q.  qTe^.  eJp^], 


(5) 


where  P,  =  PD.  pj  =  D-lpT  eT  =  [ 0^  0^, . . .] 

and  E'  -  [I  ,  Op,  0  ,...].  The  calculation  of 
the  state  mStri)f  using  Eq.  (5)  is  referred  to 
as  the  "+  time  shift  method."  Two  other  vari¬ 
ations,  both  still  under  study  as  tools  to 
better  deal  with  a  (usually  small)  damping  bias 
that  occurs  with  noisy  data,  are: 


[p2H^5(-k)Q]-l,  (6) 

referred  to  as  the  "-  time  shift  method,"  and 


where  Y  is  a  p  x  m  matrix,  and  the  f ree-response 

from  an  arbitrary  set  of  m  initial  conditions  is  +  [P^^ps (-k)Q]“^ }/2,  (7) 


Y(k)  =  CA'<[Xi(0),X2{0) . x^(0)].  (3) 

(In  the  arbitrary  initial  conditions  case, 
A[xi(0)  ,X2(0) , . . .Xni(O) ]  is  synonymous  with  B  in 
the  determination  of  Y(k).)  All  information  about 
the  linear  dynamics  of  the  system  is  contained  in 
the  triple  [A,B,C]  and  is  extracted  by  appropriate 
algebraic  calculations. 

In  particular,  the  following  steps--also  sum¬ 
marized  in  flowchart  form  in  Fig.  Al--are  used  for 
modal  parameter  identification  by  the  ERA  method: 

1.  Construct  a  block-Hankel  matrix^^,  H^^(O),  using 
measurements  of  Y(k),  Repeated  roots  of  multi¬ 
plicity  i  are  identifiable  if  data  for  at  least 
i  different  initial  conditions  are  used  simul¬ 
taneously  in  constructing  Hps(O).  There  are 
no  restrictions  on  the  number  of  response  mea¬ 
surements  that  can  be  processed  in  a  single 
analysis,  regardless  of  the  order  of  the  system. 

2.  Decompose  Hp5(0)  using  singular  value  decomposi- 
tionlo  as 


referred  to  as  the  "Avg.  A  matrix  method." 

5.  Find  the  eigenvalues  z  and  eigenvectors  ^  of 
the  realized  state  matrix,  A. 

6.  The  modal  damping  rates  and  damped  natural 
frequencies  are  simply  the  real  and  imaginary 
parts,  respectively,  of  the  state  matrix  eigen¬ 
values,  after  transformation  from  the  z-  to  the 
s-plane  using  the  relationship 


s  =  (1/kAt)  In  z,  (8) 


where  At  is  the  data  sampling  interval. 

7.  Modal  amplitude  time  histories  are  the  rows  of 
the  matrix  product 


ripT  (9) 


A  modal  amplitude  history  is  obtained  for  each 
set  of  initial  conditions  used  in  the  analysis. 


643 


8.  The  desired  mode  shapes,  or  modal  displace¬ 
ments,  are  the  columns  of  the  matrix  product 


EjPd'l' 


(10) 


9.  The  degree  to  which  the  modes  were  excited  by 
the  selected  initial  conditions--the  degree  of 
controllabil ityl3--can  be  assessed  by  the 
purity  of  the  modal  amplitude  time  histories 
determined  in  Step  7.  One  method  to  quickly 
estimate  the  purity  is  to  calculate  the  corre¬ 
lation  coefficient  (or  its  square,  the  coher¬ 
ence)  between  the  identified  modal  amplitude 
history  and  an  ideal  one  formed  by  extrapo¬ 
lating  the  initial  value  of  the  history  to 
later  points  in  time  using  the  identified 
ei genval ue, 

10.  If  the  purity  of  the  modal  amplitude  history 
is  high,  the  degree  to  which  the  mode  was 
sensed  by  the  selected  measurements--the  degree 
of  observabilityl3--can  then  be  assessed  by 
studying  the  mode  shape  results  determined  in 
Step  8^  for^  example,  by  checking  the  deviation 
from  0-180°  behavior  among  the  identified  mode 
shape  components  (when  approximate  normal-mode 
behavior  is  a  reasonable  assumption). 

11.  The  accuracy  of  the  complete  modal  decomposition 
process  can  be  examined  by  comparing  a  recon¬ 
struction  of  Y(k)  formed  by 


Y(k)  =  CAk-lB  (11) 

with  the  original  f ree-response  data,  using 
various  numbers  of  the  identified  modes,  for 
exampl e. 
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free-response  functions 


Fig.  A1  Flowchart  of  ERA. 
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